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Partial Differential Equations in Module of
Copolynomials over a Commutative Ring

S.L. Gefter and A.L. Piven’

Let K be an arbitrary commutative integral domain with identity We
study the copolynomials of n variables, i.e., K-linear mappings from the ring
of polynomials K|[z,...,x,] into K. We prove an existence and unique-
ness theorem for a linear differential equation of infinite order which can
be considered as an algebraic version of the classical Malgrange—Ehrenpreis
theorem for the existence of the fundamental solution of a linear differential
operator with constant coefficients. We find the fundamental solutions of
linear differential operators of infinite order and show that the unique solu-
tion of the corresponding inhomogeneous equation can be represented as a
convolution of the fundamental solution of this operator and the right-hand
side. We also prove the existence and uniqueness theorem of the Cauchy
problem for some linear differential equations in the module of formal power
series with copolynomial coefficients.
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1. Introduction

The Poisson formula

u(t,x) =

e4a2t T —1vy)d
2a\ﬁ Q(z —y)dy

for the solution of the Cauchy problem for the one-dimensional heat equation

ou(t,z)  ,0%u(t,x)
a9z

is very interesting. At first sight, this formula seems to be rather “transcen-
dental”. However, if the initial condition Q(x) is a polynomial of degree m with
integer coefficients and a € Z, then the considered Cauchy problem has the unique
polynomial solution with integer coefficients

[m/2]

u(t,x) = Z a%wtk.

k!
k=0
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The form of this solution shows that it is defined over the ring Z, i.e., to find
it we use only addition and multiplication (unlike the Poisson formula, where
the coefficient a? is in a denominator of an exponent of power). Thus, in some
sense the Poisson formula has an arithmetic origin. The analogue of the Poisson
formula in the case of the non-invertible operator coefficient a? and the convergent
power series Q(x) was considered in [9].

Now let K be an arbitrary commutative integral domain with identity. In
the present paper, we consider a purely algebraic version of the Poisson formula
(see Example 6.11) and other similar formulas in the case when the initial con-
dition @ is a copolynomial over K, that is, a K-linear functional on the ring
K[x1,...,z,] of polynomials of n variables. General properties of copolynomials
of n variables are considered in Section 2. Recently, the case n = 1 was partially
studied in [6,7,14]. In these papers, copolynomials were called formal generalized
functions (see also [8]). Notice that given properties of copolynomials connected
with the convolution are consequences of general constructions of the theory of
Hopf algebras (see, for example, [20,26]). In Section 3, differential operators of
infinite order on the module of copolynomials are studied. In Section 4, with
the help of the Laplace transform a connection between copolynomials and for-
mal power series is established (see Propositions 4.2, 4.5 and Theorem 4.3). The
main results of the present paper are contained in Sections 5 and 6. Theorem
5.1 and Corollary 5.2 can be considered as an algebraic version of the classical
Malgrange-Ehrenpreis theorem for the existence of the fundamental solution of a
linear differential operator with constant coefficients (see, for example, [16, The-
orem 7.3.10], [17, Section 10.2])). Moreover, in Theorem 5.1 and Corollary 5.4, it
was shown that the unique solution of the inhomogeneous equation Fu =T with
a linear differential operator F of infinite order can be represented as a convolu-
tion of the fundamental solution of this operator and the right-hand side T" from
the module of copolynomials. It should be noticed that unlike the classical theory
(see, for example, [17]), the solution of the inhomogeneous equation Fu = T', and
in particular its fundamental solution in the module of copolynomials are defined
uniquely. In Section 6, the concept of a fundamental solution of the Cauchy
problem for the equation %7; = Fu is introduced and studied. The main result of
this section is Theorem 6.9 which states that under the fulfillment of additional
restrictions on the ring K the Cauchy problem %1; = (Fu)(t,z), u(0,z) = Q(x)
with a copolynomial Q(z) has a unique solution and furthermore this solution is
a convolution of the fundamental solution of the Cauchy problem and the initial
condition. In Sections 5 and 6, we present meaningful examples which illustrate
the constructed theory.

Notice that differential operators of infinite order on various spaces were stud-
ied in numerous works (see, for example, [2,10, 11, 19,22-25]). In the classi-
cal scalar case, the series with respect to the derivatives of the d-function are
intensively studied because of their applications to differential and functional-
differential equations and the theory of orthogonal polynomials (see, for exam-
ple, [3,15]).



58 S.L. Gefter and A.L. Piven’

We are planning to continue our research, in particular, to introduce and
study a multiplication of copolynomials for the investigation of some nonlinear
partial differential equations in our further paper.

2. Preliminaries

Let K be an arbitrary commutative integral domain with identity and let
K[zy,...,zy] be a ring of polynomials with coefficients in K.

Definition 2.1. By a copolynomial over the ring K we mean a K-linear func-
tional defined on the ring K{z1,...,x,], i.e., a homomorphism from the module
Klxy,...,z,] into the ring K.

We denote the module of copolynomials over K by K|z1,..,2,]|". Thus, T €
Klz1,...,z,) if and only if T : K[x1,...,2,] — K and T has the property of
K-linearity: T'(ap+bq) = aT'(p) +bT'(q) for all p,q € K[z1,...,z,] and a,b € K.
If T e Klzy,..,2,) and p € K|x1,...,x,), then for the value of T on p we use
the notation (7', p). We also write a copolynomial T' € K|x1,...,z,] in the form
T(z), where © = (x1,...,x,) is regarded as the argument of polynomials p(x) €
Klzy,...,z,] subjected to the action of the K-linear mapping 7'. In this case,
the result of action of 7" upon p can be represented in the form (7(z), p(x)).

Let Ny be the set of nonnegative integers. For a multi-index a =
(a1, ..., 0p) € N§ we put [22, Chap. 1, §1-2]

olel n
D% = al = g Q;
Oz 0xy? - - Qg™ e : 7

7j=1

a_ a1 ,,02 (03 J—
x xtag? e, ol = arlog! ol

For multi-indexes o, 8 € Nfj, the relation o < 8 means that a; < §; for all j =
1,...,n. If « </, then we will use the notation (g) =11 (57'_).

J=1 \a;
Let p(z) = > 4 <pmtar® € Klzi,...,2p]. If h = (h1,...,hy), then the
polynomial p(x + h) € K[z1,...,%y|[h1, ..., hy] can be represented in the form

pl@+h)= D pala)h®,

lo|<m
where po(z) € K|x1,...,zy]. Since in the case of a ﬁeld with zero characteristic
palz) = 22 p( ) we also assume that, by definition, p(x) =pa(x), |a| <mis

true for any commutative ring K. For m < |a/, we assume that % =0.

