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We consider a Keller-Segel-Navier—Stokes system in a three-dimensional
(3D) bounded domain and prove a logarithmic blow-up criterion of the local
strong solutions. The LP method, L°°-method and the maximal regularity
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1. Introduction

We consider a 3D Keller-Segel-Navier—Stokes system [16]:

ou+u-Vu+Vr —Au+nVe =0, (1.1)
divu = 0, (1.2)
on+u-Vn—An=-V-(nVp)—V - (nVyq), (1.3)
Op+u-Vp—Ap = —np, (1.4)
Oq+u-Vg—Aqg+qg=n in Q x (0,00), (1.5)
u-v =0, robou x v =0, gz % gz on 0f x (0,00), (1.6)
(u,n,p,q)(+,0) = (uo, 10,0, q0) () in QCR?, (1.7)

Here u denotes the velocity of the fluid and 7 is the pressure, n, p and ¢ denote the
density of amoebae, oxygen and chemical attractant, respectively. The function
¢ is a potential function. € is a bounded domain in R? with smooth boundary
0%}, v is the unit outward normal vector to 0€2. We denote the vorticity by w :=
rot u.

Regarding how amoebae influence the fluid flow, besides their known con-
sumption of oxygen and secretion of chemical attractants, their movements in
the environment indeed exert significant impacts on the fluid. Their pseudopo-
dial motility not only alters their own positions but also generates complex fluid
dynamic effects through interactions with the surrounding fluid. These effects
include fluid perturbations, vortex formation, and redistribution of the flow field.
Such influences are crucial factors that should be taken into account when estab-
lishing the Keller—Segel-Navier—Stokes system model. Concerning the physical
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laws that ensure the validity of our model, it is based on the Navier—Stokes equa-
tion and the mass transport equation. The Navier—Stokes equation describes the
motion of viscous fluids, while the mass transport equation simulates the diffusion
and transport processes of the chemical attractants secreted by amoebae in the
fluid. These equations have been widely applied in fluid mechanics and biology
and are generally recognized as effective tools for describing the behavior of such
systems. By coupling these equations, we establish a mathematical model capable
of describing the interactions between amoebae and the fluid environment.
When ¢ =0, (1.1) and (1.2) reduce to the well-known incompressible Navier—
Stokes system. Fan—Zhou [7] (see also [19,20]) showed an extensibility criterion

T
/ wlsmo (1.8)
o log(e+ ||lwlBrmo)

Here, BMO is the space of bounded mean oscillation whose norm is defined
by
[ fllBreo = 11 fllz2 + [flBMmoO
with

1
flsmo = sup / 1)~ forgol .
[flBrmo SUD o ()] QT(m)| (¥) — fa, @)l
re(0,d)

1
er(z) C |Qr(33)| /Qr(ac) f(y) dy7

where Q,.(z) := B,(xz) N Q, B,(z) is the ball with center z and radius r and d is
the diameter of Q. |Q,(x)| denotes the Lebesgue measure of Q. (z).

Definition 1.1. Let f € L”? be such that

G Bl ) <=

where f*(t) is the nonincreasing function equimeasurable with |f| on (0,00). We
say that f belongs to the Lorentz space LP->° = L}, if

mes{z € Q:[f(x)] > a} < Aa™? forall a > 0.

On the other hand, when u = 0, (1.3), (1.4) and (1.5) reduce to the Keller—
Segel system [12-14], which was studied in [5,6,10,11,22,27,28].

In [16], the authors showed the existence and uniqueness of mild solutions.
In [8], Fan and Zhao proved some bolw-up criteria when ¢ = 0.

We suppose

Vp € Li=3(0,T; L), Vg € L3 (0,T; L2,) with 3 < 7,5 < cc. (1.9)

Here we point out that the blow-up criteria (1.8) and (1.9) can be used in the
numerical simulation of the biological model.

The aim of this paper is to prove a regularity criterion of local strong solutions
to problem (1.1)—(1.7). We prove the following theorem.
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Theorem 1.1. Let ug € H3(Q), no,po, g € H*(Q), divug = 0, ng, po, qo >
0inQ, ug-v=0, rotug xv =0, %TLO :%:%:O on 0R). Suppose that ¢ =
o(x) is a smooth function. Let (u,m,n,p,q) be a local strong solution to problem
(1.1)~(1.7). If (1.8) and (1.9) hold true for some 0 < T < oo, then the solution
can be extended beyond T > 0.

Remark 1.1. Compared with [16], the novelty of Theorem 1.1 is that we
consider the problem in a bounded domain.

We observe that (1.8) and (1.9) are optimal from the point of view of scaling
invariance. Indeed, when neglecting the linear lower order term ¢ in (1.5), we
notice that (1.1)—(1.5) is invariant under the scaling transform:

u — uy = Mu(N, Az, T — = N2\t \x),
n — ny = A’n(\’t, \x), p — px = p(N*t, Ax),
q—gx:= Q()‘Qtv )\JL‘), O — Oy = ¢()‘2t7 AZL’)

This implies that (1.8) and (1.9) are optimal in this sense.
In the following proofs, we use the Gagliardo—Nirenberg inequality [15],

-3 3 .
||u||L 2 o < C'||u||L2 r Hu”;ﬂ with 3 < r < o0, (1.10)

T—

and the generalized Holder inequality [23],
[uv|[Lr.a < Cllullev.a|[v]|Lr2.a (1.11)

dhl 11 11,1
w1thp— + 2amd ql—i-(h.

