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Operators
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We consider a fractal transformed doubly reflected Brownian motion with
state space being a Cantor-like set. By applying the theory of fractal trans-
formations as developped by Barnsley, et al., together with an application
of a generalised Taylor expression we show that its inﬁnitesimaall generator is

given in terms of a second order measure geometric derivative an d% as intro-

duced by Freiberg and Zahle. Furthermore we investigate its connection to

the well known classical Krein—Feller operator d—‘i% which is the generator

of a so called “gap-diffusion”.
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1. Introduction

In [10] Freiberg defined the second order differential operator %% with re-
spect to finite atomless Borel measures p and v with compact supports and
supp(u) C supp(v) C R as a generalisation of the well-known Krein—Feller oper-
ator of the form %% which was previously studied in [9] and [17].

Thus, when choosing v = )\, where A denotes the one-dimensional Lebesgue
measure, the operator allows an interpretation as the infinitesimal generator of
a so called quasi- (or gap-) diffusion (cf. [3,7,16]). Applying the more general
framework of Dirichlet forms, it is shown in [12] that also %d% is an infinitesimal
generator of a strong Markovian stochastic process with almost surely continuous
paths on supp(u). In the case that p equals a Cantor type measure the spectral
asymptotics of %% was obtained in [14] — and generalized later in [11] — where
the square root of the eigenvalues of the operator imposed with Dirichlet bound-
ary conditions can be regarded (up to a multiplicative constant) as the eigenfre-
quencies of a vibrating string with (singular) mass distribution according to
(cf. [1]).

Instead, choosing v = pu the operator can be regarded as a Laplacian on
certain compact (possibly fractal) subsets of the real line. Correspondingly, a
harmonic calculus and spectral asymptotics of %di were developed in [13]. More-

over, eigenvalues and eigenfunctions of Dirichlet respectively. Neumann boundary
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problems involving this operator were explicitly calculated in [19] and determined
to be a composition of the appropriated classical trigonometric functions com-
posed with a phase space transformation induced by the distribution function
of u. In the following elaboration we are concerned with a strong Markovian
stochastic process possessing the operator %% as its infinitesimal generator.

In Section 2 we briefly define %d% as a second order derivative with respect
to the measures p and v and deduce a generalised Taylor expression. In Section
3 we illustrate how fractal transformations act on the class of functions defined
on the attractors of two iterated function systems (IFS) with the same number
of similitudes whereas in Section 4 we elaborate how these fractal transforma-
tions act on the class of derivatives with respect to the invariant measures with
respect to the underlying IFSs. We then consider in Section 5 the connections
to stochastic processes. In Subsection 5.1 we firstly recall the construction of the
doubly reflected Brownian motion with state space being the unit interval [0,1].
In Theorem 5.9 its infinitesimal generator is given in terms of the second order
differential operator %% with Neumann boundary conditions. In Subsection 5.2
we then apply suitable fractal transformations on the doubly reflected Brown-
ian motion such that the resulting process has state space being a Cantor-like
set. We summarise its properties and define a semigroup of operators related to
this process. The main result in Theorem 5.15 then claims that the infinitesimal
generator of the associated semigroup is given in terms of %% with generalised
Neumann boundary conditions where p is the invariant measure with respect to
the IF'S having the Cantor-like state space as its attractor. In order to prove the
assertion we apply the generalised Taylor expression derived in Section 2. We
finally conclude in Section 6 by sketching the construction of a stochastic process
having infinitesimal generator of the form %% and discuss how our approach
is connected to already established results involving space and time change of a
Brownian motion.

2. Measure geometric Krein—Feller operators

In the following section we define a derivative of a function with respect to a
measure.
We follow the ideas of Freiberg [10], Arzt [1], Minorics [22] and Ehnes [6].

Definition 2.1. Let v and p be two atomless Borel probability measures on
[0, 1] with supp(u) C supp(v) and 0,1 € supp(p). Let L?(v) := L?(supp(v),v)
and L?(u) := L?(supp(p), ). Define the space

(= {0 R[5 e 200 s 0 =10+ [ P, e ol

Then the operator d% : DY — L?(v), f = f¥ will be referred to as the v-derivative.

We will write d% f= 3—1{ := f¥ for the v-derivative of f. Furthermore we define
the space

DL = {f e DY |3fH e LA (u)
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2ty = /f“ ) du(y), = € o, 1]}

The operator EW : DY — L2(p), f — f* will then be called p-v- derivative (or

generalised measure geometric Krein-Feller operator). We will write d— d =

% (d%f) =: f# for the p-v-derivative of f.

Remark 2.2.

(i) For any f € Dy” we obtain by Fubini’s theorem the following representation
(cf. [10, Remark 2.5])

£@) = £(0) + 5 FO)F ()
+ [ - B £ f)dnt) @), (21)

where F), and F), denote the cumulative distribution functions of v and p.

(i) In the case v = u in definition 2.1 we write D" =: D and d# d# =: dcf;.

A detailed survey of analytical properties of derivatives with respect to a
measure can be found in [10] and [22].

In the rest of this chapter we assume p = v.

Analogously to the classical case we derived the following mid-value theorem
as an auxiliary result.

