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Smoothing Estimates for Weakly Nonlinear

Internal Waves in a Rotating Ocean

M. Burak Erdoğan and Nikolaos Tzirakis

We study the effect of rotation on the smoothing properties of the KdV
type equations on the real line. Smoothing refers to a scattering-like property
that the nonlinear part of the equation is smoother than the initial data, and
thus many futures of the linear evolution can be extended to the nonlinear
one. Smoothing in the case of the KdV equation with periodic boundary
conditions is a result of the presence of high frequency waves that weaken the
nonlinearity through time averaging [1,12]. It is crucial for this phenomena
that the zero Fourier mode can be removed due to the conservation of the
mean. On the real line this mechanism breaks down as the resonance sets
close to zero frequency are sizable and normal form transformations are not
useful [21], and hence smoothing fails. The model we study is a perturbation
of the KdV equation on a rotating frame of reference.
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1. Introduction

On this paper we study a perturbation of the Korteweg-de Vries (KdV) equa-
tion that models weakly nonlinear waves in the ocean taking into account the
rotation of the earth, [23,24]. Unlike KdV, the equation is not known to be com-
pletely integrable, see Section 3.2 in [18]. The main purpose of our exposition
is to prove that, when the data are in classical Sobolev spaces, the nonlinear
part of the equation on the real line is smoother than the initial data. Nonlinear
smoothing in dispersive equations has recently played an important role in ana-
lyzing the local and global behavior of low regularity solutions [3, 16, 25]. There
exist a variety of applications of nonlinear smoothing in both linear and nonlinear
set-ups for dispersive partial differential equations (PDEs) with various boundary
conditions. The most common situations are the open boundary case of the real
line and bounded intervals with periodic boundary conditions. Also of interest
are the Euclidean spaces in general, semi-infinite intervals, and bounded inter-
vals where boundary conditions for the values of the data or their derivatives are
present. Some 30 years ago through the seminal work of Bourgain, it was realized
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that nonlinear smoothing plays an important role in obtaining global-in-time so-
lutions for dispersive equations and systems with infinite energy [5]. Smoothing
was also used to obtain higher order Sobolev norms estimates for globally defined
solutions of dispersive equations that do not scatter [4].

For periodic problems smoothing has been used to study the problem of dis-
persive quantization (or Talbot effect) in dispersive PDEs, see [6, 11, 14] and the
references therein. Moreover, for both periodic and non-periodic PDEs smooth-
ing leads to the asymptotic compactness of the global evolution, which in turn
implies the existence and uniqueness of global attractors for forced and dissipa-
tive dispersive PDE [15]. Finally another important application is the almost
everywhere convergence of solutions of dispersive equations to the initial data in
Sobolev spaces. For similar developments the interested reader can consult the
book [16].

In the current manuscript we prove nonlinear smoothing for a variant of the
KdV equation after transforming it using normal form transformations. More
precisely we study the Cauchy problem on R associated with the equation{

ut + βuxxx − γ∂−1
x u+ ∂x(u2) = 0, x ∈ R, t ∈ R,

u(x, 0) = f(x),
(1.1)

which describes weakly nonlinear wave processes in the ocean taking into account
the earth rotation [23, 24]. In the literature, this equation is often called the
Ostrovsky equation. Also see [17] for a study of the solitary wave solutions of
more general perturbations of the KdV equation. The parameter γ measures the
effect of rotation and the parameter β the strength of the dispersion. Following

[19, 20, 26], on the dense subset
{
f ∈ Hs : f̂(ξ)

ξ ∈ L2
}

of Hs, we define the

operator ∂−1
x on the Fourier side by

∂̂−1
x f(ξ) =

f̂(ξ)

iξ
.

In our paper, we consider the case where βγ > 0. In particular, it is enough
to consider β = γ = 1. Later in an Appendix we show that the nonlinear
solution is not smoother than the initial data when βγ < 0. For any β · γ 6= 0
the equation is optimally well–posed at the H−

3
4 level [20, 22, 27]. A result of

Tsugawa [26] slightly improved the result in [20] by proving well–posedness in
anisotropic Sobolev spaces that contains the −3

4 threshold as a special case. This
last result also proves that the solution of the equation (1.1) converges to the
solution of the KdV equation when the rotation parameter γ goes to 0 and the
common initial data is in the L2 space. To prove such a result the author needed
to obtain a new, uniform in γ, bilinear estimate.

Smooth solutions of (1.1) satisfy L2 conservation, namely ‖u(t)‖L2
x(R) =

‖f‖L2(R). The above results then establish that the solutions are in fact global
at least for L2 data. This result was extended in [19] to include global-in-time
solutions for any s > − 3

10 .
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In [20], the authors prove that the initial value problem (1.1) is locally well–
posed in Hs, s > −3

4 , by constructing a unique solution u ∈ Xs,b for any s > −3
4

and b > 1
2 valid in [−T, T ] where T = T (‖f‖Hs). In effect, the local solution can

be obtained by means of Picard iterations of the Duhamel operator

u = e−tLf(x)− e−tL
∫ t

0
esL(uux)ds.

Here we prove that the difference of the nonlinear solution with the linear evolu-
tion (the integral term above) is in a smoother Sobolev space than the initial data
as long as the solution is locally well–posed by the result in [20]. For the original
KdV equation smoothing is not possible on the real line [21]. To accomplish this
we apply the differentiation by parts method of [1]. It may be possible to obtain
a smoothing estimate by using the sharp result of [20] within the framework of
the Xs,b method, but the smoothing gained would be rather marginal, much less
than the values we outline here. We now state the main result of this paper:

Theorem 1.1. Fix s > −3
4 and a < min

(
s+ 3

4 ,
1
2

)
. Consider the real valued

solution of the equation (1.1) (with β = γ = 1) on R× [0, TLWP ] with initial data
u(x, 0) = f(x) ∈ Hs(R). Then u(t)− etLf ∈ C0

tH
s+a
x and∥∥u(t)− e−tLf

∥∥
Hs+a ≤ C

(
s, ‖f‖Hs

)
,

on [0, TLWP ] where L = ∂xxx − ∂−1
x .