2. Preliminaries
In this section we collect some lemmas which will be used in the proof.

Lemma 2.1 (Poincaré inequality). Let Q2 be a bounded domain with smooth
boundary, and let w be a smooth vector satisfying w-v =0 or w x v =0 on the
boundary 02. Then

[wllze < CIVw| e (2.1)

holds for 2 < p < 0.

Proof. If p = 2, then the proof was given in Lions [17, (6.47), page 75]. We
assume 2 < p < oo. Using the Gagliardo—Nirenberg inequality and the case p =
2, we see that

Wl < w L; W Lp w2
lwllze < Cllw|p’[Vwlfs + Cllw|
< C||Vuwll° IVwl|%e + Ol V| 2
< C|Vuwllz,’ IVwl|%e + ClIVwl e < O V] o

This completes the proof. ]
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Lemma 2.2 ([26]). There holds
|Vw|rr < C(||divw| e + |[rot w]|zr) (2.2)

for any smooth vector w satisfying w-v =0 orwxv =0 on 92 and 1 < p < co.

Lemma 2.3 ([25]). There holds

- / NS
Q

_ p—2 2 p—2 Biog. p=2(,, )
/Qlfl Vs 4 /QIVfI du /mm (v-V)f-fdS (2.3)

for any smooth vector f and 1 < p < .

Lemma 2.4 ([24, Lemma 2.2]). Assume that u is sufficiently smooth, satis-
fying the boundary condition (1.3) on 9. Then the following identity for w :=
rotu holds:

— 5, W = (Cureipy T ejneapy + €3jhespy )JwjwpOkiy (2.4)

on 0N), where €5, denotes the totally anti-symmetric tensor such that (a X b); =
€ijk0jby, and w = (wj), v = (v}).

Lemma 2.5 ([1, Lemma 7.44], [18, Corollary 1.7]). There holds

1—-1 1
£ lrony < CUF Ity F I (2.5)
for any smooth f and 1 < p < oco.

Lemma 2.6 ([3]). There holds

aq 1-4
[ lee@) < ClA el I paro@) (2.6)

for any smooth f and 1 < g < p < o0.

Lemma 2.7 ([21]). Let 1 < q,r < o0 and 0 < j < m. Then the following
mequalities hold:

1D7ullze < Col D™l ull 2 + Collullze, (2.7)

for any function u : Q — R defined on a bounded Lipschitz domain € C R",

where
1 ] 1 m 1
—‘7+a<—>+(1—a),

<a<l, (2.8)
D n T mn q

3 ‘u.

s > 0 is arbitrary, and C1 and Co depend only on ,m and n.
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Lemma 2.8 ([7]). Let u be a solution to the Stokes system
—Au+Vr=fanddivu=0 1in (2.9)

with the boundary condition

u-v=0, rotuxv=0 ondQ. (2.10)

Then it holds
[ullzrz < C|I ]|z (2.11)
O

Lemma 2.9 ([4,9]). Let s be a non-negative real number. If u belonging to
H?(Q) is such that Au € H*(Q) and such that

divu=0inQ and uxv=0 on 0f)

or such that

u-v=0, rotuxv=0 on dN,

then
ull grs+2(0) < C (AUl s ) + lullr2q)) - (2.12)

Using Lemma 2.9, we have

[ull s < C([[Aullgr + JullL2) = C ([[rot w1 + [lull12)
< C(lwllae +llullzz) < C([Aw]l L2 + [[wllL2 + [lull 2)

which will be used in proving (3.30).

Lemma 2.10. Letdivu =0, u € L°°(0,T; L*)NL(0,T; H') and g0 € L*>(Q)
and g > 0 be a weak solution to the following problem:

Oq+u-Vg—Aq+g=n+divyg in Qx (0,7), (2.13)
94 =0 on 092 x (0,7, (2.14)
ov

q(-,0) = qo in . (2.15)

Then it holds that
gl o (@x0,1)) < C (HQO||L°° + [l e o,mszr) + HgHLm(o,T;Lm)) (2.16)

with k > 3 and m > 5.
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3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. Since local existence
results can be proved by using standard arguments (see Appendix), we only deal
with the a priori estimates.

