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In this paper, we study the existence of an entropy solution for some
nonlinear elliptic problems of Leray-Lions type associated to the equation
—diva(z,u, Vu) = f(z)—div F(u) in Q with a large monotonicity condition
in the setting of Musielak—Orlicz—Sobolev spaces and where the right-hand
side f belongs to L'(Q) and F = (Fy,..., Fy) satisfies F € (C°(R))".
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1. Introduction

In this work, we will prove the existence of an entropy solution for an elliptic
problem modeled by
A(u) = f(z) —div F(u) in £, (L1)
u=0 on 0}, .

where f € LY(Q), F € (C°(R))N and A(u) = —diva(x,u, Vu),  is a bounded
domain of RV, N > 2.

Note that no growth hypothesis is assumed on the function F', which implies
that the term div F'(u) may be meaningless, even as a distribution. a(x,u, Vu) =
(ai(r,u, Vu))i<i<n, a; : @ x R x RY — R is a Carathéodory functions (that is
measurable with respect to x in Q for every (s,£) € R x R, and continuous
with respect to (s,&) € R x RY for almost every x € ) such that for all £, ¢ in
RN, (z,s) € Q x R,

ai(w,5,)| < |¢i(@)] + Kb~ (p(x, cals))) + Ki(@ (e |€])), (1.2)
(a(z,5,€) —a(z,5,))(E—€) >0, (1.3)
a<$787§)€ > O“P('%)‘l‘g’): 1.4
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where c1, ¢z, A1, K; > 0. Let ¢, ¢ be two Musielak-Orlicz functions such that
1 < . Moreover, p and ¢ are two complementary Musielak—Orlicz functions of
¢ and ), respectively, ¢o, ¢; € Fx(Q) (E5(Q) is introduced later),

feLY(9), (1.5)
and F = (F},..., F) satisfies
F e (COR)N. (1.6)

The idea of the entropy solution, initiated by Boccardo in [12], makes sense
for a possible solution of problem (1.1).

In [12], the existence and regularity of an entropy solution u of problem (1.1)
was proved by Boccardo for p such that 2 — 1/N < p < N. In [6], the existence
and uniqueness of entropy solutions was studied by Benilan et. al, and the same
problem, where f € L'(Q) and F € L” (Q)N, was treated by Leone and Porretta
in [25].

In [26], a similar problem was studied by Lions and Murat, where they used
the notions of renormalized solutions introduced by Diperna and Lions [17] to
study Boltzmann equations.

In the general framework of weighted Orlicz—Sobolev spaces, in [19], a similar
problem having large monotonocity with L'— and F = 0 was treated by El Haji,
El Moumni, and Kouhaila. In the framework of weighted Sobolev spaces, Akdim,
Azroul, and Rhoudaf proved in [2] the existence of T-solutions for the elliptic
problem

—diva(z,u,Vu) = F in Q,
u=0 on 01},

where F € W~ (Q,w*), and only large monotonicity is assumed on the
Caratheodory function a(z,u,Vu). For the case of Orlicz spaces, Gossez and
Mustonen studied in [23] the following strongly nonlinear elliptic problem:

A(u) + g(z,u) = f in Q. (1.7)

They proved the existence and regularity of solutions for the unilateral elliptic
problem (1.7) (see also [4] for the anisotropic case and [3] for the case of variable
exponent).

Recently, much attention has been paid to the existence of solutions for elliptic
and parabolic problems under various assumptions (see, e.g., [11,15,16,18,20,30—
33,35-38] and the references therein).

A particular feature of this paper is that treated is a class of problems for
which the classical monotone operator methods developed by Minty [28], Browder
[14], Brézis [13], and Lions [27] in VVO1 P(Q) case are not applied. The reason for
this is that a(z, u, Vu) does not need to satisfy the strict monotonicity condition

(a(z,5,€) —a(z,5,6))(E~€) >0 forall§,& eRY (€ #E)
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of a typical Leray—Lions operator, but only a large monotonicity

(a(z,8,&) —a(z,5,6))(E—€)>0 forall ¢ e RN,

The purpose of this note is to show the existence of solutions for (1.1) under
a weaker assumption of large monotonicity condition, without using the almost
everywhere convergence of the gradients of the approximate equations since this
is impossible to prove in our setting. The main tool of our proof is a version of
Minty’s Lemma. But the techniques we used in the proof differ from those used
in [7,8].