Lemma 2.3. Let pu be an atomless Borel probability measure on [0,1]. Let
fy9:[0,1] = R be continuous and [c,d] C [0,1]. Then there exists T € [c,d] such

that
d d
/ f(@)g(@)du(z) = £(r) / o) du(z).

By an application of Cauchy—Schwarz inequality (cf. [1, Proposition 2.1.6]) we
know that D} C C([0,1]) and one can verify easily by definition that f € DY is
constant on [0, 1] \ supp(u) and so f is defined uniquely by its values on supp(u).

We define for k € {1,2} the space C/If to consist of all functions f € D) such
that Cﬁl—mm f € L*u) (1 <m < k) is represented by a continuous function that is
linear on [0, 1] \ supp(u).

From lemma 2.3 we derive the next auxiliary result.

Lemma 2.4. Assume that f € C;. and [c,x] C [0,1]. Then there exists £ €
[c, x] such that

x 9 o 2 2
[ o) = Fuw) s Pt = 1571 P O,

Together with equation (2.1) the previous lemma immediately gives us a gen-
eralised second-order Taylor formula.



Fractal Transformation of Krein—Feller Operators 485

Corollary 2.5. Assume that f € C}, and [c,z] C [0,1]. Then there exists £ €
[c, ] such that

(Fu(l") - Fu(c))Q.
2

2
f(@) = £(c) + if(a)(ﬂ(@ — Fy(e) + ijﬂf@)

3. Fractal transformations

In this section we are going to present the notion of fractal transformations
as in [2]. Further we give assumptions on the IFSs being used in all the following
sections.

In the following we are interested in iterated function systems (IFS) of type

S:={[0,1] | s1,.--, 8N},

where N € N, N > 2/ and s;: [0,1] — [0,1] (i = 1,...,N) are contractions, i.e.
Isi(z) — si(y)| < Az —y]| for all z,y € [0,1] and for some A € [0,1). Further we
impose the following assumptions

(A.1) the s; are increasing functions;
(A.2) the contractions satisfy an ascending order, i.e.

0=151(0) < s1(1) < 52(0) < s9(1) <--- < sn(0) <sy(l) =1.

From [15] we know that for any such an IFS there exists a unique non-empty
compact set Ag satisfying Ag = Uf\; 1 Si(Ag). The set Ag will be called attractor
of the IFS S. If the ascending order in (A.2) is strictly less then the emerging
attractor will be a Cantor-like set.

Now let F':= {[0,1] | f1,...,f~n} and G := {[0,1] | 91,...,9n} be two IFSs
with the same number of contractions satisfying the above assumptions (A.1) and
(A.2). Let Ap and Ag be their attractors. We are now going to introduce the
notion of fractal transformations as in [2].

Definition 3.1. Let {1,..., N} denote the code-space.
We define the coding maps 7p: {1,..., N} = Ap and ng: {1,..., NN —
Ag respectively as

mp(0) = Mm fo, 00000 fo,(x) (0 €{L,...,N}, z e 0,1).
G (p) = Hm fp 000 fp(y) (pe{l,....N}, y € 0,1)).

Further we define the section of mp to be the map 7p: Ap — {1,..., N}N that
satisfies mp o T = ida,. Analogously we define the section of m¢ to be the map
7 Ag — {1,..., N} that satisfies g o 7¢ = ida,. We then define the fractal
transformations

Tpgt AF — Ag, TFg(l‘) = TG © TF(x) (l‘ S AF),
TGF3 AG — AF, TGF(y) I=TfpO Tg(y) (y € Ag).
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Remark 3.2.

(i) The section in above definition is not necessarily defined uniquely. Therefore
we will always use 7p(z) := min7,' (z) (z € Ar) and 7¢(y) := min7;' ()
(y € Ag) (where the minimum is with respect to the lexicographic order, i.e.
we have p > o if p # o and pi > o} where k is the least integer satisfying
Pk 7 Ok)-

(ii) If Tpg is a homeomorphism, then we will call it a fractal homeomorphism
and in particular it then holds (Trg)™! = Tgr.

For a given IFS S with contractions s1, ..., sy and a given probability vector
p = (p1,p2,...,pN) there exists a unique Borel probability measure pg supported
on the attractor Ag that is invariant under the IFS S in the sense that

N
ns(B) = pins(s; '(B)) (B e B([0,1])),
i=1

where B([0, 1]) denotes the Borel measurable subsets of [0, 1].

If the IFS S consists of similitudes and satisfies the open set condition and if
we choose p; = czD (¢t =1,...,N) where ¢; denotes the scaling ratio of the i-th
similitude s; and where D denotes the Hausdorff dimension of the invariant set,
then the unique invariant Borel probability measure is given by the normalised
D-dimensional Hausdorff measure supported on Ag. For the theory of invariant
measures we refer to [15].

Example 3.3. Consider the IFSs

2 2

F= {[0, 1 ‘fl(x) = So fola) = go+ 1} and
G:= {[O, 1] ’gl(:c) = %x,gg(x) = éx—i— ?,}

The contraction maps of these IF'Ss are increasing and satisfy the ascending order

and so the assumptions (A.1) and (A.2) are fulfilled.

For the IFS F' the attractor Ap is given by the unit interval [0,1]. For the
IFS G the unique non-empty compact set C satisfying C = ¢g1(C) U g2(C) is called
Cantor set.

