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In this paper, we derive a Reilly type formula for the diffusion-type op-
erator L· = 1
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1. Introduction

Let (Mn, g, dµ) be an n-dimensional compact weighted manifold with bound-
ary ∂M . A weighted Riemannian manifold is actually a Riemannian manifold
equipped with some measure which is conformal to the usual Riemannian mea-
sure. More precisely, for a given compact n-dimensional Riemannian manifold
(Mn, g) with the metric g, the triple (Mn, g, dµ) is called a compact weighted
Riemannian manifold, where dµ = Bdv is a weighted volume form, B is a pos-
itive smooth function on M , and dv is the Riemannian volume element related
to g. Let n be the unit outward normal of ∂M . Define the second fundamental
form of ∂M by Π(X,Y ) = 〈∇Xn, Y 〉 for any two tangent vector fields X and Y
on M , and the mean curvature by H = tr(Π).

In this paper, we consider the diffusion-type operator on (Mn, g, dµ) as fol-
lows:

L· = 1

B
div(A∇·) =

A

B

(
∆ ·+ 1

A
〈∇·,∇A〉

)
, (1.1)

where A and B are two positive smooth functions on M , ∇ denotes the Levi-
Civita connection, div = tr(∇·) denotes the Riemannian divergence operator,
and ∆ = div∇ is the Laplace-Beltrami operator.

There are two trivial cases among all L. For the case A = B = constant, one
sees from (1.1) that the diffusion-type operator L is the usual Laplacian. For the
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case A = e(n−2)f , B = enf , n ≥ 2, one sees from (1.1) that the diffusion-type
operator L is in consistence with the usual ones for conformal metric e2fg.

We note that in the case A = B = e−f , one sees from (1.1) that

L· = ef div(e−f∇·) = ∆ · −〈∇·,∇f〉. (1.2)

We call (1.2) the Witten Laplacian (also called drifting, weighted or Bakry-Émery
Laplacian) with respect to the weighted volume form dµ = e−fdv. In recent
years, the Witten Laplacian received much attention from many mathematicians
(see [1, 2, 4–8,11–13,18–20] and the references therein).

For the case A = e−αf , B = e−f , α > 1, one sees from (1.1) that

L· = ef div(e−αf∇·) = e−f(α−1)(∆ · −α〈∇·,∇f〉). (1.3)

This is in fact the Laplacian with density in the literature which was introduced
by Ndiaye [15].

We notice that the Green formula (the integration by parts formula) for the
diffusion-type operator L holds under the weighted measure dµ = BdΩ, that is,∫

M
hLu dµ =

∫
∂M

A

B
h∂nu dµ∂ −

∫
M

A

B
〈∇u,∇h〉 dµ

=

∫
∂M

A

B
(h∂nu− u∂nh) dµ∂ +

∫
M
uLh dµ,

holds provided u or h belongs to C∞(M), where ∂nu = 〈n,∇u〉, dµ∂ = Bdv∂ and
dv∂ is the volume form on ∂M .

Following [14], to relate L with geometry we consider the m-modified Ricci

curvature R̂icA,m given by

R̂icA,m = Ric− 1

A
∇2A+

m− n− 1

m− n
1

A2
dA⊗ dA, (1.4)

where m is a real constant, and m = n if and only if A is a constant. Here ∇2

and Ric denote the Hessian operator and Ricci curvature. When m = ∞, (1.4)
gives the tensor

R̂icA,∞ = Ric− 1

A
∇2A+

1

A2
dA⊗ dA, (1.5)

which is called ∞-modified Ricci curvature. The A-mean curvature of ∂M is
defined by

ĤA = H +
1

A
∂nA. (1.6)

It should be noticed that in the case A = B = e−f , the m-modified Ricci cur-
vature R̂icA,m, the∞-modified Ricci curvature R̂icA,∞ and the A-mean curvature

ĤA become the m-Bakry–Émery Ricci curvature

Ricmf = Ricf −
1

m− n
∇f ⊗∇f,
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the∞-Bakry–Émery Ricci curvature Ricf = Ric+∇2f and the f -mean curvature
Hf = H − 〈∇f,n〉, respectively (see [17]).