We now introduce the notion of shift for a copolynomial [7,8]. For T €
Klz1,...,z,] and fixed h = (hq,...,h,) € K™, we define a copolynomial T'(x +
h) by the formula

(T(x+h),p)=(T,p(x —h)), peKlzx1,...,24].
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Definition 2.2. The partial derivative % of a copolynomial T €
J
Klzi,...,zy)" with respect to the variable z; (j = 1,...,n) is defined as in
the classical case by the formula
oT Op
— =—\T, = € Klzy,... . 2.1
<8xj7p> < 78:1:]) 9 p [wh 7x’rl] ( )

By using (2.1), we arrive at the following expression for the derivative D*T":
(DT, p) = (-1)N(T, D*p), p€ Kla1,...,zn).
Therefore,
(DT, p) =0, where p € K[z1,...,z,] and |a] > degp.

By virtue of the equality

(U“T,p> _ (1)l <T, D:!p> . peKlny,...wl, (2.2)

a!

DT
al

the copolynomials are well-defined for any T € K|z1,...,z,) and a € Nj.

Example 2.3. The copolynomial é-function is given by the formula
(6,p) =p(0), pe€ Kl[z1,...,zy).
Therefore,
(D8, p) = (—1)I(5, D?p) = (~1)*! D°p(0), @ € Nj.

Example 2.4. Let K = R and let f : R® — R be a Lebesgue-integrable
function such that

/Rn 2% f(z)|da < +o0, o€ Nj. (2.3)

Then f generates the regular copolynomial T:

Ty = [ p@)f@de. peRlon,....z)

In this case, unlike the classical theory, all copolynomials are regular [3, Theorem
7.3.4], although a nonzero function f can generate the zero copolynomial (see |7,
Example 2.2] and [8, Remark 1]). Moreover, if f € C'(R") and the conditions
(2.3) are satisfied for 57}; (j =1,...,n), then it can be shown that

oT 0 .
(ax;‘c,p> = /np(x)(%v];dac, peER[xy,...,zn], j=1,...,n.

Remark 2.5. The notion of a copolynomial differs from that of a formal distri-
bution used in the theory of vertex operator algebras (see [4,18]), although there
are some natural connections between these notions.
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We now consider the problem of convergence in the space K[ry,...,z,]".
In the ring K, we consider the discrete topology. Further, in the module of
copolynomials K|x1, ..., x,], we consider the topology of pointwise convergence.
It is easy to show that the last topology is generated by the following metric:

d(Tl,TQ) = Z dO((Tl,l';)a,l(Tg,xa))’
|a|=0

where dy is the discrete metric on K. The convergence of a sequence {T}}7°
to T in K|[z1,...,2,] means that for every polynomial p € K|z1,...,z,] there
exists a number ky € N such that

(Ty,p) = (T,p), k=koko+1,ko+2,...

The series )~ T} converges in K[z1,...,z,] if a sequence of its partial sums
fozo Ty converges in K[xy,...,x,].
The following lemma shows the possibility of the decomposition of an arbi-

trary copolynomial in series about the system %, a € Nj.

Lemma 2.6. Let T € K[x1,...,z,]). Then

> Do§
_ 1\ «
T = | E_O( D)NT, %) o

Proof. For any multi-index 8 € Njj, we have

= D% DP§

> (elma) (200 ) = (0w (5 7) = (). O
a! !

|a|=0

Definition 2.7. If p € K[z1,...,2,) and T € K|z1,...,z,] is a copolyno-
mial, then their convolution T * p is defined naturally as follows:
Dp(z)

a!

i

(T *p)(2) = (T(y),plz —y) = D (=)*(T,y)

la|<m

where m = degp. Thus T * p is a polynomial with coefficients in K, i.e., T xp €
Klzy,...,zp].

Remark 2.8. By Definition 2.7, we have § * p = p.

Definition 2.9. The tensor product Ty @ Ty € K[x1,...,Zn,Y1,---,Ym) of
copolynomials Ty € Klx1,...,x,) and T € Klyi,...,ym| is defined by the
equality

(T1®T2,xo‘y5) = (Tl,xo‘)(Tg,yﬂ), OJGNg, 5€N6n

Further, with the help of K-linearity, the result of the action (77 ® T5,p) of the
copolynomial 71 ® T4 to an arbitrary polynomial p € K[x1,...,Zn, Y1, ., Ym] IS
defined.
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Definition 2.10. Let 71,75 € K[x1,...,x,]). We remind the definition of
their convolution (see [20] and [26, Section 2.1]). If p € K|x1,...,x,] and p(z +

D
y) = Z|a‘§m 5(m) Z/a, then

Dp(x)
al

(T + Torp) = (T @ Toplz + ) = 3 (T1<x>,

) @), @)
la|<m
Notice that Th x Ty € K|x1,...,x,).

The following assertion establishes the commutativity and associativity for
the convolution of copolynomials.

Proposition 2.11. Let T1,T5,T5 € K|x1,...,z,]. Then

1H>k15 ::757k11,
(QH *1})>k1% ::ja *(7&>k7§)

Example 2.12. Let T € K|z1,...,2,). We find the convolution § * T'. For
p € K[z1,...,x,], degp = m, we obtain

67 = ¥ (325 @ = ¥ (2 0 = @),

laj<m

|| <m
Hence § « T =T.

Corollary 2.13. The module K|[z1,...,x,]|" under the convolution operation
18 an associative commutative algebra with identity over the ring K.

The following theorem establishes the property of continuity for the convolu-
tion.

Theorem 2.14. Let T € K(xy,...,2,), k € N and Ty, — 0, k — oo in
the topology of Klx1,...,x,). Then Ty, xS — 0, k — oo in the topology of
Klxy,...,z,] for every copolynomial S € K|[x1,...,xz,]".

