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We study the WKB expansion of 2 x 2 system of linear differential equa-
tions with Fuchsian singularities. The main focus is on the generating func-
tion of the monodromy symplectomorphism which, according to a recent
paper [10], is closely related to the Jimbo-Miwa tau-function. We compute
the first three terms of the WKB expansion of the generating function and
establish the link to the Bergman tau-function.
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1. Introduction

Although a subject of by now venerable age, the Wentzel-Kramers—Brillouin
(WKB) approximation, used since early days of quantum mechanics to study the
quasi-classical limit of the Schrédinger equation, has enjoyed a surge of interest
in the past decades, with a positive feedback of results between the mathematical
and physical community. After the method was developed further by many math-
ematicians in the decades preceding the turn of the millennium (see the relatively
recent reviews [18,37]), a new surge of interest in the subject was prompted by the
emergence of a connection between the WKB approximation and the geometry of
four-dimensional supersymmetric field theories in [22], where the rich geometry
arising from the WKB graph and differentials was used to study BPS states of
four-dimensional supersymmetric theories. This perspective has been later made
more mathematically precise in [2,12,14]. The central object in this analysis is
the WKB curve, a Riemann surface arising from the leading semiclassical approx-
imation, that coincides with the Seiberg—Witten curve of the associated quantum
field theory. Over the curve C one introduces the graph of horizontal trajectories
for the projective connection entering as potential in the Schrédinger equation,
defining a triangulation that allows to relate periods of the WKB differential to
Fock—Goncharov coordinates [9,21], defined on the monodromy manifold of the
second order ODE.

The monodromy manifold of the Schrédinger equation is the S Ly (C) character
variety, that can be parametrized by Fock—Goncharov coordinates (in turn related
to WKB periods). Over this space the Goldman Poisson bracket [26] is defined,
inverted by the symplectic form Q¢ found in [1] on symplectic leaves V', which
was computed in [9] using complex shear (Fock-Goncharov) coordinates. In the
paper [8] a natural set of Darboux coordinates for the Goldman symplectic form
Qq, called homological shear coordinates, were found. The symplectic leaf VT
of the SL(2) character variety, where e*2™"i are the monodromy eigenvalues at
the punctures, is the image under the monodromy map F of the moduli space of
meromorphic flat connections with fixed residues, A*. This is also a symplectic
manifold, endowed with the Atiyah-Bott (pre-)symplectic form, that reduces to
the Kirillov—-Konstant symplectic form Qg in genus 0. According to the theorem
proved in [1,27,40], the monodromy map for a Fuchsian differential equation is
a symplectomorphism between the two spaces V' and A", i.e.

F*Qq = 2miQx k. (1.1)

Another connection between monodromy of linear ODEs and supersymmetric
QFTs comes from the theory of tau functions of isomonodromic systems, first
introduced in the '80s by the Japanese School [35]. Starting from [23], the tau
function of a large class of isomonodromy problems, including in particular the
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sixth Painlevé equation and the Schlesinger system [24,28] as cases relevant to this
work, was identified with a Fourier series of non-perturbative four-dimensional
gauge theory partition functions. The quantum field theory corresponding to a
given isomonodromic problem can be identified by the singularity structure of
the linear system, or equivalently by its spectral curve, which coincides with the
WKB curve [11]. In this context, the tau function is defined by requiring its
logarithmic derivatives to be the isomonodromic Hamiltonian, which makes it
determined up to an arbitrary function of the monodromy data.

In [10], after previous results in this direction in the papers [30, 31], it was
shown that it is possible to extend the definition of the isomonodromic tau func-
tion for Fuchsian systems on the Riemann sphere in a way that fixes not only
the time dependence, but also the dependence on the monodromy parameters, by
defining it to be the generating function for the monodromy symplectomorphism,
that is, given symplectic potentials O x and 8¢ such that 0 = Qk, 60a =
Qa, the tau function 7 is defined as

" 1
dl =0 — Hy dt,——F0c. 1.2
ogT KK kzl g dty 2m]: a (1.2)

In [17] it was shown that this same expression, together with its generalization
for Fuchsian systems over genus one Riemann Surfaces, arises from the Fredholm
determinant representation of the tau function [16,24]. The definition (1.2) has
the conceptual advantage of fully fixing the functional dependence of 7 on all local
coordinates of A". In particular, it allows to determine the ratio of tau functions
expressed in different monodromy coordinates, allowing to determine the so-called
connection constant [30,32]. In terms of 2d CFT, the connection constant is
interpreted as the ratio between conformal blocks in different channels, known as
the fusion kernel [5,25,29], and in terms of the corresponding 4d gauge theory
[34,43] it is the ratio of dual partition functions defined in different gauge theory
regimes. (A different point of view was taken in [15], where tau functions were
characterized as difference generating functions. While there are clear similarities
between the two definitions, the precise relation is not yet completely clear, and
we leave it to future studies.)

In this paper we take the first step towards the WKB analysis of the generating
function of monodromy symplectomorphism defined by

6logg = ]-"*Qg—Zm’GKK (1.3)

for the case of a general Fuchsian system on the Riemann sphere, by computing
explicitly its first three contributions. From a WKB standpoint, the main differ-
ence with respect to previous works such as [8,22] is that the 2 x 2 Schlesinger
system gives rise to the Schrodinger equation with apparent singularities. Fur-
thermore, we consider variations ¢ that do not move the position of the (non-
apparent) singularities, that we denote by 21, ..., zg+2. Even though the apparent
singularities introduce technical complications, it is still possible to explicitly in-
tegrate the equation for the generating function in the first three orders, resulting
in Theorems 3.1-3.3.
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To obtain the WKB-expansion of the isomonodromic tau function from our
computation, one would have to consider also variation of the positions of the
poles, and then impose that the apparent singularities evolve according to the
isomonodromic deformation equations, as it was done in [13,33] for the case
of Painlevé 1. In this case R;’s become h and time-dependent, so to get the
true asymptotic expansion in A, one would have to further expand the resulting
expression imposing the isomonodromic time evolution.

Let us now introduce the necessary definitions and notations (for more details
about the notations we refer the reader to the beginning of Section 3). We are
going to study the h-expansion for the equation

dv 183 R
- =R()¥() =5 ; — ij(z). (1.4)
Let
g+2
Roo = Rgi3=—>» Ry, (1.5)
j=1

and assume that R, is diagonal,

Reo = (""80 _SOO> . (1.6)

Denote the eigenvalues of the matrices R; by r; and —r; for j = 1,...,9 +
3. The solution ¥ of (1.4) has monodromies Mj, ..., My;3 around the points
21,22, - . -, Zg+2,00 which satisfy the relation

My Mgz =1.
Assume that the matrices R; are diagonalizable, and let
Rj = G;L;G;, (1.7)

where L; = diag(rj, —r;). Then, on the space A" which is the symplectic leaf r; =
const quotiented over simultaneous transformations of the form R; — GRijl,
G € SL(2,C), the Kirillov-Kostant symplectic form is defined by

19
Qer =~ trY LGy, Gy A Gyl 6Gy, (1.8)
k=1
with the symplectic potential Ok i (such that 00xx = wi k) given by
1S
Oxcrc =4 tr) LG}, G (1.9)
k=1

The construction of the Darboux homological shear coordinates for the Goldman
symplectic form [8], parametrizing the monodromy representation of solutions of
(1.4), looks as follows: write the coefficient matrix of the linear system (1.4) as

no= (13 )
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and define
Qo(z) = —det R(2) = a(2)? + b(2)c(2). (1.11)

We will assume all zeros z;, j = 1,...,29 + 2 of Qg to be simple; then Qo takes
the form —_
Hjil (z — ;)
2
H?;(z - 2j)?

where Cj is a proportionality constant. Consider the hyperelliptic curve C of
genus g with branch points at 1, ... x2442 defined by

Qo(z) = C() y (1.12)

1= Qo(2), (1.13)

and introduce the following meromorphic differential of the third kind, with 2g¢
poles on C:
v =p(z) 2. (1.14)

The horizontal trajectories of v generically connect its zeros x; with its poles z;;
denote the resulting critical graph by I'. From the graph I' one can construct two
graphs embedded in the Riemann sphere: the graph 3 with vertices at z; whose
faces are triangles, and the tri-valent graph >* dual to 3 with tri-valent vertices
at xj, as in Figure 1.1.