First of all, from the equations of n, p, and ¢ and the maximum principle, we
easily find that

n,p,q >0, p<C, /ndx = /nodx. (3.1)

For any k > 2, testing (1.3) by n*~!, using (1.10), (1.11), the boundary and
k

incompressibility conditions, and denoting w := n2, we derive

1d 4(k—1
L +()/|Vw|2dx:C’/w(Vp+Vq)'dex

< CIVpllegllwll | 2=, o [Vwlir2 + ClIValley, [wll | 2s, Vel 2

w?dx

< CIIVpllzg (rwanuwuLz + lwll 2 [Vl

N— v

+CHVQHL3 <!wIIL2 HVwHL2 + w2l Vel L2
k

(1 F VRIS +IValE; ) ol

which yields
Hn\|L2(07T;H1) + ||n||L°°(0,T;Lk) < C for any k > 2. (32)

Testing (1.1) by u, using (1.2) and (2.2), we deduce that

s [ 1uPae+ [19uPde == [ a(Vo)ude < fnll | Vol ful < Clul

which yields
1wl Lo (0,7:22) + 1wl 200,711y < C- (3.3)
Testing (1.4) by p and using (1.2), we get

%% p?dz + / |Vp|2dz + /andx =0,
which yields
1pllL20,7;01) < C. (3.4)
Applying the standard L*-estimate of heat equations (Lemma 2.10), it follows
from (1.2), (1.5), and (3.2) that

gl Lo 0,710y < C- (3.5)
Testing (1.5) by ¢ and using (1.2) and (3.2), we compute
1d
s [ e+ [19aPas+ [ e = [ngdo <l lalze < Cllalie,
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which implies
lall 20,7511y < C. (3.6)
Taking rot to (1.1) using (1.2), we get the well-known equation
Ow+u-Vw —w-Vu— Aw = —rot (nVe). (3.7)

Testing the above equation by |w|P~2?w (2 < p < 00), using (1.1), (2.3)-(2.6),
and (3.2), we obtain

-2
/\w[pdac—i—/ \w|p*2]Vw|2dx+4p 5 /|V\w|g]2dw
Q Q b Q

= / lwP2(v - V)w - wdS + / (w-V)u - jw|P2wdz
o9 Q

1d
pdt

- /anerot (|w|p_2w) dz
=- /a 0 WIP=2 D ijhinywwsdiry dS
+ /Q(w V- |wP2wdz — /anbrot (Jw|P~%w) dz
<C [ ol S+l Ve + CIVol~ [ P2 Vujnds

<c / 248 + Ol + © / WP Vwlndzs (f = |w]?)
o0

< Ozl ey + CllwlEh +C / P2 Veln dz

p

—9 1 )
<22 [ 191P s+ Clllly + Clllawolllfy + 5 [ 1=Vl da,

p

which gives

d
&HWHLP < Collwl|zr (1 + [|wllBaro)

1+ |lwlBMmo
log (e + [lw||Bmo)
1+ ||lw|BMmo
log (e + |lw||Bmo)

< Cyllw|| e log (€ + [lw|| Brro)

< Collwl|zr log (e + [[ufl ms)

Therefore,
lw®llLp t
/ dlog ||wl|;» < Colog(e + y)/ + [[wll garo ds
llw(to)ll Lp 1o 1og (e + |l saso)
< log(e + ),

which implies
/ WP de < Cle + 1) (3.8)
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provided that

t

1

/ lwlisyo oo ¢ 1 (3.9)
to 10g (e + [wl|Brro)

and y(t) 1= supy, 4 [lul gs for any 0 <ty <t <T and Cp is an absolute constant.
Here, the estimate
lw(-sto)l[r < C

is used the because 0 < t < T and T is the possible first blow-up time.
Testing (1.1) by dyu, using (1.1), (3.2), and (3.8), we derive

;i/\rotu]2d$+/]8tu\2dx = —/(u-V)u~8tud:U— /anb@tudx

< lullzs[Vullsl|deull L2 + [l L2 [V ol oo [|Orull 22
< ClIVull 2Vl 5] 0pull 2 + CllOrul| 2

1
< S0l + ClIVula [ Vuls +C

IN

1
sl0lzz + Cllwlzs + C,

which implies

t
|0pu|22ds < C(e + y)<oc. (3.10)
to

Here we use the facts that
/Vﬂ' - Qudx =0,
and
2 1d 2
— | Au-Owudr = [ rot“u-dudxr = | rotw-rot Qrudr = S d [rot u|” dz,

and
—Au = rot 2u

since divu = 0.
Applying 9; to (1.1), we have

Gfu +u-Vou+ Vo — Adwu = —0wu - Vu — 0ynVo. (3.11)

Testing (3.11) by Osu, using (1.2), (1.3), (3.8), and (3.10), we have

1
2i/|8tu]2dx+/\rot8tu|2dx

=— /c%u -Vu - dwudr + /atqubV - (nVp+nVq+un —Vn)dx

=11 + Io. (3.12)
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We bound I; as follows:

3 1
(| < IVull s l|Ocull 2|0l s < Cllwl| s [|Oul 7. [Irot rull 7,

1 4
< lvot Q72 + Cllwll 2o | drullZ2,
We use (3.8), (3.2) and (3.10) to bound I3,

|I] < '/(an +nVqg+un —Vn)-V(9uVe)dr

< C(IVPleg il 25, + [Vallzg 0l 2,

2 s—=2"
+ llullzsllnlzs + Vol L2) IV Orul L2
< C(IVpllzy, + IVallzg, + llullzs + 1IVnll2) ot dyull 2

1
< S lvot duliz + ClIVpl;, + ClIValzs, + Cllulis + ClIVal..