Proof. Indeed, by (2.4), for every polynomial p € K[x1,...,xz,] of degree m,
we have

Dp(x)

(T 5.0 = 3 (Gl (00)

la<m

>—>0, k — oo. ]

Corollary 2.15. Assume that T, € Klxi,...,z,), k € N, and the series
> opey Ty, converges in the topology of Klx1,...,x,). Then, for every copolyno-
mial S € K[z1,...,x,), the series Y oo (T * S) converges in the same topology

and
25:(11:*‘9):: (2{:’Tk> xS,
k=1 k=1
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3. Linear differential operators of infinite order on the module
of copolynomials

We now consider the linear differential operator of infinite order on

Klzy,...,z,]"
[e¢]
F = Z aq D,
|or|=0
where a, € K. This operator acts upon a copolynomial T' € K{z1,...,2,]|" by

the following rule: if p € K|z1,...,zy,] and m = degp, then

(]:T,p) = Z aoaDT,p | = Z (_l)lalaa(Ta Dap) = Z aa(DaT,p).

|oe|=0 || <m lal<m
Thus, the differential operator F : Klz1,...,2,) — Kl[z1,...,2,]" is well-
defined and for any polynomial p of degree at most m the equality
(FT,p) = > ao(D"T,p) (3.1)
la|<m
is true.
Lemma 3.1. The differential operator F : K[x1,...,x,] = Klx1,...,2,] is

a continuous K-linear mapping.

Proof. Assume that a sequence of copolynomials {7}}72, converges to 7" in
K|x1,...,z,)". Then there exists kg = ko(p) € N such that the equality (Tk,p) =
(T,p) is true for all &k > ko(p). Let m = degp and s(p) = max{ko(D) : |a| <
m}. Then, by using (3.1), we obtain

(FTip) = | Y. aaDTe,p| = > aa(—1)*(Tr, D*p)

la|<m |a|<m

= Y aa(-D)™T, D) = | > auDT,p | = (FT,p), k> s(p),

la|<m || <m
i.e., the sequence {FT}}2° , converges to FT. The lemma is proved. O

The following assertion shows that the convolution operation and the differen-
tial operator of infinite order commute. We also show that every such differential
operator is a convolution operator.

Theorem 3.2. Let Ty, Ty € K[r1,...,z,] and let F = Z|o2|=0 anD* be a
differential operator of infinite order on Klx1,...,x,)" with coefficients a, € K.
Then

.F(Tl * T2) = (]:Tl) *x Th.

Therefore F(T) = F(§) * T for all T € K|z1,...,z,]".
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Proof. Let p € K[x1,...,xy], m = degp and let § € Njj be an arbitrary
multi-index. By the definition of the convolution,

(DX(T1 % T3),p) = (=1)I(Ty T, D7p) = (-1)71 - (Tl, z C:!ﬂp ) (T2,9")

laj<m

=y <D5T1,12;p> (T3,9%) = ((D°T1) + Tz, p).

Therefore,
DP(Ty + Ty) = (DPTy) « Tn. (3.2)

By (3.1), for every T' € Kx1,...,zy]', the series 375 _ agDPT converges in the
topology of K[x1,...,x,]. Therefore, by Corollary 2.15 and equality (3.2),

(F(Ty+To)) = > agD’(TyxTy) = Y ag((D°Th) * Ty) = (FT1) * Ty. (3.3)
|B]=0 |8|=0

Now, substituting 71 = J, 75 = T into (3.3), we get F(T) = F(§) * T. The
theorem is proved. O

4. The Laplace transform in the module of copolynomials

Let z = (z1,...,2,) and let K Hzl, ey Zn, %, e i” be the module of for-
mal Laurent series with coefficients in K. For the multi-index o = (a1,...,a,) €
Z", we put 2% = z"z5%---20n. For g € K[[zl,u-,zn,%w-wiﬂa 9(z) =

Y aczn 9az®, we naturally define the formal residue

Res(g(z)) = 9(-1,..,—1)-
Now we define a Laplace transform of a copolynomial T' € K|z1,...,x,)".

Definition 4.1. Let T € Klz1,...,2,). Assume that the ring K contains
the field of rational numbers Q. Consider the following formal power series from
Kl[z1,. .., 2]

(T, z%)
al

2%,

LT)(z)=T(z) = )
|a|=0

A power series f(z) will be called the Laplace transform of the copolynomial T'.

We can write informally as follows: T(z) = (T ,e<””>). It is obvious that
the mapping L : Klz1,...,2,] — Kl[z1,...,2,]], L(T) = T is a continu-
ous isomorphism of K-modules if we consider the standard Krull topology on
K{[[z1,...,2n]] [12, Section 1, §3, Section 4], i.e., the topology of coefficient-wise
stabilization.
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Proposition 4.2 (The inversion formula or the Parseval identity). Let K D
Q T e Klzr,...,zp) and p(x) = 3|4 j<m Cat® € K[z1,...,20]. Then

(T(x),p(x)) = Res(T(2)p(2)),

where p(z) = Z|a‘<m ?D'fﬁ is the Laplace transform of the polynomial p(x).

Proof. It is sufﬁ(nent to consider the case p(x) = 2 for some multi-index 3 €
Ni. We have p(z) = B —. Therefore,

@
_|| : al 2B+t
o=

and Res(T(2)p(z)) = (T, 2). O

The following theorem asserts that the Laplace transform sends the convolu-
tion of copolynomials to the product of their Laplace transforms.

Theorem 4.3. Let Ty, Ty € K[x1,...,x,]|". Assume that the ring K contains
the field of rational numbers Q. Then

P

(Ty + T2)(2) = Th(2)Ta(2).

Proof. Since for any o € Njj,

DP e
(Tyx To,2*) = > (Tu(a), (Ta(y), v")
IBSQI( A )
=5 (1 (§)o ) ),
BLa
we have
) = 3 L)
120 a!
=>. > <T1(fr)a (Oa)xaﬁ> (Ta(y), y”)="
|or|=0 B<x )
=B B ~ -
55 (e ) (o ) <A
The theorem is proved. O

Example 4.4. Suppose that n = 1, K is an arbitrary commutative integral
domain, a € K, and

(Earp) =Y aFp™(0),
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where p € K[z], m = degp. Then &, € K[z]' and
Ea= (—1)7a/sV).

If K =R and a > 0, then

(Earp) = / " p(@) fale) da
where

1 _z
fa(x):{ae ez

0, x < 0.

(see Example 4 in [8]). Let K be again a commutative integral domain such that
K > Q. If a,b € K, then &,(z) = P oalz and (a — b)Eq(2)E(2 )—aé'( ) —

bE,(2). With the help of Theorem 4.3 we obtain L((a — b)(E, * &)) = aEa — b&

and
(a —b)(&E * &) = a&y — bEp. (4.1)

Now the convolution equation (4.1) can be checked for an arbitrary commutative
integral domain K (see also Example 1.1 in [5], where the similar equation for
formal Laurent series was considered). Indeed, by Theorem 3.2 and Corollary
2.15, we obtain

(a—b)(Eax&) =(a—b) | > (-1)als? (Z )
j=0 k=0

Z( 1)7 5 a7 bk (50) 5 §(R))

k=0

Z(_l)j+kajbk5(j+k)

k=0

00 0o l . .
Z( D'/t 760 = (a — b) Z lZajbl_](s(l)
j 1=0 j=0

Hatt — o180 = ag, — bE,.

|
NE
T

=0

We established a connection between Laplace transform of the copolyno-
mial FT = 30 _ao DT, where T € Klz1,...,2,], and the symbol ¢(2) =
Zraﬂ,o aq2® of the differential operator F.