Fig. 1.1: Horizontal critical trajectories (blue lines) connect poles z; with zeros
x of @ and form the critical graph I'. Black edges connecting poles z; form
the graph ¥ (the triangulation of C) while the zigzag curves connect zeros z; and
form the dual tri-valent graph >*. All edges of >* can be chosen to be the branch
cuts of C.

The (logarithmic) complex shear coordinates on V' are assigned to edges of >*;
according to [8] these coordinates can be extended by linearity to get homological
shear coordinates assigned to elements of H;(C). Introduce a canonical basis of
cycles (a;, bj)§:1 on C with the intersection index and consider the corresponding
set of logarithmic homological shear coordinates (pq,, pp;) on V¥ (see App of [§]),
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among which there are g relations. In terms of (pa,, pp;), Goldman’s symplectic
form Qg on VT looks as follows:

g
Qc =Y 0pa, Aops,. (1.15)
j=1

The corresponding symplectic potential on V' satisfying d0¢ = 2g will be chosen

as follows: ;
1
b =5 D _(pa;0ps, = pb,0pa,)- (1.16)
j=1

Denote the monodromy map by F. The theorem of [1,27,40] states that
21k = F Qq, (1.17)
so that there exists the generating function G such that
0G = F'Og — 2mifk K - (1.18)

In this paper we compute explicitly the first three non-trivial terms in the
h-expansion of G for fixed times:

G5 g o
in Theorems 3.1, 3.2 and 3.3. Note that, due to the almost trivial & dependence
of the linear system (1.4), the Kirillov-Konstant symplectic potential in (1.18)
contributes only at order O(h~1), while the potental f; contains terms of every
order starting from =2, The existence of the monodromy symplectomorphism F
implies the highly nontrivial consequence that the WKB expansion of Goldman’s
symplectic potential f gives a closed form at all orders except for O(h~!). The
computation of the coefficients in the expansion (1.19) is based on the i-expansion
of the homological shear coordinates py for ¢ € H1(C,Z) [2,8]:

v
pg:/<+vo+hv1+--->, (1.20)
¢ \h
where vg, vy, v2,... are meromorphic differentials on C arising from the WKB

expansion. The integrals in (1.20) are called Voros symbols after [44].

Our main result is the integration of definition 1.3, resulting in the explicit
determination of G_o, G_1, Gy in terms of contour integrals of WKB differentials
v, vg,v1 on the WKB curve (1.13). The leading contribution to G is

LD

g .
J
v+ jgl rireg /ZJ(?) v, (1.21)

where pU) denotes the image of the point p € P! on the j-th sheet of C, and the
regularized integrals are defined by

so()

G_9=—mi rooreg/

oo(2)

R

=i —2r;1 1.22
reg /Z§2> v = lim /z§.2)+5 v—2rjloge (1.22)
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oo
reg/ v:= lim
00(2) R—o0

The subleading term G_4 is given by the formula

and

R
/ v+ 2ro logR> . (1.23)
R(2)

1 g - 5
Go1=5(v,00) = 2mi Yy qjA; —miy By —miy jA;  (124)
j=1 k=1 J=1

where A;, B; are the A- and B-periods of v, and (-, -) is the antisymmetric pairing
defined by Riemann’s bilinear relations

(w, B) = ée </ w) o, (1.25)

where C is the fundamental polygon of C. Finally, the constant term Gy in the
WKB expansion of the generating function is

1
Go = —12miln7(CP', Qo) + F — 5 (v 0), (1.26)
F 1 iXAgn . 1)(%(1) o [Tox(Xa — 21)
T = 3 0 5 0
12 2 =1 A§2) 2 00(2) Hj Hj Ha<b(Aa - )‘b)
) g+2 1)
1 > 1 (%
- — — — . 1.27
4700 J 502 v ;1 4rkle(f) Y ( )

Here \;’s are the location of the zeros of the (2, 1) entry of the matrix R(z) (1.4),
Tp is Bergman’s tau function (see Appendix B) and the regularization in the
integrals is defined by

X" oo 1
X v := lim / vo — = In(z(p) — Aj) — s In(z(q) — Aj), (1.28)
Ao porD Jg 2 2
q~>)\§2)

where z : C — C is the projection on the z-coordinate.

2. Second order equation and its WKB expansion

The starting point of our discussion is the linear system (1.4), with coeffi-
cient matrix (1.10). Let us denote the zeros of the component ¢(z) = Rg;i(2) by

AL, ..., Ag. Then, since Rn, is diagonal, we have c(z) ~ C/z% as z — oo and we
can write: g ( )
T (z— As

o(z) = C== d (2.1)

[JrA{ERES

for some constant C'. If we also denote by

pi=a(N;), j=1,...,g, (2.2)
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we can write a(z) as follows:

9 L )\j—zk g Z—/\l

j=1 k=1 Ik

Proposition 2.1. Let ©(z;h) be the second component of the vector-valued
solution of (1.4). Then the function f = %@b(z;h) satisfies the following
second order ODE:

d’f
dz?

—Q(zh)f =0, (2.4)

where the potential Q(z;h) is given by

Qo , @
Q(z: h) = h—g + ?1 + Qo (2.5)
Here,
Qo = —det R = a® + be, (2.6)
d c
@ =agmn(l). 27

1\ 1/d\ 1 :
Q2 = 1 (i) ~ 3 <CC> = —58 </ c(x) de, z> , (2.8)
where S(f, z) is the Schwarzian derivative
_ f// " f// 2
0.9=(5) -3(7) .

Proof. Let us apply to the linear system (1.10) the following (singular) gauge
transformation

o3 b a 73
U(z)=c % ((1) 2¢ T ) hEF(2) = g(2)F(2), (2.10)

which maps the matrix R(z) to the matrix

_ _1dg 0
g Rg—hg~ = = (1 %) (2.11)
where
a+bc alog(¢) [3/d\? 1
- a ) 29, 2.12
@ 2o h 4 <c> 2 ¢ (2.12)

Then, the elements Fi1, F12 of the matrix F' are the two independent solutions
of (2.4). O
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2.1. Properties of Qg, Q1, and Q2. Let us discuss the properties of the
meromorphic functions Qg, @1, and Qo:

e The function )y can be written as follows:

g+2 Hj
QO(Z):COW —Z < z—zj Z—Zj> ) (2.13)

where P(z) = HJQQZJ{Q(Q: — xj) is a polynomial of degree 2g + 2 and

Co=>» 13 (2.14)
j=1

e Function Q1:
Notice that @ ~ —rs /2 + -+ as z — oo while ¢ behaves as C/z2. Therefore,
()1 behaves as ro2~2 as z — 0o. If we write

g+2

Z - fj Z - ZJZ (2.15)

for some parameters v; € C, we get the followmg condition on the parameters

entering in Qq:
g+2

ZMJ+Z’YJ = 0. (2.16)

e Function Qo:
The function Q2 in (2.8) can be written as follows:
2

1 g 1 g+2 1 1 g 1 g+2 1
Q=7 ——- T L
(2.17)
and its Laurent expansion near )\, looks as follows:
3 E
Qa(2) = Lt Ft (2.18)

d(z—=N)? 2=\
with

1
By = Z /\13 - Z /\e — | (2.19)
z;éf

g+2

1
Fy=7 ZAP ZAF% . (2.20)

Near z = oo we have

SN = k) +23 0,05 =23, %

424

Q2(2) = +0(27%). (2.21)
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The potential (2.5) of the resulting Schrodinger equation has second order

poles at the points z1, ..., zg12 with biresidues h=2rf — 4,..., h 212, 5 — 1 :
7“]2- 1 1 -1
Q=\m 1) Gogp o a ) 7 222

it has the following behaviour at z ~ oo

rgo Too | 1
Q_(hZ_Fﬁ)ZQ_F'”’

and second order poles at the points A1, ..., \,_3 with biresidues 3/4:
3/4 i 1
= —— — E) —_— 1). 2.2
Q (Z_)\j)2+(h+]z_kj+0() (2.23)

