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The object of the present paper is to study the gradient Ricci soliton
multiply warped product. We prove that when the manifold is complete,
then the potential function depends only on the base and the fiber must be
an Einstein manifold. We also present the necessary and sufficient conditions
for constructing a gradient Ricci soliton multiply warped product.
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1. Introduction

Warped product spaces play an important role in general theory of relativity.
The (singly) warped product B x; F' of two pseudo-Riemannian manifolds (B, gp)
and (F,gr) with a smooth function b : B — (0,00) is a product manifold of
form B x F with its projections 7 : B X FF — B and 0 : Bx F — F. The
warped product B X F is the manifold B x F with the Riemannian structure
such that || X[|? = ||m«(X)||?> + (b o 7)?||o.(X)||? for any vector field X on M.
The metric tensor g = gp @ b?gr. The pair (B, gp) is called the base manifold,
(F,gr) is the fiber manifold and b is the warping function. The concept of
warped product was introduced by Bishop and O’Neill [2] to construct examples
of complete Riemannian manifolds with negative sectional curvature. Currently,
the warped products have been very useful for studying Einstein type manifolds,
see, e.g., [3,8,9,15,16].

Multiply warped products are generalizations of singly warped products. A
multiply warped product (M, g) is the product manifold M = B xy, F} Xy, Fy x
... Xf, Fy, with the metric g = IBOfigr D f29r,®. .. O f2gF,, , where for each i €
{1,2,...,m}, fi : B — (0,00) are smooth and (Fj, gr,) is a pseudo-Riemannian
manifold. For instance, if B = (c,d), the metric gg = —dt? is negative and
(Fi, gr,) is a Riemannian manifold, then M is known as the multiply generalized
Robertson—Walker space-time.

In 1982, R.S. Hamilton [10] introduced a concept of the Ricci flow and proved
its existence. This concept was developed to answer Thurston’s Geometrization
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Conjecture which says that each closed 3-manifold admits a geometric decom-
position. A special solution to the Ricci flow is called a Ricci soliton [10] if it
is represented only by a one-parameter group of diffeomorphisms and scalings.
Ricci solitons are characterized by the equation

1 .
§£Xg+ Ric = pg,

where £ x is the Lie derivative, Ric is the Ricci tensor of the Riemannian metric
g, X is a vector field and p is a scalar. The Ricci soliton is said to be shrinking,
steady or expanding if p is positive, zero or negative, respectively. Also, we know
that a Ricci soliton is a natural generalization of an Finstein metric.

When the vector field X is the gradient of a smooth function h on M, we call
(M, g) as a gradient Ricci soliton. For a gradient Ricci soliton, the equation will
be

Ric +V?h = pg. (1.1)

In this case, h is called the potential function of the Ricci soliton, V is the Levi-
Civita connection of g, and p € R. If VA is a Killing vector field, i.e., V2h = 0,
then (M, g) becomes an Einstein manifold.

Simple examples of gradient Ricci solitons can be obtained by considering R™
with the canonical metric gg. It is well known that the pair (R", go) is a gradient
shrinker with a potential function given by h(z) = @, Ric +V?2h = %go. This is
called Gaussian shrinking soliton.

In [9], the authors presented the necessary and sufficient conditions for con-
structing a gradient Ricci soliton on a warped product assuming that the potential
function was lifted from the base. The last assumption was later removed in [3]
under the requirement that the soliton was complete. In our case, we consider
the gradient Ricci soliton on multiply warped product and we follow the same
ideas as in [9]. There is also a well-known fact that there are examples of Ricci
solitons on multiply warped product manifolds in [12]. We have first observed
that when the manifold is complete, then the potential function for a gradient
Ricci soliton multiply warped product depends only on the base and the fibers
are Einstein manifolds. We have also shown the existence criteria for the gradient
Ricci soliton multiply warped product.

The investigations of multiply warped product gradient Ricci soliton help us
to characterize the relation between the potential function of the gradient Ricci
soliton and the multiply warped product.