Among the important formulae in differential geometry, the Reilly formula [16]
is an important tool in the study of various geometric and analytical problems
on a Riemannian manifold with smooth boundary. Ma and Du [13] extended the
Reilly formula for the Witten Laplacian and applied it to study eigenvalue esti-
mates for the Witten Laplacian on compact Riemannian manifolds with bound-
ary. Kolesnikov and Milman [9, 10] obtained new Poincaré type inequalities for
weighted manifolds by systematically using Ma-Du’s Reilly-type formula com-
bined with various conditions on the boundary of the manifold and boundary
conditions for elliptic equations. Further more recent applications may be found
in [3, 8, 21].

The purpose of this paper is to study some integral inequalities for the
diffusion-type operator L and their applications on weighted manifolds with
boundary. Firstly, we derive a Reilly type formula for the diffusion-type op-
erator L on weighted manifolds with boundary, which is the important tool to
prove our main theorems.

Theorem 1.1. Let A and B be two positive smooth functions on a given
compact weighted Riemannian manifold (Mn, g, dµ) of dimension n ≥ 2 with the
boundary ∂M . For any smooth function u, we have the following equality:∫

M

[
B

A
|Lu|2 − A

B
|∇2u|2

]
dµ =

∫
M

A

B
R̂icA,∞(∇u,∇u) dµ

+

∫
∂M

(A
B
ĤA(∂nu)2 + L∂u∂nu

)
dµ∂

+

∫
∂M

A

B
(Π(∇∂u,∇∂u)− 〈∇∂u,∇∂(∂nu)〉) dµ∂ . (1.7)

Remark 1.2. Clearly, if A = B = constant, our Reilly type formula (1.7)
degenerates into the classical Reilly’s formula in [16]; if A = B = e−f , our
formula (1.7) degenerates into the formula (3) of Ma and Du in [13]; if A = e−αf

and B = e−f , our formula (1.7) degenerates into the formula (4) of Ndiaye in [15].

A simple computation shows that

A

B
|∇2u|2 +

A

B
R̂icA,∞(∇u,∇u)

=
A

B
|∇2u|2 +

A

B

(
Ric− 1

A
∇2A+

1

A2
dA⊗ dA

)
(∇u,∇u)

=
A

B
|∇2u− ∆u

n
g|2 +

1

m

A

B
(
B

A
Lu)2 +

A

B
R̂icA,m(∇u,∇u)

+
A

B

(√
m− n
mn

∆u−
√

n

m(m− n)

1

A
〈∇u,∇A〉

)2

≥ 1

m

B

A
(Lu)2 +

A

B
R̂icA,m(∇u,∇u) (1.8)
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provided m ∈ (−∞, 0) ∪ [n,+∞). The equality holds if and only if

∇2u =
∆u

n
g (1.9)

and

∆u− n√
(m− n)2

1

A
〈∇u,∇A〉 = 0. (1.10)

Inserting (1.8) into (1.1), we immediately obtain the following result:

Corollary 1.3. Let A, B and u be as in Theorem 1.1 and m ∈ (−∞, 0) ∪
[n,+∞). Then we have the following inequalities:

0 ≥
∫
M

(
A

B
R̂icA,m(∇u,∇u)− m− 1

m

B

A
|Lu|2

)
dµ

+

∫
∂M

(
A

B
ĤA(∂nu)2 + L∂u∂nu

)
dµ∂

+

∫
∂M

A

B
(Π(∇∂u,∇∂u)− 〈∇∂u,∇∂(∂nu)〉) dµ∂ , (1.11)

where the equality occurs if and only if (1.9) and (1.10) hold.

Remark 1.4. In [12] (or see [9,10]), Li and Wei provide a Reilly type inequality
for the Witten Laplacian and give some applications. In particular, if A = B =
e−f , then (1.11) becomes the formula (9) of Li and Wei in [12].

Throughout this work, we employ Einstein summation convention. By abuse
of notation, R̂icA,m may denote the 2-covariant tensor (R̂icA,m)pq, but also may

denote its 1-contravariant version (R̂icA,m)qp, as in〈
R̂icA,m∇u,∇u

〉
= gij

(
R̂icA,m

)i
k
∇ku∇ju

=
(

R̂icA,m

)
ij
∇iu∇ju = R̂icA,m(∇u,∇u).

Similarly, the 2-contravariant tensors
(
Π−1

)αβ
and

((
R̂icA,m

)−1)pq
are defined

by (
Π−1

)ij
Πjk = δik,

((
R̂icA,m

)−1 )ij
(R̂icA,m)jk = δik.