The singularities at A\; are apparent, i.e. the monodromy of the fundamental
matrix of equation (2.4) around \; is —1 (the terminology here is the one accepted
in the specific literature but it is a misnomer. According to the classical use of
the term, an “apparent” singularity in an ODE is a point of singularity of the
coefficients such that all the solutions are analytic in a neighbourhood thereof.
Here, on the other hand, both solutions have a branchpoint with exponents :t%.
In general this could be a resonance, but the fact that there are no logarithms in
the solution is the property that is termed improperly “apparent”.

This can be seen by inspection of the gauge transformation (2.10) and is a
consequence of the following (for a proof, see [13]):

Lemma 2.2. The ODE

f(z) = (3 + é + B+ (’)(z)) f(2) (2.24)

422

has two linearly independent solutions with Frobenius exponents :l:% at z =0 if
and only if A?> = B.

The triviality (in PSLs) of monodromies at the points A; translates to the
following Bethe equations for the quantities , appearing in (1:

Lemma 2.3. The monodromy of the ODE (2.4) around the apparent sin-
gularities \; is —1 if and only if the following set of equations are satisfied for
coefficients v;, j=1,...,9+2 from (2.15):

&g fie — pu 1
k — [
E = — E 2.25
Ao — 2, —~ A — N\ He Ao — 2, (225)
k=1 7 k
it

fort=1,...,g.
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Proof. Use the behaviour (2.23) of @ at \;, and apply Lemma 2.2 to the
Schrodinger equation (2.4):

. 2
(lg“ff"??) :Qh(MJr —Q1(N) + QY5 (N\), (2.26)

where resy; Q2 denotes the coefficient of Z_lA_ in the expansion of @2 around Aj,
J

as in equation (2.24), and er.eg the regular part of the expansion at A;. Using
the explicit form of Qp, @1, Q2 in equations (2.13), (2.15), (2.18), we find

n 2
pe I~ 1 I 1
£l N

1223
2 kz)\gzk+F+hZ)\g N
vy

On account that u? = Qo(\,) and equation (2.20) we are left with the Bethe
equations for the quantities ~yg. ]

2.2. Canonical cover and WKB differentials. We now introduce the
WKB approximation of equation (2.4):

fee <Q2 L@ Ch?;’) f=0. (2.27)
Introduce the cover C given by
v? = Qo(z)dz% (2.28)

The curve C has 2g + 2 branch points which we denote by x1,...,72442. We
denote the projection of C to the z-plane by f, and the hyperelliptic involution
on C by v. The homology group of the curve C, punctured at 2g + 4 points
f7Y(2;), can be represented as a direct sum of even and odd components under
the involution v:

H (c \{f~ (zj)}ﬁ?) —H.®H_, dimH, =g+1, dimH_ =3g+1. (2.29)

Denote the points projecting to the poles z; by zj(-m):

§ 1 2
f 1(Zj) = {Zj( ),Z]( )}
The enumeration is chosen such that

resv =ry resv = —rj.
RO T !
.7 J
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Let small positively-oriented loops around points {zj(l)};’g be denoted by

{tj}?ii. Then generators of H; can be chosen to be t;r =titutj,j=1,...,9+
1. The generators of H_ can be chosen to be

— 1
{aj.b5}5—, {73951, (2:30)

where
1

Introduce the divisor of degree g given by

D=a 4+ 4D, (2.31)

where )\;1) = (Aj, pj) with A; being the zeros of ¢(z) and p; = a();). Then )\5-2)
is the point having the same projection on z-plane but lying on another sheet of
. 2
C,ie. )‘5‘ ) = (Nj, —p).
To study the limit & — 0 of equation (2.27) we introduce the asymptotic
series s = > 70 | A¥s) and write the asymptotic series for the solution f in the

form

f=v""2exp {/ (h sy +s0+hsy + ... )v} , (2.32)
zo

where s; are meromorphic functions on C and zq is a basepoint. We introduce
also the meromorphic differentials

1
Vg = §(sk + v sg)v. (2.33)

The differential vy, satisfies
Vi = —v. (2.34)

As a corollary of (2.27) the function s satisfies the Riccati equation which in
coordinate-independent form can be written as follows:

Qv v
d 2= RSN 2.
s+ wvs qu + " +h2’ (2.35)
where ¢ = —Q9 — —52” and S, = S([%v,-). Equivalently, since Q2 =

—%S ( [7 e(z) da, ~), we can represent the meromorphic function ¢ on C in the
coordinate-independent form:

q:;(s (/Zc(a;)dx,-) —S(/ZU,~)) =15 (/Zc(x)dx, /U) (2.36)

Equivalently, (2.35) can be written as

o0 oo 2
d<z hkSk) +”<Z hksk> z—qu+%+%.

k=—1 k=-1
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The coefficients of 772, A~! and A° give

2 d
A I (2.37)

=41 = =1
-1 © 0790y 2 2 2

so that v_; = +v. We shall choose the “+” sign.
The higher functions sg, £ > 1 can be found recursively from relations

dsi +v Z sjs =0, k>1, (2.38)

jH=k

which imply

1 dsp,
= - — j kE>1.
Sk41 251< " + Z 8351), =
jHl=k
5120

The first three differentials in the WKB expansion are obtained from (2.37)
taking into account that the only term in (2.37) which is not skew-symmetric
under v* is —dsg/2v:

v? = Qo(2)(d2)?, o = %Ql(z)(dzﬁ, (2.39)
’U2 z
v = —i + %Qz(,z)(dz)2 + %S (/ v,z) (dz)2. (2.40)

2.3. Properties of WKB differentials. Here are the properties of the
WKB differentials (2.39), (2.40):

e The differential of the third kind on C given by
v=pdz (2.41)

has first order poles at points 212 with the residues +7;, and at o012 with

J
residues +7.,. The latter statement follows from the fact that near oo(:2)

we
have
d

vea(z)dz = :F7“o<>57 (2.42)
res v = £re. (2.43)

oo(152)

o The differential of the third kind
Ql 2

= X 2.44
V=5 (dz) (2.44)

is holomorphic at branch points of C (at the branch points, v has second order
zero, while the differential dz has a first order zero). Let us now discuss the
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behaviour of vy near )\5-1’2). Near /\§1) we have v ~ a()j)dz and Q1 ~ Zf’AJ

?2)

Therefore, near )\g-l one has the asymptotics

dz

o~
O

Moreover, near o012 we have Q ~ Tee: thus, using (2.42), vo has simple

(1,2)

poles at oo with residues +1/2, respectively.

e We can write the differential v; (which turns out to be of second kind) as

v =—— —|— @( dz)? + %S </ U,Z) (dz)?, (2.45)