The paper is organized as follows. In Section 2, we present some basic defi-
nitions and properties in the setting of Musielak—Orlicz—Sobolev spaces and we
prepare some auxiliary results which are needed to show our existence result. In
the final Section 3, we prove the result desired.

2. Preliminary

Here we give some definitions and properties that concern Musielak—Orlicz
spaces (see [29]). Let Q be an open subset of R™. Then a Musielak—Orlicz
function ¢ is a real-valued function defined in  x RT such that

(a) ¢(z,-) is an N-function for all z € €, i.e., convex, nondecreasing, contin-

t
uous, ¢(z,0) = 0, ¢(x,t) > 0 for all ¢ > 0 and limsupM = 0 and
t—0 €0 t
lim inf pl@.t) =00
t—o00 e

(b) (-, t) is a measurable function for all ¢ > 0.

For a Musielak—Orlicz function ¢, let o, (t) = ¢(x,t) and let ¢, ' be a non-
negative reciprocal function with respect to ¢, i.e., the function that satisfies

o5 (p(x,t) = @ (z, 0, (1) =t

A Musielak—Orlicz function ¢ is said to satisfy the As-condition if for some
k > 0 and a nonnegative function h, integrable in €2, we have

o(x,2t) < kp(z,t) + h(z) forall x € Qandt > 0. (2.1)

If (2.1) holds only for ¢ > ty > 0, then ¢ is said to satisfy the Ay -condition
near infinity. Let ¢ and v be two Musielak—Orlicz functions. We say that ¢
dominate v and we write 7 < ¢ near infinity (respectively, globally) if there exist
two positive constants ¢ and tg such that for a.e. z € Q :

v(x,t) < p(x, ct) for all t > tg, (respectively, for all t > 0, i.e., tg = 0).

We say that v grows essentially less rapidly than ¢ at 0 (respectively, near
infinity) and we write 7 << ¢ if for every positive constant ¢ we have

t t
lim <sup i@, )> =0, <respectively, lim <sup V(@ )) = O> .

=0 \zeq @(mvt) =00 \ zeQ go(x,t)
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For a Musielak—Orlicz function ¢ and a measurable function v : Q — R, we define
the functional

poa(u) = /Q oz, [u(2)]) d.

The set K,(2) = {u: @ — R | u is measurable and p, o(u) < oo} is called as
the Musielak—Orlicz class or the generalized Orlicz class. The Musielak—Orlicz
space (the generalized Orlicz space) L,(€2) is the vector space generated by
K,(Q), that is, L,(f2) is the smallest linear space containing the set K,(12).
Equivalently,

L,(Q) = {u : 0 = R | u is measurable and py, 0 (%) < oo for some A > O} .

For a Musielak—Orlicz function ¢, we put

P(w,s) = iEE{St —p(x, 1)}

Note that 1 is the Musielak—Orlicz function complementary to ¢ (or conjugate
of ¢) in the sense of Young with respect to the variable s. In the space L,(£2),
we define the following two norms:

lullp.0 = inf{)\ >0 ’ / © <x, M;”) dr < 1},
Q

which are the Luxemburg norm and the so-called Orlicz norm, by

fullos= s [ fula)o(a)|ds
oll,<1/0Q

where 1 is the Musielak—Orlicz function complementary to . These two norms
are equivalent (see [29]). The closure in L,(€2) of the bounded measurable func-
tions with compact support in Q is denoted by E,(Q), it is a separable space
(see [29, Theorem 7.10]).

We say that a sequence of functions u, € L,(2) is modular convergent to u €
L, () if there exists a constant A > 0 such that

. Up — U
AP0 (A) = 0.