Given an integrable function ϕ on (Mn, g, dµ), the dimensional mean-value and
dimensional variance of ϕ on (Mn, g, dµ) are defined by

ϕ =

∫
M

A

B
ϕdµ∫

M

A

B
dµ

, VarA(ϕ) =

∫
M

A

B
(ϕ− ϕ)2 dµ.

Next, by applying the above Reilly type inequality (1.11), we obtain some
new Poincaré type inequalities for the diffusion-type operator L on weighted
Riemannian manifolds (Mn, g, dµ).
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Theorem 1.5. Let (Mn, g, dµ) be a smooth compact weighted Riemannian

manifold of dimension n ≥ 2 with R̂icA,m > 0, where m ∈ (−∞, 0) ∪ [n,+∞).
Let A and B be two positive smooth functions on M . Then, for any ϕ ∈ C∞(M),
we have:

(I) Assume that ∂M = ∅ and
∫
M

A
Bϕdµ = 0. Then

m

m− 1
VarA(ϕ) ≤

∫
M

A

B

(
R̂icA,m

)−1
(∇ϕ,∇ϕ) dµ.

(II) Assume that ∂M 6= ∅ and Π ≥ 0 (M is locally convex). Then

m

m− 1
VarA(ϕ) ≤

∫
M

A

B

(
R̂icA,m

)−1
(∇ϕ,∇ϕ) dµ.

(III) Assume that ∂M 6= ∅, ĤA ≥ 0 (M is generalized mean-convex), ϕ ≡ 0 on
∂M . Then

m

m− 1

∫
M

A

B
ϕ2 dµ ≤

∫
M

A

B

(
R̂icA,m

)−1
(∇ϕ,∇ϕ) dµ.

(IV) Assume that ∂M 6= ∅, ĤA > 0 (M is strictly generalized mean-convex).
Then

m

m− 1

∫
M

A

B
ϕ2 dµ ≤

∫
M

A

B

(
R̂icA,m

)−1
(∇ϕ,∇ϕ) dµ+

∫
∂M

A

B

ϕ2

ĤA

dµ∂ .

Remark 1.6. Particularly, when A = B = e−f , then Theorem 1.5 reduces to
Theorem 1.2 of Kolesnikov and Milman in [9].

By using the above Reilly type inequality (1.11), we also give the following
Colesanti type inequalities on the boundary of weighted Riemannian manifolds
(Mn, g, dµ).

Theorem 1.7. Let (Mn, g, dµ) be a smooth compact weighted Riemannian

manifold of dimension n ≥ 2 with boundary and R̂icA,m ≥ ρg, where ρ ∈ R and
m ∈ (−∞, 0) ∪ [n,+∞). Let A and B be two positive smooth functions on M .
Assume that ĤA > 0 on ∂M , then, for any ψ ∈ C∞(∂M), we have∫

∂M

A

B
Π(∇∂ψ,∇∂ψ) dµ∂ ≤

∫
∂M

A

BĤA

(
ρ

2
ψ +

B

A
L∂ψ

)2

dµ∂ . (1.12)

We also obtain a dual-version of Theorem 1.7:

Theorem 1.8. Let (Mn, g, dµ) be a smooth compact weighted Riemannian

manifold of dimension n ≥ 2 with boundary and R̂icA,m ≥ 0, wherem ∈ (−∞, 0)∪
[n,+∞). Assume that Π > 0 on ∂M , then, for any ψ ∈ C∞(∂M), we have∫

∂M

A

B
Π−1(∇∂ψ,∇∂ψ) dµ∂

≥
∫
∂M

A

B
ĤAψ

2 dµ∂ −
m− 1

m

1

VA(M)

(∫
∂M

A

B
ψ dµ∂

)2

, (1.13)

where VA(M) =
∫
M

A
B dµ.
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Remark 1.9. Particularly, when A = B = e−f , then Theorem 1.7 and The-
orem 1.8 reduce to Theorem 1.1 and Theorem 1.2 of Kolesnikov and Milman
in [10].

In particular, taking ψ = 1 in (1.13), we obtain the following Minkowski type
inequalities:

Theorem 1.10. Let (Mn, g, dµ) be a smooth compact weighted Rieman-

nian manifold of dimension n ≥ 2 with boundary and R̂icA,m ≥ 0, where m ∈
(−∞, 0) ∪ [n,+∞). Assume that Π > 0 on ∂M , then∫

∂M

A

B
ĤA dµ∂ ≤

m− 1

m

(VA(∂M))2

VA(M)
, (1.14)

where VA(∂M) =
∫
∂M

A
B dµ∂.

