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Suppose a topological semigroup G acts on a topological space X. A trans-
formation g € G is called an admissible (partially admissible, singular, equi-
valent, invariant) transformation for p relative to v if p, < v (accordingly:
pg L v, g Lv, py ~v, p, =c-v), where p,(E) := pu(g~'E). We denote
its collection by A(u|v) (accordingly: AP(u|v), S(u|v), E(ulv), I(p|v)). It
is shown that all these sets are Borel subsets of very bounded types. In par-
ticular, A(u|v) is a Gsss-subset of G. If G is a Polish group, then A(u|v),
E(u|v) and I(p|v) admit a Polish topology.
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Let X be a measurable space and p a probability measure on X. A transfor-
mation g : X — X is called admissible for p if p, < p where pg = pg~'. Such
transformations are important for the study of measures. Let X be a topological
group. The simplest transformations of X are translations. Denote by A(u) the
set of admissible translations of u. For example, admissible translations arise
naturally in the theory of stochastic processes. T.S. Pitcher [14] has done the
general definition of an admissible translation and the simplest properties of A(u)
for measures which correspond to stochastic processes. In detail some algebraic
and topological properties for admissible translations of measures were considered
by A.V. Skorohod [18] for a Hilbert space and by Y. Okazaki [12] for a separable
metric group.

It turned out that the structure of  depends on the ”volume” of A(u) sub-
stantially. In the case X = R and [0;00) C A(u), A.V. Skorohod [17] has proved
that p is absolutely continuous relative to the Lebesgue measure and its support
is of the form [a;00). P.L. Brockett [4] has generalized this fact to the case of
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locally compact o-compact groups. Moreover, the famous Mackey—Weil theorem
[11] asserts that if X is a standard Borel group and A(u) = X, then X admits
a locally compact topology and p is mutually absolutely continuous with respect
to Haar measure.

Transformations which take p to its equivalent (to oneself), constitute an
important special case. We denote the set of such transformations by E(u) (I(p)).
Restricting our considerations to such transformations only, we obtain a classical
object of study in Ergodic theory. Let X be a locally compact group. There exists
a measure (the Haar measure) such that I(u) = X. This fact plays a key role in
Harmonic analysis. At any case, I(u) (the group of invariance) is compact and
plays an important role in arithmetic of probability measures (see history and
details in [8]).

Let X = T be the circle group and p a probability measure on T. E(u) can be
viewed as a group of eigenvalues for a nonsingular dynamical system and belongs
to the class of so-called "saturated” subgroups [1, 9]. This approach demonstrates
an interesting interplay between Harmonic analysis and Ergodic theory.

These results constitute the basement of study of A(x) and similar sets in more
detail. In particular, some algebraic, measure theoretical properties, together with
a Lebegsue-type decomposition of this set have been considered (see [7]). In this
article we study topological properties of the set of admissible transformations.

Let X = G be a separable metric group. Y. Okazaki [12] has shown that the
sets E(u) and A(p) are Borel. Let us consider the group E(u). Two methods of
proving that E(u) is Borel are known. The first introduces the strong operator
topology on E(u) and shows that this topolgy is Polish (see [18, 1, 13|). In the
first part of the article we generalize this fact to all Polish G-spaces. Note that
in the general case (see Remark 2.3), E(u) is not complete in the strong operator
topology and it is necessary to amplify it by the initial topology. At the end of
the first part we present some applications of our results to ¢-ergodic measures,
which generalize corresponding facts for Abelian groups ([5, 9, 13]). The second
method was used by Y. Okazaki [12]. In the second part of the article we use
the de Possel theorem to prove much more (see Theorem 3.1). In particular, for
X =T we establish that F(u) is the set of the type Gs55. This give a restriction
on E(u) as well as saturation.

1. Preliminaries and basic definitions

Let (X, B) be a Borel space. We can assume without loss of generality that
X is separable, i.e.: if z,y € X and z # y, then there exists F € B such that
reEFy.

Definition 1.1. A pair (G, X) is called a (semi)group of transformations if:
1) G is a (semi)group and X is a Borel space;
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2) the mapping g : (X,B) — (X,B), x — g -z, is Borel for all g € G;
(gh) -z =g (h-z), and if e is the unit in G then e -z =z, Vg,h € G, Vx € X.

Let G be a topological (semi)group and X a topological space. Then the
(semi)group of transformations (G,X) is said to be topological if the mapping
(9,x) — g - is continuous.

Definition 1.2. Let (G, X) and (H,Y') be a (semi)group. A pair (p,T), where
p: G — H is a homomorphism and 7 : X — Y a Borel mapping, is called a
morphism from (G, X) to (H,Y) if p and T acts as follows

7(g-z) =p(g)-7(x), Vg€G, V€ X.