For any fixed nonnegative integer m, we define

W™ML,(Q) ={u € Ly,(Q) | V|a] <m D% € Ly,(2)}
and

WTE,(Q) ={u € Ey(Q) | Vo] <m D% e E ()},

where a = (aq,...,q,) with nonnegative integers «, |a| = |ai| + ... + |ay]
and D%u denote the distributional derivatives. The space W™L, () is called a
Musielak-Orlicz-Sobolev space. Let for u € W™ L,(2) :

po(w) = Y poa (D) and [lulZg = inf {A> 0,0 (5) <1}

la|<m
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These functionals are a convex modular and a norm on W™ L, (£2), respectively,
and the pair <WmL¢(Q), Il - HZZQ) is a Banach space if ¢ satisfies the following
condition (see [29]):
dcp >0 inf p(z,1) > co. (2.2)
e

The space W™L,(£2) will always be identified to a subspace of the product
IIL,(2), this subspace is o (IIL,, ILEy) closed.

The space WL, (Q2) is defined as the o (IIL,,I1Ey) closure of D(Q) in
W™L,(€), and the space W E,(Q) as the (norm) closure of the Schwartz space
D(2) in W™L, ().

Let W§"L,(Q2) be the o (IIL,,I1Ey,) closure of D(2) in W™ L, (S2). The fol-
lowing spaces of distributions will also be used:

WLy (Q) = {f e D'(Q) ’ f=Y_ (-)lIDf, with f, € Lw(Q)}

|| <m
and
W mE,(Q) = {f eD(Q)|f= > (-)lIDf, with f, € Ew(Q)}.
la|<m

We say that a sequence of functions w, € W™ L,(Q2) is modular convergent to
u € WML, () if there exists a constant k > 0 such that

. _ Up — U\
3R Po ( k ) -0

We recall that
o(z,t) <t p(x,t)) < 20(x,t)  forallt > 0. (2.3)

For ¢ and her complementary function ¥, the following inequality is called the
Young inequality (see [29]):

ts < p(x,t) +(x,s) forallt,s >0 ae. x €. (2.4)

This inequality implies that

[ullp,0 < ppa(u) + 1. (2.5)

In L,(£2), we have the relation between the norm and the modular
lullp0 < poo(u)  if flufleo > 1, (2.6)

and
lullpo > ppa(u) if lull,o < 1. (2.7)

For two complementary Musielak-Orlicz functions ¢ and ), let v € L,(£2) and
v € Ly(92). Then we have the Hélder inequality (see [29]):

’ /Q w(@)o() d

< llullgellvly.o- (2.8)
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Definition 2.1. A Musielak function ¢ is called locally integrable on €2 if

/‘P(l'»t) dr = / oz, txp(r))dr < 400
E Q

for all ¢ > 0 and all measurable sets F C Q with mes(E) < +oc.

Remark 2.2. If P << ¢ near infinity such that P is locally integrable on 2,
then for all ¢ > 0 there exists a nonnegative integrable function A such that

P(x,t) < p(x,ct) + h(z) for all t >0 and for a.e. x € Q.

Definition 2.3. A Musielak function ¢ satisfies the log-Hdélder continuity
condition on (Q if there exists a constant A > 0 such that

-1
) AQox(i277))
oy, t)
for all t > 1 and for all z,y € Q with |z — y| <

1
5
2.1. Some technical lemmas. We will use the following technical lemmas.

Lemma 2.4 ([5]). Let Q be a bounded Lipschitz domain in RN (N > 2) and
let ¢ be a Musielak function satisfying the log-Hélder continuity such that

o(z,1) <ep a.ein
for some ¢ > 0. Then D(Q) is dense in L,(2) and in W Ly(2) for the modular
convergence.

Remark 2.5. Note that if

t
lim inf 1) = 0
t—o00 xeN

)

then Lemma 2.4 holds.

Example 2.6. Let p € P(Q2) be a bounded variable exponent on 2 such that
there exists a constant A > 0 such that for all points x,y € Q with |z — y| < %,
we have the inequality

A

Ip(z) — p(y)| < m-

We can verify that the Musielak function defined by ¢(z,t) = t**) log(1 + t)
satisfies the conditions of Lemma 2.4.