Using the Cauchy–Schwarz inequality

(V (∂M))2 ≤
∫
∂M

A

B
ĤA dµ∂

∫
∂M

A

B

1

ĤA

dµ∂

in (1.14) gives the following Heintze–Karcher type inequalities:

Theorem 1.11. Let (Mn, g, dµ) be a smooth compact weighted Riemannian

manifold of dimension n ≥ 2 with boundary and R̂icA,m ≥ 0, wherem ∈ (−∞, 0)∪
[n,+∞). Assume that Π > 0 on ∂M , then∫

∂M

A

B

1

ĤA

dµ∂ ≥
m

m− 1
VA(M). (1.15)

On the other hand, we can replace the assumption Π > 0 in Theorem 1.11 by
a weaker condition ĤA > 0 to obtain the following theorem on ∂M .

Theorem 1.12. Let (Mn, g, dµ) be a smooth compact weighted Riemannian

manifold of dimension n ≥ 2 with boundary and R̂icA,m ≥ 0, wherem ∈ (−∞, 0)∪
[n,+∞). Assume that ĤA > 0 on ∂M , then∫

∂M

A

B

1

ĤA

dµ∂ ≥
m

m− 1
VA(M). (1.16)

Remark 1.13. Particularly, when A = B = e−f , then Theorems 1.10-1.12
reduce to some previous results in [10, Theorem 4.4] and [4, Theorem 1.1].

This paper is organized as follows. In Section 2, we prove Theorem 1.1.
Theorem 1.5 is proved in Section 3. Theorem 1.7 and Theorem 1.8 are proved in
Section 4. In Section 5, we prove Theorem 1.12.



256 Fanqi Zeng, Huiting Chang, and Yujun Sun

2. Proof of Theorem 1.1

In this section, we give the proof of our main tool, Theorem 1.1 from the
Introduction. For the proof of Theorem 1.1, the following lemma will be used.

Lemma 2.1. Let A, B and u be as in Theorem 1.1. We have

1

2
L|∇u|2 =

A

B
|∇2u|2 +

A

B
R̂icA,∞(∇u,∇u) + 〈∇u,∇Lu〉+

A

B

〈
∇B
A
,∇u

〉
Lu.

(2.1)

Proof. From the definition of L and the Bochner formula

1

2
∆|∇u|2 = |∇2u|2 + Ric(∇u,∇u) + 〈∇u,∇∆u〉,

we have

L|∇u|2 =
A

B
∆|∇u|2 +

1

B
〈∇A,∇|∇u|2〉

= 2
A

B
|∇2u|2 + 2

A

B
Ric(∇u,∇u) + 2

A

B
〈∇u,∇∆u〉+

1

B
〈∇A,∇|∇u|2〉

= 2
A

B
|∇2u|2 + 2

A

B
Ric(∇u,∇u) + 2〈∇u,∇Lu〉+

1

B
〈∇A,∇|∇u|2〉

+ 2
A

B
Lu〈∇u,∇B

A
〉 − 2

A

B
〈∇u,∇(

1

A
〈∇u,∇A〉)〉. (2.2)

By direct computations, we have

1

B
〈∇A,∇|∇u|2〉 = 2

1

B
∇2u(∇u,∇A) (2.3)

and

−2
A

B

〈
∇u,∇

(
1

A
〈∇u,∇A〉

)〉
= 2

1

AB
〈∇u,∇A〉2 − 2

1

B
(∇2A(∇u,∇u) +∇2u(∇u,∇A)). (2.4)

Inserting (2.3) and (2.4) into (2.2), we obtain (2.1).

Notice that the Bochner-type formula (2.1) looks very similar to the Bochner
formula for the Ricci tensor of an n-dimensional manifold. This is our motivation
for the ∞-modified Ricci curvature R̂icA,∞.