If (G, X) and (H,Y) are topological (semi)groups of transformations then p and
T are supposed to be continuous.

Hence the set of [topological] (semi)groups of transformations form a category.

Let E € B. The image and the inverse image of E is denoted by g - E and
g~ 'E respectively. If G is a group, then ¢ - E is denoted simply by gFE.

Let M(X) be the set of all finite Borel measures on X. The subset of all posi-
tive measures is denoted by M (X). A measure p € M *(X) is called probabilistic
if u(X) = 1. The Dirac mass at a point z is denoted by d,. Let u,v € M(X).
We write p < v if |u] is absolutely continuous relative to |v|, and p L v if |u] and
|v| are mutually singular. Equivalence y ~ v means that p < v and v < p. If
@ = p1 + pe whith gy L pe, then py and pg are called parts of p.

Let 4 € M(X) and g € G. Denote by g the measure on (X, B) determined
by the relation

pg(E) = (g~ 'E), E € B.

Then (p1g)n(E) = pg(h'E) = (g~ 'h™ ' E) = pung(E), i-e., (1g)h = fing-
Let pu, v € M(X). One can represent them in the form

u:ul—l—uz,l/zyl—i—lﬂ, Whereulwyl,;ﬂJ_l/, 1/2J_,u.

This decomposition is called the Lebesgue decomposition of measures p and v.
Denote by Z—ﬁ the derivative of p with respect to v. Then
dp du' d

2 = aol v~ —a.e.; and ﬁz(), (y2+,u2)—a.e.

Denote by m¢ the left Haar measure of a locally compact group G.
For a function f(z) we put: f*(z) = max{f(z),0}, f~(z) = min{f(z),0}.

Then f(z) = f*(2) — f~(z).
This article is devoted to the study of topological properties of the sets which
are determined in the following definitions.
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Definition 1.3. Let p € M(X). A transformation g € G is called an admis-
sible (partially admissible, singular, equivalent, invariant) transformation for p if
Lg K p(respectively: pg L op, prg Lo, pog ~ p, pg = p). Their set denoted by
A(p) (respectively: AP(p), S(p), E(u), I(p)).

Obviously
I(p) C E(p) C A(p) C AP(n), AP(p) NS(p) =0, AP(u) US(p) =G.

It is clear that, if G has a unit e, then e € I(u).
The following definition is a natural generalization of the previous one.

Definition 1.4. Let p, v € M(X). A transformation g € G is called an
admissible (partially admissible, singular, equivalent, invariant) transformation
for p relative to v if pg K v (respectively: pg X v, pg L v, pg ~v, pg =c-v,
where ¢ = ||v||/||n]l). Their set denoted by A(p|v) (respectively: AP(u|v), S(u|v),

E(plv), I(p|v)).
Evidently, the corresponding inclusions are true for these sets:

I(plv) C E(ulv) C A(ulv) € AP(ulv),
AP(ulv) N S(ulv) = 0, AP(ul) U S(ulv) = G.
Clearly, if G is a group, then E(ulv) = BE(lulllv]), A(uly) = A(pullv),
AP(plv) = AP(|plllv]), S(plv) = S(ul|lv]). Thus we will often restrict our
considerations to probability measures only.

The case when X = G is a group makes a special interest. The following
operators arise naturally

Lg(x) =g, Rg(x) :ngl’ Cg($) :gl‘gil :L9R9($)7 VI,QGX.

These operators determine the left, right and conjugate actions of G on X. By
default, the action of G on X is left, i.e. g-2 = gx.

Definition 1.5. Let G = X be a group. The sets AP(ulv), S(ulv), A(ulv),
E(p|v), I(ulv) relative to the left (right, conjugate) action of the group on itself
is denoted with the subindex | (respectively r,c), i.e.,

AP, (ulv), Si(ulv), Ar(ulv), Ec(ulv) ete.

Put Ay(ulv) = Ai(ulv) N [A-(u)] ™, Aul) = Ai(p) N A ()] ete.
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We remark that for noncommutative groups, P.L. Brockett [4] and Y. Okazaki
[12] used the term admissible translations for the elements of Ay(u).

Set G* = GU {idx}. Then G* is a semigroup with unit. Corresponding sets
relative to G* are denoted by AP*(u|v), A*(u|v) etc. A set E is called G-invariant
if g7} (E) = Eforall g € G.

Definition 1.6. A measure i is called t-ergodic, if for all its nonzero parts «
and B, there exist g, h € G* such that ag L 8 and o [ By,.

Evidently, u is t-ergodic if and only if |u| is t-ergodic.