Lemma 2.7 (Poincare’s inequality: Integral form [5]). Let Q be a bounded
Lipschitz domain of RN (N > 2) and let ¢ be a Musielak function satisfying the
conditions of Lemma 2.4. Then there exist positive constants 3,1 and A depending
only on Q and ¢ such that

/ oz, |v])de < g+ 17/ o(z,\|Vo|)dz  for all v € Wy L,(9). (2.9)
Q Q
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Lemma 2.8 (Poincare’s inequality [5]). Let 2 be a bounded Lipschitz domain
in RN(N > 2) and let ¢ be a Musielak function satisfying the same conditions of
Lemma 2.7. Then there exists a constant C > 0 such that

[v]ly < C| Vo, for allv € WyL,(Q).

Lemma 2.9 ([34]). Let F' : R — R be uniformly Lipschitzian with F(0) =
0. Let ¢ be a Musielak-Orlicz function and let w € W§Ly(Q). Then F(u) €

W4 L, (92).
Moreover, if the set D of discontinuity points of F' is finite, we have
;o\ O0u ,
) F'(u) a.e in {x € Q| u(x) € D}
3 F(u) = Oz; :
i 0 a.ein{xr € Q|u(x) ¢ D}

Lemma 2.10 ([9]). Suppose that ) satisfies the segment property and let u €
W4 Ly(Q). Then there exists a sequence (uy,) C D(Q) such that

up, — u  for modular convergence in Wy L, ().
Furthermore, if u € WjLy(Q) N L®(), then ||up |l < (N +1)||u|s-

Lemma 2.11 ([24]). Let (f.), f € LY(Q) such that

i) fn>0 a.einQ,
i) fo— f aeinQ,

iii) /fn d:c—>/f

Then f, — f strongly in L' ().

Lemma 2.12 ([10]). If a sequence g, € L,(2) converges in measure to a
measurable function g and if g, remains bounded in L,(§2), then g € L,(Q2) and
gn — g for o (1L, I1Ey).

Lemma 2.13 ([10]). Let un, u € Ly(Q). If u, — u with respect to the
modular convergence, then u, — u for o (Ly(€2), Ly(£2)) .

Lemma 2.14 ([21]). If P < ¢ and u, — u for the modular convergence in
L,(S), then u, — u strongly in Ep(Q).

Lemma 2.15 (Jensen inequality [39]). Let ¢ : R — R be a convex function
and let g : Q@ — R be a measurable function. Then

¢</gdu> S/wogdu-
Q Q

Lemma 2.16 (The Nemytskii Operator). Let © be an open subset of RY
with finite measure and let ¢ and 1) be two Musielak Orlicz functions. Let f : € x
RP — RY be a Carathéodory function such that for a.e. x € 0 and all s € RP :

|f(z,8)] < e(x) + kivg o (2, kals])
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where k1 and ko are real positive constants and c(-) € Ey(2). Then the Nemytski
operator Ny defined by Ny(u)(x) = f(x,u(x)) is continuous from

P <EM(Q), ,;)p =11 {“ € Lur(Q) : d (u, Bur()) < klz}

into (Ly(Q))? for the modular convergence. Furthermore, if ¢(-) € E,(Q) and
v =<1, then Ny is strongly continuous from P (EM(Q), ]le)p to (E4(Q))4.

Definition 2.17 (Segment property [1]). A domain  is said to satisfy the
segment property if there exists a finite open covering {#}%_; of Q and the corre-
sponding nonzero vectors z; € RY such that (Q N 91-) +tz; C Qforallt € (0,1)
andi=1,...,k.