Inserting the above estimates into (3.12) and integrating the results, we have

t
/ |Ou|* dz + / / rot dyu|?dz ds < C(e + y)“0c. (3.13)
to
Here we use the fact that

—/A@tu - Oudx = /rot28tu -Owudx = / |rot 8tu\2 dz.
On the other hand, due to the H2-theory of the Stokes system (see Lemma

2.8), it follows from (1.1), (3.2), (3.8), and (3.13) that

[ullgz < Ol = Au+ Va2 < Cll0u+u-Vu+nVel L
< Clldeull 2 + Cllull s [Vull s + C < CllSgull 2 + Cl[Vul 2| Vul[ s + C
< Ol g2 + Cllwll z2llwll s + C < Ce +y) . (3.14)
Testing (1.4) by —Ap, using (3.1), (3.2), (3.4) and (3.8), we derive

%% / ]Vp|2d:c+ / |Ap|2d:c = /(u -Vp+ np)Apdz
< (lull oI 9plzo + Il 2 Ipll ) 14D 2
< C(IVull 2 l9p)1 219212, + 1) Ap] 2
< 2)apl2. + Cllwlt1Vpl2 + C,
which gives
/\Vp[de + /Ot/\Apdeds < Cl(e+ y)coe. (3.15)

Here we use the Gagliardo—Nirenberg inequality

IVplZs < ClIVDI L[ V2pll 2
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and the H?-regularity of Poisson equation

[plla2 < Cl|Apllr2 + CllpllL2-
Now we decompose p as p := p1 + p2, where p; and po satisfy

Op1 — Apr = =V - (up) in Q x (0,7),

aap;zo on 99 x (0,7),
pl('ao) =0 in Q
and
Op2 — Apa = —np in Q x (0,7),
8;;2—0 on 02 x (0,7T),
p2(+,0) = po in Q.

(3.16)

(3.17)

Using (3.1), (3.2), (3.8) and the classical theory of heat equation [2], we obtain

VD1l Lm@x0,)) < Cllupllim@x(0,)) < Cle+ y)Coc,
”p2HLm(O7t;W2,m) <C
for any m > 3, and thus

VPl x (0,0)) < Cle + ),

which gives

[w - Vpllpm@x0,) < CllullLee@x 0,0 IVPl Lm@x 0,))
Q < Cle+y)™-.

Now, using the W,?{l—theory of heat equations to (1.4), we arrive at

[Pl Lm0 4 w2my < Cle + y) 0.

Then, in a similar way as in (3.15) and (3.22), we get

t
/‘Vq|2dl’+/ /‘AQ|2d$dS§C(6—|—y)COG7
0
e
Equation (1.3) can be rewritten as

on — An = f:= —div (un + nVp + nVyq).

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Using (3.2), (3.8), (3.22), (3.24) and similarly to (3.18) and (3.19), we have

IV0l L 0,45m)y < Cle+y)e.

(3.26)
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Hence, it is easy to deduce that
11172 (0,4;2) < Cle+y)0c. (3.27)

By parabolic regularity, this implies that

¢ t
/]Vn|2dx+/ /|V2n2dmd5+/ /|nt|2dxds§0(e—|—y)c‘)€. (3.28)
0 0

Testing (3.11) by —Adyu + Vo, using (1.2), (3.13), (3.14), and (3.28), we
have
93 lrot Qyu|“dz + [ | — Adu + Voyrr|* do

= /(—(%u -Vu —u-Vou — onVe)(—Adwu + Voyr) dz

< C([IVullgsl|dull Lo + llull Lo IV Oeull 2 + [|0snll r2) | — Adyu + Vi ]| 2
< C(HUHHQHI'Ot Oyl 12 + H@thLg)H — Adyu + Voyr| 2

1
< §|| — Adyu+ V|72 + Cllull3p2 |Irot Ol 72 + C||0en]|7 2,

which leads to
/ |rot dyu|? dz + /tt 0|22 ds < C(e + y)C0c. (3.29)
0
Here we use the fact that
/ O*u(—Adyu + Vo) da = / du(rot 20pu + V) da

= /qu -rot 2Qpu dx = /rot O%u - rot Oyu da

1d
= 2dt/|rot8tu|2d:c

due to

/8t2u -Voyrdx = 0.
We also use the fact that
|lrot Opu(-, to)|| 72 < C

because ty < T and T is the possible fist blow-up time.
On the other hand, it follows from (2.12), (3.7), (3.8), (3.14), (3.28), and
(3.29) that

ulls < Cllullzz + [lwllz2 + |Awllz2)
<C1+]|0w+u-Vw—w-Vu+/nVe| 1)
< O+ Clowlir2 + Cllullz= Vel 2 + Cllw| 4[| Vul[ s + C[[Vn] 12
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< C+Clowllzz + Cllullfz + ClI V|l 2