As in [12], one can concatenate the smoothing statement and obtain a global
smoothing estimate in the full range where global wellposedness is known, s >
− 3

10 .
To prove Theorem 1.1 we introduce a normal form transformation on (1.1)

which is similar to the one we applied to the periodic KdV problem in [12]. We
should mention here that although Sobolev space smoothing fails for the KdV
equation on R, Colliander et al. in [9] proved that the nonlinear part of the
KdV equation on the real line is smoother than the initial data for solutions
that are restricted on high frequencies. Thus in general low–low and high–high
interactions are not problematic in KdV type equations. Therefore, we split
the nonlinearity into two parts and estimate them separately. The first part
includes low frequencies and high-high interactions for which the smoothing can
be established without a normal form transformation. These terms provide an
upper bound on the smoothing estimate a = s + 3

4 . As it is usually the case,
the smoothing fails at the −3

4 threshold. The harder to estimate terms are in
the second part, which includes the low-high interactions (corresponding to the
resonant terms for periodic KdV). We handle these terms with the help of a
normal form tranformation.

The main idea in our result rests on the fact that for the perturbation of
KdV that we study the dispersive symbol can be lower bounded away from zero
(see (1.5) below), and thus the smoothing effect takes hold even for the low–high
interactions on the real line. For problems with periodic boundary conditions,
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because of the conservation of the mean, one can remove the zero Fourier mode
and hence the low–high interactions do not cause a problem. As such there are
now many smoothing results for certain variants of the KdV equation on T. We
should also note that, in [7, 8], the authors obtained many smoothing estimates
for dispersive PDEs on Rd with nonlinearities of order 3 and higher. However,
their method fails for the quadratic nonlinearities as it is expected from the failure
of smoothing in the KdV case.

For our model the improvement in the estimates come from the phase func-
tion φ(ξ) = ξ3 − 1

ξ . After the normal form transformation and because of the
nonlinear interactions, the following function is introduced in the denominator of
the multilinear estimates:

φ(ξ)− φ(ξ1)− φ(ξ − ξ1) = ξ3 − ξ3
1 − (ξ − ξ1)3 − 1

ξ
+

1

ξ1
+

1

ξ − ξ1
(1.2)

=
3ξ2ξ2

1(ξ − ξ1)2 + ξ2 + ξ2
1 − ξξ1

ξξ1(ξ − ξ1)
, (1.3)

which implies

1

|φ(ξ)− φ(ξ1)− φ(ξ − ξ1)|
.

|ξξ1(ξ − ξ1)|
ξ2ξ2

1(ξ − ξ1)2 + ξ2 + ξ2
1

(1.4)

Notice that for the low–high interactions (|ξ1| � |ξ|), this term can be further
bounded by

1

|φ(ξ)− φ(ξ1)− φ(ξ − ξ1)|
.

|ξ1|
ξ2ξ2

1 + 1
= K(ξ, ξ1), (1.5)

and that the maximum of the K function is of the order 1
ξ . This recovers the

derivative of the nonlinearity. For the details, see Section 3.
The paper is organized as follows. In Section 2, we introduce our notation

and define the spaces that we use. In addition, we state an elementary lemma
that we use throughout the paper in order to prove the multilinear smoothing
estimates. Section 3 introduces the normal form method for equation (1.1) and
contains the heart of our arguments where different interactions are estimated.
Section 4 contains an Appendix where we show that smoothing fails for equation
(1.1) for any γ ≤ 0 when β = 1. As we have already mentioned, the case γ = 0
corresponds to the KdV result of [21].

2. Notation

Recall that for s ∈ R, Hs(R) is defined as a subspace of L2 via the norm

‖f‖Hs(R) :=

√∫
R
〈ξ〉2s |f̂(ξ)|2 dξ,

where 〈ξ〉 :=
(
1 + ξ2

)1/2
and f̂(ξ) =

∫
R f(x)e−2πixξ dx are the Fourier coefficients

of f . Plancherel’s theorem takes the form∫
R

∣∣f̂(ξ)
∣∣2 dξ =

∫
R

∣∣f(x)
∣∣2 dx.
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We denote the linear propagator of the equation as etL, where it is defined on

the Fourier side as (̂etLf)(ξ) = e−itφ(ξ)f̂(ξ) and φ(ξ) = ξ3 − 1
ξ . We also use (·)+

to denote (·)ε for all ε > 0 with implicit constants depending on ε.
The Bourgain spaces, Xs,b, will be defined as the closure of compactly sup-

ported smooth functions under the norm

‖u‖Xs,b := ‖e−tLu‖Hb
t (R)Hs

x(R) = ‖〈τ − φ(ξ)〉b〈ξ〉sû(ξ, τ)‖L2
τL

2
ξ
.

We close this section by presenting an elementary lemma that will be used
repeatedly. For the proof see [13].

Lemma 2.1. If β ≥ γ ≥ 0 and β + γ > 1, then∫
1

〈x− a1〉β〈x− a2〉γ
dx . 〈a1 − a2〉−γφβ(a1 − a2),

where

φβ(a) ∼


1, β > 1,

log(1 + 〈a〉), β = 1,

〈a〉1−β, β < 1.

3. Normal form transform

In this section we apply the normal form transformation to the equation (1.1)
following the differentiation by parts method of [1]. See Proposition 3.1 for the
transformed equation. A similar method was used in our work in [12] for the
periodic KdV (also see [10] for an application on R, especially Proposition 6.1).
Notice that for more regular data we gain half a derivative in our smoothing
estimate, which is sharp (see Remark (3.3)), while in the case of periodic KdV
we gained a full derivative. In both cases the formulas contain boundary terms,
resonant terms and non-resonant terms. The non-resonant terms can be further
transformed if needed. As noted above, the upper bound in the smoothing esti-
mate for more regular solutions comes from the boundary terms, B(u) in (3.3),
which indicates that further applications of the normal form transformation that
exist in the literature may not improve the result.