For the unit interval the Hausdorff dimension equals 1 and for the Cantor set
the Hausdorff dimension equals iﬁ% . The corresponding invariant measures with
respect to the same probability vector p = (1/2,1/2) are the one-dimensional
Lebesgue measure M| ) (denoted by A for short) supported on [0,1] and the
invariant measure supported on the Cantor set will be called Cantor measure
and denoted by pu.

The corresponding fractal transformation Trq: [0,1] — C is a fractal homeo-
morphism.

We again consider IFSs F' and G with the properties (A.1) and (A.2) stated
at the beginning of the section. Then the corresponding attractors Ar and Ag
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are non-overlapping with respect to its IFSs. (For the notion of non-overlapping
sets see [2, Definition 2.5)).

Therefor we have the following transformation of invariant measures under
fractal transformations (cf. [2, Theorem 2.4]).

Proposition 3.4. Let F' and G be two IFSs with the same number of simil-
itudes. Suppose the attractors Ap and Ag to be non-overlapping with respect to
the given IFSs, and let urp and pg be the invariant measures with respect to the
same probability vector. Then we have with the fractal transformations Trg and
Taor

proTlgr =pg and pgoTpg = pp.

We now want to transform functions defined on A to functions defined on
A and vice versa.

Let L?(pur) := L?>(Ap,pr) and L?(ug) := L?*(Ag, ug) denote the space of
equivalence classes of square-integrable functions on Arp and Ag with respect to
the invariant measures pp and pg respectively. Define the scalar products

(W, Bp)p = /A ()@ () dpr (),

Vg, q)c = /A Ya(y)Pay)dua(y)
G

for Up, ®p € L?(up) and ¥g, g € L (ug).

Then (L%(ur), (-,-)r) and (L?(ug), {-,-)c) are Hilbert spaces.

Definition 3.5. Define the linear operators Urg : L?(ur) — L?*(ug) and
Ucr : L*(ue) — L%(ur) to be

(Urcor) (x) :== ¢r (Tar(x)) (¢r € L*(ur), x € Ag),
(Uaroa) (v) = ¢c (Tra(y)) (¢ € L*(uc), y € Ap).

With notations and conditions as in previous definition it is known the fol-
lowing (cf. [2, Theorem 4.1]).

Proposition 3.6. (i) Urg : L*(ur) — L%*(ug) and Ugr : L*(ug) —
L?(up) are isometries;
(il) UpgoUgr = idLQ(NF) and Ugp o Upg = idLQ(MG);
(iii) (Ya,Uradr)c = (Ucrva, or)r (Yo € L*(uc), ¢r € L*(ur)).

4. Fractal transformation of derivatives

We now can formulate how the derivative with respect to an invariant measure
transforms under fractal transformations. o

Observe that f € Upg(DY'") is only defined on A¢. Therefore let Upg(Dy")
denote the set of all functions from Upg(D]'") that are extended linearly on [0, 1]\
Ag.
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Theorem 4.1. Let F' and G be two IFSs with non-overlapping attractors
Ap,Ag C [0,1] with 0,1 € Arp N Ag and invariant measures pup and pg with

respect to the same probability vector. Let the fractal transformation Tpg: Ap —
lin

Ag be a bijection. Then we have Upg(DF) = D{¢ with

d

@m(wmf%:<MW0d

in the weak sense of the definition of a derivative with respect to a measure (def-
inition 2.1).

Proof. We know that D{* C C ([0,1],R) C L?(ur), therefore we can apply
the operator Upg. Let f € D' and z € [0,1]. As Upgf is determined by its
values on Ag it is enough to consider x € Ag. By virtue of Proposition 3.4 and
the statement (ii) of Proposition 3.6 we deduce

dF o UGF> (Uref) (f € D)

Tarx d
Urcf(x) = [(Terz) = F(0) + /0 T ) dur (o)

Tarx
— f(0) + /0 def(y) dur(y)

Tar0 d
— F(0) + f(Ter0) - /0 ST dur ()
Since Tor0
£(0) + F(Ter0) - /0 T w)dnr() = 0
we get
TorzT d
Upcf(x) = f(Ter0) + /T G ()

— Uraf)(0) + /0 ’ Cmif(TGFy)duF o (Tar) ™ (v)

= UraHO) + [ Weeo 4o N)dur o (Tre)w)

x
— Uraf)0)+ | Ura o 35— o Uar)Ura ) )dna(y
so the linear extension of Upgf is in DY and duic(UFGf) = (Upg © du% o
Uar)(Upcf). If Tre is bijective it remains to show that for any g € DJ'“ there
exists f € Di" such that Upgf = g. As Tr¢ is bijective we have Tg} = Trg.
Setting f := Ugrg € DI we obtain Upgf = foTgr = (9o Trg) o Tar = g as
desired. The statement about the derivative with respect to ur follows similarly

as in the calculation before. ]
—in
Remark 4.2. The same way one can show that Upg(DyF) = DLC,

—  in
UFg(CﬁF) = Cﬁc (k€ {1,2}) and

d? d?

gﬁj(UFGf)Z <UFGOQOUCF>(UFGf) (f € DYF)
Ha dp



Fractal Transformation of Krein—Feller Operators 489

in the weak sense of Definition 2.1.