Proof of Theorem 1.1. We integrate equality (2.1). On the left-hand side, we
have

1

2

∫
M
L|∇u|2 dµ =

1

2

∫
M

A

B

(
∆|∇u|2 +

1

A
〈∇A,∇|∇u|2〉

)
dµ

=
1

2

∫
∂M

∂n(|∇u|2)Adv∂ −
1

2

∫
M
〈∇|∇u|2,∇A〉 dv
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+
1

2

∫
M

1

B
〈∇A,∇|∇u|2〉 dµ

=

∫
∂M

A

B
〈∇u,∇(∂nu)〉 dµ∂ . (2.5)

The third and the fourth terms on the right-hand side give∫
M

(
〈∇u,∇Lu〉+

A

B
Lu
〈
∇B
A
,∇u

〉)
dµ

=

∫
M
B〈∇u,∇Lu〉 dv +

∫
M
ALu

〈
∇B
A
,∇u

〉
dv

=

∫
∂M

B∂nuLu dv∂ −
∫
M

∆uLuB dv −
∫
M
〈∇u,∇B〉Lu dv

+

∫
M
〈∇u,∇B〉Lu dv −

∫
M

B

A
〈∇u,∇A〉Lu dv

=

∫
∂M

B∂nuLu dv∂ −
∫
M
B∆uLu dv −

∫
M

B

A
〈∇u,∇A〉Lu dv

=

∫
∂M

∂nuLu dµ∂ −
∫
M

B

A
|Lu|2 dµ. (2.6)

Then we obtain∫
∂M

A

B
〈∇u,∇(∂nu)〉 dµ∂ =

∫
M

A

B
|∇2u|2 dµ+

∫
M

A

B
R̂icA,∞(∇u,∇u) dµ

+

∫
∂M

∂nuLu dµ∂ −
∫
M

B

A
|Lu|2 dµ,

that is, ∫
M

B

A
|Lu|2 dµ−

∫
M

A

B
|∇2u|2 dµ =

∫
M

A

B
R̂icA,∞(∇u,∇u) dµ

+

∫
∂M

∂nuLu dµ∂ −
∫
∂M

A

B
〈∇u,∇(∂nu)〉 dµ∂ . (2.7)

Now, it remains to estimate ∂nuLu− A
B 〈∇u,∇(∂nu)〉 which is equal to

A

B

[
∆u∂nu+

1

A
〈∇u,∇A〉∂nu− 〈∇u,∇(∂nu)〉

]
.

We notice that
∆u = H∂nu+ ∆∂u+ ∂2nu (2.8)

and
〈∇u,∇(∂nu)〉 = ∂nu∂

2
nu−Π(∇∂u,∇∂u) + 〈∇∂u,∇∂(∂nu)〉. (2.9)

We then combine equalities (2.8) and (2.9) to derive an expression for the last
term in the right-hand side of (2.7)

∂nuLu−
A

B
〈∇u,∇(∂nu)〉 =

A

B

[
(H∂nu+ ∆∂u+ ∂2nu)∂nu+

1

A
〈∇u,∇A〉∂nu

]
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− A

B
[∂nu∂

2
nu−Π(∇∂u,∇∂u) + 〈∇∂u,∇∂(∂nu)〉]

=
A

B

[
(H∂nu+ ∆∂u)∂nu+

1

A
〈∇u,∇A〉∂nu

]
− A

B
[−Π(∇∂u,∇∂u) + 〈∇∂u,∇∂(∂nu)〉].

We notice that

A

B

[
(H∂nu+ ∆∂u)∂nu+

1

A
〈∇u,∇A〉∂nu

]
=
A

B

[
(H∂nu+ ∆∂u)∂nu+

1

A
(〈∇∂u,∇∂A〉+ ∂nu∂nA)∂nu

]
=
A

B

[
H(∂nu)2 +

1

A
(∂nu)2∂nA+ ∆∂u∂nu+

1

A
〈∇∂u,∇∂A〉∂nu

]
=
A

B

(
H +

1

A
∂nA

)
(∂nu)2 +

A

B

(
∆∂u+

1

A
〈∇∂u,∇∂A〉

)
∂nu

=
A

B
ĤA(∂nu)2 + L∂u∂nu.

Hence, ∫
M

B

A
|Lu|2 dµ−

∫
M

A

B
|∇2u|2 dµ =

∫
M

A

B
R̂icA,∞(∇u,∇u) dµ

+

∫
∂M

(
A

B
ĤA(∂nu)2 + L∂u∂nu) dµ∂

+

∫
∂M

A

B
(Π(∇∂u,∇∂u)− 〈∇∂u,∇∂(∂nu)〉) dµ∂ .

This completes the proof.