Proposition 4.5. Let K D Q and let F = Z| 0 @aa DY be a linear differen-

tial operator of infinite order on Klxy,..., x| wzth coeﬂiczents ao € K. Then,
for every T € K[x1,...,x,], the equalz’ty
FT(z) = p(=2)T(2) (4.2)

holds.
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Proof. By the definition of a Laplace transform, for any multi-index o € N,
we have

— s DT, B ol (T, B
DT (z) = wz (6!)26 = ﬁZ(_l) |((ﬁ—oc)!)Z6
=0 >a

[e.e]
T ﬁ ~
Z 2 = (=2)°T(2).
Multiplying this equality by a, and summing all o € Njj, we obtain (4.2). O

5. Fundamental solution of a linear differential operator of in-
finite order

Let T € Klz1,...,2,) be a copolynomial and let F = Emzo aa D% be a
linear differential operator of infinite order on Klz1,...,x,])" with coefficients
aq € K. Consider the following differential equation:

Fu="T. (5.1)

We prove an existence and uniqueness theorem for equation (5.1) and continuous
dependence for the unique solution of this equation on 7. By I, denote the
identity mapping of K|[z1,...,z,]".

Theorem 5.1. Let ag be an invertible element of the ring K. Then the linear
differential operator F of infinite order is bijective and its inverse operator F !
18 a continuous mapping. Moreover,

o0

Fl=qy! Z( — ag SLF)E (5.2)
k=0

where the series in the right-hand side of (5.2) converges in the topology of

Klx1,...,z,)". In particular, for any copolynomial T € Klx1,...,x,), there ex-
ists a unique solution u € Klx1,...,x,] of equation (5.1). This solution admits
representations

u=F NT)=F 16T
and continuously depends on T in the topology of K|x1,...,xy] .

Proof. We have the following representation of the operator F:

Z 99| (5.3)

where G; (j = 1,...,n) are some linear differential operators. For every k € N,

we have i

k! o an
203}] :ZaDagllgn '

|a|=E
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Now, for every copolynomial T' € K|z1,...,z,) and polynomial p € K|[z1, ..., 2]
of degree m, we have

k
> Zai -y M pegr g
k=0 j=1 k=0 |a|=k
_ Z (‘04| Dag ) -Qﬁ”T,p) _ Z (_1)|o¢\ <|04| gal. GO, Dap> )
|a|=0 la|<m

Therefore the series > 72 (Z =1 8z, QJ> T converges for any copolynomial T' €

K|z1,...,z,]", the operator I — ijl axvgj is bijective and its inverse operator
J

has the form
-1 k

Yla] -2 (¥le
= 81/‘]' =0 = 8:Ej
Now (5.3) implies the bijectivity of the operator F and

k
oo

- —aolz Z gj —aolz —ag'F (5.4)

Jj=

Thus the representation (5.2) is true for the inverse operator F~!. Hence, the
differential equation (5.1) has a unique solution u € Klz1,...,2,] and, more-
over, u = F'T. By equality (5.4) and Corollary 2.15, we obtain the following
representation for this solution:

k k
uw=F —aolz Za —aolz Z Gi| (0xT)
k

3 (o] n a 3
k=0

j=1

(see also Example 2.12).
The continuity of the operator 7! follows from the continuity of the convo-
lution (see Theorem 2.14). The theorem is proved. O

Corollary 5.2. Let ag be an invertible element of the ring K. Then the
differential equation Fu = 0 has the unique solution

E=F14 (5.5)

Definition 5.3. The copolynomial defined by (5.5) is called the fundamental
solution of the linear differential operator F.
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Theorem 5.1 implies the following assertion.

Corollary 5.4. Let ag be an invertible element of the ring K. Then the
unique solution of equation (5.1) is the convolution of the fundamental solution
& and the copolynomial T: uw=ExT.

Remark 5.5. In all previous results ag was supposed to be an invertible element
of the ring K. It should be noticed that this condition is necessary for the
existence of the fundamental solution of the differential operator F. Indeed, if
£ is the fundamental solution of this operator, then applying the left- and right-
hand sides of equation FE = ¢ to 1, we get that ag(E,1) = 1, i.e., ap is an
invertible element of the ring K.

Remark 5.6. Let ag be an invertible element of K. Then the differential

operator F : Klzy,...,z,] — K[x1,...,x,] is bijective and for any polynomial
p € K[x1,...,z,] the differential equation

Fu=p
has a unique solution u € K|[x1,...,x,], moreover, degu < degp. Furthermore,

this solution is a convolution of the fundamental solution £ of the differential
operator F and the polynomial p: w = &£ *x p. The proof of this assertion is
similar to that of Theorem 5.1.

Example 5.7. Let n =1 and a € K. Consider the linear differential operator
F = a% + I on K[z]'. By Corollary 5.2, the operator F has the fundamental
solution

d\ ! >0
—rls— |71 el _ 1V i)
E,=F 18 (—l—adx) §=> (~1)a?s1,

ie., a% + &, = 0 (see Example 4.4). If K = R and a > 0, then we obtain
that the fundamental solution &, regarded as a regular copolynomial coincides
with the classical fundamental solution é 6(z)e~/% of the differential operator
F, where 6(z) is the Heaviside function (see also Examples 4 and 5 in [8]).

Example 5.8. The linear differential operator of infinite order F =
k
Py (Z?Zl %) has the inverse operator I — > ", 9 Therefore £ = § —

Z?Zl aaTi is the fundamental solution of the operator F. By Theorem 5.1, for

every copolynomial T' € K|x1,...,x,], the differential equation of infinite order
oo n k
0
>\ X g ] v=T
k=0 \j=1 i

has a unique solution u = F 1T =T — > i1 %.
J
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Example 5.9. Let ¢ be an invertible element of the ring K. In the module
K[z, z9,23]', we consider the Helmholtz equation

ANE +c€ =0, (5.6)

where A = 86—22 + 8—22 + 8—22 is the Laplace operator. By Theorem 5.1, equation
] Oxs Ox3

(5.6) has the unique solution (see (5.2)):
E=(cI+0)10=>) (- F1aks (5.7)
k=0

For any 8 = (81, 82, 33) € N3 and k € Ny, we have

k!
NFgP = Z JDzaxﬂ, i xflx’gbx?.
jal=k
Therefore,
la|!(2a)! 3

=2
(Ala‘(s, ZL‘B) = (5’ A‘O‘lwﬂ) _ ol ) a,
0, B # 2a.