We now consider the special case that the attractor of the IFS F' is given by
the unit interval [0, 1] and that the invariant measure is given by ip = A 1] = A.
We again assume the contractions of the IFS to be increasing (A.1) and satisfying
an ascending ordering (A.2). Further we assume that the fractal transformation
Trq is a fractal homeomorphism. Then we have the following local representation
of the ug-derivative (cf. [2, Theorem 5.1])

Proposition 4.3. Let f: [0,1] — R be a continuously differentiable function
and define g := Upgf. Then

d d : 9(y) — 9(yo)
U — o U, — =1
( FG© dr o GF)g(yO)dMGg(yO) yig/lo Fuc(y) — FMG (yO)

The above Proposition 4.3 states that under the given assumptions the pug-

derivative is given as conjugation of the classical derivative % via the fractal

transformations.

(yo € Ag).

5. Fractal transformed doubly reflected Brownian motion

The construction of a fractal transformed doubly reflected Brownian motion

is due to Ehnes in [5].

5.1. Doubly reflected Brownian motion. Let us recall the definition of
a Brownian motion.

Definition 5.1. Let (2, 4,P) be a probability space. A stochastic process
B = (Bt);>( with By: (2, A) — (R,B(R)) (¢ > 0) is a Brownian motion if
(i) P(Bo=0)=1
(ii) for 0 < sp < --- < sy (n € N) the increments B, — By, ..., Bs, — Bs,_, are
stochastically independent;
(iii) for 0 < s <t we have By — Bs ~ N (0,t — s);
(iv) the trajectories of B are continuous P-almost surely.
Remark 5.2. With P* (x € [0,1]) we denote the probability measure such

that (B; — x)¢>0 is a Brownian motion. Moreover we equip the probability space
with the natural filtration F = (F3)¢>0 induced by B, i.e. F; = 0(Bs|s <t).

Definition 5.3. Let h: R — [0,1] be defined by h(z) := 1y 1)(z)(1 — |=[).
Then we define the reflection map ¢ : R — [0, 1] by
$(x) =Y h(z+2n—1).
nez

Definition 5.4. Let (B:):>0 be a Brownian motion and let ¢ be the previous
reflection map. Then the process B = (B;)>0 defined by

B; == ¢(B;) (t>0)

is called doubly reflected Brownian motion.
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In [5, Proposition 4.7 and Proposition 4.33] is shown the following

Theorem 5.5. The doubly reflected Brownian motion Bis a [0, 1]-valued,
F-adapted, strong Markovian stochastic process.

Definition 5.6. Define for v € C([0,1]), z € [0,1] and ¢ € [0, c0)

Pou(zx) :=E* [u (Btﬂ .
With the notation from the previous definition we have the following.

Theorem 5.7.

(i) (Pt)y>o defines a semigroup of operators on C ([0,1]);
(il) P is strongly continuous on C([0,1]), i.e. limyo ||Pru — ul|oo = 0 for u €

C([0,1)).

Proof. The proof follows as in [24, Lemma 7.1. and Proposition 7.3. (f)].

(i) By the linearity of the expectation it follows that P; is a linear operator.
Now let u € C([0,1]). Then @ := uo ¢ € C(]0,1]) and u is bounded. We then
infer by Lebesgue’s dominated convergence theorem that for y € [0, 1]

lim Pu(x) = lim E*[u(B;)] = lim E*[i4(B;)]

Ty T—=Y T—Y
= lim E[a(B; + )] = E[a(B; +y)] = Pu(y),
and this shows that Pau(-) € C([0,1]) for any ¢ > 0. By the Markov-property we
infer that for s,¢ > 0 and u € C([0,1])
Prsu(z) = B [U(BHS)] —E° [Ex [U(BHS)VSH
— E° [EBS [U(Bt)ﬂ —E° [Ptu(Bs)] = P,Pu(x)
and so (P;);>0 has the semigroup property.
(ii) As the reflection map ¢ is uniformly continuous we have for any u €

C([0,1]) that @ := w o ¢ is uniformly continuous on [0, 1]. Then for given £ > 0
there exists § > 0 such that for all z,y € R with | — y| < § we have

ja(x) —aly)| <e.
Thus we have with [ ;) = u that

[P — oo = sup [E*[u(By)] — u(x)| = sup [E*[a(B,)] — a(x)|
z€[0,1] z€[0,1]

< sup E*[|u(B;) — u(x)]]
z€[0,1]

— s ([ (By) — ()| dP*
z€(0,1] {|Bt—=z|<d}
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" /{Bt—x|25} [a(By) — &($)|dPx>

<e sup P*(|B; — x| < 90) + 2||t||oc sup P (|B; —z| > 9)
z€[0,1] z€]0,1]

< e+ 2/JalooP (|Be| > 0).

Since (Bt)¢>0 is uniformly stochastically continuous, i.e.

lim sup P* (| B, — =
tgr(l)ilelﬁ (|Bt —z| >6)=0, ¢6>0,

(cf. [24, Lemma 7.2]), we get limsup,_,o || Pru — u|lec < e. Letting ¢ tend to zero
then gives the assertion. O

Definition 5.8. Let C'(E) denote the continuous functions on a compact set
E. Let (P),s be a strongly continuous semigroup on C'(E). Define

Ptu—

Au = lim where the limit is taken with respect to || - ||

t—0

and

t

t—0

Dy = {u € C(E) ‘ 3g € C(E) : lim

Pu —
oy

Then A is called the infinitesimal generator with domain D4 of the semigroup
(F)s>0-

It is readily known (cf. [25, p.65]) that the infinitesimal generator of the semi-
group (P;)¢>0 is given by the Neumann-Laplacian as explained in the following
theorem.