3. Proof of Theorem 1.5

The idea in the proof of Theorem 1.5 is similar to that used by Kolesnikov
and Milman in [9]. We use the Reilly type inequality (1.11) to prove Theorem
1.5 below.

Proof. (I) We solve PDE

B

A
Lu = ϕ on M. (3.1)

Thus, it follows from (1.11) that∫
M

m− 1

m

B

A
|Lu|2 dµ ≥

∫
M

A

B
R̂icA,m(∇u,∇u) dµ (3.2)

and∫
M

m− 1

m

B

A
|Lu|2 dµ =

∫
M

m− 1

m

B

A

(
A

B
ϕ

)2

dµ =
m− 1

m

∫
M

A

B
ϕ2 dµ. (3.3)
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Then combining (3.2) and (3.3), we have

m− 1

m

∫
M

A

B
ϕ2 dµ ≥

∫
M

A

B
R̂icA,m(∇u,∇u) dµ. (3.4)

Using the divergence theorem, we have∫
M

A

B
ϕ2dµ =

∫
M
BϕLu dv = −

∫
M

A

B
〈∇ϕ,∇u〉 dµ

≤
(∫

M

A

B
〈R̂icA,m∇u,∇u〉 dµ

) 1
2
(∫

M

A

B
〈(R̂icA,m)−1∇ϕ,∇ϕ〉 dµ

) 1
2

≤
(
m− 1

m

∫
M

A

B
ϕ2 dµ

) 1
2
(∫

M

A

B
〈(R̂icA,m)−1∇ϕ,∇ϕ〉 dµ

) 1
2

. (3.5)

Thus,
m

m− 1

∫
M

A

B
ϕ2 dµ ≤

∫
M

A

B

(
R̂icA,m

)−1
(∇ϕ,∇ϕ) dµ.

By the assumption that
∫
M

A
Bϕdµ = 0, we obtain the assertion of Case (I).

(II) Since Mn is compact, by integration by parts, we have∫
∂M

∂nuL∂u dµ∂ = −
∫
∂M

A

B
g(∇∂u,∇∂∂nu) dµ∂ . (3.6)

By (1.11) and (3.6), we can get

0 ≥
∫
M

(
A

B
R̂icA,m(∇u,∇u)− m− 1

m

B

A
|Lu|2

)
dµ

+

∫
∂M

A

B
[Π(∇∂u,∇∂u)− 2g(∇∂u,∇∂∂nu)] dµ∂

+

∫
∂M

A

B
ĤA(∂nu)2 dµ∂ . (3.7)

Let u be a smooth solution to the Neumann problem
B

A
Lu = ϕ on M,

∂nu ≡ 0 on ∂M.
(3.8)

Then, by the Cauchy–Schwarz inequality,∫
M

A

B
ϕ2 dµ =

∫
M

B

A
|Lu|2 dµ

= −
∫
M

A

B
〈∇ϕ,∇u〉 dµ+

∫
∂M

A

B
ϕ∂nu dµ∂

≤
(∫

M

A

B
〈R̂icA,m∇u,∇u〉 dµ

) 1
2
(∫

M

A

B
〈(R̂icA,m)−1∇ϕ,∇ϕ〉 dµ

) 1
2

+

∫
∂M

A

B
ϕ∂nu dµ∂ . (3.9)
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Since ∂nu
∣∣
∂M
≡ 0 and Π ≥ 0, we obtain from (3.7) that∫
M

B

A
|Lu|2 dµ ≥ m− 1

m

∫
M

A

B

〈
R̂icA,m∇u,∇u

〉
dµ. (3.10)

Consequently, we obtain

m− 1

m

∫
M

A

B
ϕ2 dµ ≥

∫
M

A

B

〈
R̂icA,m∇u,∇u

〉
dµ. (3.11)

Plugging this back into (3.9) and using that ∂nu
∣∣
∂M
≡ 0 yields

m− 1

m

∫
M

A

B
ϕ2 dµ ≤

∫
M

A

B

〈(
R̂icA,m

)−1
∇ϕ,∇ϕ

〉
dµ.

By the fact that ∫
M

A

B
ϕdµ =

∫
M
Lu dµ =

∫
∂M

A

B
∂nu dµ∂ = 0,

we obtain the assertion of Case (II).
(III) Let u be a smooth solution to the Dirichlet problem

B

A
Lu = ϕ on M,

u ≡ 0 on ∂M.
(3.12)

Observe that (3.11) still holds since u ≡ 0 and Hα
f ≥ 0. Plugging (3.11) back

into (3.9) and using that ϕ
∣∣
∂M
≡ 0 yields the assertion of Case (III).