2. Preliminaries

Throughout this paper, we will consider M to be connected, Hausdorff, para-
compact and smooth. For an arbitrary n-dimensional pseudo-Riemannian mani-
fold (M, g) and a smooth function f : M — R, we have that H/ and Af denote
the Hessian (0, 2) tensor and the Laplace-Beltrami operator of f. We follow both
the notation and the terminology of [14]. Moreover, we assume that all warping
functions are non-constant.
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Following the ideas of Bishop and O’Neill, the authors of [5,7,17,18] state the
covariant derivative formulas for multiply warped products in the following way.

Lemma 2.1. Let M = B Xy, Fy Xp, Fo x--- Xy Fp, be a pseudo-Riemannian
multiply warped product with the metric g = g ® figr ® f39m ® - ® f29F,, -
Also, let X,Y € x(B) and V € x(F;),W € x(Fj), where x(B), x(Fi), x(Fj) are
the set of all vector fields on B, F;, F}, respectively. Then

1. VxY is the lift of Vf}Y;

2. VXV—VVX—XJ(fi)V;
0 if i #j
3. VyW = _ V. W
v vh - 9 ; )ss ifi=j

Lemma 2.2. Let M = B Xy, Fy X5, Fo X --- Xy Fp, be a pseudo-Riemannian
multiply warped product with the metric g = gg ® f29r, © f29rm, © - © f29F,, -
Let ¢ : B — R be a smooth function. Then

1. V(¢ om) = Vg,
2. A(pom)=Apb+ Y ;—’;gg(vgw, Vi),
k=1

where V and A denote the gradient and the Laplace—Beltrami operator on M.

Lemma 2.3. Let M = B Xy, Iy X5, Fo X --- Xy Fy, be a pseudo-Riemannian
multiply warped product with the metric g = g ® figr, ® f29rm, ® - ® f29F,, -
Also, let X,Y,Z € x(B) and V € x(F;), W € x(F}). Then

m

1. Ric(X,Y) = Ricp(X,Y) ~ Y %H}Q(X, Y),
i=1 "
2. Ric(X,V) =0,
0 if i # J,
. (Asfi o L IVBAlE
3. Ric(v. 1) — 4 Rien(Va1) < P (= 1) 7
+ZSkgB(vBﬁ’VBf’“)>g<v,W> yi=J
k=1 fsz
ki

where Hg = V2Bfi denotes the Hessian operator on B and s; stands for the
dimension of F;.
3. Gradient Ricci soliton in multiply warped product spaces
In this section we generalize the result of Corollary 2.2 of [3].

Proposition 3.1. Let M = B xy Fy xyp, Fo X --- Xy Fy be a complete
Riemannian multiply warped product with the metric g = gg ® ffgp1 @ f22gF2 P
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< ® f2gR,, where f; : B — (0,00) are non-constant warping functions for i €
{1,2,....,m}. If (M, §) is a multiply warped product gradient Ricci soliton, then
the potential function depends only on the base.

Proof. Let M = B x ¢ Fy Xy, F5 x--- Xy, F, be a complete multiply warped
product gradient Ricci soliton with the potential function given by ¢ : M —
R. Then we proceed as follows. Suppose by contradiction that there is i €
{1,2,...,m} such that ¢ is not constant on the fiber F;. Write M = B x F,
with B = Bx F} x --- X Fj_j x Fi41 x --- x F,,, and consider the metric §j =
9B X fiZQi, where

95 =98® (201 @ ® fi-1°0i-1 D [i+1°9it1 © [ Im-

Thus, M = B x 1, i is a warped product Ricci soliton with M complete. Using
Corollary 2.2 of [3], we conclude that 1 is constant on Fj, which is a contradiction.
The conclusion is that ¢ depends only on the base. ]

Proposition 3.2. Let M = B xy Iy xp, Fo X --- Xy, Fp, be a complete
Riemannian multiply warped product with the metric § = gg © figrm © f29m, ®
@ f2gr., where f; : B — (0,00) are non-constant warping functions for i €
{1,2,...,m}. If (M, g) is a multiply warped product gradient Ricci soliton, then
the fibers are Finstein manifolds.