Lemma 2.18 ([22]). Suppose that Q satisfies the segment property and let
u € WLy(Q). Then there exists a sequence up, € D(Q) such that

up, — u  for modular convergence in Wy Ly(9).
Furthermore, if u € W} Ly(Q) N L¥(82), then |Jun|, < (N + 1)|Jul|co-

Lemma 2.19. Let Q be a bounded open subset of RN with the segment prop-
erty. If u € (WELy(Q)N, then / div(u)dz = 0.
Q

Proof. Fix a vector u = (u',...,u") € (W(}LW(Q))N. Since WL, (f2) is
the closure of C§°(2) in WL, (), then each term u’ can be approximated by a
suitable sequence u} € D(€2) such that u} converges to u’ in W L,,(£2). Moreover,
due to the fact that ul € C5°(£2), the Green formula gives

au}; / :
dr = utiids = 0. 2.10
| Gkar= [ (2.10)

On the other hand, 9 — 2% in L, (). Thus 52 — 22 in L(Q), which

ox; ox;
gives in view of (2.10) that

/ div(u) dz = 0. O

Q

Throughout the paper, T} denotes the truncation function at height k > 0,
T (s) = max(—k, min(k, s)).

3. Main results

Let Y be a closed subspace of WL, () for o([] Ly, [[ B5) and let

Yo =Y NWL,(Q)
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such that Y is the closure of Yy for o([[ Ly, [[ F5). Next we consider the com-
plementary system (Y, Yy, Z, Zy) generated by Y, i.e., Y can be identified to Z
and Zj can be identified to Y by means of (-,-). Let the mapping 7' (associated
to the operator A) be defined from

D(T)={ueY |ao(z,u,Vu) € Lz(Q), a;(x,u, Vu) € Lz(Q)}

into Z by the formula

a(u,v):/ao(x,u,Vu)v(m)d:L‘+ Z /ai(x,u,Vu)agix) dr, v €Y.
Q Q i

1<i<N

We consider the complementary system
(Y, Y0, Z, Zo) = (Wy Lp(2), Wy E (), W™ E5(), W L5(92)).
As in [12], we define an entropy solution of our problem.

Definition 3.1. An entropy solution of the problem (1.1) is a measurable
function u such that Ty (u) € W L,(Q2) for every k > 0 and such that

/ a(z,u, Vu)VT(u — ¢)dx < / fTi(u— ¢)dr + / F(u)VTi(u— ¢)dz
Q Q Q

for every ¢ € Wi E,(Q) N L>®(£).
Our main results are collected in the following theorem.

Theorem 3.2. Under assumptions (1.2)—(1.6), there exists an entropy solu-
tion u of the problem (1.1).

3.1. Main Lemma

Lemma 3.3. Let u be a mesurable function such that Tp(u) belongs to
W3 Ly (S2) for every k > 0. Then

/a(x,u,qu)VTk(u—qb) dxg/ka(u—gZ)) dac—i—/F(u)VTk(u—gb)dx (3.1)
Q Q Q
1 equivalent to
/a(x,u,Vu)VTk(u—¢) dx:/ka(u—¢) d:r+/F(u)VTk(u—¢)dx (3.2)
Q Q Q

for every ¢ € Wi Ly,(Q) N L(Q) and for every k > 0.

Proof of Lemma 3.3. In fact, (3.2) implies (3.1), which can be easily proved.
Indeed, by adding and subtracting the term

/ a(x,u, Vo)VTi(u— ¢)dx
Q
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in (3.2) and then using assumption (1.3), we obtain (3.1).
Thus, it remains to prove that (3.1) implies (3.2). Let h and k be positive
real numbers, let A € ]—1,1[ and ¥ € W L,(2) N L>=(R).
Choosing ¢ = Ty (u — AT (u — V)) € WL, () N L>®(Q) as a test function in
(3.1), we have
Ik < Jhke (3.3)

Ine = /Qa(x,u, VTh(u — MNTip(u — U))VT(u — Th(u — ANTi(u — ¥))) de
and
Jhi = /QfTk(u—Th(u—)\Tk(u—\I/)))daH—/QF(u)VTk(u—Th(u—)\Tk(u—\I/)))d:U.