To perform differentiation by parts we define L = ∂xxx − ∂−1
x and N(u) =

∂x(u2), and we write (1.1) for β = γ = 1 as

ut + Lu+N(u) = 0. (3.1)

We observe that smoothing for the low frequency part and the high-high inter-
actions can be obtained without normal-forms. Therefore, we further write

N(u) = R(u) + Ñ(u),

where

R(u) := P|ξ|.1N(u) + P|ξ|�1N(P>|ξ|/100u),
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F(Ñ(u))(ξ) = iξ

∫
R
m(ξ, ξ1)u(ξ̂1, t)u(ξ̂ − ξ1, t) dξ1

m(ξ, ξ1) = χ|ξ|�1

(
χ|ξ1|≤|ξ|/100 + χ|ξ−ξ1|≤|ξ|/100

)
.

Letting φ(ξ) = ξ3 − 1
ξ , we have

eLtu = F−1
[
e−iφ(ξ)tu(ξ̂, t)

]
.

The following proposition is the main tool for proving Theorem 1.1.

Proposition 3.1. The solution u of equation (1.1) satisfies

∂t
(
eLtu− eLtB(u)

)
= −eLt

(
R(u) +NR(u)

)
, (3.2)

where

B̂(u)(ξ) = ξ

∫
m(ξ, ξ1)

uξ1uξ−ξ1
φ(ξ)− φ(ξ1)− φ(ξ − ξ1)

d ξ1, (3.3)

N̂R(u)(ξ) = ξ

∫
m(ξ, ξ1)

uξ1wξ−ξ1 + wξ1uξ−ξ1
φ(ξ)− φ(ξ1)− φ(ξ − ξ1)

dξ1. (3.4)

Here uξ(t) := u(ξ̂, t) and wξ(t) := w(ξ̂, t) with

w = e−Lt∂t(e
Ltu) = −N(u).

Proof. The following calculations can be justified by smooth approximations.
First observe that by (3.1)

∂t(e
Ltu) = −eLtN(u) = −eLt(R(u) + Ñ(u)).

On the Fourier side, we have

F(eLtÑ(u))(ξ) = iξ

∫
e−iφ(ξ)tm(ξ, ξ1)uξ1uξ−ξ1 dξ1.

We rewrite the integral above as

iξ

∫
e−i[φ(ξ)−φ(ξ1)−φ(ξ−ξ1)]tm(ξ, ξ1)[eLtu]ξ1 [eLtu]ξ−ξ1 dξ1

= −ξ∂t
∫

e−i[φ(ξ)−φ(ξ1)−φ(ξ−ξ1)]t

[φ(ξ)− φ(ξ1)− φ(ξ − ξ1)]
m(ξ, ξ1)[eLtu]ξ1 [eLtu]ξ−ξ1 dξ1

+ ξ

∫
e−i[φ(ξ)−φ(ξ1)−φ(ξ−ξ1)]t

[φ(ξ)− φ(ξ1)− φ(ξ − ξ1)]
m(ξ, ξ1)∂t

(
[eLtu]ξ1 [eLtu]ξ−ξ1

)
dξ1

= −∂tF(eLtB(u)) + F(eLtNR(u)).

The following propositions estimate the terms that appear in (3.2).

Proposition 3.2. For fixed s > −3
4 , we have

‖B(u)‖Hs+a . ‖u‖2Hs , a ≤ 1

2

‖R(u)‖
Xs+a,− 1

2+ . ‖u‖2
Xs, 12+

, a <
3

4
+ s.
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Proof. Recalling that φ(ξ) = ξ3 − 1
ξ , we have

φ(ξ)− φ(ξ1)− φ(ξ − ξ1) = ξ3 − ξ3
1 − (ξ − ξ1)3 − 1

ξ
+

1

ξ1
+

1

ξ − ξ1

=
3ξ2ξ2

1(ξ − ξ1)2 + ξ2 + ξ2
1 − ξξ1

ξξ1(ξ − ξ1)
. (3.5)

Therefore,

1

|φ(ξ)− φ(ξ1)− φ(ξ − ξ1)|
.

|ξξ1(ξ − ξ1)|
ξ2ξ2

1(ξ − ξ1)2 + ξ2 + ξ2
1

(3.6)

We start with the claim for B. By symmetry and noting the support of m(ξ, ξ1),
we can assume that |ξ1| ≤ |ξ|/100 < |ξ − ξ1|. Therefore, for |ξ| > 1,

1

|φ(ξ)− φ(ξ1)− φ(ξ − ξ1)|
.

|ξ1|
ξ2ξ2

1 + 1
. (3.7)

Using this in (3.3), we have

‖B(u)‖Hs+a .
∥∥∥ξ1+s+a

∫
m(ξ, ξ1)

|ξ1| 〈ξ1〉−s 〈ξ − ξ1〉−s f(ξ1)f(ξ − ξ1)

ξ2ξ2
1 + 1

dξ1

∥∥∥
L2
,

where f(ξ) = 〈ξ〉s |uξ|; ‖f‖L2 = ‖u‖Hs .
By duality and Cauchy-Schwarz inequality

‖B(u)‖2Hs+a . ‖u‖4Hs sup
|ξ|�1

ξ2+2s+2a

∫
|ξ1|�|ξ|

|ξ1|2 〈ξ1〉−2s 〈ξ − ξ1〉−2s

(ξ2ξ2
1 + 1)2

dξ1.

Note that the supremum is bounded by

sup
|ξ|�1

|ξ|2a−1

∫
|η|�ξ2

|η|2 〈η/ξ〉−2s

(η2 + 1)2
dη . 1,

provided that a ≤ 1
2 , s > −3

4 .
We now consider R(u):

R(u) := P|ξ|.1N(u) + P|ξ|�1N(P>|ξ|/100u).