2v 2v

or more more symmetrically as

”lz—fﬁ(if(s </v,z)—8(c,z)>. (2.46)

Using the composition property of the Schwarzian derivative, it can also be

written as follows:

2
vy v

V=g 18(0,5), (2.47)

where £ = [*v is the flat coordinate defined by differential v.
To prove (2.47) we used the composition rule for ¢(£(z)):
S(e,2) (d2)? = S(c,€) (d€)* + S(&. 2) (d2)*. (2.48)

The differential v; has second order poles at branch points and second order
poles at co:2) with residues

1
— 2.49
o T 249

Lemma 2.4. The conditions (2.25) of triviality of monodromies around \;

are equivalent to equations
res ’A(_l,z)vl = 0. (250)
J

Proof. We use the expression

v = 2% BS </v,z> +Q2(d2)* — v(%] : (2.51)

The term involving the Schwarzian derivative can be ignored since it is regular
at A\j. Using the expansions at z = A;

Qo(2) = 45 + (2 = A)Qo(N;) + Oz — )2,

Qe = 2+ g o)
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3 1 L,
QQ(Z) - 1(2 — )\j)Q + z —J)\j * O(l)

and expressing v and vg in terms of Qq, Q1 we have

L L eE - Q) + o)
B — , )

dpj [(z =) (=) 07

The vanishing of the residue is equivalent to the O(A~1) equation of (2.26). [

% [QQ(dZ)2 — v(ﬂ =4

Let us summarize in a table all the properties of the WKB differential dis-
cussed in this section:

Differential Pole  Order of the pole Residue
v = pdz Z](1,2) 1 £7;
oo(1:2) 1 +ro
vy = Cg—;(alz)2 z](l’Q) 1 :I:%
AL 1 +1
v =32 — 48 2 F s
ao(1:2) 9 ¥ ﬁ
AL 2 0
T; 2

2.4. WKB expansion of complex shear coordinates. Let us assume
that Qo is a Gaiotto-Moore—Nietzke (GMN) differential (i.e. it has no horizontal
trajectories connecting two zeros [22]). Then the cover (2.28) (also called the
“WKB curve”) admits a canonical triangulation X, constructed as follows. Due
to the genericity assumption on (g, the horizontal trajectories always start at a
zero x; and end at a pole z;: let us call by I' the critical graph whose edges are
such trajectories. The WKB triangulation ¥ is defined as the graph having the
poles z;’s as vertices, with every face containing exactly one zero of (). The dual
graph to X, whose vertices are instead the zeros x;, will be denoted by ¥*. This
construction is shown in Figure 1.1.

To each edge e of the graph 3 one assigns a coordinate p. € C whose expo-
nential is a complex shear coordinate, the simplest example of a Fock—Goncharov
coordinate (see Appendix A.2 of [8] for more details).

To every edge e of the triangulation it is possible to associate a cycle ¢, €
H_, defined to be the loop that goes clockwise around the edge e* of ¥*; to the
cycle e one assigns the Fock-Goncharov coordinate pe

{pesper} =eoe.

Because the Poisson bracket is constant, it is possible to choose linear com-
binations of the p.’s that are Darboux conjugate. These coordinates extend by
linearity to the a; and b; cycles, that we denote by pq;, pp;, and their Goldman
bracket is

Ji

{paj’pbk}c 9 (2.52)
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The following proposition is an analog of Proposition 5.2 in [8]. It shows
that the homological shear coordinates p; (for £ € H~(C)) admit an asymptotic
expansion in terms of periods of Sy4q.

Proposition 2.5. The formal asymptotic expansion of the homological shear
coordinate pg for each ¢ € H_ looks as follows:

1
pgw/v—k/vo—{—h/vl—l—---, (2.53)
hJo ¢ ¢

where vy, are given by (2.33). The relation (2.53) is understood in PSL(2) sense,
i.e. up to an addition of wik for k € Z.

Proof. The proof is parallel to the proof of Proposition 5.2 of [8]. The dif-
ference is the presence of the term @i in this paper which was absent in [8];
moreover, ()1 has additional singularities at A\; which are apparent singularities
of the equation (2.4) were absent in [8] and also in [3]. In the frameworks of [8]
and [3] the differential V' contains only odd powers of 7 (since in these papers it is
assumed that )1 = 0) while in our present context we also have all even powers.

The presence of apparent singularities at A\; does not modify the asymptotics
(2.53) by the following reason: the issue of apparent singularities at the poles
of @)1 is completely analogous to the case of the Lax pair for the sixth Painlevé
equation (i.e. our case with g = 1); we refer to [37], Theorem 4.4. The reason
why there are no different Stokes’ regions in the WKB analysis near a ); is that,
up to a (Borel resummable h-dependent) conformal change of coordinate z —
&(z, h), the local model of the equation in a neighbourhood of z = A; is

a2 42 3
_d§2f_|_<hQ_4£2>f_0. (2.54)

This equation, while formally displaying a double turning point at £ = 0
(corresponding to z = \;), does not, in fact, exhibit any Stokes’ phenomenon
since its general solution is explicitly written as

142 B _i.
f(&) = zer® 4 —e nt.

Ve Ve
This implies that the analysis of [8] goes through without further modifications.
In the case of the opers relevant for all the Painlevé equations -V I this was
discussed in detail in Chapter 4 of [37] (and references therein). O]

(2.55)

3. WKB expansion of the generating function

The generating function G defined by (1.18) has the following formal expan-
sion in powers of A:

Go G-
g:h—;+71+go+.... (3.1)
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In this section we compute the first three coefficients, G_o, G_1 and Gy. Let us
introduce the following notation: for any two 1-forms w and w we consider their
periods (A;, Bj) and (A;, Bj) and introduce the pairing

(w,d;} = ZAJ ~j - Bszlj‘ (32)

The expansion of the symplectic potential 6 from equation (1.16) can be
written as follows using (2.53) and the pairing (3.2):

057 05" o
where
(-2) _ 1
057 = v, 6u), (34)
05 = (uo, ) — 53(v0,0), (35)
1 1
Q(GO) = §<UO,5UO> + </U17 57}) - §5</U1’/U>‘ (36)

3.1. Formula for G_3. Chose a set of generators of H;(C) which we denote
by {aj, b}, {tj}?;i. Introduce the a and b-periods of the differential v:

Aj = / v, Bj = / V.
aj bj
Theorem 3.1. The equation (3.4) for G_o can be written as

1 g
0G-2 =3 > (ArdBy, — BroAy) (3.7)

j=1
and its solution is given by

e

9
J
v—i-]z:;rjreg /z§2) v, (3.8)

SNGH)

G_9=—mi rooreg/

00(2)

where

251) z§1)+e
re v = lim v —2r;loge
g/z(_m e—0 /Z(2>+€ 7708
J J
o) R
reg/ v = lim / v+ 2roolog R | .
0o(2) R—o0 R(2)

and
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Proof. In the coordinate system (Aj, A;), the form in the r.h.s. of (3.7) has
only 6 Aj-contributions since it depends only on the moduli of C, and not on the
point of Jacobian. One can write v as follows, using the properties of v that we
listed in Section 2.3:

g g
V= TooWeg(2) o(1) + E TiW (2) (1) + E Ajuj, (3.9)
: i 0% .
J=1 J=1

where w, , is the differential of third kind on C with residues —1 and +1 at x
and y, respectively, normalized by the condition of vanishing a-periods, and u; is
the holomorphic differential normalized via fak uj = d;i. The b-period of w, , is

given by
Yy
7{ Wy y = 27m'/ uj, (3.10)
bj €T
so that
co(1) g 24D g
By, :/ v = 271 roo/ , uk—FZTj /(2) Uk —i—ZAijk. (3.11)
by 00(2) j=1 z; j=1