1
< Clety)™ <Clety): < su+C,

by taking Che < %, which gives
l[wll oo 0,753y < C- (3.30)
Now, by the standard energy method, it is easy to deduce that
(D, Oin, Oup, 94| Los 0,1 12) + [[(Dew, Oin, Oup, i) || L2 (0,1:11) < €
||(n7p7 Q)HLOO(O,T;W) + H("%P, Q)||L2(0,T;H3) <C. (3.31)

In fact, we can prove it as follows. First, taking 9; to (1.3), testing by Oyn,
we have

1d
2dt/|8tn]2dm+/\V6m|2dx

= — / o -Vn-Omndx + /8thpV8tn dx + /nvatpvatn dx
+ /athqVth dr + /nvatqvatn dx

= /nV@m -Oudr + /&gn (Vp+ Vq) Vo dx

+ /n (VO + VOrq) VO dx

< Inllzee VOl 2 | Orull 2
10l V(@ + @l s (VO] 12
+ [Inllze 1V 0:(p + @)l 2 [[VOenl| 2

< CllaulEs + CllomlEs +C + ¢ Vo3
+C|IV(p+9)lgs 10ml 72 + CL IV +9)lZ2 (3.32)
Here we use the facts that
Inllze 000y < Co Ol oo (o 1,22) < C- (3.33)
Analogously, it follows from (1.4) that

1d

2q (atp)2 dx+/|V8tp\2 d:v+/n(8tp)2dx

:—/6tu-Vp-8tpda:—/8tnp8tpdac

< |0sull 1 IVPl 2 110epll 12 + [Ipllzoe |Oenll 2 |Oepll 12
< C|IVplis 10epll 2 + C l|0enl| 12 10ip]) 2
< C|[Vpl2s + C o7z + C |9l (3.34)
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due to
[Pl @x 0.y £ € VOl po(o.102) < C-
Naturally, it follows from (1.5) and (3.35) that

1d

s | @0 dos [IVaul do s [ (@) ao

= —/(%u -Vqoiqdx + /atnatq dx

< [|19sull s Vall s 19kl 2 + [10eml 22 (| Oeql 2
< ClIVallzs 19eall L2 + 10en| 2 [|eql| 2
< C|oml[7: + C a7z + ClIVall7s.

Summing up (3.32) + 4C1 x (3.34) + 4C1 x (3.36), we get

Or(ny p, @) oo 0,1522) + 110e(n, 0, Dl 220,751y < C.

Using (1.4) and (3.37), we find that

[pllg2 < CllOw +u-Vp+np| 2
< C||0pll 2 + CllullL=lIVpll L2 + Clinll L2 [p] L=
<C+C|Vp|z: <C.
[Pl s < C|Op +w - Vp +npll i
< C|0pll g + Cllullz=lIpllg2 + Cl[Vul ||Vl 2
+ Cllnll g2 llpllzes + Clinllze lIpll g
< C||0pllg + C,

and thus
1Pl z200,1;m3) < C.

In a similar way, one can get

lgllg2 < Cll0g +uVg+q—nllpe
< C+ Cllullz= IVl 2 < C,
lgllgs < Cl0wg +uVg+q—nllg
< Clowgll g + Cllull L= IVall g1 + ClIVul| 1= ||Vgl| L2
+Cllg = nllm
< C |0l g1 + C,

and thus
lallz20,7;m3) < C.
Using (1.3) and (3.37)—(3.41), we deduce that

Inllgz < CllOm +u-Vn+ V- (nVp) + V- (nVq)|
< Cllognl gz + Clluf| e[Vl L2

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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+ Cllnllze~ [|[V?p| 2 + CIVA Lo IV 14
+ Cllnll = |[ V4] + ClI Vil [Vl
1
< C+C[Vn|ra < 5”“”}12 +C,
which gives
[nllm2 < C, (3.42)
On the other hand, one has
[l < Cllom+u-Vn+ V- (nVp) + V- (nVq)|
< Clomll g + Cllullze [nll 2 4+ ClIVul Lo [[Vnl[ 12
+ Cllnllzellpll s + ClIVpl oo l[n]l 12

+ ClinllLe<llgllms + ClIVallLes ]l 2
< Cldm|l g +C+ Clipllgs + Clla] as,

and therefore
[nll 20,713y < C. (3.43)

4. Appendix: Local well-posedness of strong solutions

First, we give a definition of strong solutions.

Definition 4.1. Let ug € H?, (ng,po,q) € H? with divug = 0, and let
10, Po,qgo = 0 in © and ug - v = 0, rot ug x v = 0,

Ong _Opo _ Oqo

Let also u € L (0,T; H?), dyu € L™ (0,T; H') N L* (0, T; H?),

(n,p.q) € L™ (0,T; H*) N L* (0,T; H?),
O (n,p,q) € L (0,T;L*) N L* (0, T; H') , (4.2)

and equations (1.1)—(1.5) hold almost everywhere in © x (0,7"). Then (u,n,p,q)
is a strong solution to problem (1.1)—(1.7).