Theorem 5.9. Let B = (By)i>0 denote the doubly reflected Brownian motion
and (P;)e>0 (as in Definition 5.6) its associated semigroup. Further denote by A
its infinitesimal generator. Then for f € Dy

1 d?
Af =5 gt
with domain Dy = C%N([0,1]) := {u € C%([0,1]) | %U(O) = %u(l) =0}.

5.2. Fractal transformed doubly reflected Brownian motion. Let F
and G be two IFSs with the same number of increasing contractions satisfying the
assumptions (A.1) and (A.2) from Section 3 on the ascending ordering. Further
assume that the fractal transformation Trg is bijective. We assume that the
attractor of the IFS F' is given by the unit interval [0, 1] and that the invariant
measure pp is given by pup = /\1|[0,1] = A. The invariant measure supported on
Ag will be denoted by u for short.
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Definition 5.10. Let " and G be the two previous IFSs. Let Tpg : [0, 1] —
Ag be the fractal transformation and B the doubly reflected Brownian motion.
Then the process TB = (T'B;)>0 defined by

TB; :=Trg(By) (t>0)
is called fractal transformed doubly reflected Brownian motion.
It is known from [5, Proposition 5.2 and Proposition 5.20] that

Theorem 5.11. TB is an Ag-valued, (Ft)y>-adapted, strong Markovian
stochastic process.

We now define a semigroup of operators related to the fractal transformed
doubly reflected Brownian motion by conjugation of the semigroup of the doubly
reflected Brownian motion.

Definition 5.12. Let (P;);>0 be the semigroup associated to the doubly
reflected Brownian motion. We define for u € Upg(C([0,1])), z € Ag and t > 0

Quu(z) := Upg o P, o Ugru(z).

Remark 5.13. Since for any u € Urg (C([0, 1])) there exists f € C([0, 1]) with
u = Upqf we have for ¢ € Az and t > 0 the following representation

(Quu) () = E"#* [u (TB) |,

i.e. the expectation of Tpgf}t under the condition that By = Tapx.

Immediately from the definition and the corresponding properties of the semi-
group of the doubly reflected Brownian motion we have the following:

Theorem 5.14.
(1) (Qt)y>g defines a semigroup of operators on Ura(C([0,1])));
(il) Q¢ is strongly continuous on Upa(C([0,1])).

We now state the main result of this section in which we want to present an
application of Corollary 2.5 resembling the method in [24, Example 7.9].

Theorem 5.15. Denote

2N (0,1]) = {u e C2([0,1]) | -u(0) = (1) = 0}

Then we have for all u € CZ’N = Ura(C®N(]0, 1]))lin

— 1 d?
%i_r}ré % = idTﬂu where the limit is with respect to || - || o-
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Proof. Let u € CEL’N. Then we have u € Cﬁ and u satisfies the y-Neumann
boundary conditions since u = Upg f for some f € C?V([0,1]) and for = € {0,1}
we have Tgr(z) = z, so we get

iu(w) = Urg oo f(x) = o f(Tora) = - f(x) =0 (x e {0,1}).

dx dx
Let t > 0. Write as abbreviation y := y(t,w) := TraB; € Ag. Let z € Ag. We
apply the generalised Taylor formula (Corollary 2.5) on u around z:

d 1 d?

uly) = ul@) + Zru(@)(Fuly) = Fu(@)) + 55750

i () (Fu(y) = Fu())?

for some & = £(t,w) € ([x,y] U [y, z]). Inserting this into the operator Q; we have
an expansion of the semigroup as follows

Qeu(x) = E'OF [u(y)]

v d 1 d?
= B1 u(a) + S (Fu0) = Fulo)) + 3 (@) — o)
= (o) + L u(@ BT (Fyly) - Fy(a)

Aspu=2Mxo T];é = Ao Tgr by Proposition 3.6 we have

Fu(y) — Fu(z) = Fu(TraBy) — Fu(x) = p([z, TraBy))
= )\([TGF.’L', Bt]) = Bt - TGFQJ

(together with the convention \([Tgrz, Bi]) = —A([B:, Tgrzx)) if Tapz > B;) and
we can write

2

Qtu(m’) = u(x) + iU(:L‘)ETGFI |:Bt _ TGFCE} + ETGFUU |:1 d

- S ul€) (B~ Tora .

So we have the following

1 1 d? 1d T ~

- _ _ -7 —_ | GFZ _

; (Quulz) — u(w)) = 57 5u(@) ‘tduu@gE |Bi — Tara]
1 pTepe ig B, — ? _lﬁ
2tE {dlﬂu(f) (Bt TGFx) 2du2u(x)

1d Tors [
< |Z = GFZT _
< ’tdluu(x)E [Bt T(;Fx]

1 . [ &2 - 2] 1 d?
+ )%ETGF qu(g) (Bt —Tgpx) ] 5@ G

First we consider the case that = ¢ {0,1}. Then we can choose 0 :=
min{7Tgrz,1 — Tgrpx} > 0 and denote by Bs(Tgrx) :={y € R | y — Tgrz| < d}.