Put
Ape ={z € Q| Ju — Tp(u — XT(u — V)| < k},

and
By = {a: €N ‘ ]u—)\Tk(u— \I/)‘ < h}

Then we obtain
Ing = / a(z,u, VI (u — NI (v — ) VTi(u — Th(u — NI (u — 0))) dz
AgrNBhy
+ / a(x,u, VI (u — NTip(u — 0))) VT (u — Th(u — AT (v — ¥))) dz
ArpNBE,

+ /AC a(x,u, VT (u — AT (u — 0)))VTi(u — Th(u — XTg(u — ¥))) dz.

kh

Since VT (u — Tp(u — NTx(u — ¥))) is different from zero only on Agj, we have
/ a(x,u, VI (u — NTi(u — 0)))VT(u — Th(u — AT (u — ¥)))dz = 0. (3.4)
A,
Moreover, if € B, we have VT},(u — ATj(u—¥)) = 0. Using (1.4), we deduce
that
/ a(z,u, VI (u — NI (u — ) VTi(u — Th(u — NI (u — 0))) dz
Akhﬂng
= / a(x,u,0)VT(u—Th(u — NTp(u—T)))de =0. (3.5)
AppNBE,

From (3.4) and (3.5), we obtain

I = /A i a(@,u, VT (u — N (u — ©))) VT (u — Th(u — AT (u — ¥))) da.
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Letting h — 400, |A| < 1, we have
Akh — {:L' ’ ]/\HTk(u — \I/)‘ < h} =0 and Bhk — Q, (3.6)

which implies Ay N By — ). By using the Lebesgue theorem, we may conclude
that

lim a(x,u, VI (u — NTip(u — U)))VI(u — Th(u — X (v — ¥))) dz
h=400 J Apu Bk

= )\/ a(x,u, V(u— ATg(u — ) VTk(u — V) dx. (3.7)
Q
Thus,
lim Ip, = )\/ a(x,u, V(u — NTi(u—V))) VI (u— V) dx. (3.8)
h—+o00 Q
On the other hand, we have

Jhie = /Qka(u—Th(u—)\Tk(u—\IJ))) d:L'—I—/ Fu)VT(u—Th(u—ATg(u—T))) dz.

Q
Then
hEI—&I—loo/Qka(u — Th(u— NTg(u — W))) dx
+ /Q F(u)VTi(u —Th(u — NT(u — 0))) dz
= )\/Qka(u —U)dzr + /S;F(U)VT]C(U — U)dx,

hgrfoo Jhi = )\/Qka(u —U)dx + /Q F(u)VTi(u— V) dz. (3.9)

After using (3.8), (3.9) and passing to the limit in (3.3), we obtain

A </Q o, 1, (1 — ATy (1 — ©))) VT (u — 0) dx)

<A (/Q FTe(u — W)da + /Q F)VTi(u — 0) dx>

for every U € W L,(Q2) N L>(2) and for every k > 0. Choosing A > 0, dividing
by A and then letting A\ tend to zero, we obtain

/Qa(x,u, Vu)VTi(u—¥) dr < /Qka(u—\I/) da:—l—/Q F(u)VTi(u—V)dz. (3.10)
For A < 0, dividing by A and then letting A tend to zero, we obtain

/Qa(x,u, Vu)VTi(u—¥)dx > /Qka(u—\I/) da:—l—/Q F(u)VT(u—Y)dx. (3.11)
Combining (3.10) and (3.11), we can write the following equality:

/Qa(x,u, Vu)VTi(u—¥) de = /Qka(u\Il) da:+/Q Fu)VT(u—V)dx. (3.12)

This completes the proof of Lemma 3.3. O
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3.2. Proof of Theorem 3.2

3.2.1. Approximate problem and a priori estimate. For n € N, define
fn =Tw(f), F, = F(T,). Let u, be a solution, in W(}L@(Q), of the problem

{ — div(a(z, un, Vuy)) = fr — div Fy(un) in Q, (3.13)

Uy =0 on 0f),

which exists due to [23, Proposition 1, Remark 2]. Choosing Tj(u,) as a test
function in (3.13), we have

/a(x,un,Vun)VTk(un)dx:/fnTk(un)dx—I—/Fn(un)VTk(un) dx,
Q Q Q

We claim that
/ By () VT () daz = . (3.14)
Q

Using VTi(tn) = Vi yuy<py define
Ot) = Fu(t)y{t <k} and B(f) = /Ote(f) dr.
We have by Lemma 2.19, O(u,,) € (W L,(Q))V,
/Q o (1) VT () dr — /Q P () x{[ttn] < K}V da
= /Q@(un)Vun dr = /Qdiv(é(un)) dr =0, (3.15)

(by 2.19) which proves the claim.
Now, thanks to assumption (1.4), we obtain

/a(w,un,Vun)VTk(un) da:Z/go(a;,/\1]VTk(un)|)d:v.
Q Q

Then
/ o(x, M|VTi(up)]) de < Cik, (3.16)
Q

where (1 is a constant independent of n.