The first summand satisfies the claim by the local wellposedness theory, for any
a. The contribution of the second summand to the Xs+a,− 1

2
+ norm is bounded

by∥∥∥∥∥χ|ξ|�1

∫
|ξ1|,|ξ−ξ1|&|ξ|

|ξ|1+s+a|ξ1|−s|ξ − ξ1|−sf(ξ1, τ1)f(ξ − ξ1, τ − τ1)

〈σ1〉
1
2

+ 〈σ2〉
1
2

+ 〈σ〉
1
2
−

dξ1dτ1

∥∥∥∥∥
L2
ξ,τ

,

where ‖f‖L2
ξ,τ

. ‖u‖
Xs, 12+ . Here σ1 := τ1 − φ(ξ1), and σ2 := τ − τ1 − φ(ξ − ξ1),

and σ := τ − φ(ξ). We consider only the case when ρ := −s ∈
[
0, 3

4

)
; the case
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s > 0 is easier. Also note that in the domain of the integral, we always have |ξ−
ξ1| ≈ |ξ1| & |ξ|.

By symmetry, it suffices to consider the cases when 〈σ1〉 is the largest and
when 〈σ〉 is the largest. When 〈σ1〉 is the largest, using duality and Cauchy-
Schwarz inequality, it suffices to bound

sup
ξ1,τ1

∫
1�|ξ|.|ξ1|≈|ξ−ξ1|

|ξ|2+2a−2ρ|ξ1|2ρ|ξ − ξ1|2ρ dξ dτ
〈σ1〉1+ 〈σ2〉1+ 〈σ〉1−

.

Integrating in τ and using the fact that

〈σ1〉 = max(〈σ1〉 , 〈σ2〉 , 〈σ〉) & |φ(ξ)− φ(ξ1)− φ(ξ − ξ1)| & |ξξ1(ξ − ξ1)| ≈ |ξ|ξ2
1

(the second inequality follows from (3.5)), we have the bound

sup
ξ1,τ1

∫
1�|ξ|.|ξ1|≈|ξ−ξ1|

|ξ|2+2a−2ρ|ξ1|4ρ

|ξ|1+|ξ1|2+ 〈τ1 + φ(ξ − ξ1)− φ(ξ)〉1−
dξ

. sup
ξ1,τ1

∫
1�|ξ|.|ξ1|≈|ξ−ξ1|

|ξ|1+2a−2ρ−|ξ1|4ρ−2−

〈τ1 + (ξ − ξ1)3 − ξ3〉1−
dξ.

Letting η = (ξ − ξ1)3 − ξ3, we see that

dη ≈ |ξ1|1/2|η + ξ3
1/4|1/2dξ.

Also note that when |ξ1| � |ξ|

dη ≈ |ξ1|2−|η + ξ3
1/4|0+dξ.

In the case |ξ| ≈ |ξ1|, we bound the integral by∫
|ξ1|2a+2ρ− 3

2 dη

|η + ξ3
1/4|1/2 〈τ1 + η〉1−

. |ξ1|2a+2ρ− 3
2 . 1

provided that a ≤ 3
4 − ρ. In the case 1� |ξ| � |ξ1|, we have the bound∫

|ξ(η)|1+2a−2ρ|ξ1|4ρ−4+dη

|η + ξ3
1/4|0+ 〈τ1 + η〉1−

.
∫

|ξ(η)|−3+2a+2ρ+dη

|η + ξ3
1/4|0+ 〈τ1 + η〉1+ . 1

provided that a < 3
2 − ρ.

The case 〈σ〉 is the largest is analogous by integrating in ξ1, τ1 instead of
ξ, τ .

Remark 3.3. We note that the regularity of the B term in Proposition 3.2
cannot be improved for any s by considering the example f(ξ1) = N

1
2χ[ 1

N
, 2
N

](ξ1)+

χ[N,N+1](ξ1), N � 1.

Proposition 3.4. For fixed s > −3
4 and a < min

(
3
4 + s, 1

2

)
, we have∥∥NR(u)

∥∥
Xs+a,− 1

2+ . ‖u‖3
Xs, 12+

.
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Proof. Recall that

m(ξ, ξ1) = χ|ξ|�1

(
χ|ξ1|≤|ξ|/100 + χ|ξ−ξ1|≤|ξ|/100

)
.

By ξ1 ↔ ξ− ξ1 symmetry, it suffices to consider only the contribution of the first
summand of m to NR(u):

ξ

∫
m(ξ, ξ1)

uξ1wξ−ξ1 + wξ1uξ−ξ1
φ(ξ)− φ(ξ1)− φ(ξ − ξ1)

dξ1

= ξχ|ξ|�1

∫
|ξ1|≤|ξ|/100

(ξ − ξ1) uξ1uξ2uξ−ξ1−ξ2 + ξ1uξ−ξ1uξ2uξ1−ξ2
φ(ξ)− φ(ξ1)− φ(ξ − ξ1)

dξ1 dξ2.

Below, we provide details for the estimate of the first summand in the numerator.
As ξ1 is smaller compared to ξ − ξ1, the analysis of the second term is similar
and easier.

Letting ρ = −s ∈ [0, 3/4) and by duality, |ξ|�1
|ξ1|≤|ξ|/100

it suffices to bound the

integral below by ‖f‖4
L2
ξ,τ∫

|ξ|�1
|ξ1|≤|ξ|/100

|ξ|2−ρ+a 〈ξ1〉ρ 〈ξ2〉ρ 〈ξ − ξ1 − ξ2〉ρ fξ1fξ2fξ−ξ1−ξ2fξ
|φ(ξ)− φ(ξ1)− φ(ξ − ξ1)| 〈σ1〉

1
2

+ 〈σ2〉
1
2

+ 〈σ3〉
1
2

+ 〈σ〉
1
2
−
dξ1dξ2dξdτ1dτ2dτ.