Substituting this expression into (5.7), we obtain

al la'(2a)! .
(£,2°%) = (~1)lelohEE 5 =20,
0, B8 # 2a.

This formula gives the fundamental solution of the Helmholtz operator A+c¢l. In
the case K’ = R and ¢ > 0, this solution is connected with classical fundamental
solutions —ﬁeil‘ﬁlzl, (|Jz| = /2% + 2% + 23) of the Helmholtz operator by the
equalities

(E,xﬁ) = lim e bl <—COS(\E|$|)> 2P dx, BeN3, (5.8)

b—+0 JR3 4r|x|

where the integral in the right-hand side of (5.8) is calculated with the help of
converting it to the spherical coordinates.

Example 5.10. Let a,c € K and let ¢ be an invertible element of the ring K.
We find the fundamental solution of the linear differential operator F = % —

ag—; + cI. We have
92 0
— T — -1~ 1Y )
F c( (ac 92 c 8t>)

Taking into account (5.2) and (5.5), we obtain the following expression for the
fundamental solution of the operator F:

00 k
5:f—15:§jc—’f—1 a‘i—g 5
prt ox?2 Ot
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> o*h=is
— k
D

k=0
This implies that for every s,l € Ny,

23)!(1+5s)! l—g—
oty _ (B,
0, m=2s+ 1.

This result can also be obtained with the help of the Laplace transform.
Assume that the ring K contains the field of rational numbers Q. We apply the
Laplace transform to both sides of the equation

9 _ o€
ot~ “ou?

By Proposition 4.5, we obtain

+ € = 6(t,x).

(¢ —az} — 21)&(z1, 22) = 1.

Since ¢ is an invertible element of the ring K, the polynomial ¢ — az3 — z; is an
invertible element of the ring K[[21, 22]]. Then

1 > Lk

& —k—1 k—j i 2k—2j

5(2’1,2’2):72:26 Z a2
c—az— 2z ;

Let p(t,z) = 2™t!. Then p(z1,22) = ﬂﬁ and
1 2

o0

Elers2a)lzn,20) = 3 e 12( R e

k=0
Thus, by Proposition 4.2, we obtain
~ @)Us)! s —l—s=1 ) _ 9g
(E(t,x),p(t,x)) = Res(E(21, 22)p(21, 22)) = st ' ’
0, m = 2s + 1.

Now, let K =R, a > 0 and ¢ > 0. Notice that

2
VArat 0, m =2s+ 1.

Thus, in the space R[t, x]’, the fundamental solution of the differential operator

. . . . o(t)e—ct _ 2%
F, regarded as a regular copolynomial, coincides with the function %e 4at

Example 5.11. We find the fundamental solution of the differential operator
2
F = % + 6% — % — I. By Definition 5.3, it is a solution of the differential
equation
0% o 0E

000t Tor o £
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Then the sequence Cy = (&, 2°t') (I, s € Np) is a solution of the following problem
for the difference equation:

Csl = Slcs—l,l—l - SCS—I,I + le,l—lv 57l € N7
Cso = (—1)%T1s!, Co = —1!, s,1 € Ny.

This problem has the unique solution
Cq=(=1)ls!, 51=0,1,2,...

We notice that
00 0
—/ dt/ e~y de = (—1)* s
0 —00

Therefore, in the space R[t,z]’, the fundamental solution of the differential
operator F, regarded as a regular copolynomial, coincides with the function

—0(t)0(—x)e* L.

Example 5.12. We find the fundamental solution of the transport operator
F= % +> 0, S’ia%i + I, where s; € K. Taking into account (5.2) and (5.5), we
obtain the expression for the fundamental solution of the differential operator F:

k=0 =
S k ; n k—j
= —1)k k ﬁ ( S; 0 ) o(t,x
> >]Z_(j)(j) 5 (D) o
[eS) k ;
:Z(—l)kz<;€>$ Z @saDo‘é(t,x), s=(s1,...,5n)

Then, for every | € Ny and 8 € Njj, we have

R "k all alei 0
(&, tla?) :kZ(—UkZ <3> > |a's (1) |+J@D (tl@ﬁ)t

=0 =0 laj=k—7 z

Il
iL

= s7(18] + ).

Now, let K = R. Notice that

oo
/ et (5(x —ts), 2Py dt = sP(|B| +1)!, 1€Ny, SN, seR
0

Thus a connection between the fundamental solution of the transport oper-
ator and the classical fundamental solution 6(t)e~'§(x — ts) of this operator is
established:

(&, t'2P) :/ e_ttl(é(:v — ts),x’B) dt, leNy,peNg.
0
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Example 5.13. Now we consider the m-th order ordinary linear differential
equation in the module K[z]" of copolynomials of one variable

dju
Zaj =T (5.9)

where a; € K,j =0,...,m, agp # 0, ap, # 0, and T,u € K|[z]" are known and
unknown copolynomials of one variable. This equation is a particular case of
equation (5.1) with the differential operator F = > ", aj%. Assume that ag is
an invertible element of the ring K. Then, by Theorem 5.1, equation (5.9) has a
unique solution. This solution has the form

o0

u—aolz —ay'F (5.10)
Now, for every k € Ny, we have
k 1 g
dt [ & -
1 k -1
(I —ag f) = (1) dr (Zao ajdl‘j_l

JHEI G-
S SN

Substituting this expression into (5.10), we obtain the following representation
for the unique solution of equation (5.9):

-3 ot S

k=0 7| =k

(see [13, Section 4], where a similar formula was obtained in another situation).
In particular, the first-order equation a1u'(z) + apu(z) = T'(x) has the unique

solution
o0

u(z) =Y (~1)*ag*aiT® (2),

k=0

and the second-order equation asu”(x) + a1u/(z) + apu(x) = T'(x) has the unique
solution

<k>

J

k+j<k+]) —j—k—1 k ]T(k+2j)( )
J

—k 1 k —j ]T(k—l—])( )

M»

u(x) =

M 11
I\

<
Il

o

Bl
Il
<.