3.2.2. Locally convergence of u,, in measure. Taking \|T(uy)|in (3.13)
and using (3.16), one has

VT (un)|
/Qcp <:I:, /\1/\> dzx < /ng(x,)\ﬂVTk(un)\) dx < Cyk. (3.17)

Then, by using (3.17), we deduce that

1 |un ()]
meas{|u,| > k} < / @ <x, dx
infr @ (2, %) Jjunl>0 A
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o o ()
——— | oz, ~|Tk(un)| ) dz 3.18)
o o e (5 3 Tt (
Chk
infkgp(ac,é)

IN

IN

for all n, k> 0. (3.19)

For any 8 > 0, we have

meas{|up, — Um| > B} < meas{|u,| > k} + meas{|u,,| > k}
+ meas{|Tj(un) — Ti(um)| > B},

and thus
201k

meas{|un, — Upm| > B} < ——————
inf,ecq 90(33) X)

+ meas{|Ty(un) — Th(um)| > B}. (3.20)

By using (3.16) and the Poincaré inequality in Musielak—Orlicz—Sobolev spaces
(Lemma 2.8), we deduce that (T (uy)) is bounded in W L, (£2). Hence there ex-
ists wy € WLy (€2) such that Ty (uy,) — wg weakly in Wi Ly, (Q) for o(I1L,, I1E),
strongly in F5(Q2) and a.e. in Q. Consequently, we can assume that (Tj(uy)), is
a Cauchy sequence in measure in §2.

Let £ > 0. Then, by (3.20) and the fact that

2C1k

—————— =0 as k— +oo,
infyeq p(z, §)
there exists some k = k(g) > 0 such that
meas{|up, — uy| > A} < e for all n,m > ho(k(e), A).

This proves that wu, is a Cauchy sequence in measure, and thus u, converges
almost everywhere to some measurable function u. Finally, there exists a subse-
quence of {uy},, still indexed by n, and a function u € W L,(£2) such that

u, — u  weakly in Wy Ly,(Q) for o(I1L, I1E),
up, — u  strongly in E,(€Q) and a.e. in .

3.2.3. An intermediate inequality. In this step, we shall prove that for
¢ € WLy () N L®(Q), we have

[ 4o V) Vi~ ) d
Q
< /Q FuTi(un — &) da + /ﬂ F.VTi(u, — ¢)dz.  (3.21)

We choose now Ty (u, — ¢) as a test function in (3.13), with ¢ in Wl L,(Q) N
L>(Q), to obtain

/ a(x, Un, Vun ) VT (u, — @) dx
Q
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- / FuTiun = 0)da + [ Fu VT3 — ) do
Q Q

Adding and substracting the term

/ a(x, Un, V), VT (uy — ¢) dz
Q
give us
/ a(x, Up, V) VT (uy — @) dr + / a(z, up, VO)VTi(uy — ¢) drx
Q Q
- / CL(.’L‘, U, v¢)VTk(un - ¢) dx
Q
= / foTi(un — @) dx + / F,.VTi(up — ¢) dz. (3.22)
Q Q

Thanks to assumption (1.3) and the definition of the truncation function, we
have

/Q(a(m,un, Vuy) — a(z, un, V@) VT (un — ¢) dz > 0. (3.23)

Combining (3.22) and (3.23), we obtain (3.21).