Here σ’s are defined as in the proof of Proposition 3.2. Also using (3.7), we have
the bound∫
|ξ|�1

|ξ1|≤|ξ|/100

|ξ|2−ρ+a|ξ1| 〈ξ1〉ρ 〈ξ2〉ρ 〈ξ − ξ1 − ξ2〉ρ |fξ1fξ2fξ−ξ1−ξ2fξ|
[ξ2ξ2

1 + 1] 〈σ1〉
1
2

+ 〈σ2〉
1
2

+ 〈σ3〉
1
2

+ 〈σ〉
1
2
−

dξ1dξ2dξdτ1dτ2dτ.

(3.8)
Note that,

〈σ − σ1 − σ2 − σ3〉 = 〈φ(ξ1) + φ(ξ2) + φ(ξ − ξ1 − ξ2)− φ(ξ)〉

≈
〈

3(ξ − ξ1)(ξ − ξ2)(ξ1 + ξ2) +
1

ξ1
+

1

ξ2
+

1

ξ − ξ1 − ξ2

〉
:= 〈M〉 . (3.9)

We will consider the following cases:

Case 1: |ξ1| . 1, |ξ2| . 1.

Case 2: 1� |ξ1| � |ξ| and |ξ2| . 1.

Case 3: 1� |ξ1| � |ξ|, 1� |ξ2| . |ξ| and |ξ − ξ1 − ξ2| � 1.

Case 4: |ξ1| .
1

〈ξ(ξ − ξ2)ξ2〉
and |ξ2|, |ξ − ξ1 − ξ2| � 1.

Case 5: 1 & |ξ1| �
1

〈ξ(ξ − ξ2)ξ2〉
and |ξ2|, |ξ − ξ1 − ξ2| � 1.

Case 6: 1� |ξ1| � |ξ| � |ξ2|.
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Case 1: |ξ1| . 1, |ξ2| . 1. By the change of variable ξ2 → ξ − ξ1 − ξ2, this
also takes care of the case |ξ1|, |ξ − ξ1 − ξ2| . 1. By Cauchy–Schwarz inequality,
it suffices to prove that

sup
|ξ|�1

∫
|ξ1|,|ξ2|.1

|ξ|4+2a|ξ1|2

[ξ2ξ2
1 + 1]2 〈M〉1−

dξ1 dξ2 <∞.

Note that

〈M〉 ≈
〈

3(ξ − ξ1)(ξ − ξ2)(ξ1 + ξ2) +
1

ξ1
+

1

ξ2

〉
=

〈
(ξ1 + ξ2)[3(ξ − ξ1)(ξ − ξ2) +

1

ξ1ξ2
]

〉
.

Letting η = (ξ1 + ξ2)
[
3(ξ − ξ1)(ξ − ξ2) + 1

ξ1ξ2

]
in the ξ2 integral, we see that

dη =

[
3(ξ − ξ1)(ξ − 2ξ2 − ξ1)− 1

ξ2
2

]
dξ2.

Note that the Jacobian is & ξ2 if |ξ2| 6≈ 1
|ξ| . In this case we estimate the ξ2

integral by(∫
|ξ2|.1

〈M〉−1− dξ2

)1−

. |ξ|−2+

(
1

〈s〉1+ ds

)1−
. |ξ|−2+.

This leads to the bound∫
|ξ1|.1

|ξ|2+2a+|ξ1|2

[ξ2ξ2
1 + 1]2

dξ1 . |ξ|−1+2a+,

which is bounded on the set |ξ| > 1 provided that a < 1
2 .

When |ξ2| ≈ 1
|ξ| , consider the cases |ξ1| 6≈ 1

|ξ| and |ξ1| ≈ 1
|ξ| separately. In the

former case, 〈M〉 &
〈
(ξ1 + ξ2)ξ2

〉
, which leads to (for a < 1

2)∫
1&|ξ1|6≈ 1

|ξ|
|ξ2|≈ 1

|ξ|

|ξ|2+2a+|ξ1|2

[ξ2ξ2
1 + 1]2 |ξ1 + ξ2|1−

dξ1 dξ2 . |ξ|−1+2a+ . 1.

In the latter case, we have

〈M〉 &
〈

(ξ1 + ξ2)

(
3ξ2 +

1

ξ1ξ2

)〉
≈
〈

(ξ1 + ξ2)ξ3

(
ξ2 +

1

3ξ1ξ2

)〉
,

which leads to∫
|ξ1|,|ξ2|≈ 1

|ξ|

|ξ|−1+2a+

|ξ1 + ξ2|1−
∣∣∣ξ2 + 1

3ξ1ξ2

∣∣∣1− dξ1 dξ2 .
∫
|ξ1|≈ 1

|ξ|

|ξ|−1+2a+∣∣∣ξ1 − 1
3ξ1ξ2

∣∣∣1− dξ1
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.
∫
|ξ1|≈ 1

|ξ|

|ξ|−2+2a+∣∣∣ξ2
1 − 1

3ξ2

∣∣∣1− dξ1 . |ξ|−1+2a+ . 1

provided that a < 1
2 .

Case 2: 1 � |ξ1| � |ξ| and |ξ2| . 1. By the change of variable ξ2 → ξ −
ξ1 − ξ2, this also takes care of the case 1 � |ξ1| � |ξ|, |ξ − ξ1 − ξ2| . 1. By
Cauchy-Schwarz inequality

sup
|ξ|�1

∫
1�|ξ1|�|ξ|
|ξ2|.1

|ξ|4+2a|ξ1|2+2ρ

[ξ2ξ2
1 + 1]2 〈M〉1−

dξ1dξ2

. sup
|ξ|�1

∫
1�|ξ1|�|ξ|
|ξ2|.1

|ξ|2a|ξ1|2ρ−2

〈M〉1−
dξ1 dξ2.