Moreover, since z; and r; are independent of the periods A;, from (3.9) and
(3.11) we have
ov 0By

. =F — Q. 12
SA; T saA; T (3.12)

and, therefore,

g g o) g ey

) j
E (AxdBy — BrdAy) = —2mi ké 1 T‘OO/ Uk + E 1 r; /Z(?) ug | 0Ag, (3.13)
= = J= J

1 0o(2)

which, due to (3.12), equals to

e

g
J
v+ rire v
Z J g/Z(_z)
Jj=1 J

leading to (3.8). O

JSNGH)

—2mid | rooreg /

00(2)

3.2. Formula for G_;. We shall use the version of Riemann bilinear rela-
tions (see [19], equation (2.5.6)) given in (1.25).
The first theorem we need is the following: let ; = a();) and

MY = (g, ) (3.14)

and consider the divisor D = )\gl) +- 4 )\gl).
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According to Th.A.5 the symplectic potential for Kirillov—Kostant symplectic
form can be expressed as follows in terms a-periods of v and the divisor D as
follows:

g g g g
Z tr LjGj_lstj = Z Ajfsq]‘ = — Z qjéAj +90 Z quj , (3.15)
j=1 j=1 j=1 j=1
where

g=A (D) - K7, (3.16)

K% is the vector of Riemann constants at the point co®.
Using this fact we shall prove the following formula for G_;:

Theorem 3.2. The equations for G_1 look as follows
2 1
, -1
6G_1 = (v, 6v) — 27Tzz;tr L;G10G; + 50(v, vo) (3.17)
J:

and the solution is given by the formula
1 g g g
G-1 = (v, v) — 2mi Y qAj—wi> Bp—wiy  jA;. (3.18)
j=1 k=1 j=1

Proof. Equation (3.17) follows from 6G = 0 — 2mifk i, together with equa-
tions (3.5) and the (1.9). Let us work in the coordinate system (A;, A;). Then
dx;v = 0. On the other hand, since d4;v = u; we compute

(0, B, 0) = (v0, u;) = _fia (/z uj> vo = —2mi 3 res </ uj) i

N oo
=—|m Ui + i ui |, 3.19
( > fo i L ) 9
where we used that vy has residues +1 at /\§-1’2) and 0o respectively. There-
fore,
1 g
G-1 = 5 (v,v0) - 2mi Y g A+ f, (3.20)
j=1
where

g
df = (vo, 0v) + 2mi Z qi0A;.
j=1

Therefore, ), f = 0 and

Oa, f = (vo, uy) + 2mig;.
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Using (3.19) and (3.16) we get
)\( ) OO(1) g )\](Cl) .
_ A ; o
o, f= (Z /(2) Uj /oo<2) u]> + 2mi (kzl /00(2) u; — Kj ) .

Choose a branch point z; as the corner of the fundamental polygon. Then this

equation can be written as
AL )
(2)
+ / u; + g/ u; — K3°
EDSY ATRTY SR

ont == (5[ [

oo

or ) -
(2)
— =—(g—1 - K; &
s0nf =~a=1) [ w
Therefore, we get
o = 2miKt
0A; 7
Using the representation
]
Kt = § Z Qjk
and relation
0. 0By,
ik 6A] )
we have
g g
f=-miY jAj—miy By O
j=1 k=1

3.3. Formula for G.

Theorem 3.3. The equations for Gy looks as follows

1 1
5Go = 6% = ~(vg, ug) + (v1, v) — 50(v1.0) (3.21)

2
and the solution is given by the formula

1
Go = —127iln7(CPY, Qo) + F — 5(z)l,v),

where

(1) (1)
F 1N 1./ N — 2k
:ZX7 Uo—I—X ’U0+1 Hak( )
v 2 1 A§-2) 2 H K Ha<b( )
co(D) g+2

1
TN Z < dry, )( @)
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and Tg(C'PY, Qo) is the Bergman tau-function defined by (3.28). The regulariza-

tion is the “z”-reqularization, where we subtract the singular part computed in
the z—coordinate. Specifically,

x" o 1
X(Z) vy = hH(lU w5 In(z(p) — A;) — 3 In(z(q) — Aj). (3.22)
A =X Ja
q—))\§2)

Proof. Let us write the potential Gg) ) as follows:

609 = 0O 1 (B, 6v) + 5(v, v1), (3.23)
where 1
0 = 5 (v0,0v0) + (01, 6v) (3.24)

Here we have set

@ o (@
= S /v,z , =g 73(0,2), (3.25)

so that the differential v; is the sum
vy = U1 + 01. (326)

The integration of the last term in (3.23) is trivial. The second term can be
integrated in terms of the Bergman tau-function described in the Proposition 3.4
The integration of ©©) is provided in Lemma 3.5. O

Proposition 3.4 (Proposition B.1). The solution to the equation
— 121§ In7p(C,dz) = (v1, dv) (3.27)

s given by the Bergman tau-function:

1831 = .
TR = exp {_6 Z rkreg/ v} H(:Ej—svk)5/144 H(zj—zk)l/G H(:Uj—zk) /2
k=1 1 ik

i<k i<k
(3.28)
where the regqularized integrals are defined by (B.4).

The integration of the term ©(©) is provided by the following lemma:
Lemma 3.5. The solution to equation
5F =00 (3.29)
s given by

F 1 iX)\;l) N 1Xoo(1) . [Tor(Pa — 2x)
— = = Vo = Vo n
im 23R 2/ IL v Taco(Aa = Ap)

00D g+2

()
1 1 [%

- — — — . 3.30
4TOO.X<)0(2) ° ;4%){9 ° (330)
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Proof. The computation can be performed in any set of coordinates; we
choose to use coordinates )\;s and periods {4;} (alternatively one could use any
any moduli of the spectral curve). Then the spectral curve is A;-independent.
By application of the Riemann bilinear identities we obtain

1 x _ xX
%6(0) = Zres <’U0(x)/ dvy + 2@1/ (51}) , (3.31)

where the sum extends over all poles of the expression in the residue bracket.

These poles are located at: the points z§1’2), the branch points x; of the curve C,

the points A§1’2), the points oo(1:2).

Branch points. We are going to show that the residues at the branchpoints
of the two terms in (3.31) cancel each other. To this end we observe that from

_ Qudz?
=2, (3.32)
we have 5 ) ) 5 )
pup = JQUAR)"  Qu(d2)” o 0Qu(dz)T o g (3.33)

v 202 20 v

The first term does not have poles at the branch points because dz? and v both
have double zeros. The second term is present only for differential in the moduli
of the curve (leaving \;’s constant). Secondly, in the expression for v; the only
term with poles at the branch point are

U2
m:—§+0m. (3.34)

Thus, applying (3.33) we get

p p
Zres (vo(p)/ 04,0 +21~)1/ aAjv)
b.pts Tk
P v o
= Z res (—vo(p)/ — 0,0+ 21}1/ E)Ajv>
Ty v

b.pts

P 2 rp
= Z res (—vo(p)/ @aAjv _% 8Ajv> . (3.35)
i, v v

b.pts

The computation of this residue is easier if done in the local coordinate { given
by z = x3 + ¢%: in this coordinate each of the differentials (being all odd under
the hyperelliptic involution) are expressed as functions of (2. We denote

v = fo(¢)d¢, v =), da,v = g(¢P)dC, (3.36)

where we have used that v has a double zero at ( = 0 (and h(0) # 0). We
also observe that in the computation of the residues the base point of integra-
tion of the integrals is irrelevant because it adds a constant and this yields no
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residue. Then we can represent the indefinite integral [ P 204;v as a locally de-
fined meromorphic odd function with a simple pole at ( = 0. In explicit terms
we have

p P
E res (vg(p)/ 8,4].1)04-2'771/ 8Ajv)
Tp

b.pts

2 ¢
= o ( fO(CQ)fOé )(og ) + gJ;Oh((Og)Q)/O g(§2)d§+(’)(1)> d¢ =0. (3.37)

Contribution of the other residues. Consider first one of the moduli,
Aj, of the curve that does not modify the z—projection of the divisor D.