2. The strong topology on AP(u)

Let X be a separable metric space. Let G be a separable metric (semi)group
which acts continuously on X. Let p and v be probability measures on X.

For oo € L' (1) let oy = o' + @ be the Lebesgue decomposition of ay relative
to v, where o' < v and o? 1L v. Put

Ty4(a) = al.

Then T, is a linear contractive operator from L(u) to L!(v).
Now we define the strong operator topology (strong topology, for short) on
AP(ulv) (compare with [18, 1, 13]).
Definition 2.1. A sequence g, € AP(u|v) is called convergent to g € AP(ul|v)
in the strong topology if
lim |[T,,q, (@) = Tog(a)| =0, Vae Li(n), (2.1)

n— 00

for the semigroup case, and, additionally to (2.1),
lim [T, —1(8) = Tue1(B)l =0, VBeL'(v), (2:2)

n— 00

for the group case.

Definition 2.2. Let g, h € AP(u|v). Let {un} and {v,} be a countable dense
subset in L'(p) and L'(v) respectively. If G is a semigroup we put

o0

d(h,g) = Z 1 ||Tu,h(/1'n) - Tu,g(ﬂn)”

2r 1+ HTu,h(Nn) - Tll,g(ﬂn)H’

n=1
and if G is a group we put

oo

d(h,g) _ Z i < ||Tu,h(/1'n) - Tz/,g(ﬂ'n)“ n HTu,h—l(Vn) - Tu,g—l(yn)H > .
28 \ 1+ Ton(pn) = Tog(un)ll 1+ (1T 1 (wn) — Ty g1 (va)ll

n=1
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Notice some simple properties.

Proposition 2.1. 1. d(g,h) is a pseudometric on AP(ulv).

2. The topology which determined by d(g,h) and the strong topology are coin-
cide.

3. Let I(g,h) ={x: g-x="h-z}. Put

pgn(E) = pn(EN(X\1(g,h), vgn(E):=pEN(X\I(g,h)))

Then d(g,h) is a metric if and only if the set AP (g p|v) N{g,h} (in the
case if G is a group, one of the sets AP(ugn|v) N{g,h} or AP(vyu|p) N
{g Y, h"1}) is not empty for all g,h € AP(u|v),g # h.

4. If d(g,h) is a metric, then AP(u|v) is a separable metric space.

5. If G is a group, then the mapping j : AP(ulv) — AP(v|u), j(g) = g7', is
a homeomorphism.

6. If h and t are invertible, then the mapping i(g) = tgh~' is homeomorphism
from B(ulv) to B(up|v), where B(.) is one of the sets AP(.), A(.), E(.),

1().

Proof. We give the proof for the case when G is a group.

1., 2. Evidently.

3. Let g € AP(ugnlv). Let (ugn)g = p' + p? with p' < v, p? L v, and a be
the part of p1, p, such that oy = p!. By hypothesis, we can chose xy € supp « and
a neighborhood U of z such that g-UNh-U = 0. Put 8 = a|y = (ugn)|v and
chose py, such that || — py|| < 0,1[|8]]. Then

(1+ HTVg(Nn) - Tuh(ﬂn)H)Tl (9,h) > HTV,g(Nn) - Tu,h(ﬂn)H
||T 9(B) = Ty n(B) + Tog(n — B) — Ty n(pin — B
v (B — 2IIMn Bl = [IT0,4(B)II = 0,2[|8]] = 0,8][8]| > 0.

Hence d(g,h) > 0. Analogically, if g=' € AP(v,|p), then d(g,h) > 0.
Conversely. Let d be a metric and g # h. Then d(g,h) > 0. Let p, = pl + 2
with ph < pgn, p2 L pgp. Then p2 is concentrated on I(g,h) and therefore

(12)g = (u2)n- 1f g, h € S(pugplv), then
||T1/,g(ﬂn) - Tl/,h(l‘n)H = HTV,g(:lez) - Tu,h(ﬂvlz) + T,,,g(,u%) - Tu,h(l‘%)n =0.

Similarly, if g~ ', h' € S(vgpnlp), then ||T, ,-1(vn) — T p-1(vy)|| = 0. Thus
d(g,h) = 0. This contradiction concludes the proof.

> T (B) =
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4. For k,l € Nand m = (mq,...,m;),q= (qi,...,q) € NV, we put

Uk,lym,q =

1 1
{9€ AP WTaglin) = v < o ITgms ) =l < =10t

Select one element in every nonempty set Uy ; m q. Then we get at most countable
set R. It is easy to show that R is dense in AP(ul|v).