—k—1, k J JT(k+J)( )

v
Mg Mg

I
o
=
Il
o
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oo [[s/2]

=2 Z ( fj)a%‘ﬁ‘lai‘%é T (x)
J
(see Formula (4.10) in [7]).

6. Fundamental solution of the Cauchy problem for a linear
differential equation in the module of copolynomials

6.1. Formal power series over the module of copolynomials. The
module of formal power series of the form u(t, x) = >3, ug(z)t* with coefficients
ug(x) € K[x1,...,z,] will be denoted by K|z1,...,z,]'[[t]].

The partial derivative with respect to ¢ of the series u(t,x) € K[z, ..., zy]'[[t]]
is defined by the formula

Z kuk tk 1

The partial derivatives D¢ with respect to variables z1,...,x, of the series
u(t,z) € Kx1,...,x,) [[t]] are defined as follows:
oo
x) = Z(Dau
k=0
The action of the K-linear operator A : K[x1,...,z,] = K[z1,...,2,]|" on a for-
mal power series u(t, z) = > oo o up(2)th € K[z1,...,z,)'[[t] is defined coefficient-
wisely:
o0
(Au)(t, ) =Y (Aug)(2)t".
k=0
It is obvious that if A is an invertible K-linear operator on the module
Kl[z1,...,z,], then its extension on the module K|z1,...,z,]'[[t]] is also in-
vertible.
We denote by (u(t,z),p(z)) the action of u(t, z) € K[x1,...,z,]'[[t]] on p(z) €
Klzy,...,zy], which is defined coefficient-wisely:
o0
(ult,2),p()) = 3wk x), p@)EE.
k=0

Thus, (u(t,x),p(x)) € KI[t]].

Definition 6.1. Let u(t,z) = >3 juk(z)t* € K[z1,...,2z,)'[[t]]. The convo-
lution of a copolynomial T' € K|x1,...,x,]) and a formal power series u(t,x) is
also defined coefficient-wisely:

o0
(T % u)(t ZT*Uk
k=0

Thus, (T xu)(t,z) € K[x1,...,z,]/[[t]]-
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6.2. The Cauchy problem for a linear partial differential equation in
the module of copolynomials. Let F = Zmzo aqD* be a linear differential

equation of infinite order on K|x1,...,x,] with coefficients a, € K. In the
module K[z1,...,zy,]'[[t], we consider the Cauchy problem
ou(t
ugt’x) = (Fu)(t,2), (6.1)
uw(0,7) = Q(z) € K[z1,...,7,]. (6.2)

The following example shows that if ag is invertible, then this Cauchy problem
may have no solutions.

Example 6.2. Let K =Z, F = I and Q(z) = §(z). Then the Cauchy problem
(6.1), (6.2) is written in the form

Oou(t,z)
e u(t, x), (6.3)

u(0,z) = d(x). (6.4)

Any solution of this problem can be represented in the form of a formal power se-
ries u(t,z) = 5o ug(2)t* with coefficients uy(z) € Z[z1,...,x,). Substituting
this representation into (6.3), (6.4), we get

up(x) =60(x), (k4 Dugsr(z) =up(zx), k=0,1,2,...
This implies 2(ug, 1) = 1, which contradicts the condition (ug, 1) € Z.

The following theorem shows that in the case ayp = 0 the Cauchy problem
(6.1), (6.2) has a unique solution.

Theorem 6.3. Let ag = 0 and let the ring K be of characteristic 0. Then,
for any copolynomial Q € K|x1,...,x,), the formal power series

u(tr) =Y (fg!)()tk (6.5)

k=0

is well-defined and it is a unique solution of the Cauchy problem (6.1), (6.2).
Furthermore, for every t € K, the series (6.5) converges in the topology of the
module K[x1, ..., x|

Proof. First, we show that K|x1,...,z,] is a torsion-free Z-module (see the
definition in [1, Section VII, §2]). Suppose that an element T € Klz1,...,z,)
satisfies the equality k7" = 0 for some natural k. Then (kT,p) = k(T,p) =
0 for every polynomial p € KJz1,...,x,]. Since the integral domain K is of
characteristic 0, we have (T,p) =0, i.e., T' = 0.

Further, we prove that the formal power series (6.5) is well-defined and it is a
unique solution of the Cauchy problem (6.1), (6.2). Since ag = 0, we obtain the
following representation for the operator F:

"0
=2 55,9
7j=1
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where G; (j =1,...,n) are some differential operators.Therefore,

Dagoq‘”gan

k 1 n

F _k!§| :T’ k € N.
al=k

Since copolynomials w are well-defined (see (2.2)), the element F*Q in
the module K|x1,...,x,) is divided by k!. In its turn, the module K[z, ..., x,]
is a torsion-free Z-module and we get

FkQ DG ---GanQ
= Z : | ’

i k e N. (6.6)

la|=k

By Theorem 2.3 [6], the series (6.5) is well-defined, the Cauchy problem (6.1),
(6.2) has a unique solution and this solution has the form (6.5). Now we show
that for any t € K the series (6.5) converges in K|[z1,...,x,). We consider
the partial sums uy(t,z) = Eszo %tk of this series and show that they
are stabilized on every polynomial. By equalities (2.2) and (6.6), for any p €

Klzy,...,z,] we have

(un(t, ), p(x))

(]

(Doagill .. gganp) tk

|
(o2
la|=k

M IM: IM= 1M

Da
el (greopQ. 20 ) o

|
ok ol
Da
=30 Y e (g g, )
|a|=k ’
k
-5 (B2 pw) e vzm
k=0 '
where m = degp. The theorem is proved. ]

Remark 6.4. The condition that K has the characteristic 0 is essential for a
uniqueness of the solution of the Cauchy problem (6.1), (6.2) even for ap = 0. In-
deed, let K = 7Z/27. This is a field of characteristic 2. Then the Cauchy problem
(6.1), (6.2) for Q(x) = 0 has a solution u(t,z) = > 5o, ug(z)tk, where ug(z) =
ui(z) = 0, ugx(z) is an arbitrary element of K[xy,...,x,] and wugpii(x) =
(Fugr)(x) for any k € N. Therefore the considered Cauchy problem has non-
trivial solutions.

Example 6.2 shows that the Cauchy problem (6.1), (6.2) may have no solutions
when ag # 0. The following theorem shows that under an additional restriction
on the ring K there exists a solution of this problem even when ag # 0.
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Theorem 6.5. The following conditions are equivalent:

1. For any linear differential operator F = Efaﬂzo ao DY of infinite order with
coefficients a, € K and for any copolynomial Q € K|x1,...,x,] there exists
a solution of the Cauchy problem (6.1), (6.2).