In this section, we will prove

Theorem 4.1. Let (4.1) hold true. Then problem (1.1)—(1.7) has a unique
strong solution (u,n,p,q) satisfying (4.2) for some 0 < T < 1.

To prove Theorem 4.1, we will use the Banach fixed point theorem. To this
end, we define a nonempty set

9% _ ) on 99 x (0,T), |l < R} :

:: N .N‘ = ~>’
o {neﬂ,n(,O) ng, N an
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where

172l == |72l Loo (0,75 12) + |72l L2 (0,75 113)

+ 10e72| oo (0,1 12) + 10s72]| 20 7y

and R is a positive constant which is to be determined.
We define the nonlinear map

as follows:

T ned —ned

ou+u-Vu+Vr — Au = —nVao,
div u = 0,

u-v=0, rotuxv=0 ondQx(0,T),
u(-,0) =up in Q,

Oq+u-Vg—Aq+q=n,
gg:() on 09 x (0,7T),

Q(7O) =qo in Qa

Oip+u-Vp— Ap = —np,
% =0 on o x(0,7),

p(-,0) =po in .

on+u-Vn—An=-V-(nVp) — V- (nVq),

gz =0 ondQx(0,7),

n(-,0) = ngp in Q.

(4.3)

Lemma 4.1. Let n € &7 be given. Then problem (4.5) has a unique solution

u satisfying

HU||L°°(0,T;H3) + HatuHLOO(O,T;Hl) + ”8tUHL2(0,T;H2) <C

for some 0 < T < 1 and C independent of R > 0.

(4.9)

Proof. The existence and the uniqueness are well-known, we only need to
show the estimates.
First, we see that

dt

which gives

72 + | VAt de = 2 /(ﬁ — AR)Oyivda < 2||A| g2 07| ;2 < CR?,

T
1l = ol + /O CR? dt
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and
e (4.10)

if T <1and R?T <1.
Testing (4.5a) by u and using divu = 0 and (4.10), we have
o [ 1 do [ rotulde = = [iV0uds < 2 V6] ul 2 < Clul,
which leads to
1wl Lo 0,7:22) + lull 20,1731y < C (4.11)

for some 0 < T < 1.
We have (3.7) with n replaced by 7. Testing it by w, we infer that

2dt/|w|2dx—|—/|r0tw|2dfn—/w Vu - wda:—/(anVcb) wdz
< |wll7slIVull s + IVl oo |Vl 22| 2

3 3
< Oflwllz2lIrotw] 72 + Cllwl| 2
1
< SlIvotwl|Zz + Cllwllzz + €,
which gives
lull oo 0,111y < C (4.12)

for some 0 < T < 1.
We have (3.11) with 9yn replaced by 9. Using (4.12), we obtain

th/|8tu]2dx+/\rot8tu\2dx
/(8tu -Vu) - Qudr — /am V¢ - Oudx
< ||Vull 2 |0l 4 + IVl oo 107l 2 [|Oru]| 2
< C |0yl 2, |[rot 8yul| 2, + CR | 0yull -
< 5 ot dyull}s + C |9l 3 + CR2,
which yields
10eul| oo (0,1;22) + 10¢ul 20, 7,m1) < C (4.13)

if T <1and R°T < 1.
On the other hand, using (4.10), (4.12), and (4.13), we have

[ull > < Cllowu +u-Vu+ a2V
< CllGull 2 + Cllull el Vulls + Cllall 2 [V ol Lo

1 1 1
< C+C|Vulps = C+ ClIVull 2 ull g < Sllullm + C,
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and therefore
1wl Los 0,7, 12) < C. (4.14)

Testing (3.11) by —Asu + VOym, using (4.14), we have

%% / rot dyul? da + / |~ Adu + Vo |? da
= / (=0 - Vu—u-Vowu — nVe) (—Adwu + Vo) dx

< (N0eull s [Vull s + llull e [V Osull
+ 10| 12 IV @l o) |- Adsu + VOyr|| 2
< C(||rot Opul| ;2 + R) || —Adyu + VOyr|| ;2

1
giu—A@u+vawmg+cwum@m@2+GR%

which yields
10cull oo (0,75 11y + [10cttll L2 0,112y < C- (4.15)

Similarly to (3.30), by (4.15), one has

ullgs < C([lull 2 + [wllz2 + [[Aw][£2)
<CH+Clow+u-Vw—w-Vu+ Vi x Vo .
< C+ Cllowll 2 + Cllullz=l[Vwll L2 + Cllwl[ s | Vul| s
+ C|IV| 2|Vl < C. (4.16)

This completes the proof. O

Lemma 4.2. Letn € o be given and u be given by Lemma 4.1. Then problem
(4.6) has a unique solution q satisfying

qll oo 0,712y + gl 20,7 m3) + 19edll Lo 0,722y + 10kl 20,11y < €, (4.17)
IVallpmorpmy <C - (4.18)

for any m > 3.