Recall that res/\gl,m Vg = TeS_ (1,2) Vg = i% and thus 8Aj vg is locally analytic at
the points A; and oo; the same applies to d4;v. Viceversa, from (3.34) it follows
that v; has a double pole at \; with coefficient

~ 1 1 (1, 2)

v = imm + O(].) near )\ (338)

where we emphasize the absence of residue. Finally we need the residues of v7 at

the points z( g and ool 2): a short computation using (3.25) yields
~ 1 ~ 1 (3.39)
res U] = F-—, res U3 = F-—. .
212 ! qESrk o2 qESroo

Keeping this in mind, the result is then

P D
Z res <v0(p)/ 94,00 + 2%71/ 8Ajv>
1,2 1,2
)\g )700(1,2)721(C )
(1)
Aj oo+ 1 aAj’U Aj
=5 Z L 040+ Oav0— ) 5—
/\( ) oo , 2,uj dz /\;2>
1 ooV n+2
—_— — ’L) —
4roo /oo@) Z < Ary, /
)\( ) oo+
= Z/(z) da;v0 + / 94,0
)\

o0
g+2 oo<1) g+2
—04. 1n — — .
Aj H Hk 47"OO o(2) Z 47“k (2) 450

aAv

where we have used that e

1) = +04, ;. We now observe that the deriva-

]
tive is made at z—value fixed under the integral sign; therefore we can pull the
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derivative outside provided we interpret the integration as a z-regularized inte-
gral:

p p
Zref (vo(p)/ 8Ajvo+2vl/ OAJ.U)
— 1

i g
g+2 oo(1) n-+2

N S il S
T 2L e 0T p LA L e |
J J

where, by definition, the regularization is made by subtraction of the singular
part in the z—coordinate of the antiderivative.

Variations of divisor D. We now consider a derivative dy,. Since v and
the spectral curve are independent of A;’s, only the first term in (3.31) gives a
nonzero contribution.

Using the Riemann bilinear relations we find

o 81}0
O(0y,) = ((;e§ + res > + Z <§?1S) +re2:>;>> BV (3.40)

Now observe that for £ £ j and for the residues at infinity the integrand is locally
analytic and hence the differential vy [ Ox;vo has a simple pole; we can pull the
derivative outside of the integration because the regularization depends on Ay but
not on Aj. Thus we have

Oo(l) g )\(1)
1 4 a’UO 51}0
O(0y,) = = - 3.41
=3 3 fe Jonr () S5 o
= J J

(#]

We are left with the contribution of ¢ = j:

81)0
res o ~

. 3.42
(Aj,Epj) OAj ( )

(1)):

The local behaviour of the indefinite integral is (near A;

[ o= [ g (5t +om) o
_ /,, <W+0(1)> 6z = z(z__lxj) +0(1).

Therefore, the local behaviour of the function we are taking the residue of in
(3.42) is

Ovg +1 (1,2) Fl (1,2)
guo _ (=2 AW U Y (s s (1, 4
o f o= (a4 ) oy 2+ ) e
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where A§1’2) = vgeg()\(-l’Q)) = dougB(\; This means that the result is

; )
AP AoV

(
J

5 2. Now, by definition of regularization:
CJ(-D . Cj(;) - )( A v -
2 T 2/\@ AN '

We then observe that

(1) (1)
1 XV vy 10 XV 1 reg
= — = v — =,
2/5 oNj  20); NS 2

Therefore we have

AD 4D LoD @ p® D W
res <v0/0,\ vo> = J J J :XJ S T A
Al

W g v A® _ 40
A —zmj){;m R

A1) 2 25 0\; 2
J
1o N
oW
= o )(A w240, (3.46)
It remains to compute A(. ). from the definition of vo (3.32) it follows promptly
reg
1 _ @17 (y)
A] = T + (9,\ hl ,U,]
Yk 1
—0O. In ;. 3.47
% ;A _A£+;Aj_Zk + 50 Inp (3.47)

Using the Bethe equations (2.25) one finds then

1 1 1 1
AL _ _ ~ 0y In ;. 3.48
’ 2 ;)‘J‘_)‘é ;)\j_zk O (3.48)

Inserting this expression into (3.46) we then obtain:

)

6 J
res v, v U
N2 / A0 = 28)\ ){(2 0
J

1 1
E - E - 8)\A In i, (349)
e;éj/\j—)\g A /\j—zk 7

where, again, the regularization so far is made in the z-coordinate.

Thus
g o)
6’1)0 1
; <U0, 6)\]> 5)\] - 5 Xoo@) ZXW”

Ha k()\ _Zk)
[T [ aco(Aa = Ao)

This concludes the proof. ]

+d)1n

(3.50)
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A. Kirillov—Kostant symplectic potential

A.1. Szegd kernel and its variations. Here we list the necessary infor-
mation about Szeg6 kernel and its variations. For a Riemann surface of genus g
denote the Abel map by A(z), introduce holomorphic differentials u; normalized
via faj u, = 05 and the prime-form E(z,y). Let ¢ € C9. The Szegd kernel S, is
then given by
O(A(z) — Aly) +9)

O(E(x,y)

The Szego6 kernel has the following properties. First, it has simple pole on the
diagonal of the form:

Sq(I', y) =

(A1)

Sq<x,y>=< ! )+<9<1>) VAE) VAT, (4.2)

£(z) — &y

where ¢ is a local coordinate near the diagonal. Second, it has the following
periodicity properties: Sy(z,y) remains invariant (up to a sign) when z or y are
analytically continued along any a-cycle a;j; under analytical continuation along
b; one has

Sq(z +bj,y) = efzmqf'Sq(x, y), Sylz,y+b;)= 2™ Sq(z,y).

The Szego kernel satisfies the following identity due to Fay [20]:

g
S, 9)Sy(y,x) = —B(z,y) — Y 9adzlog Og(0)uq(2)us(y), (A.3)
a,B=1

where B(z,y) = dydy log E(x,y) is the canonical bimeromorphic differential.

The Szego kernel depends on the moduli of the Riemann surface C (we consider
here the moduli space of hyperelliptic curves of genus g defined by (1.13)) and on
the vector ¢, which defines a point of the Jacobian of C. Variational formula for
Szegd kernel on the space A" can be conveniently written in terms of coordinate
system (A;, q;) where A; = faj v and ¢; are components of vector g. The moduli
of the curve C (for fixed r and z;) depend (locally) only on the periods A;.

The variational formulas are given in the next proposition.

Proposition A.1. The following variational formulas hold:

. 2g+2

0 271 U Wt[Sq(xut)7 Sq(tvy)]
54,51 = = 2 Thujan @) o(t) B
0
T%Sq(x? y) = — rea, Sq(flf,t)Sq(t, y)a (A5)

where Wi(f, g) denotes Wronskian of two functions f(t) and g(t).



Generating function of monodromy symplectomorphism 327

Proof. The formula (A.5) was proved in [36] (Proposition 1).

The formula (A.4) follows from two results. The first is Theorem 2 of [30]
where the variational formulas for S, on moduli spaces of meromorphic abelian
differentials were derived. Then (A.4) can be obtained from the formula of [36]
via chain rule, following verbatim the proof of formula (3.10) from [6] where the
variational formulas for Abelian differentials were derived. O]

We shall need the following lemma which is valid for any n-sheeted cover of
P!; this statement is equivalent to relations (4.12), (4.13) from [39].