Note that

〈M〉 ≈
〈

3(ξ − ξ1)(ξ − ξ2)(ξ1 + ξ2) +
1

ξ2

〉
Note that the contribution of the set |ξ2| . 1

ξ2|ξ1| is . 1 provided that a < 1. If

|ξ2| � 1
ξ2|ξ1| , then 〈M〉 ≈ ξ2|ξ1|, which leads to the bound

sup
|ξ|�1

∫
1�|ξ1|�|ξ|
|ξ2|.1

|ξ|2a−2+|ξ1|2ρ−3+ dξ1 dξ2 . 1,

provided that a < 1.
Case 3: 1� |ξ1| � |ξ|, 1� |ξ2| . |ξ| and |ξ − ξ1 − ξ2| � 1. Once again we

have

sup
|ξ|�1

∫
1�|ξ1|�|ξ|
1�|ξ2|.|ξ|
|ξ−ξ1−ξ2|�1

|ξ|−2ρ+2a|ξ1|2ρ−2|ξ2|2ρ|ξ − ξ1 − ξ2|2ρ

〈M〉1−
dξ1 dξ2

. sup
|ξ|�1

∫
1�|ξ1|�|ξ|

|ξ|2ρ+2a|ξ1|2ρ−2

|ξ|1−|ξ − ξ2|1−|ξ1 + ξ2|1−
dξ1 dξ2

. sup
|ξ|�1

∫
1�|ξ1|�|ξ|

|ξ|2ρ+2a−1+|ξ1|2ρ−2

|ξ1 + ξ|1−
dξ1 . 1

provided that a < 1− ρ.
Case 4: |ξ1| . 1

〈ξ(ξ−ξ2)ξ2〉 and |ξ2|, |ξ − ξ1 − ξ2| � 1. By Cauchy–Schwarz
inequality as above

sup
|ξ|�1

∫
|ξ1|. 1

|ξ(ξ−ξ2)ξ2|

|ξ|4−2ρ+2a|ξ1|2 〈ξ2〉2ρ 〈ξ − ξ2〉2ρ dξ1 dξ2

. sup
|ξ|�1

∫
|ξ|4−2ρ+2a 〈ξ2〉2ρ 〈ξ − ξ2〉2ρ

|ξ(ξ − ξ2)ξ2|3
dξ2 . sup

|ξ|�1
|ξ|2a−2 <∞,
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provided that a ≤ 1.

Case 5: 1 & |ξ1| � 1
〈ξ(ξ−ξ2)ξ2〉 and |ξ2|, |ξ − ξ1 − ξ2| � 1. Note that in this

case, we also have |ξ − ξ2| � 1 and

〈M〉 ≈
〈

3(ξ − ξ1)(ξ − ξ2)(ξ1 + ξ2) +
1

ξ1

〉
≈ |ξ(ξ − ξ2)ξ2|.

We bound (3.8) on this set by∫
|ξ|�1&|ξ1|� 1

〈ξ(ξ−ξ2)ξ2〉

|ξ|2−ρ+a|ξ1||ξ2|ρ|ξ − ξ2|ρ|fξ1fξ2fξ−ξ1−ξ2fξ|
[ξ2ξ2

1 + 1] 〈σ1〉
1
2

+ 〈σ2〉
1
2

+ 〈σ3〉
1
2

+ 〈σ〉
1
2
−

dξ1dξ2dξdτ1dτ2dτ.

By symmetry, and since max(〈σ1〉 , 〈σ2〉 , 〈σ3〉 , 〈σ〉) & 〈M〉, it suffices to consider
the subcases 〈σ1〉 & 〈M〉, 〈σ2〉 & 〈M〉, and 〈σ〉 & 〈M〉.

Subcase 1: 〈σ1〉 & 〈M〉 ≈ |ξ(ξ − ξ2)ξ2|. By Cauchy–Schwarz inequality and

then integrating in τ, τ2, and using |ξ1|
ξ2ξ21+1

. 1
|ξ| , it suffices to consider

sup
|ξ1|.1,τ1

∫
|ξ|�1&|ξ1|� 1

〈ξ(ξ−ξ2)ξ2〉

|ξ|1−2ρ+2a|ξ2|2ρ−1|ξ − ξ2|2ρ−1

〈τ1 + φ(ξ2) + φ(ξ − ξ1 − ξ2)− φ(ξ)〉1+ dξ2 dξ.

(3.10)
Noting that the factor in the denominator is ≈

〈
τ1 + ξ3

2 + (ξ − ξ1 − ξ2)3 − ξ3
〉
,

we let η = ξ3
2 + (ξ − ξ1 − ξ2)3 − ξ3. We have∣∣∣∣ ∂η∂ξ2

∣∣∣∣ ≈ |ξ||ξ − ξ1 − 2ξ2|,
∣∣∣∣∂η∂ξ

∣∣∣∣ ≈ |ξ2||2ξ − ξ1 − ξ2|.

When |ξ2| ≥ 3
2 |ξ|, we use the change of variable η in the ξ2 integral in (3.10), and

obtain

sup
|ξ1|.1,τ1

∫
|ξ|�1&|ξ1|� 1

〈ξ(ξ−ξ2)ξ2〉

|ξ|1−2ρ+2a|ξ2|2ρ−1|ξ − ξ2|2ρ−1

〈τ1 + φ(ξ2) + φ(ξ − ξ1 − ξ2)− φ(ξ)〉1+ dξ2 dξ

. sup
|ξ1|.1,τ1

∫
|ξ|�1

|ξ|−2ρ+2a|ξ2(η, ξ)|4ρ−3

〈τ1 + η〉1+ dη dξ .
∫
|ξ|�1

|ξ|2ρ+2a−3 dξ . 1,

provided that ρ ≤ 3
4 and a ≤ 1− ρ.

When |ξ| ≥ 3
2 |ξ2|, we use the change of variable η in the ξ integral:

. sup
|ξ1|.1,τ1

∫
|ξ2|�1

|ξ(η, ξ2)|2a−1|ξ2|2ρ−2

〈τ1 + η〉1+ dη dξ2 .
∫
|ξ2|�1

|ξ2|2ρ+2a−3 dξ2 . 1,

provided that a ≤ min(1
2 , 1− ρ).