2. The ring K contains the field of rational numbers.

Furthermore, a solution of this Cauchy problem is unique and it has the

form (6.5).

Proof. 2=1. Since the ring K contains the field of rational numbers, this
ring is of characteristic 0 and % € K for any k € N. Arguing as in the proof
of Theorem 6.3, we obtain that the module Klx1,...,x,] is also a torsion-free
Z-module and the element F*¥Q is divided by k! in the module K[z1,...,z,]’
for any k € N. By Theorem 2.3 [6], the series (6.5) is well-defined, the Cauchy
problem (6.1), (6.2) has a unique solution and this solution has the form (6.5).

1=2. Suppose that for any copolynomial @ € K][xi,...,z,]" and for any
differential operator F = Em:o aqo D of infinite order with coefficients a, € K
there exists a solution u(t, z) = >3 uk(z)t* of the Cauchy problem (6.1), (6.2).
We put ap = 1 and Q(z) = §(x). Then coefficients ug(x) of the corresponding
solution wu(t, x) satisfy the equalities

up(x) =0(x), (k+ Duggr(z) = (Fug)(z), k=0,1,2,...

Therefore, (k + 1)(ug+1,1) = (ug, 1) and (k + )N (ugr1,1) = kl(ug, 1) = 1 for
any k € Ng. This implies that elements k! € N, regarded as elements of K,
are invertible. Therefore % € K, k € N. Then K contains the field of rational
numbers. O

Theorems 6.3 and 6.5 lead to the following assertion.

Corollary 6.6. Assume that one of the following two conditions is satisfied:

1. The ring K is of characteristic 0 and ag = 0.
2. The ring K contains the field of rational numbers.

Then the Cauchy problem

oul(t
W) _ (Futa), u(0,x) = a(z),
has a unique solution in the module K|x1,...,x,]'[[t]]. This solution has the form
Eo(t,r) = (fk')(x)t’“. (6.7)
k=0 '

Definition 6.7. The formal power series E¢(t, z) € K|x1,...,x,) [[t]] defined
in (6.7) is called the fundamental solution of the Cauchy problem (6.1), (6.2).

Arguing as in the proof of Theorem 6.5, we obtain the following criterion of
the existence of a fundamental solution of the Cauchy problem (6.1), (6.2) for
any differential operator F = Z|00<5|:0 aqoD® of infinite order.
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Theorem 6.8. The following conditions are equivalent:

1. There exists a fundamental solution of the Cauchy problem (6.1), (6.2) for any
linear differential operator F = Z|Oc<3|:0 ao D™ of infinite order with coefficients
aq € K.

2. The ring K contains the field of rational numbers.

Moreover, a fundamental solution of this Cauchy problem is unique and it has
the form (6.7).

The following assertion shows that, under the assumptions of Corollary 6.6,
the unique solution of the Cauchy problem (6.1), (6.2) is represented as the
convolution of the fundamental solution E¢(t, x) and the copolynomial Q.

Theorem 6.9. Let the assumptions of Corollary 6.6 hold. Then a unique
solution of the Cauchy problem (6.1), (6.2) can be represented in the form

u(t,x) = Ec(t,x) * Q.

Proof. Indeed, a unique solution of the Cauchy problem (6.1), (6.2) is defined
by (6.5). On the other hand, in view of Definition 6.1 and Theorem 3.2, we have

Ec(t,x)*Q = Z (ff;)‘th = Z 'F((]i'Q)t Fk'th = u(t, x)
k=0 ’ k=0 ’ k=0

(see also Example 2.12). O

Corollary 6.10. Let the assumptions of Theorem 6.3 hold. Then, for every
fized t € K, the sum of the series (6.5) continuously depends on Q) in the topology
of the module K|x1,...,x,] .

Proof. Indeed, for every t € K, the fundamental solution E-(t, x) is a copoly-
nomial and by Theorem 6.9 the sum of the series (6.5) can be represented as a
convolution of copolynomials Ec(t,z) and Q(x). Now the assertion of the corol-

lary follows from Theorem 2.14. O
Example 6.11. Let the ring K be of characteristic 0 and let @ € K. In the
module K[x1,...,x,]'[[t], we consider the heat equation
du(t -
ug)t’ 2) = aAu(t, ) = z:: (6.8)

which is a particular case of equation (6.1) with the differential operator F =
a/\. The assumptions of Theorems 6.3, 6.9 and Corollary 6.6 are satisfied. By
Theorem 6.3, for any Q € K[z1,...,z,], the Cauchy problem (6.8), (6.2) has a
unique solution and this solution has the form (see (6.5)):

u(t,z) = i akLthk. (6.9)

k!
k=0
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By Corollary 6.6, the fundamental solution of this Cauchy problem exists and
has the form

ia’fA Ok (6.10)

k=0
As in Example 5.9, for any multi-index 8 € N} and k£ € N, we obtain

k! ol
|a|=k

plls g\ _ (5 sela? _ [EE g =2a,
ot ! 0, B # 2a.

Substituting this expression into (6.10), we obtain the following representation
for the fundamental solution of the Cauchy problem (6.8), (6.2):

Akxﬁ Z Dan’B

Therefore,

Bl (at)lel, g = 2a,
0, B # 2a.

Now, let K = R and a > 0. We show that in the space R[z1,...,z,] for
every t > 0 the sum of the series (6.10), regarded as a regular copolynomial, has

the form .
= L AFS 1
k k 2
g a th = e 4at, x g ac .
k! (VAdmrat)" 21" =

k=0

(Ec(t,z),a”) = { (6.11)

For this purpose, we first note that

bt L =
Yo, k=24 1.

Varat

Now, taking into account (6.11), we obtain

20)!

(‘3) (at)|04\’ B =20 = 71 / 2Pe ‘4(1‘3 dx.

0, B #2a  (Vdmat)® Jre

Example 6.12. Assume that the ring K contains the field of rational numbers,

a € K and Q(z) € K[z1,...,z,]. In the module K[z1,...,x,]'[[t]], we consider
the Cauchy problem for the inhomogeneous heat equation

(Sc(t, .’L’), xﬂ) = {

vt
M2) oot ) + Q) (6.12)
v(0,2) = 0. (6.13)
It is easy to see that if v(t,x) € Klx1,...,2,)'[[t]] is a solution of the Cauchy
problem (6.12), (6.13), then the formal power series
t
u(t, ) = 222) (6.14)

ot
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is a solution of the Cauchy problem (6.8), (6.2). The unique solution of the
Cauchy problem (6.8), (6.2) has the form (6.9) (see Example 6.11). From (6.9),
(6.14) and (6.13), we uniquely restore the formal power series v(t,x),

= k= % L k+1 .
v(t, z) kZ:Oa ST (6.15)
Since b )
Q D%Q /
M_;ka!(kmem‘“““’xn]a k€N,

this series is well-defined. Substituting (6.15) into (6.12) and (6.13), we see that
the series v(t, x) is a solution of the Cauchy problem (6.12), (6.13). The unique-
ness of a solution of the Cauchy problem (6.12), (6.13) follows from Theorem 6.5.