5. By Theorem 4.2 [7], the mapping j is a bijection. Denote by d; a pseudo-
metric on AP(u|v) and the corresponding function on AP(v|u) denoted by dy. It
follows from our construction that

d2(gila hil) = dl(ga h)

Hence ds is a pseudometric too, and the mapping j is a homeomorphism (of the
spaces with pseudometrics). Notice that if dy(g,h) is a metric, then das(g, h) is a
metric too and j is a metric isomorphism.

6. By Theorem 4.2 [7], the mapping 7 is a bijection. It is clear that {(uy)n}
and {(v):} forms a dense subset in L'(up) and L'(;) respectively. Denote
the corresponding pseudometric on AP(up|vy) by di. Since T, yon-1((ptn)n) =

T,( (Nn)g) = Tu,g(:un) and Tuh,hgfltfl((’/n)t) = Tuh( (Vn)hgfl) = Tu( (Vn)gfl) =

1,41 (Vn), then

di(tgih " tgah ™) = d(g1, 92).

Hence 7 is a homeomorphism. In particular, if d is a metric, then dy is a metric
too, and ¢ is an isometrics. [ |

In the following proposition we study continuity of algebraic operations and
elementary topological properties of the sets A(u|v), E(pu|lv) and I(u|v) in the
strong topology.

Proposition 2.2. Let g, h € AP(ulv)

1. If g € A(p|v) and d(gn,g) — 0, then g € A(p|v).
If gny hn € A(p),d(gn,g) — 0 and d(hy, h) — 0, then d(gnhn, gh) — 0.
Let G be a group (this condition is essentially), then

2. If gn € E(u|v)[I(ulv)] and d(gn,g) — 0, then g € E(ulv)[I(p|v))].

3. If gn, hp € E(u)[L ()], d(gn,g) — 0 and d(hy, h) — 0, then d(gnhn, gh) — 0.

4- If gn, g € E(u)[I(w)] and d(gn,g) — 0, then d(g,*,g") — 0.
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In particular, if d(g,h) is a metric, then A(p|v) is closed in AP(u|v) in the
strong topology. If, in addition, G is a group, then E(u|v) and I(ulv) is closed in
AP (u|v) with respect to the strong topology; A(u) is a closed topological semigroup;
E(u) and I(p) are closed topological groups.

Proof. We prove the proposition assuming that G is a group.

1. Let g, € A(u|v) and g, — ¢ in the strong topology. Let uy = p' 4+ p? with
pt < v, p? L v. Tt is necessary to show that u? = 0. In the converse case, let
v > 0 be a part of |u| such that v, < 2. Then

Tyg(v) = 0 and ||T,4, (v) = Tog N = [T NI = (7] 7 0,

which is a contradiction.
Let g, — g and h,, — h with respect to the strong topology. Then g,h € A(u).
Let ¢ > 0 and o € L*(i1). Then oy, € L'(1). Choose N such that

1
1T suhn (@) = Ty (@)l = llan, —anll < e

and .
| Ty,gnn (@) = Tpgn(@)|l = l[(an)g, — (an)gll < 5

2
for all n > N. Then

T g b (@) = Ty g (@) |
= lag,h, — agnll < llag,n, — agnll + llag,n —agnll < e, ¥n > N.

Hence
lim |7}, g,h, (@) = Ty gn()]| = 0. (2.3)

n—oo

Further, put Q1 — Qg1 = B+ B2 with Bt < u, 82 L p. By the hypothesis

“Tu,g;l(a) — Ty g1 ()] = 1851 = O.

Assume that (ﬁg)hgl =yt + 72 with 4} < p,72 L p. Let &, be the part of
32 such that (On)p-1 = vt Then 6, = (y})n, < p. This contradicts to our choice
of B2. Whence 7} = 0 and

HTﬂyh;lgﬁl(a) o Tu,hfllg—l(a)n = ||Tu((aggl - Oég—l)hgl)H
= | Tu((BY) =)l < 1IBLI —= 0.

Let a1 = al + o? with o' < pu,o? L pu. Analogously, we can prove that aigl

1

and ai_l are mutually singular with p. Since o is not depended on n, then

1T, it (@) = Tyt 1 (@)l = 1T, 1 (@) = Typs ()| = 0.
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Thus

1, ot o (@) = Ty ergmr (@)

< HT ,h;lggl(a) — Tu’hT—ng,l(Oé)“ + HTu,hlegfl(a) — Tu’h—lg—l(O{)H — 0.

By the above and (2.3), we see that g,h, — gh in the strong topology.

2. Let g, € E(p|lv) and g, — ¢ in the strong topology. Then g € A(ulv).
Moreover, by Proposition 2.1, g, ! tends to g ! with respect to the strong topology
on AP(v|p). Since g, ' € E(v|p), then g~ € A(v|u). Thus g € E(u|v).