Lemma A.2. Let C be an n-sheeted cover of P* with projection f : C — P'.
Then the following identity holds:

1 1
F@ —t f) - t> ar

S8, 10) 8,0, y) = Sy(a ) ( (A.6)
=1

Proof. For completeness here we give a short independent proof of this fact.
The left-hand side of (A.6) is a 1-form in ¢ depending only on the point of the
base. It has simple poles at z = f(z) and z = f(y). The coefficient depends on x
and y and must coincide with Sy(z,y) due to the holonomy properties of S;. [

We shall also use the following notations. First, introduce the system of
distinguished local coordinates on C. Near a branch point x; it is given by
¢j(2) = \/z— ;. Near co1:?) the distinguished coordinate is chosen to be £(z) =
1/z. Finally, near any other point with projection zy on z-plane the distinguished
coordinate is z — zp. Now we define the following:

Sq(l’,OO(])) = M ) .] = ]-72> (A7)
d(z1(y)) )
Sy(x, 2p) = 5o, 9) , k=1,...,29+2. (A.8)

dvfw) ==

Using these notations we get from (A.6) in the limit ¢ — oo:
> Sqlw,00)S (00 @, y) = Sy () (f(z) - f(y))- (A.9)
i=1

A.2. Eigenvectors of rational matrix functions via Szego kernel
on spectral curve. The Szeg6 kernel can be conveniently used to construct
eigenvectors of the rational matrix-valued function R(z) (1.10). The construction
is parallel to the one used in [39] to construct solutions of matrix Riemann-Hilbert
problems.
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Proposition A.3. Consider a pair (C,q) where ¢ € C9 and C is the spectral
curve given by equation

J A.10)
) (
[T550 (= = 2)?
such that for the differential v = udz we have
Zzeg) v ==%rj, Oorg%) v = +7roo, (A.11)
J
where r1,...,T2g12,75 are some constants. Consider the divisor D = )\gl) +--F
)\él) defined by
A (D) = —q+ K> (A.12)

Consider the canonical polygon C invariant under the hyperelliptic involution
v. Define the following column-vector for x € C:

B 1 Sy (x, 001
Y= e <Sz<x, oo@))) (A.13)

and the 2 x 2 matriz on C

z, 00t x*, ool
¥) = (0(0),900") = s (ST X)) (A1)
Then the matriz R defined by
R(z) dz(z) = U(z) (g _OU> v () (A.15)

18 a rational matriz invariant under the transformation v — ¥, i.e. it depends
only on z, and

1. R(z) has simple poles only at z;:

R(z2) = P (A.16)
j=1 J

2. The eigenvalues of R; are equal to £r; and

g+2 , 0
]:

_fr'oo

C coincides with the spectral curve det(R(z) — ul) = 0.

The matriz entry Ro1(z) has on C ezactly g zeros situated at \j = f()\gl)).

5. The points >\§1) = (Aj, u5) are such that p; = Ri1()\;), i.e. the divisor D
defined by (A.12) is given by D = E?Zl(Aj,Rll(Aj)). Another characteriza-
tion of the divisor is that it consists of the points of the spectral curve above
the finite part of the plane where the eigenvector is proportional to the vector

(1,0).
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Proof. To prove that the matrix R is invariant under the involution x — zV
we notice that ¥U(z") = ¥(x)o; and v(z”) = —v(x). Therefore, R(z") = R(x).

The eigenvalues of the matrices R; coincide with residues of v at the points
21 which are equal to £r; due to (A.11).

According to [39] (see p.350, and formula (4.14)), Fay’s identities imply that
det¥ = +1 and

. 1 Sy(ooM z) S (00?2
v l(m) B df(z) (Sq((oo(l)axy)) Sq(go@)’;UV)))' (A17)

The matrix element R is a rational function of z = f(x) given by

_ ., v(z) v
Roi(z) = QWSq(x,oo(2))Sq(x ,00(2)),

which vanishes at the points of divisor D 4+ D" due to (A.12). Equivalently, it
means that Rop, considered as function of z, vanishes at the points of 7(D).
Finally, the eigenvalues of R; from (A.16) are equal to & residues of v at

z](-m), ie. &£r;. O
The expression (A.14) can be alternatively written as follows:

1

Uop(2) = ——u S, (217, 00 A.18
) = s o2, o0l) (A18)
and (A.17) as
1
TN ,5(2) = ———8, (00, 2(). A.19
(Vasl) = s S, 2) (A19)
Corollary A.4. The matrices R; can be diagonalized as follows:
R; = G <Tj 0 > G7, (A.20)
0 -7y

where the formulas for G are obtained for (A.14), (A.18):
(Gy)ap = Sy(z”,00) (A.21)

such that
(G7Dap = Sy(00®, 2). (A.22)

A.3. Kirillov—Kostant potential. The Kirillov-Kostant symplectic form
looks as follows in terms of eigenvector matrices G; [4]:

wik =— Y _trL;G;10G; A GG, (A.23)
j=1
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The natural choice of symplectic potential Ok i such that dfxx = wik is

Ok = Zn:tr L;iG;16G, (A.24)
j=1
or, alternatively,
g+2 ) g+2 )
Oki = ;rzejs tr (00 100) = 2 rgs tr (A0 160) dz, (A.25)

where

o= ds = (8 _OU>

Theorem A.5. The form Ok in (Aj,q;)-coordinates looks as follows:

g

=1

where A; = faj v are a-period of v (defined up to an integer linear combination
of Casimirs ryj).

Proof. Consider first the contribution of dg; in (A.24). First, using (A.18),
(A.19) and variational formula (A.5), we get

(ot (2)0q, \I/(z))aﬁdz

2
=— ZY{ Sq(z(ﬁ),x)Sq(azjoo(“’))Sq(oo('Y),z(a)) (A.27)
rea;

=1

or, using Lemma A.2,
(\I/_l(z)aqjlll(z))aﬁ dz = —% Sq (z(ﬁ), 2)Sq(z, z(a))(f(x) —2). (A.28)
:CEa]

Recall that p(z) is a meromorphic function with simple poles at the points p —
(1,2) +7;
Z; .

7 Z—2;

with singular parts pu =
The contribution to Ok of dg; is therefore given by:

g+2
?{ . b DSE)| (py — f(p)), (A29)

GKK(&]].) = — Z(Lk)aa df(p) _ (@)

which, using (A.25), gives

g+2 2

=00 wes pwp) § Sy(pa)Sy(w,p)(f () — F(P)): (A.30)
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The integration contours a; in the z—variable can be chosen so as not to intersect
the integration contours for the residues in the p—variable and hence the integrand
is regular. Thus we can interchange the order of integrations:

g+2 2

k@)=~ §_ DD res wp)Syp.)S, (o) (f@) - F). (A3)
TEAj =1 a=1P=%

The sum over the residues is the sum over all poles above the z;’s of the differential
(in the p variable)

1(p)Sy(p, ©)Sy(,p)(f(x) — f(p))- (A.32)

This differential does not have a pole at p = co(1:?) because the eigenvalue, wu(p) of
R has a simple zero, which cancels the pole of f(p). Moreover it has an additional
simple pole at p = x, with residue

1es u(p)Sq(p, ) Sq(x, p)(f(2) = f(p)) = n(x) df (). (A.33)

Thus we can use residue theorem and rewrite (A.31) as follows:

Orcrc (D) = 74 ves 1(p)Sq(p2) (2, ) (F(2) — £(p)). (A34)