Proof. Let M = B xy Fy X, Fo x--- Xy Fy, be a complete multiply warped
product with the potential function 1 : B — R which depends only on the base.
If Ve x(F;), W € x(Fj) for i = j, then from Lemma 2.3 we have

A 112
Ric(V, W) = Ricp, (V, W) — (Aﬁf’ + (si — 1)|V§‘§HB
- Vefi,V
+ ZskgB( BJi, Vi) Far (V,W). (3.1)
P fifw
ki
Now, for V' € x(F;) and W € x(F}), we have from (1.1)
Ricg(V, W) + HzY(V,W) = pg(V, W). (3.2)
Substituting (3.2) in (3.1), we have
Apfi Vafil?
Ricy, (V. W) = (pff + ff( szf + (s — l)HjjcfuB
S Vefi,V
+y° skgB( Bf Bf’“)>>gﬂ(v, W) — H;Y(V,W).  (3.3)
k=1 fsz
ki
Again, it is known by Proposition 3.1 that ¢ depends only on the base. Also, we
have v

i
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Therefore,

v w) = VoD ey g2 () Vas )

fi fi
Thus,
Hg"(V.W) = fi(V g ) ()R, (V. V). (34)
Then, putting the value of (3.4) in equation (3.3), we derive
Apfi Vifill?
Ricp, (V,W) = (sz’Q + f2 ?f + (si — 1)7” B}J; I
- V/fi,V
£ s 8 Bff ; Bfk)) - fi<vg3w><fi>>gpi<v, w).
=1 iJk
ki
Hence the proof follows. O

4. Existence of multiply warped product gradient Ricci soliton

In this section, we are proving some interesting result to establish the existence
of multiply warped product gradient Ricci soliton.

Let M be a gradient Ricci soliton multiply warped product with a potential
function ¢ as the lift of a smooth function on B. Let ¢ = ¢ o 7 be the lift of
a smooth function ¢ on B. By [9], we get 1) = ¢. Now, we have the following
proposition.

Proposition 4.1. Let M = B Xy Fy Xy, Fy X -+ Xy, Fy, be a Riemannian
multiply warped product with dim(B) = n, dim(F;) = s;, i = 1,2,...,m, and let
¢ be a smooth function on B such that (M, g) is a gradient Ricci soliton with a
potential function 1y = gzg Then we have on B

206 — VoI + Ao+ %Wfi) =c
i=1 7"

for some constants p and c.

Proof. We have the gradient Ricci soliton equation as
Ric+HY = pg.
Taking the trace of the above equation, we get
r—+ Ay = pk,

where

m
k:n—i—Zsi.
i=1
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For the Riemannian case, Hamilton [11] proved that
200 — VY + Ay = ¢
for some constant c. So, the above equation can be written as
200 — V| + Aj = c. (4.1)

Also, . 3
Vo =Vo,

and from Lemma 2.2 we have
Ap=A¢+ Z v¢ £i)- (4.2)
Substituting (4.2) in (4.1), we obtain
206~ (V6P + A6+ FVof)=c
i=1""

for some constants p and c. O

Proposition 4.2. Let M = B Xy Fy X, Fo x --- Xy F,, be a Riemannian
multiply warped product, and let ¢ be a smooth function on B such that (M, q) is
a gradient Ricci soliton with the potential function ¢ = ¢. Then we have

m
Si .
Ricg = pgp — Hp® + ) _ ?H];
- A

and
RiCFi = &gpl. N

where
& =pff — fiVo(fi)

. f<A?f s uvBmB Z va{;kafw) (43)

Proof. For X,Y € x(B), from Lemma 2.3, we have
Ric(X,Y) = Ricp(X,Y) — i ;—H]; (X,Y). (4.4)
i=1""
Using (1.1) and the fact HyY(X,Y) = Hg?(X,Y) in (4.4), we obtain
Ricp(X,Y) = pgp(X,Y) — Hp?(X,Y) +Z fZHfl (X,Y).

This proves the first part of the proposition.
Since we are assuming ¢ = ¢, the proof of the second part is the same as in
Proposition 3.2. ]
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Now we can rewrite any (0,2) tensor T"on M as a (1,1) tensor by
9(I(2),Y)=T(2,Y), Y,Zex(M).
Then we have
div(¢T) = ¢divT + T(Vo,.)

and
V(T)=o(VT)+dp T, ¢eC®(M).

Hence,
div(H%) = Ric(Ve, -) + d(Ag)

and 1
SdVel* = H5(Vo,.).

These identities will be used in our next proposition.