Let gn, € I(u|lv) and g, — g in the strong topology. It is proved that g €
E(p|v). Since

lim || Ty,g, (1) — Ty g(p)[l = nlgrolo le-v—pgll =0,

n—0o0

then uy = c-v and g € I(pulv).

3., 4. If g, — g and h,, — h in the strong topology, then g, h € E(u)[I(u)]
by item 2.

By Proposition 2.1 (5) and item 1, g;! — ¢~! and g,h, — gh with respect
to the strong topology on E(u). [ |

1

To prove the main theorem of this section we need three lemmas as follows.

Lemma 2.1. Let {gn} C AP(pu|v) be a fundamental sequence in the strong
topology, g, tends to g with respect to the original topology, o < u and the
following condition is fulfilled

(i) lim [Ty g, (@) = [ Thg (@)
Then
Tim T3, (a) ~ Tg(@)]] = 0. (24)

Proof. We can assume without loss of generality that o > 0. Represent «
in the form

a=p"+9"=p+7, with 85 <v,vy, Lv,B; <v,v, Lv

Let By, = fav and B, = fv. Evidently, {B;‘n} is fundamental if and only if {f,}
is fundamental in L!(v). Hence there exist the limit @ := lim, s |7, 4, (@)|| and
a subsequence f,, which converges to F(z) v-a.e. Then a = ||F|| = ||T, 4(a)|| =
| f]l. Clearly, it is enough to prove (2.4) for a subsequence. Thus we can assume
without loss of generality that ny = k. It is necessary to prove that F' = fr-a.e.
Since ||F|| = ||f]], it is enough to prove that

F(z) < f(z) v —a.e. (2.5)

Journal of Mathematical Physics, Analysis, Geometry, 2006, vol. 2, No. 1 17



S.S. Gabriyelyan

In the converse case, there exists a compact K such that: v(K) > 0; F(x) >
f(z) on K;v4(K) = 0 and f,(z) converges uniformly to F(z) on K. Since
ay(K) = B4(K), then for some e > 0 we can find a neighborhood W D> g 1K
such that

a(W) < Bg 'K)+e= [ f()dv+e< | F(z)dv —e.
[ riaec< |

K

Since g, — g, we can find N such that

g, 'K C W and (g9, ' K) > /F(x)du—e, Vn > N.

K
Then
/F(x)dl/ —e < AYg'K) < a(W) < /F(m)du —¢&, Yn > N.
K K
This contradiction concludes the proof. [

Remark2l1. Condition (i) is important. Really, let G = X = R and
po=v=1%(0+0d+ m|_i;7). Then g, = 2 — 1 e AP(ulv), gn converges to
g = 2 € AP(u|v) in the original topology. It is easily be checked that {g,}
is fundamental in the strong topology and does not satisfy condition (i). It is
obvious that (2.4) is fails.

Lemma 2.2. Let G be a semigroup [group] and {g,} C A(ulv)[E(ulv)] a
fundamental sequence in the strong topology. If g, converges to g with respect to
the initial topology, then g € A(u|v)[E(u|v)].

Proof. Assume the converse and g ¢ A(u|v). Then there exists a part «
with a compact support K of the measure p such that oy L v. For every natural
number n we choose an open set W,, such that g- K C W, and oy, (W,,) < 0,1]|c||.
Put K, = K \ g,'W, C K. Then K, is compact and

a(Ky) > a(K) — alg, ‘W) > 0,9]|al.

Since the maps z + gi - = are continuous on K and converge to the map = — ¢ -z,
then there exists m > n such that g,,-K,, C W,,. In particular, g, -K,Ng, K, = 0.
Then

1Ty,g (@) = To g, ()]
= llag,, —ag, || = (ag,, = ag,)(gm - Kn) = a(Kn) = ag, (Wn) > 0, 8[|,
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This contradicts to the fact that {g,} is fundamental.

If {gn} C E(u|v), then we have proved that g € A(u|v). By Propositions 2.1,
2.2 and Theorem 4.2 [7], {g,,'} C E(v|u) is fundamental in the strong topology
on E(v|y). Thus g=! € A(v|p). Hence g € E(u|v). ]

Lemma 2.3. Let G be a semigroup [group], {gn} C A(u|v)[E(n|v)] o funda-
mental sequence in the strong topology, and suppose that g, converges to g with
respect to the original topology. Then g € A(u|v)[E(u|v)] and g, converges to g
in the strong topology.