494 Max Menzel and Uta Freiberg

For the above summands in (5.1) we can estimate as follows; for the first sum-

mand in (5.1) we have

1d - d 1 5

’thU( JETcr® [Bt — TGFJT} < Hu Z ‘ETG” {Bt - TGFx} ‘
1 ~
oo t BteBa(TGFﬂﬁ)}

+ / (Bt — TGFx) dplerz|
{Bt¢Bs(Tgrz)}

Since Bt = By, we get
' 1d

T z)Elere [Bt—TGFx}
<[ |

(B; — Tgpzx) dPlere

{B:€Bs(Tarx)}

+ (B; — Tgrz) dPTer®

/{Bt ¢Bs(Tarr)}

/ (B; — Tgpzx) dPTere
Bt EB(; TGFZ

+ / — Tgpx) dPTer® ||,
{Bt¢B;s(Tarz)}

Taking into account

(B; — Tgpz) dPT6r® 4 / (B; — Tgpx) dPTer®
{Bi¢Bs(Tora)}

/{BteBé(TGFl')}
= R16r? By — Tgrx]) =E[B)] =0

we obtain

liu( JETcre {Bt — T(;Fx]

tdu

(B; — Tgpx) dPTer®
Bt¢Bé Terz)}

(B; — Tgpx) dPTer®

/{Bt ¢Bs(Tarx)}

1
ot

_l’_

d _
H (B; — Tgpx) dPTer®

du"

/{Bt ¢Bs(Tarx)}

(B; — Tgpx) dPTer®

) . (5.2)

/{Bt ¢Bs(Tarx)}
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For the first summand in (5.2) we estimate

1 ~ 1 -
- / (B; — Tgpz) dPTer®| < = / |B; — Tgrx| dPTer®,
¢ |J(BugBs(Tora)} t J{Bi¢Bs(Tora)}
Since |Bt — Torx < 1, we obtain
1 . - 1
- (By — Tgpx) dPEFT| < — 1dP
b |/ ¢BigBs(Tora)} (B, (0))
1 1
= ;P({Bt ¢ Bs(0)}) = n P({|B:| = 6})
2 2 1) 2 1 & 2
By >4 - —Bi>— ) =-— e 2 dx
ooy = e ({ o 7)) ).
Taking into account
o0 2 2
/ e~ T dr < \fe_gt
<
(cf. [24] Lemma 10.5.), we deduce
1 ~ 2 1 2
" / (By — Tgrx) dPTer®| < —emw 2%
b1 {BigBs (Tora)} 52 Vi
and for the second term in (5.2) we calculate
1 T 1
- (By — Tgpx) dPHEFT| = — By dP
bt {BugBs(Tara)} 1) (BugBs(0)}
11 02 o g2
= $€_2tdl'+/ xe 2dx| =0
2t |- )

because of the symmetry of the integrands. In the case x € {0,1} the first term
in (5.1) involving a first order p-derivative vanishes by the Neumann boundary
conditions. Therefore we have shown

lim sup =0.

t—0 2E€AG

1dczu( JETcre [Bt - Tgpx}

Now we are going to estimate the second term in (5.1). In this case we choose

5 — min{TGF:U, 1-— TGFl‘} , T € Ag \ {0, 1}
! , © € {0,1}

We then calculate in a similar manner setting t = ETcr® [(Bt — T pr)Q]

Lo [ o (5]
’%E [d/ﬂu(g) (Bt TGFx> 2dlu2u(:v)
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_ 1 Torx d P 2 d
=5 E [d/ﬂu(f) (Bt - T(;Fw) - td/ﬂu(az)
— i Tarx d72 » 2 Torx d2 2
- |E [ 52 (Bt TGF:I:) E 4,2®) (B = Tor)
_ 1 d? 5 Yy
= su(&)(By — Tgrx)® dP

BtEB(;/ TGFI d/'l/

Since (B; — Tgrz)? = (B — Tgrz)?, we get
1 d?

1 d? 2
7ETGF$ el B T _ -
‘ 2t [d/ﬂ ulé) ( b GF:C) ] 2 dp? u(z)
d? -
" / ¢ OB ~ Tora)? arer
Bi&Bg/ T(;Fgc
[ d2
/ u(z) (B, — Tgpx)? dPTeF®
{BtGBy TGF.'E lu

dp

' / {BteBs/(Tgrx)} <d/£ ( ) d'u2 ( )> ( t F ) p

@2 _

/ P (€)(Bs - Tera)? dbers
{Bi¢By (Tora)} i

d2

/ (Bi¢By (Topa)} AH°

'/ <d2u(§) - dzu(m)) (B; — Tgpx)? dpTer®
BtGB(;/ Terz)} du? du? ! or

d2
/ —u(z) (B — Tarpx)? dPTer®
{B:¢Bys (Tgrz)}

2t

—u(z) (B, — Tgpx)? dPTer®

d? ~
/{B ¢By/ (T ro)} Wu(é)(Bt ~ Tepa)* dpiore
tEbs/(LlGgrT

1 2
‘ / d—Qu(x) (B, — Tgpx)? dpTer®|.
Bt¢B5/ TGF(E)} dlu’

2

(5.3)