When 2
3 |ξ| ≤ |ξ2| ≤ 3

2 |ξ|, we use the change of variable η in the ξ integral:

. sup
|ξ1|.1,τ1

∫
|ξ2|�1

|ξ2|2a−2|ξ(η, ξ2)− ξ2|2ρ−1

〈τ1 + η〉1+ dη dξ2
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.
∫
|ξ2|�1

|ξ2|2a−2+max(2ρ−1,0)dξ2 . 1,

provided that a ≤ 1
2 −max(ρ− 1

2 , 0). In the second inequality we used the bound
|ξ − ξ2| � 1, which is valid throughout the Case 5.

Subcase 2: 〈σ2〉 & 〈M〉 ≈ |ξ(ξ − ξ2)ξ2|. By Cauchy–Schwarz inequality and

then integrating in τ, τ1, and using |ξ1|2
[ξ2ξ21+1]2

. 1
|ξ|3−|ξ1|1− it suffices to consider

sup
|ξ2|�1,τ2

∫
|ξ|�1&|ξ1|� 1

〈ξ(ξ−ξ2)ξ2〉

|ξ|−2ρ+2a+|ξ2|2ρ−1|ξ − ξ2|2ρ−1

|ξ1|1− 〈τ2 + φ(ξ1) + φ(ξ − ξ1 − ξ2)− φ(ξ)〉1+ dξ1 dξ.

Noting that the factor in the denominator is ≈
〈
τ2 + φ(ξ1) + (ξ − ξ1 − ξ2)3 − ξ3

〉
,

we let η = τ2 + φ(ξ1) + (ξ − ξ1 − ξ2)3 − ξ3. We have∣∣∣∂η
∂ξ

∣∣∣ ≈ |ξ2||2ξ − ξ1 − ξ2|.

We use this change of variable when |2ξ − ξ2| � 1 to obtain

sup
|ξ2|�1,τ2

∫
|ξ|�1&|ξ1|

|ξ|−2ρ+2a+|ξ2|2ρ−2|ξ − ξ2|2ρ−1

|2ξ − ξ2||ξ1|1− 〈η〉1+ dη dξ1 . 1

provided that

sup
|ξ|,|ξ2|,|ξ−ξ2|,|2ξ−ξ2|�1

|ξ|−2ρ+2a+|ξ2|2ρ−2|ξ − ξ2|2ρ−1

|2ξ − ξ2|
. 1.

This inequality holds for a < 1 − ρ by considering the cases |ξ| ≈ |ξ2| and |ξ| 6≈
|ξ2| separately.

When |2ξ− ξ2| . 1, we have |ξ2|, |ξ− ξ2| ≈ |ξ|. Therefore, we have the bound

sup
|ξ2|�1,τ2

∫
|2ξ−ξ2|,|ξ1|.1

|ξ|2ρ+2a−2+

|ξ1|1−
dξ1 dξ . 1

provided that a < 1− ρ (since the ξ integral is on an interval of length . 1).
Subcase 3: 〈σ〉 & 〈M〉 ≈ |ξ(ξ − ξ2)ξ2|. By Cauchy-Schwarz inequality and

then integrating in τ1, τ2, and using |ξ1|2
[ξ2ξ21+1]2

. 1
|ξ|3−|ξ1|1− it suffices to consider

sup
|ξ|�1,τ

∫
1&|ξ1|

|ξ|−2ρ+2a+|ξ2|2ρ−1+|ξ − ξ2|2ρ−1+

|ξ1|1− 〈τ − φ(ξ1)− φ(ξ − ξ1 − ξ2)− φ(ξ2)〉1+ dξ1 dξ2.

This can be handled as in Subcase 2.
Case 6: 1� |ξ1| � |ξ| � |ξ2|. Note that in this case, we have

〈M〉 ≈ 〈3(ξ − ξ1)(ξ − ξ2)(ξ1 + ξ2)〉 ≈ |ξξ2
2 |.

We bound (3.8) on this set by∫
1�|ξ1|�|ξ|�|ξ2|

|ξ|a−ρ|ξ1|ρ−1|ξ2|2ρ|fξ1fξ2fξ−ξ1−ξ2fξ|
〈σ1〉

1
2

+ 〈σ2〉
1
2

+ 〈σ3〉
1
2

+ 〈σ〉
1
2
−

dξ1 dξ2 dξ dτ1 dτ2 dτ.
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We consider the subcases as in Case 5. Since they can be handled similarly, we
give details only for subcase 1:

Subcase 1: 〈σ1〉 & 〈M〉 ≈ |ξξ2
2 |. As above, it suffices to bound

sup
|ξ1|�1,τ1

∫
|ξ1|�|ξ|�|ξ2|

|ξ|2a−2ρ−1|ξ1|2ρ−2|ξ2|4ρ−2

〈τ1 + φ(ξ2) + φ(ξ − ξ1 − ξ2)− φ(ξ)〉1+dξ2dξ.

Letting η = τ1 + ξ3
2 + (ξ − ξ1 − ξ2)3 − ξ3 we see that∣∣∣∂η

∂ξ

∣∣∣ ≈ |ξ2|2.

This leads to the bound∫
|ξ|�|ξ2|

|ξ|2a−2ρ−1|ξ2|4ρ−4

〈η〉1+ dξ2dη . sup
|ξ|�1

|ξ|2a+2ρ−4+

∫
|ξ2|�1

|ξ2|−1−

〈η〉1+ dξ2dη . 1

provided that ρ < 3
4 and a < 2− ρ.

We now outline the proof of Theorem 1.1. For more details and the global
version of the theorem, see [12].

Proof of Theorem 1.1. Integrating (3.2) on [0, t] we obtain

u(t)− e−Ltf = B(u(t))− eLtB(f)−
∫ t

0
e−L(t−s)(R(u) +NR(u)

)
ds.

The claim follows from this identity using the bounds in Proposition 3.2, Propo-
sition 3.4, standard Xs,b inequalities, and the embedding Xs,b ⊂ C0

tH
s
x for

b > 1
2 .