Proof By Lemma 2.2, g € A(u|v)[E(u|v)]. Then ||T,4, ()| = |lag, || =
|l = |lagll, Voo <€ p. By Lemma 2.1, we have

lim ||T,q, () = Ty g(a)| =0, Va<p,

n— 00

and the lemma is proved for the semigroup case. Let G be a group. It is remain
to prove that (2.2) is true for all measures 3,0 < 8 K v, i.e. limy,_, “Tu ool (B)—

Tu,g—l(ﬁ)H =0,
Represent S in the form

B=pF"+o" =B +9" with B <,y Lo, g < 791 Lo

By hypothesis, ﬁ;,l is fundamental and thus converges to some measure a < p.
Hence "

ﬁn = agn + (/Bn _agn)?
where ||" — oy, || = ||ﬁ;‘;1 —af = 0 and a4, — o4 (this follows from 2.1, since

a < pand g, € A(ulv) ). In particular, f” — «4. Since " is the part of f,
then 5" = £,0, where £, takes part two values 0 and 1. Then &, converges to a
function ¢ on some subsequence. The function ¢ takes part only values 0 and 1
too. Clearly that ay = 3. Thus ¢y is a part of 3. From the proof of Lemma 2.1
(see (2.5)) it follows that B° = 1 + ay, where 7 is a part of 8 and n L ay. It is
necessary to prove that n = 0, since, in this case, condition (i) of Lemma 2.1 is
true.

Let 7 # 0. Then n,—1+ < p. Thus, by Lemmas 2.1 and 2.2, (9,-1),, —
(ng-1)g = 1. Choose and fix a natural number n so much that

18" — gl <0, 1lnll s [Ing,g-1 — nll <0, 1|7l (2.6)

Choose E; and E5 such that

B = agley, B (E2) <0,1nll; ag(E2) = 0 and §*(X \ (Ey U E)) = 0.
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If n =0+ 60 with 0 < ng ,-1,01 L n, 41, then (2.6) implies [|6;]] < 0,1]|n].
Since 6 and g™ are parts of /3, then, by our choice of Es, we have 5|, = 8"|&,
and 6(Fy) < f"(Es). Thus

0(X\ (E1U Ep)) = 0(X) — (0(E1) + 0(E2)) = 0(X) — 0(E2) > 0(X) — 5" (Ex)

= n(X) = 61(X) = 5" (E2) > [Inll = 0,2([n]| = 0,8]n]l.

By the above there exists a part A of 1, and hence of 3, such that A 1L g™ and
A L 1y, g-1- But Ag;1 K g1 < p and Ag;1 1 ,6;[1. This contradicts to our
choice of ™. [

The following theorem is the main result of this section.

Theorem 2.1. Let G be a Polish semigroup [group] and let X be a Polish
G-space. Let p and v be measures on X. Denote by r the metric on G and set d
is the pseudometric from definition 2.2. Then AP(u|v) relative to the metric

p(g,h) = max{d(g,h),r(g,h)}

is a separable metric space. A(p|v) [E(ulv) and I(u|v)] is closed in AP(u|v) and
complete in this metric. If p = v, then A(u) is a Polish semigroup [E(pn) and
I(u) are Polish groups].

Proof. Clearly that p(g,h) determines a metric on AP(u|v). Let Uy jmq
are defined in Proposition 2.1 (4). Let Uy m,q be a nonempty set. We can choose
a countable set which is dense in Uy j m q in the metric r. Let @ be the union of
such sets. Let us show that @ is dense in AP (ulv).

Let ¢ > 0,9 € AP(ulv). It is easily shown that we can find Uy jm g such that

g € Uk imq and d(g,h) <€, Vh € Uk jmq-

Let t € Q@ N Uk, m,q such that r(g,h) < e. Then p(g,t) < e.

If g, € A(p|v)[E(p|v)] and p(gn,g) — 0, then g, tends to ¢ in the initial topol-
ogy and {g,} is a fundamental sequence in the strong topology. By Lemma 2.2,
g € A(u|v)[E(u|v)]. Thus these sets are closed.

If {g,} is a fundamental sequence in the topology which is determined by
metric p, then {g,} is fundamental in the strong and the initial topologies. Thus
{gn} tends to an element g € G. Then g € A(u|v)[E(u|v)] by Lemma 2.3. Hence
these sets are complete.

The continuity of the group operations follows from Proposition 2.2.

Assertions for I(u|v) and I(p) are true since these sets are closed in the strong
topology. The theorem is proved. [
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Remark22 The condition that G is a group is important. Really. Let
X =[0;+00). Set

T(z) = { T —T: z € [1;+400) "’ S(z) = {z},

where {z} is the fractional part of z. Put u is equivalent to Lebesgue measure on
X and let G be the semigroup generated by T and S. Since S? = §,T*S = S,
then G = {ST*, T* k = 0,1,2...}. Thus G with the pointwise topology is a
Polish semigroup and has one limit point S. Moreover, the strong topology and
the initial one are coincide. Evidently that T € E(u), S € A(p) and T™ converges
to S strongly. Hence E(u) is not closed.