We are going to show that the last two integrals in (5.3) vanish for ¢ — 0 uniformly
in x € Ag. Taking into account (Bt Tarx)? < 1 for the second summand in
(5.3), we observe

2 ~
= —u(é)(By — Tgrz)? dPTer®
Qt‘ /{Bthé,(TGm)} dp

2
< diz“ N %PTG”({Bt ¢ By (Tgrz)})

d? 1 1 /
= g OO%P({‘Bt‘ > d}) < ’dlﬂu ooﬂzﬂb({Bt > §'})
17500 A O IS
T ldp? |l 8 V2 Vi
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and for the third summand in (5.3) we estimate
’ / diu( ) (B; — Tgra)® dPTer®
2t| JiBugBy (Tapa)) A1
d2 1 2 Tarx
——ul| 53 (By — Tgpx)® dP*GF
dp® |l 2t {Bt¢Bgl(TGF$)}
d? d?
< |- BﬂdP:H ‘ 5 ds
H 2 Bthé,(o)} 2t /2t Js

Jﬁt\[/ y“dy‘r/ Ty

2 (§ e oy
S\t )

NG

Taking into account

we conclude

2
2l @) (B~ Topa)? dpTors
Bt¢B6/(TGFa:)} d#

because
5, 5/ t 5’2 t—0
—te 2t —>0 and T ot

?6 2t —— 0.

It remains to show that the first term in (5.3) including second order p-derivatives
vanishes uniformly in x as ¢ — 0. This can be achieved as follows

d? d? 1 o T
5/ (2u<s>—2u<w>) LB, - Toa)? dpTor
2 {Bit€Bsy (Tgrx)} ¢

dp
i/ e )
< &) — —u a:) dP'crz
2 BtGB(;/(TGFx)} d/’[’ dﬂz
X / —Q(Bt—TGF:c)‘*dIPTGFx. (5.4)
{BtEB(;/(TGF.Z‘)} t

Again we estimate separately. For the last term in (5.4)

1
\//{ " (Bt Tgra)* dPTers < \/ETG” [tQ(Bt - TGFIU)4]
BzEBy Torx

(; <Bt—TGFx>2)2] . |E (1(3»2)2]

ETgpw
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1 2\ 2 2
(t (\/EBl) > ] - E[ﬂ] — 1.
Here B; ~ v/tBj has been used. For the first term in (5.4) we observe
d? d2 2
O - pu(a)) apTors
\//{'BteBgl(TGF-T)} (d/'j? dlu2
d? d2 )2
< —u(§) — —su(z) | dPlerz
_\//Q<du2 ©) - 5 ()

2
_ |ETors [(ddQQu(ﬁ)— d22u(x)> ] (5.5)

v dp
Since
PE > 2 a2 2
<dw“<5>dm“<x>) “Hdw“ N
and
d2 40 d2
a2 (& = dTﬂu@)

uniformly in z by the continuity of u we now can apply Lebesgue’s dominated
convergence theorem to show that for (5.5) it holds that

2 2 S -
Elcra [(Mu(g) - Wu(x)) ] =9 0.

Summarising all auxiliary estimates we have eventually shown that

i 1 d?
im su -
t—0 xEApG 2 d,lJ,2

 (Quu(a) — ulx)) -

uta)| 0. a

Remark 5.16. From [8, section 2] it is readily known that the generator of
a strongly continuous semigroup which is conjugated by a bijection is given by
the corresponding conjugated infinitesimal generator defined on the transformed
domain, i.e. if %% denotes the generator of the semigroup (F;):>0 with domain
C?N(]0,1]) (see theorem 5.9), then the generator of (Upg o P o Ugr)i>0 with
domain Upc(C?N([0,1])) is given by 2Upq o ddx—zz o Ugr as one can easily verify.
Namely for f € C*>M([0,1]) and u := Upgf we have uniformly in # € Ag that

lim = (Quur) - (:c))—hr%l((UFGoPtoUGmUFGf() Uraf(z))

—}g% (Pf Terz) — f (Tarz))
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1 d? 1 d?
= g g2/ (Ter®) = 3Ura 53 f(7)
1 d? 1 d?

This observation coincides with the result from Theorem 5.15 that we derived by
application of a generalised second order Taylor-formula.

6. Space and time change of a Brownian motion

In this section we want to sketch the construction of a stochastic process such

that its associated semigroup has generator %d%' The ideas can be found in [3]

and [18]. Moreover we want to discuss its connections to the fractal transformed
doubly reflected Brownian motion from Section 5.2.

Again we denote by B = (By);>0 a Brownian motion defined on the proba-
bility space (92, A, F,P), where F = (F;)¢>0 denotes the natural filtration of the
Brownian motion. For the subsequent construction we need the notion of the
local time of a Brownian motion which is given by

1t
l(t,z) =1(t,z,w) =P — 21{‘% 25/0 1) (Bs — x)ds

o1
—P—i%%A({s €[0,t]|Bs € (x —e,z+¢€)})
for t >0 and z € R.

As in the Section 2 let v and p be two atomless Borel probability measures
on [0, 1] with supp(p) € supp(v) and 0,1 € supp(p).