Proof. The existence and the uniqueness are well-known, we only need to
show the a priori estimates. First, it follows from (4.6a) and Lemma 2.10 that

0<qg<C. (4.19)

Testing (4.6a) by —Ag, using (4.9) and (4.10), we have

1d
/|vqy2dx+/|Aq|2dx+/|vq\2dx

24dt
= —/(u~Vq)Aqdac—/'ﬁAqu

< lullz= [Vl r2l|Agll 2 + 7]l 22| Agl| 2
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ClValle2l Agllzz + Cll Agll 2

1
§HAQ||L2 +C||Vq|72 + C,

which implies
HQHLoo(o T;H) + HQHL2(0 a2y < C. (4.20)
Similarly to (3.36), using (4.9) and (4.19), we have

e / 0ql? do + / Vol da + / Orqf? da

—/((%U-Vg) &qux—i—/@tﬁ@tqu.

= /atuq-vatqu+/amatqu

< llgllzee 0cull g2 IV Oeql 2 + 10:2]l 12 [|Oeal| 2
< C VOl > + CR [0eqll .-

5 ||VatQHL2 +5 HatQHL? +CR?,
which implies
104!l oo (0,7 2) + 110l 20,711y < € (4.21)

if T <1and R?’T <1
On the other hand, using (4.9), (4.10), and (4.21), we obtain

lallg2 < CllOwg+u-Vag+q—n|;2
< Cl0wqllp2 + CllullL=||VallL2 + Cllqll 2 + C||| 2 < C, (4.22)

and

lgllgs < Cllowg+u-Vg+q—a|m
< C o)l g1 + Cllullze<llqll gz + ClI Vul = Va2 + Cllgl g2 + Cl|2l| g
< C Hatanl + Ca

and thus
lall 2 0,7;m3) < C. (4.23)
Similarly to (3.24), we get (4.18). This completes the proof. O

Lemma 4.3. Let n € &/ be given and u be given in Lemma 4.1.
Then problem (4.7) has a unique solution p satisfying

HpHLOO(O,T;H2) + lIpll 2 0,1;m3) + Hatp”Loo(o,T;LZ) + HatpHLQ(O,T;Hl) <O, (4.24)
and
Vol Lmo1;Hm) < C (4.25)

for any m > 3.
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Proof. The existence and the uniqueness are standard, we only need to prove
the a priori estimates.
First, due to the maximum principle, one has

0<p<C. (4.26)
Testing (4.7a) by —Ap, using (4.9), (4.10), and (4.26), we derive

;i/!Vp|2d:c+/|Ap\2dx:/ﬁpApda:—i-/(u-Vp)Apd:c
< [l rzllplzelAplL2 + lull L[ VPl L2 Ap] 12
< CllApll2 + ClIVpl 2llApll 2 < %HAPH%Z +C + || Vpll7e,
which gives
1PNl oo 0,711y + Pl 220,782y < C- (4.27)
Similarly to (3.34), using (4.9), (4.10), and (4.26), we have

1d

2dt/\atp|2 dx+/|V8tp2 d:c+/ﬁ(8tp)2 de

= —/(atu - Vp) Oyppda — /atﬁpatpdx

= /@upV@tpdx—/ﬁtﬁpatpdx

< |10sull 2llpll o= [V Oepll L2 + 10:nl| L2 [lpll oo || Oepl | 1.2
< O VOrpll2 + CR[|Ospll 2

< IV Ol +C + Clowls + CR
which gives
10epl| oo 0,712y + 102l 20,7,y < C- (4.28)
On the other hand, using (4.9), (4.10), and (4.26)—(4.28), we have

[Pl < C 0w+ u- Vp +7ipll 2
< C0wpll 2 + Cllullze |Vl 2 + Clli| 2 Ipll L < C.
1pllgs < C 0w +u - Vp+npll i
< Copll g + CllullLeelpll a2 + ClI Vul| L= | VDl 2
+ Cllall g llpllze + Cllall sl Vpl s < Cl|0wp|l g + C, (4.29)

and thus

Hp||L2(0,T;H3) <C. (4.30)

In the same way as in (3.20), we arrive at (4.25). This completes the proof. [
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Lemma 4.4. Let (u,p,q) be given in Lemma 4.1, Lemma 4.2 and Lemma
4.3, respectively. Then problem (4.8) has a unique solution n satisfying

0<n<C,
Il Lo 0,7;02) + InllL2(0,703) + 106nl| oo (0,1, 12) + 10412l 20 1y 11y < C

Proof. The existence and the uniqueness are standard, we only need to show
the a priori estimates. First, in view of the maximum principle, it follows that

n>0in Q x (0,7).

Using (4.18) and (4.25), we obtain (3.2). Using Lemma 2.10, (4.18) and (4.25),
we have

n<CinQx (0,7). (4.31)
Testing (4.8a) by —An, using (4.9), (4.17), (4.24), and (4.31), we have

1d

< Cllullze=IVnllze + llnllzelpla + Vol sl Vel e
+linllzeellgllmz + Vol [Vallze) [An] L2

< C([Vnllpz + C+ ClVnllps) [[An]| 2 < %IIAnHiz +e+ |V,
which gives
7l oo 0,111y + 10l 20,7502y < C- (4.32)
We still have (3.32), and thus
10l Los0,7;22) + 10l L2 0,711y < C (4.33)
We still have (3.42) and (3.43). This completes the proof. O
By Lemmas 4.1-4.4 and taking R := 16C + 1, we arrive at Lemma 4.5.
Lemma 4.5. 7 is well defined and maps <7 into < .
Next, we will prove Lemma 4.6.