4. Appendix

Consider the equation{
ut + uxxx − γ∂−1

x u+ ∂x(u2) = 0, x ∈ R, t ∈ R,
u(x, 0) = f(x).

(4.1)

The Duhamel formulation of the equation is

u = e−Ltf(x)− e−Lt
∫ t

0
eLsN(u)ds,

where Lu = uxxx − γ∂−1
x u and N(u) = ∂x(u2). Now we consider the nonlinear

part of the first Picard iterate, which is obtained by replacing u with e−Ltf(x).
On the Fourier side, it is given by

P̂t(f) := −eiφ(ξ)tξ

∫
R

∫ t

0
e−i[φ(ξ)−φ(η)−φ(ξ−η)]sf̂(η)f̂(ξ − η) ds dη
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= −ieiφ(ξ)tξ

∫
R

e−i[φ(ξ)−φ(η)−φ(ξ−η)]t − 1

φ(ξ)− φ(η)− φ(ξ − η)
f̂(η)f̂(ξ − η) dη, (4.2)

where φ(ξ) = ξ3 − γ
ξ .

We claim that there is no smoothing in the first Picard iterate when γ ≤
0, namely Pt(f) is not smoother than the initial data. This is already known
for γ = 0, see [21]. We provide the proof for the cases γ = 0 and γ = −1 for
completeness.

For γ = 0, we rewrite (4.2) as

P̂t(f) = −ieiξ3t
∫
f̂(η)f̂(ξ − η)

η(ξ − η)
(e−it3ξη(ξ−η) − 1) dη.

Let f̂N (η) = i sign(η)

[
Nχ[

α
N2 ,

β

N2

](|η|) +N−sχ[N,N+1](|η|)
]
. Note that fN is

real-valued. Here α < β are chosen depending on fixed t so that

[3tα, 3tβ] ⊂ [π − 1

10
, π +

1

10
].

This guarantees that <(1− e−it3ξη(ξ−η)) & 1 in the support of f̂N . We also have
‖fN‖Hs ≈ 1.

Note that there are four hi-low contributions and they have the same sign

because of symmetry and because f̂(η)
η is even. Therefore, for large N and ξ ∈

[N,N + 1], we have

|P̂t(fN )(ξ)| ≈
∫
[
α
N2 ,

β

N2

]N1−sN dη ≈ N−s.

We conclude that, for a > 0, supN ‖Pt(fN )‖Hs+a =∞.
When γ = −1, we instead have

∣∣P̂t(f)
∣∣ =

∣∣∣∣∣
∫
ξf̂(η)f̂(ξ − η)

Φ(ξ, η)
(e−itΦ(ξ,η) − 1) dη

∣∣∣∣∣ , (4.3)

where

Φ(ξ, η) = φ(ξ)− φ(η)− φ(ξ − η) = 3ξη(ξ − η) +
1

ξ
− 1

η
− 1

ξ − η
. (4.4)

Taking N � 1 and

f̂N (η) = i sign(η)

[
Nχ[

1√
3N−β

, 1√
3N−α

](|η|) +N−sχ[N,N+1](|η|)
]
,

we see that fN is real-valued and ‖fN‖Hs ≈ 1. This is because

1√
3N − α

− 1√
3N − β

.
1

N2
.
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Fixing ξ ∈ [N − c,N + c], by η ↔ ξ − η symmetry in (4.3) and (4.4), we can
assume |η| . 1

N . Therefore, we see that

Φ(ξ, η) = 3ξ2η − 1

η
+O(1/N).

We now put additional restrictions on c and on 0 < α < β depending only on t >

0 so that for ξ ∈ [N − c,N + c] and |η| ∈
[

1√
3N−β ,

1√
3N−α

]
, we have

Φ(ξ, η) sign(η) ≈ 1

and

|tΦ(ξ, η)| ∈
[
kπ − 1

10
, kπ +

1

10

]
,

A calculation as above yields the claim:

|P̂t(fN )(ξ)| ≈
∫
[

1√
3N−β

, 1√
3N−α

]N1−sNdη ≈ N−s.

Therefore, we again conclude that, for a > 0, supN ‖Pt(fN )‖Hs+a =∞.
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[14] M.B. Erdoğan and N. Tzirakis, Talbot effect for the cubic non-linear Schrödinger
equation on the torus, Math. Res. Lett. 20 (2013), 1081–1090.
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Згладжувальнi оцiнки для слабко нелiнiйних
внутрiшнiх хвиль в океанi, що обертається

M. Burak Erdoğan and Nikolaos Tzirakis

Ми вивчаємо вплив обертання на згладжувальнi властивостi рiвнянь
типу Кортевега-де-Фрiза на дiйснiй прямiй. Згладжування пов’язано з
властивiстю, подiбною до розсiювання, щодо того, що нелiнiйна части-
на рiвняння є гладшою нiж початковi данi, i тому багато властивостей
лiнiйної еволюцiї може бути перенесено на нелiнiйнi. Згладжування у ви-
падку рiвняння Кортевега-де-Фрiза з перiодичними крайовими умовами
є результатом присутностi хвиль високої частоти, якi послаблюють нелi-
нiйнiсть через усереднення за часом [1,12]. Критичним для цього явища
є те, що нульовi частоти можуть бути видаленi за законом збереження
середнього. На дiйснiй прямiй цей механiзм руйнується, коли резонанснi
множини, близькi до нульових частот, є значними i перетворення нор-
мальної форми не є корисними [21], отже, згладжування зникає. Модель,
яку ми вивчаємо, є збуренням рiвняння Кортевега-де-Фрiза у системi
вiдлiку, що обертається.

Ключовi слова: рiвняння Кортевега-де-Фрiза, теорiя коректностi,
згладжування

mailto:berdogan@illinois.edu
mailto:tzirakis@illinois.edu

	Introduction
	Notation
	Normal form transform
	Appendix