(IV) Let u be a smooth solution to the Dirichlet problem (3.12). If ĤA >
0, by (3.7), we have

m− 1

m

∫
M

A

B
ϕ2 dµ ≥

∫
M

A

B
R̂icA,m(∇u,∇u) dµ+

∫
∂M

A

B
ĤA(∂nu)2 dµ∂ . (3.13)

On the other hand, we obtain for any ε > 0:∫
M

A

B
ϕ2 dµ = −

∫
M

A

B
〈∇ϕ,∇u〉 dµ+

∫
∂M

A

B
ϕ∂nu dµ∂

≤ ε

2

∫
M

A

B
〈R̂icA,m∇u,∇u〉 dµ

+
1

2ε

∫
M

A

B
〈(R̂icA,m)−1∇ϕ,∇ϕ〉 dµ+

∫
∂M

A

B
ϕ∂nu dµ∂ . (3.14)

By (3.13) and (3.14), using the Cauchy–Schwarz inequality, we can get(
1− ε

2

m− 1

m

)∫
M

A

B
ϕ2 dµ ≤ 1

2ε

∫
M

A

B
〈(R̂icA,m)−1∇ϕ,∇ϕ〉 dµ

− ε

2

∫
∂M

A

B
ĤA(∂nu)2 dµ∂ +

∫
∂M

A

B
ϕ∂nu dµ∂

≤ 1

2ε

∫
M

A

B
〈(R̂icA,m)−1∇ϕ,∇ϕ〉 dµ+

1

2ε

∫
∂M

A

B

ϕ2

ĤA

dµ∂ .

Multiplying by 2ε and using the optimal ε = m−1
m , we obtain the assertion of

Case (IV). This completes the proof.
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4. Proof of Theorems 1.7 and 1.8

We use the Reilly type inequality to prove Theorem 1.7 below.

Proof of Theorem 1.7. Let u be a smooth solution to the Dirichlet problem{
Lu = 0 on M,

u ≡ ψ on ∂M.
(4.1)

By (1.11), we have

0 ≥ ρ
∫
M

A

B
|∇u|2 dµ+

∫
∂M

A

B

(
B

A
L∂ψ + ĤA∂nu

)
∂nu dµ∂

+

∫
∂M

A

B
[Π(∇∂ψ,∇∂ψ)− g(∇∂ψ,∇∂∂nu)] dµ∂ .

By (3.6), we have

0 ≥ ρ
∫
M

A

B
|∇u|2 dµ+

∫
∂M

A

B
ĤA(∂nu)2 dµ∂

+

∫
∂M

A

B
Π(∇∂ψ,∇∂ψ) dµ∂ + 2

∫
∂M

∂nuL∂ψ dµ∂ . (4.2)

On the other hand, note that∫
M

A

B
|∇u|2 dµ =

∫
∂M

A

B
u∂nu dµ∂ −

∫
M
uLu dµ.

It follows from (4.1) that∫
M

A

B
|∇u|2 dµ =

∫
∂M

A

B
ψ∂nu dµ∂ . (4.3)

By (4.2) and (4.3), using the inequality Ax2 +Bx > −B2

4A with A > 0, we can get∫
∂M

A

B
Π(∇∂ψ,∇∂ψ) dµ∂

≤ −ρ
∫
∂M

A

B
ψ∂nu dµ∂ −

∫
∂M

A

B
ĤA(∂nu)2 dµ∂ − 2

∫
∂M

∂nuL∂ψ dµ∂

= −
∫
∂M

(
A

B
ĤA(∂nu)2 + ρ

A

B
ψ∂nu+ 2∂nuL∂ψ

)
dµ∂

= −
∫
∂M

(
A

B
ĤA(∂nu)2 +

(
ρ
A

B
ψ + 2L∂ψ

)
∂nu

)
dµ∂

≤
∫
∂M

A
B

ĤA

(
ρ

2
ψ +

B

A
L∂ψ

)2

dµ∂ .

This completes the proof.