Proposition 4.3. Let (B™,g) be a pseudo-Riemannian manifold with smooth
functions f; > 0 and ¢ satisfying

Ric+H? = pgp + > %Hlf (4.5)
i=1""
and 5
2pp — Vo> + A¢ + fV(ﬁ(fi) =c (4.6)
for some constants c¢,p € R and for each i =1,...,m. Then f; and ¢ satisfy
STA(fi(Af) + pfF + (s — DIVEP = £:Ve(fi) = 0.
i=1

Proof. Taking the trace of equation (4.5), we get
r:np+§:jjAfi — Ad, (4.7)
i=1""
where r is the scalar curvature of (B, gp). Thus, from (4.7), we have
==Y SAsd 4 Y SaAg) —d(s0) (1)
i=1 71 i=1""

In what follows, we will use the second contracted Bianchi identity, namely:

- %dr + div(Ric) = 0. (4.9)

So, we compute the divergence on both sides of (4.5) to obtain

1

- S (HIS, ->) )

div(Ric) = Zsi (}l diV(Hif)

=1
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Therefore,

div(Ric) = Y % Ric(Vfi, )+ > %d (Af;)
i=1 7" i=1 7"

m

— Ric(Vé,-) — d(Ad) — ;;Ed(wfi\?). (4.10)
From (4.5), we have
Ric(Vf;, ") pdfﬁ—Z—d IVil?) = (H®)(V fi, ) (4.11)
and
Ric(V, ) —pd¢+2 (H])(V, )~ 3d(1VP). (4.12)

Putting (4.11) and (4.12) into (4.10), after a brief simplification we get

div(Ric) Z?Z Z % szg d(|Vf;|*) + Z P d(Afi) — pde

+ 5dV0R) = d(80) = 3 SIHOT fi) + (H])(T, ).

i=1 7"
We know
d(Vo(f)) = (H?)(Vf,.) + (H)(V, ).
Then

m

div(Ric) Z—dfﬁ—zszgf; d(|V f;[2) Z d(Af;) — pdd

m

<|V¢| Z (4.13)

Substituting (4.8) and (4.13) in (4.9), after a lengthy calculation we have

<Zfz Af;) +pr2+2 -1 rW)

m 2
—2 Z [d(Vo(f) = %d(Aqﬁ +2pp — [V9[?) = 0. (4.14)
i=1 !

=1

But by our hypothesis, we have

200 — Vo2 + A+ 2Ve(f;) = c,

fi
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which gives

- Zm; de(Aeﬁ +206 = [Vo[) - Zm; Fid(Vo(f) = - f} Vo(f:)dfi
So, from (4.14), we get
f;d(fz‘(Afi) +pff 4 (si = DIVEP = fiVe(fi) =0,
which completes the proof. O

Now we will derive two main results using these propositions.

Theorem 4.4. Let M = B Xy Fy Xyp, Fo x -+ X Fy, be a gradient Ricci
soliton multiply warped product with Vpf; L Vpfi for all i # k. Assume the
potential function satisfies 1 = d; If the soliton is steady or expanding and the
warping functions reach both mazximum and minimum on the base B, then M is
a stimply Riemannian product.

Proof. Let M = B xy Fy X5, F x --- Xy Fy, be a gradient Ricci soliton

with Ric +H% = pg, where p is constant.
Now, from Proposition 4.2, we have Ricp, = & gF,, where

) 112 m )
fz fl k=1,k#i fsz:

Now we will assume that the functions f; reach both maximum and minimum on
the base B. At the maximum p; and at the minimum ¢; of f;, by using equation
(4.6), we get the following:

& = pfi*(pi) + [il(Af:) (pi) < pfi* (i),
& = pfit(a) + Fi(Afi) (@) > pfi* (i),

which implies, when p < 0, that f;%(p;) < p~'& < fi%(q;) < fi*(p;) for any p €
B. As a consequence, & < 0 and f; is constant that equals v/p~1&;. Now, if p =
0, then it follows that & = 0. Putting this into (4.3) gives

Lfi= Afi— Vu(f) = },(1 )

where

u=¢-> spIn(fp).
i

Once one is assuming that the minimum is attained, the strong Maximum Prin-
ciple implies that f; is constant. Hence M is a simply Riemannian product. [J



612 Tamalika Dutta et al.

Remark 4.5. The strong Maximum Principle should be applied to I:, not to
the operator L used in [9], and L is still an elliptic linear differential operator.