Lemma 4.6. If T is small enough, then
- . 1 .
|77 — 9”2||Loo(0,T;L2) < 9 [ — n2||L0°(0,T;L2) : (4.34)

Proof. Let (u;,q;,pi,ni,m) (i = 1,2) be the corresponding solutions to the
problem with given 7;(i = 1, 2).

We denote (du,dq,dp,on,dn) = (u; —u2,q1 — q2,P1 — P2, N1 — N2, T] — T2)
and 07 := 17 — ng. Then we have

Odn 4+ uy - Von — Aon = —du - Vng — V- (n1Vip 4+ dnVps)
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— V- (n1Vioqg+ dnVga), (

Opou + uq - Vou + Vor — Adu = —bu - Vug — 6nVo, (
00q +uy - Vog — Adq + dq = dn — du - Vo, (4.37

Oop +uy - Vop — Adp + n10p = —dnps — du - Vps. (

Testing (4.35) by dn and using Lemma 4.5, we have

2dt/|<5n[ dx+/|V5n[ dz

= /5u -naVondr + / (n1Vdp + nVpy) Vondx
+ / (n1Vdogq + onVqy) Vondx

< |2l oo 10wl 2][Von] 12
+ (Il oo 1VOpl L2 + 16013 VP2l o) IV R 2
+ (Inallz [ Vg || 2+ 0nll s 1V g2l o) VO 2

< Cllull 2]l Von [l 2 + C ([ Vopll L2 + (|60l 13)l] Von] 12
+ Vgl 12 [[Von]| 2

1
< IO, + Cldullle + CIVEpIs + CVal3 + Clona,
which gives
T
|on|2, < CeCT /0 (I5ula + [V3plPa + [Voql22) dt.  (4.39)

Testing (4.36) by ou and using Lemma 4.5, we have

;;t/wu]?dx—i-/\rotuéulzdx
=— /((5u - V)ug - dudz — /5ﬁV¢> -dudx

< IVuzll oo 18l + IVl oo |07 2|80l 2
< Clloullfz + Cllon g2 ul 2 < Clléullz + Cllon 7z,

which gives
2 cr [T 2 cT 2
Joule < 0 [ ol < CTET IR vz (00
Testing (4.37) by d¢ and using Lemma 4.5, we have

1/d
5 (dt/|5q\2dx+/|V6q2dx+/|5q]2dx>

—/((575—5u-VQ2)5qu—/5ﬁ5qu—|—/5u-q2v5qd:n
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< [1672f| £2[18gl L2 + llg2ll oo 16wl 22V oq]| 2

1 1 -
< 5IV6aliE: + 5184132 + Clloils + Clisuli,

which gives

T
/0 /\Wq,z dzdt < CT (H(SﬁHQLC’O(O,T;LQ) + H5UH2LO<>(0,T;L2)) : (4.41)

Testing (4.38) by dp and using Lemma 4.5, we have

1d
2dt/(5p]2d:c+/]Vép[2d$+/ﬁ1](5p\2dm

= —/5ﬁp25pdfc+/5u-pgv5pdz

< p2llpoe 1672l 2 [[0pll L2 + [[P2ll oo 16wl L2 ]| VO] 22
1 -

§||V5PH%2 +C|dpl72 + Cl167]172 + Clloul?2,

A

IN

which gives

T
| [ o azar < T (Wi + 160l egrisn) - (442

The combining of (4.39) with (4.40)—(4.42) by taking 7" small enough, conduces
that (4.34) holds tune. This completes the proof. O

Proof of Theorem 4.1. By Lemmas 4.5 and 4.6, and using Banach’s fixed
point theorem, we arrive at Theorem 4.1. This completes the proof. O
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Jlorapudmiunuii Kpurepiii Tpo/I0B>KYBaHOCTi 15
cucremu Keinepa—Cerens—Has’e—Ctokca B oOMexKeHiit
obJtacTi

Miaochao Chen, Fangqi Chen, Shengqi Lu, and Qilin Liu

Posrsinyro cucremy Kemnepa—Cerens—Has’e-Crokca B TpuBHUMIpHIi
obMexKeHi#t obsacTi, JoBeeHO JorapudMidHuit KpuTepiit pyiHyBaHHSA J10-
KaJIbHUX CUJIBHUX PO3B’s3KiB, BUKOpUCTaHO LP-Merom, L°°-MeTo 1 Ta OIiHKY
MaKCHMAaJIbHOI PEryJIsipHOCT] mapaboJIivHOrO PiBHSTHHSI.

Kirouosi cioBa: cucrema Kemtepa—Cerensi—Has’e—Crokca, kpurepiit
pO3puBy, 0OMeKeHa 001aCTh
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