Next we use the Reilly type inequality to prove Theorem 1.8 below.
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Proof of Theorem 1.8. By the Cauchy–Schwarz inequality, we have

− 2
A

B
g(∇∂u,∇∂∂nu) ≥ −A

B
Π(∇∂u,∇∂u)− A

B
Π−1(∇∂∂nu,∇∂∂nu). (4.4)

From (3.7) and (4.4), we have∫
M

m− 1

m

B

A
|Lu|2 dµ ≥

∫
∂M

A

B
[Π(∇∂u,∇∂u) + ĤA(∂nu)2] dµ∂

− 2

∫
∂M

A

B
g(∇∂u,∇∂∂nu) dµ∂

≥
∫
∂M

A

B
[Π(∇∂u,∇∂u) + ĤA(∂nu)2] dµ∂

−
∫
∂M

A

B
Π−1(∇∂∂nu,∇∂∂nu) dµ∂ −

∫
∂M

A

B
Π(∇∂u,∇∂u) dµ∂

=

∫
∂M

A

B
ĤA(∂nu)2 dµ∂ −

∫
∂M

A

B
Π−1(∇∂∂nu,∇∂∂nu) dµ∂ . (4.5)

Let u be a smooth solution to the Neumann problem
B

A
Lu =

1

VA(M)

∫
∂M

A

B
ψ dµ∂ on M,

∂nu ≡ ψ on ∂M.

(4.6)

By (4.5) and (4.6), we have∫
M

m− 1

m

A

B

(
1

VA(∂M)

∫
∂M

A

B
ψ dµ∂

)2

dµ

≥
∫
∂M

A

B
ĤA(∂nu)2 dµ∂ −

∫
∂M

A

B
Π−1(∇∂∂nu,∇∂∂nu) dµ∂ .

This completes the proof.

5. Proof of Theorem 1.12

Proof. Let u be a smooth solution to the Dirichlet problem
B

A
Lu = 1 on M,

u ≡ 0 on ∂M.
(5.1)

By (3.7), we can get

m− 1

m
VA(M) =

∫
M

m− 1

m

B

A
|Lu|2 dµ ≥

∫
∂M

A

B
ĤA(∂nu)2 dµ∂ . (5.2)

On the other hand, note that

(VA(M))2 =

(∫
M

B

A
|Lu|2 dµ

)2

=

(∫
∂M

A

B
∂nu dµ∂

)2

≤
∫
∂M

A

B
ĤA(∂nu)2 dµ∂

∫
∂M

A

B

1

ĤA

dµ∂ . (5.3)

By (5.2) and (5.3), the assertion follows.
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Differ. Geom. 83 (2009), 377–405.

[18] F. Zeng, Gradient estimates of a nonlinear elliptic equation for the V -Laplacian,
Bull. Korean Math. Soc. 56 (2019), No. 4, 853–865.

[19] F. Zeng, Gradient estimates for a nonlinear parabolic equation on complete smooth
metric measure spaces, Mediterr. J. Math. 18 (2021), No. 4, 21 pp.

[20] L. Zeng and H. Sun, Eigenvalues of the drifting Laplacian on smooth metric measure
spaces, Pacific J. Math. 319 (2022), No. 2, 439–470.

[21] Y. Zhu and Q. Chen, Some integral inequalities for L operator and their applications
on self-shrinkers, J. Math. Anal. Appl. 463 (2018), 645–658.

Received November 25, 2022.

Fanqi Zeng,

School of Mathematics and Statistics, Xinyang Normal University, Xinyang, 464000, P.
R. China,
E-mail: fanzeng10@126.com

Huiting Chang,

School of Mathematics and Statistics, Xinyang Normal University, Xinyang, 464000, P.
R. China,
E-mail: changhuiting163@163.com

Yujun Sun,

School of Mathematics and Statistics, Xinyang Normal University, Xinyang, 464000, P.
R. China,
E-mail: 791366179@qq.com

Iнтегральна формула типу Рейлi, пов’язана з
операторами дифузiйного типу, та її застосування

Fanqi Zeng, Huiting Chang, and Yujun Sun

У цiй статтi ми виводимо формулу типу Рейлi для оператора дифу-
зiйного типу L· = 1

B div(A∇·) на зважених многовидах iз межею, де A i
B — двi додатнi гладкi функцiї на многовидах. В якостi її застосування
наведено деякi нерiвностi типу Пуанкаре, Колесантi, Мiнковського та
Хайнце–Карчера.

Ключовi слова: формула типу Рейлi, оператор дифузiйного типу, m-
модифiкована кривина Рiччi, A-середня кривина
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