€aj p=x

Furthermore, using Fay’s identity (A.3), and using the fact that B(p, x) behaves
on the diagonal as (f(p) — f(z))"2df(p)df(z), we get

res 1(p)Sq(p, ©)Sq(x, p)(f(x) — f(p)) = p(x) df(x) (A.35)

p=x

and, therefore,
Ok ik (0q;) = 7{ v=Aj. (A.36)
aj
Consider now the contribution of §A; to Ok k. Remind that ¥(\;) = G; while
res|,; 0 = L;. Now, using variational formulas (A.4) we have

(U'0a,W)
2

_ 00(7 ST () res Wa[Sq(p, @), Sq(x,000)]
Z ( Z j (i) res [o=q, v(z) >}pz<a)7

where

() — g .
4(%) = Jinfujse)
Therefore, using (A.9) we have

g+2 g+2 2

2
HKK(?A ZZLkaO‘ \I/ 8A\I/ = ZZres‘ @

=1loa=1 /=1 a=1
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X u;(x;) res A.38
z;€b.pts
or, since the branch points are simple,
Or i ( C?A gfi res Z res ﬂ
(=1 a=1P= Ze z;E€b.pts t=zi dIn ,U,(l’))
Ww S ’ ) S ) -

p(x) df(z)

Once again we can swap the order of residues because the branch-points are
away from the points zﬁa). One can verify that the differential of p in the inmost
residue has poles only above the z;’s and at p = ¢, with no pole at oo, for the
same reason as in equation (A.32). To compute the residue at p = z, we use

(A.2) that specifies the behavior of S, (p, z) for p ~ x:

Wa (Sq(p, @), Sz, p)[f(z) — £(p)])

e W1 ) "
_ 1 (p)
= res o Gy (2Su(p )y P () = 1)
= Sy(p, )02 (@, 9) (F(@) = F()) = S(p, ) Sy(2.p) )
 res 1 P _
TSR F@P )
Therefore,

Ok (04;) :——Zx s dln lnu(x):(). O

B. Bergman tau-function

Here we summarize the key facts from the theory of Bergman tau-function
(see [36,38,39] and the review [41]).
First, let us write the function (2.13) as follows:

P(z)
()= Co . (B.1)
where 242 o2
P(z)= [[ (===, RG)=]]¢-2)
Jj=1 j=1
and
g+2
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B.1. Definition of 753(Qy) and its properties. Here we remind the defi-
nition of the Bergman tau-function on the space of quadratic differentials (see [7],
where the tau-function needed here is denoted by 7, and the review [41]). The
constructions of [7] are adjusted to the case of genus zero base curve (then in the
notations of [7] we have g_ = g).

In the genus zero case the Bergman tau-function 75 is defined by the following
equations with respect to the periods of v along canonical cycles on C (see [7,36]):

dlogrg 1 / S ([Fv,2(2)) (dz)?

§4;  24mi )y, ’
0logTm 1 S ([*v,2(z)) (dz)?
= B.2
(5Bi 247['i/ v ( )

for i = 1,...,9. Here z is the global coordinate on C'P1 and S(-,-) is the
Schwarzian derivative (notice that in z-coordinate the Bergman projective con-
nection Sp on the Riemann sphere is identically zero).

Therefore, the differential of log 75 on the symplectic leaf Qg ,[r] is given by

the following expression:
g ([Fv,2(x)) (dz)?
dB;
i |( ] S )

(e

B.2. Explicit formula for 7(Qo). Let us introduce the following regular-
ized integrals on C of v = /Qodz:

reg /xlk vi= lim {/: v -y In(2(z) — zk)} | (B.4)

The explicit formula for 75(Qp) is then given by the following proposition:

dlogTp =

(B.3)

Proposition B.1. Choose the contours l; connecting x1 with z; such that
they lie entirely inside of the fundamental polygon C. Then

g+2
B = eXp{Zreg/ } [T TT =2 T (= 20) 77/,
i<k 4.k

i<k
(B.5)

Proof. Denote by
—w

\/@F

the prime-form on P'. In terms of the prime-form the Bergman tau-function is
given by the following expression valid for the base curve of genus zero in terms

E(z,w) = (B.6)
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of the divisor (Qo) = > d;p; (see [7,36,38,42]):
Qo(aj) -1/6 4sd;
The prime-forms in (B.7) are evaluated at the points p; as follows:
E(z,q) = Jim E(x,y)\/dG(y),
E(piop) = Jim  B(w,y)v/dGi(y)y/dG (),

T—=P5,Y—Di

where ¢ are distinguished local coordinates near points p;.
Let us apply (B.7) to our case, when

2g+2 g+2
Qo) =D =2 =
k=1 k=1

and

(Qo(x) I, E2<x,zk>>‘” ° (HKjEm,xj)Hm E4<zk,zz>>” .
B =

(1)

Locally near 2, ’ we have

Hk,l E2(2k, 21)

L P

v~
Z — 2k

and the distinguished local coordinate (j near z; is given by

such that

where the regularized integral is given by (B.4).
The total power of d(;/dz(z;) in (B.7) is

1 1 1

—s Tt -5

1
9) = ——
6 12 (29+2) = -3

which gives the second term in (B.5).
The distinguished local coordinates {; near x; are given by:

(B.7)

. (B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)
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Since locally, near the branch point x;, we have

v~ aj(z— )2, (B.16)
we get
&i(2) ~ at*(z — ) (B.17)
and
dg;(2) 2/3
= @) = a5’ (B.18)
where

a = CL/2 Hk;éj(xk - xj)l/z
’ 0 [Tk (2 — 2x)
The total power of d¢;/dz(z;) in (B.10) is

1 11 1 1
S (241)— —(g+2) = —. B.1
o tagP9t D —ple+2) = (B.19)

Therefore, the total power of a; is %
The total power of Cy comes from () and all a; which gives

1 11 g—11

6 Tam(2t) =0

However, we don’t include the Cy multiplier into 75 since the latter is defined up
to a constant which might depend on residues.

Let us now compute the powers of x; — x1, z; — x} and zj — 2.

The product of z; — z;, comes only from E(z;, ), thus equals to 1/6.

The product of z; — zj, comes from E(x;, z) (gives —1/12) and from product
of a; (gives —1/72), and in total we get

1 1 7

12 72 72

Finally, the product of x; — z;, comes from E(z;, xy) (gives 1/48) and product of
a; (gives 1/72). In total we get 5/144. O
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I'enepyBasbHa pyHKIliSI MOHOAPOMHOTO
cuMmmieKToMmopdizmy Jist 2 X 2 cuctemun Pykca Ta i1
BKDB po3BuHeHHS

Marco Bertola, Dmitry Korotkin, and Fabrizio del Monte

Mwu BuBuaemo BKDB posBunenus 2 x 2 cucremu JiHIHHUX JudepeHIti-
AJIbHUX PIBHAHD 3 PyKCOBUME CHHTYJsipHOCTsSIME. OCHOBHA yBara coKyco-
BaHA Ha T'eHepYyBaJjIbHIN (DYHKINI MOHOJIPOMHOIO CHMILIEKTOMOPMDI3MY, siKa,
BinuoBiaHO 10 HemaBHbOI poboTu [10], € TicHO MOB’g3aHOI0 3 Tay-DYHKIIE
Ixumbo-MiBu. Mu obuuciroemo nepmri tpu wiean BKB possunenns reme-
pPyBaJIbHOI (PYHKIIIT Ta BCTAHOBIIOEMO 11 3B’130K 3 Tay-dyHKII€io Beprmarma.

KirrowoBi cioBa: cucremu PDykca, BijjoOparKeHHS MOHOIPOMIl, TeHepy-
BasibHa yHKIsA, Tay-dyukiis, BKB po3sunennst
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