Theorem 4.6. Let (B, gp) be a Riemannian manifold with smooth functions
fi > 0 satisfying Vpfi L Vpfy for alli # k, {i = 1,2,...,m,i # k} and ¢
satisfying

m
Ric+H® = pg + E %Hzf
. (2

and

206 — |V¢|2+A¢+Z w fi) =

for some constants m,c, p € R with m # 0.
Let F1, Fs, ..., Fy, be Riemannian manifolds with metrics gr, whose Ricci
tensors satisfy Ricp, = &gF,, where

Ap fi Va/filli —~  98(VBfi,Vf
=2 280y )IVELlS gy o S 22V VES) )
fz fl k=1 sz
k#i
Then (B x ¢ F1 X f, Fo x -+ x ¢ Fy,, §) is a gradient Ricci soliton multiply warped
product.

Proof. From our assumption, we have
Ric+H? = pg+ > —H!
25

and

204 — |V¢\2+A¢+Z 7 Velfi) =

for some constant c.

We also assume that Vg f; and Vpfi, {i =1,2,...,m,i # k} are orthogonal
to each other, and from Proposition 4.3 we get that any & given by (4.5) is
constant. Now we consider the Einstein manifolds (Fj, gr,) with the Ricci tensor
Ricp, = &gr, and the warped product (B x g, Fy X, Fo X -+ x ¢ Fp, §) with g =
9B ® figr © f59m, ® - © fr9F,.-

Let us consider three cases.

Case 1: Let Y, Z € x(B). It follows from the fact

HO(Y,Z) = H(Y,2), H!(Y,z)=HI(Y,2),

from Lemma 2.3, where ¢, f are lifts of ¢ and f, and the hypotheses (4.5), (4.6)

of Proposition 4.3 that the fundamental equation Ric +H? = pg is satisfied for
all Y, Z € x(B).
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Case 2: Let Y € x(B) and V € x(F}). Using V¢ € x(B) and Lemma 2.1, we
can easily verify that

HO(Y,V) = g(DyVé,V) = 0.

So, from part 2 of Lemma 2.3, we can assert that the fundamental equation
Ric +H? = pg is satisfied.
Case 3: Let V,W € x(F;). Using Lemma 2.3 and the definition of &;, we have

Apfi
fi

IVsfil%

f?

since Vg f; is orthogonal to Vg fy for {i =1,2,...,m,i # k}. Therefore,

RiC(V, W) = gigFi(V7 W) - fz2 < + <3i - 1) )gFi(V7 W)

Ric(V, W) = (& — fildpfi — (s = V|| Vafill%)gr (V, W)
= (pf2 = [VOf))gr (V. W) = (p— }v¢<fi>>g<v, w).

Again, from (4.4), we get

VW) = YLy ), (115)
Combining equations (4.5) and (4.6), we conclude that the fundamental equation
is satisfied, which completes the proof. O
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ITpo rpanienTHumii cosriton Pigy4i, mo € MHOXXUHHO
BUKPUBJIEHUM J00YyTKOM

Tamalika Dutta, Sampa Pahan, X. Chen, and Arindam Bhattacharyya

Meroro poboTH € BUBYEHHsI IPAJIIEHTHOrO COMiTORY Piudi, 110 € MHOXKUH-
HO BUKPHUBJIEHUM J00yTKOM. MU TOBOAMMO, IO KO MHOTOBHUI, € ITOBHIUM,
TO TOJi MOTEHITAJIbHA (DYHKITS 3aJI€KUTh JINIE Bif 6a3u, a Imap MOBAHEH
OyTH €HIITEHHOBUM MHOTOBUJIOM. TaKOXK MU HABOIMMO HEOOXiTHI Ta J0CTa-
THI YMOBH JIJIsT TIOOYJIOBU TPAJIIEHTHOTO COJITOHY Piudi, 10 € MHOXKXUHHO
BUKPUBJIEHUM JIOOYTKOM.

Kimrogosi ciioa: comiton Piudi, Bukpussienuit m100yTOK, MHOXKUHHO BU-
KPUBJIEHUH T0OYTOK
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