3.2.4. Passing to the limit. We shall prove that for ¢ € WjL,(Q) N
L>(Q), we have

/ a(x,u, Vo)VTi(u— ¢)dr < / fTi(u — ¢)dx + / FVTi(u— ¢)dx.
Q Q Q
Firstly, we claim that
/ a(x, un, VO)VTi(up — ¢) do — / a(xz,u,Vo)VTi(u — ¢)dx as n — +oo.
Q Q

Since Tas(un) — Thar(u) weakly in Wi Ly, (Q), with M = k + ||¢]|oo, then

Tk (up — ¢) — Ti(u — ¢) in Wy Ly, (), (3.24)
which gives
0Ty, 0Ty, . .
o — ) — — kl L,(Q), i=1,...,N. 2
s (un — @) oz, (u— ¢) weakly in L,(§2), i (3.25)
Show that

a(z, Tar(un), Vo) — a(z, Tar(u), V) strongly in (Lz(Q))V.

By assumption (1.2), we obtain

lai(w, Tar(un), V)| < |i(2)] + Kb~ (o, o Tar(un)])) + Kip lo(x,¢1 [V)])
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with ¢; and ¢y being positive constants. Since Tps(un) — Tar(u) weakly in
W3 Ly(Q) and W Ly, (2) << Lz(Q), then Tar(uy,) — Tar(u) strongly in Ly, (€2)
and a.e. in ), we obtain

la(z, Tar(un), V)| — la(x, Tar(u), Vo)|  a.e. in Q

and

i) + Kl (o, ea|Tar (un)))) + Kip ™ (s e1 [V o))
— 1¢i(2)]| + K P (o, ca|Tas (W) + K7 Yp(z,c1 [Vo|)  ae. in Q.

Then, By Vitali’s theorem, we deduce that
a(z, Tas (un), Vo) — a(x, Tar(u), V@) strongly in (Lz(Q)Y  asn — co. (3.26)

Combining (3.25) and (3.26), we obtain
/Qa(x, Un, VO)VTi(uy — @) dx
— /Qa(x,u, Vo)VT(u—¢)dr asn— +oo. (3.27)
Secondly, we show that
/Q fuT(tn — §) diz — /Q [Tl — ¢) de (3.28)
and

/ E,VTi(u, — ¢)dx — / FVTi(u — ¢) dx. (3.29)
Q Q

We have f,Ti(un — @) — fTr(u— ¢) a.e. in Q and |fTg(un, — ¢)| < k|f], and
F. VT (up — ¢) = FVT(u—¢) a.e. in Q, and |FVTi(u, — ¢)| < k|F|. Then, by
using Vitali’s theorem, we obtain (3.28) and (3.29). By (3.27), (3.28) and (3.29),
we can pass to the limit in the inequality (3.21), so that V¢ € WL, (€2) NL>(€2),
and thus we deduce that

/a(x,u,V¢)VTk(u—¢)dx</ka(u—qb)dx—i—/FVTk(u—(b)d:U.
Q Q Q

In view of the main lemma, we can deduce that w is an entropy solution of the
problem (1.1). This completes the proof of our main desired result.
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IIpo pesiki HeJsiHiiTHI einTUYHI TPOO6JIeMHU 3 BEJIUKOIO
MOHOTOHHICTIO B POCTOpax
Myciieraka—Opiaumaa—CobosieBa

Ouidad Azraibi, Badr El Haji, and Mounir Mekkour

V miit poboTi MU BUBYAEMO ICHYBaHHS €HTPOIINHOrO PO3B’S3KY IESKOl
HeJtiHifiHOT esinTraHOl Tpobsiemu Tury Jlepes—Jlionca, mos’sizany 3 piBHsIH-
M — div a(z, v, Vu) = f(x)—div F(u) B €2 3 yMOBOK BEJIMKOT MOHOTOHHOCT]
y BuzHaveHHi mpocropiB Myciteraka—Opanua—CobosieBa, e npaBa YacTUHA
nagexxuts L (Q) i F = (Fy, ..., Fy) 3agosombase ymoy F € (CO(R))V.

KirrowoBi cioBa: enintuydna mpobJieMa, eHTPOIitHIiT PO3B’ 30K, TPOCTO-
pu Mycitenaka—Opisimaa—CoboJsieBa, KOMIIAKTHE BKJIaJeHHs, Ao-yMOBa
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