Later on of this section we will consider AP (u|v) with the topology generated
by metric p. In particular, the mapping g — T, 4(e) and the function g —
T,4(c)(E) are continuous, where o € L' (1), E € B(X).

Theorem 2.2. Let G be a subgroup of a Polish group H = X, p and v be
measures on H. Then AP(ulv) is a separable metric space with respect to the
strong topology. Moreover, A(u|v), E(ulv) and I(u|lv) are closed in this topology
on AP(p|v).

If G is closed, then A(p|v), E(p|lv) and I(pu|lv) are complete. The semigroup
A(p) and the groups E(u) and I(u) are Polish. Moreover, the strong topology on
A(u|v) is stronger then the topology induced from H.

Proof. Since I(g,h) = 0, then d(g,h) is a metric. A(u|v), E(u|v) and
I(p|v) are closed by Proposition 2.2.

Let {gn} C A(ulv) (E(p|v), I(p|v)) be a fundamental sequence with respect to
the strong topology. Let us prove that {g,} is fundamental in the initial topology
and hence converges to an element g € H. In fact, let © € supp p. Then for every
neighborhood U of x the following equality is true:

oiim T, (8lo) = Tog (plo)ll = lim 1 (el0)g, = (ulo)gnll = 0-
But this is possible iff g, - « is fundamental in H. Hence g, -  converges to an
element y € H. Thus g, — yz~! := ¢. If G is closed, then ¢ € G. By Lemma 2.3,
gn converges to g with respect to the strong topology. Therefore A(u|v), E(u|v)
and I(u|v) are complete.

Now we prove the last assertion. Assume that g, converges to g in the strong
topology. By the above, g, converges to some element h with respect to the initial
topology. Hence, by Lemma 2.3, g, — h in the strong topology. Thus g = h and
gn — ¢ with respect to the strong topology. [
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Remark23. If Gisnot closed, then, in general, the strong and initial
topologies may be not comparable. For example, let G = R, H = T2?. Let
p: R — T? be an embedding with the dense image. If v = 1 = my2, then the
strong topology on T? coincide with the initial one. Thus the strong topology on
R is induced from T?. Clearly that one is weaker then the initial topology and is
not complete.

The following proposition shows that AP(u|v) has some local algebraic struc-
ture.

Proposition 2.3. Let G be a group. For all g € AP(u|v) there exists a
neighborhood V' of g such that

hihy'g € AP(ulv), Vhi,hy €V.

Proof Letge€ AP(plv) and g = o + vy, where ay < v,y L v. Put
a = ||a||. Then the set

V={he AP(u) : [ Tyn(p)=Tog(w)ll <0,1a, | T, p-1(cg) =T, g1 (eg)l| <0,1a}

is open. Let hi,hg € V. Then a4 can be represented in the form
g = a; + fy; with a,llz_lg < u,fy}llglg 1p(a= ol + ’Yl’al 1 'yl)-
By the choice of V' we have

Hoz}ll_lg —af <0,1a end ||a | = [la']] > 0,9a. (2.7)
2

hety|
h;lg

Hence
1, oty (@) 2 g (@) = 1T, ot () = Thg ()]

> T ()~ (1T (h1,) ~ Tog(rh )+ [Togo s, — a')]) > 0. 7a
(we take into account the following facts: ay < 7, [T < 1,04}11_19 < 1, (2.7) and
2

our choice of V). Thus hihy,'g € AP(u|v). ]

Our nearest goal is to prove that the topology generated by product of two
measures is the product topology. First, we prove the following lemma.

Lemma 2.4. Let nonzero measures «, ay,--- € MY(X) and S8, B1,-- €
M (Y) be norm restricted. Then the following assertions are equivalent:

1. ayp % By = ax B (by the norm);
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2. There exist 0 < a <k, <b < oo such that

B

knay, — o and T — .