Example 6.13. Assume that K is of characteristic 0 and s1,...,s, € K. We
find the fundamental solution of the Cauchy problem for the transport equation

ou " Ou

Equation (6.16) is a particular case of equation (6.1) with the differential operator
F = Z?:l sj%. By Corollary 6.6, the fundamental solution of the Cauchy
problem (6.16),(6.2) has the form

[e’¢) n e k(S oo a N
Eclta) =Y <Z“Za“”) T S P
k=0 |

al
k=0 al=k

where s = (s1,...,5y). Since for any § € N7,

<D05 6)_ (P, B=a,
o) o, B#a,

we obtain by virtue the definition of the shift of a copolynomial

(Ec(t,z),2%) = (—1)PIPlsP = (§(x + ts), 2P).

Hence the fundamental solution of the Cauchy problem for equation (6.16) coin-
cides with the copolynomial §(x + ts).

6.3. Connections between fundamental solutions. We assume that
F o= ngj‘zo anD® is a linear differential operator of infinite order on
Klz1,...,z,]" with coefficients a, € K and ag is an invertible element of the
ring K. We also assume that the ring K contains the field of rational numbers.
By Corollaries 5.2 and 6.6, the differential operator F and the Cauchy problem
(6.1), (6.2) have the fundamental solutions £(z) and £c(t,z). Furthermore, by
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Theorem 5.1, the operator F is invertible. Theorem 5.1 and Corollary 5.2 imply

that the differential operator % — F:Klt,z1,...,x,) = K[t,z1,...,2,] is also
invertible and this operator also has a fundamental solution which will be denoted
by E(t, ).

At first, we give the connections between fundamental solutions £(x) and
Ec(t, x). By definitions of the fundamental solutions of an operator and a Cauchy
problem (see equalities (5.5) and (6.7)), we obtain the formula

E(x) = (F'€c)(0,2),

which expresses the fundamental solution of the operator F through the funda-
mental solution of the Cauchy problem (6.1), (6.2). With the help of (5.5) and
(6.7), we obtain the formula

1k
Eolt,z) = Z (‘F—:f’)(li)tk,

k=0
which expresses the fundamental solution of the Cauchy problem (6.1), (6.2)
through the fundamental solution of the operator F. }
Now we establish the connections between fundamental solutions £(¢, ) and

E(x). We have
0 4,0
g _F= 2 1),
e 3

Then the operator (]—"_1% — ) : K[t,x1,...,xy) — K[t,x1,...,z,] is invertible
and we have the operator equality

<§t _ ]-“>1 - <]—"1§t — )1}“1. (6.17)

Applying (6.17) to the copolynomial §(¢,z) = §(t) ® 6(z) € K[t,x1,...,x,), we
obtain the formulas

-1
E(t,x) = (f_lgt— > FH6(t) ® 6(x))

—1

_ (;—1;_ > (0(t) ® (F~16)(x))
—1

_ (;—1;_ > (5(t) @ E(x))

-1
_ (;—1; > (6(t) ® (F~€0)(0, ),

which express the fundamental solution of the operator % — F through either
the fundamental solution of the operator F or the fundamental solution of the
Cauchy problem (6.1), (6.2). Moreover, we obtain the formula

5(t) ® E(x) = (f_laat — I> Et,x),

which implicitly expresses the fundamental solution of the operator F through
the fundamental solution of the operator % - F.
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JudepeHnianbHi piBHIHHSA 3 YaCTUHHUMMU IOXiTHUMMI Y
MO/TYJIi KOMIOJIIHOMIB HaJi KOMYTAaTUBHUM KiJIbIIEM

S.L. Gefter and A.L. Piven’

Hexait K € 10BiIbHOI0O KOMYTATUBHOIO OOIACTIO ILTICHOCTI 3 OJMHUIIEIO.
JocaiKyoTbest KOTIOJIIHOME N 3MiHHUX, ToOTO K-jiHiliHi BimobpakeHus 3
Kiblst mosinomis Kxy, ..., 2,] y Kiasne K. JoBoauThcst TeopeMa icHyBa-
HHsI Ta €IMHOCTI PO3B’sI3KY JIJIsl JIHIHHOTO MuepeHIliaJbHOrO PiBHSIHHS He-
CKIHYEHHOTO TOPSAIKY, IKY MOYXKHA PO3IVIAIATA K ajareOpaidany Bepciro Kiia-
cranaol Teopemu Manbrpamxka—Epenmpaiica icayBanHsa QyHIaMEHTAILHOTO
PO3B’sA3KYy JiHiitHOTO AudepeHIiaabHOro onepaTopa 3i craanMu KoedirienTa-
mu. 3HaiiIeHo pyHIaMeHTaJbHI PO3B’s3KU JIHINHUX JudepeHIiaJbHIX Olle-
paTOpiB HECKIHYEHHOIO TOPSIKY Ta MOKA3aHO, 10 €IUHUN PO3B’SI30K BiIImo-
BiZITHOTO HEOTHOPIAHOTO PIBHSHHS MOXKEe OYTH MOJAHWI sIK 3ropTKa PyHIa-
MEHTAJIbHOTO PO3B’sI3KY IIHOI'0 OIEPATOpa Ta MpaBol dacTtuHu. Takoxk moBe-
JICHO TeopeMy iCHYBaHHS Ta €IWHOCTI po3B’sa3Ky 3asadi Ko s geakux
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JIHITHEX audepeHIialbHIX PIBHIHD ¥ MO/ (hOPMATBHUX CTEIIEHEBUX Psi-
JiB i3 KOMOJIHOMIATEHIMEI KOeDiIli€HTaMT.

KitrouoBi cjioBa: KomoJjiiHOM, GyHIaMeHTaJbHUI PO3B’A30K, 3rOPTKa, 0-
dyHKIIis, gudepeHIialbHIi orepaTop HECKIHUEHHOTO MOPsIKY, 3a1ada Ko-
i, meperBopeHHs Jlammaca
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