Definition 6.1. Let [(¢t,z) = I(t,z,w) (t > 0,2 € R,w € ) denote the local
time of a standard Brownian motion. We define for ¢ > 0

S, = / I(t,x)dp o Fl,_l(m) and T} :=inf{u >0|S; > t}.
Fy (supp(u))

Then we set
X 1= ((X)iz0 = (Bn)iso (F1) 0. P)
and call X a gap diffusion with speed measure po F,!. Furthermore we define

Y = (Yy)is0 := (Fy_l (Xt))tzo’

where 7 (z) := inf{y € [0,1]|F,(y) > «} denotes the generalised inverse of F,.
We will call Y a gap diffusion with speed measure p o F; ! and scale measure v.

With the notations as in previous definition we have the following

Proposition 6.2.
(i) for all t > 0 we have Y; € supp(p) P- almost surely;
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(ii) X is a strong Markovian stochastic process;
(iii) for all f € C (supp(p)) the map x — E* [f(X}:)] belongs to C (supp(p));
(iv) for f € C (supp(p)) and x € supp(p) we have lime_,o E* [f(X+)] = f(z).

Proof. (i) From [7, Lemma 3.1] we know that X; € supp(u o F, 1) =
F,(supp(p)) P- almost surely, thus ¥; = E, ' (X;) € supp(p) P-almost surely
for any t > 0.

(ii)—(iv) For these assertions we refer to [18, Theorem 4.8]. O

Due to the Markov property of the process (Y;)i>0 the expression
(E* [f(Y3)])e>0 (x € supp(u)) again defines a semigroup of operators for which its
infinitesimal generator is stated in the following theorem.

Theorem 6.3. Let (Yy)i>0 = (£} (X1)) 20
in Definition 6.1 with speed-measure po F, ' and scale measure v. Let A be the
infinitesimal generator of the semigroup (E* [f(Yi)])i>0 (z € supp(p)). Then for

f in the domain of A there exists a continuous continuation (again denoted by f)
in DY such that

be the gap diffusion described

f(z) = £(0) + /0 " (Fu(@) - Fuly)) 24/ (w)du(y) (z € R),

i.e. A= %didi and the Neumann boundary conditions d%f(()) = d%f(l) =0 are

satisfied.
Proof. See ( [18], Theorem 4.11). O

=

Remark 6.4. Setting p = v in Definition 6.1 gives a process Y such that its
state space and the infinitesimal generator of its associated semigroup coincides
with that of a fractal transformed doubly reflected Brownian motion.

Therefore we now want to briefly sketch the connection of the fractal trans-
formed doubly reflected Brownian motion T'B from Definition 5.4 and the process
Y from Definition 6.1. Assume that g = v in Definition 6.1 and assume that p
is the invariant measure supported on the attractor Ag.

Again assume that Ar = [0,1] and pp = A. Under the given assumptions
on the IFSs F' and G, i.e. the increasing contraction maps (A.1l), that are or-
dered ascendingly (A.2), gives that the fractal transformation Tgp: Ag — [0, 1]
is essentially the cumulative distribution function F), restricted on Ag and Flj 1
coincides with Trq: [0,1] — Ag. Hence the fractal transformed doubly reflected
Brownian motion just evolves by the transformation of a doubly reflected Brown-
ian motion via the cumulative distribution function F},; compare to the definition
of the process Y by transformation of the gap diffusion X with speed measure
Lo Fu_l = Mo,1) by F;l as in Definition 6.1.

In our setting the transformation via fractal transformations is essentially a
transformation via the distribution function of the measure p supported on the
attractor Ag and known results from classical analysis on [0, 1] can be transferred
via a transformation with F), to results on a Cantor-like set Ag.

For more examples on this we refer to [2, 18,20, 21].
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dpakTajbHe IIepeTPOPEHHsI OMepaTopiB
Kpeitna—®ennepa
Max Menzel and Uta Freiberg

Mu posrnsgmaemo dbpakTaabHO IEpeTBOPEHnit OPOYHIBCHKHIT PyX 3 IMO-
JBIHHUM BiIOUTTSAM 3 IIPOCTOPOM CTAHIB, IO € MHOXKWHOIO, IOMIOHOIO 10
KAHTOPOBOI. 3aCTOCOBYIOYH TEOPifo (bpaKTAIBLHUX [I€PETBOPEHDb, POZBUHYTY
Baphciii Ta iH., a TakoxK y3arajibHeHuil Bupas Teitsiopa, MU JOBOJIUMO, IO
itoro indiHiTE3UMAJBHUN TeHepaTOp 3aJa€ThCs B TEPMIHAX TI'e€OMETPUIHOI

. . . d d .
HOXIJHOT APYTOro NOPAAKY 3a MIPOIO . 7., AKYy OyJ10 PO3TIIHYTO CDpan6ep—
rom i Ileme. Kpim Toro, mm mocmimkyemo itoro 3B’s130K 3 100pe BimoMum

. d d .
kJyracnaanM oreparopom Kpeiina—-®esepa 4 4z AKHIl € TeHEPATOPOM TaK

sBanol “miiauanol qudysil” (“gap-diffusion”).
Kurouosi cioBa: reomerpuunnii oneparop mipu Kpeitna—®esiepa, MHO-

JKUHU, TO/II0HI 0 KAHTOPOBOI, iH(MIHITE3UMAIBLHII reHepaTop, PpaKkTaJIbHe
neperBopenHs, minaaa audysia (gap-diffusion)
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