Proof 1.= 2. Let p and v be normalized convex linear hulls of measures
a,aq,... and B, B1,. .., respectively. Let a = Fu,an, = Fpu, 8 = Gv, B, = Gpv.
By hypothesis

/ / Iy (£)Goy) — F(2)G(y)ldu(x)di(y) — 0, asn— oo, (28)
Y X

Let Sn(y) = [y [Fu(2)Gn(y) — F(2)G(y)|dp(z). Then they are v-measurable.
Choose ¢ > 1 such that v(A) # 0, where A = {y : 1/¢ < G(y) < c¢}. By the
Chebyshev inequality, there exists constant N (not depending on n) such that the
following inequality is true:

1
U(Sn > NS ) < S(A).
Thus there exists y, € A such that Sy,(y,) <

Goa(yn) /G ), we receive

N||S,||. Hence, putting k, =

[ 1Ea@) b = Pla)ldu(o) < eNS, .
X

Then (2.8) implies F,(z) - k, = F(z) or kna, — a.
Analogously, there exist constants d,, such that d, - 8, — §. Therefore

anXﬁn:(knananﬁn)'L%axﬁ#o-

kndy,
Hence k,d, — 1. Substituting k, on \/]’;:Tn and d, on \/I?TRTn’ we receive a desired

sequence (since if k,, = 0 (— 00), then o =0 (8 = 0) by the norm boundedness
of the sequence o, (5,)).
2.= 1. It is followed from the inequality

Jm % B = x Bl < | (ncan — ) x 221+ <i_ _ ) I

n

The lemma is proved. u

Proposition 2.4. If G = G X Gy, X = X1 X Xo and puy1 X s, then the topology
on AP(u) = AP(p1) x AP(u2) is the product topology.
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Proof. By Proposition 5.1 [7] we have AP(u) = AP(u1) x AP(u2).

Let (gn,hn) — (g,h) in AP(u). Let us show that g, — ¢ in the topology on
AP(p1). Clearly r1(gn,g9) — 0. It is remain to prove that di(g,,g) — 0. Let
0 <a€ LYu), 0 < B € L' (ug). Then for every (g,h) € AP(u) the following
equality is true:

Ty gy (@ x B) =Ty((a X B)(gn) = Tulag X Bp) = Ty, (ag) X Tpy (Br)- (2.9)
By Lemma 2.4, there exist 0 < a < k,, < b < 0o such that
knTy, (ag,) = Ty, (rg).-

Hence it is enough to prove that k, — 1. By symmetry with respect to « and (3,
it is enough to prove that limk, < 1. In the converse case, we can assume without
loss of generality that k, — ¢ > 1. Then, by Lemmas 2.4 and (2.9), we have

1

ETM? (IBhn) - T#Q (Bh)

for every part 8 of uo. Choosing a part 8 such that 8, < po, we see that

1 1 1
181+ =T (B ) < 181 = 181,

which is a contradiction. By symmetry of the definition of the strong topology, it
is proved that di(gn,g) — 0. Hence p1(gn,g) — 0 too.

Conversely, let p1(gn,g) — 0 and po(hy,, h) — 0. Clearly that r((gn, hy), (g, h))
— 0. Suppose v € L' (i) has the form v = a x 3, where o € L' (111), 8 € L (pu2).
Then (2.9) implies

Tty (gr ) (V) = Ty g ) (@ X B) = Ty gy (0 X B) =Ty (g, (7)- (2.10)

Since every measure v € L'(u) admits an approximation by finite
sums of measures of the form « x 3, (2.10) is true in the general case. Thus

p((gnahn)v(gah)) — 0. |

Remark24. For acountable product 4 = p1 X po X ... the analogical
proposition is not true (for example, if p is a right Gaussian measure on R*).
But on finite products AP (1) X -+ X AP(uy) (which naturally identifies with
the closed subsets in AP (u) of the forms AP(uq) X -+ x AP () X {e} x...) the
induced topology from AP(u) is coincide with the product topology.

Let us consider some properties of t-ergodic measures.

Proposition 2.5. Let (p,7) be a morphism from (G,X) to (H,Y) and u €
M(X) t-ergodic. Then T(u) is t-ergodic.
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Proof Let vy and vy be pats of 7(p). Put o and 8 are the parts of p
such that 7(«) = v1,7(8) = v2. Then there exists g € G such that oy £ B. Thus

(V1)p(g) = T(g) L 7(B) = o -

The constructed topology on AP(u|v) gives an another characterization of
t-ergodic measures which explains the word "ergodic". The following proposition
is an analog of Proposition 1 [13] (see Proposition 5.5 [9] too).

Proposition 2.6. Let G be a group and p € M*(X). Then the following
properties are equivalent:

1. p s t-ergodic.

2. w is D-ergodic for every countable subgroup D C G such that D N AP(u) is
dense in AP(u).

3. There exists a countable subgroup D C G such that u is D-ergodic.

Proof 1.= 2. Let DN AP(u) be dense in AP(u). Let B and B’ be two
disjoint D-invariant subsets of positive measure. Then T}, ;,(1p/4) is concentrated
on B’ for all h € D. Since DN AP(p) is dense, then T}, ,(15/1) is concentrated on
B’ for all h € AP(u) too. Hence 1gu L (1gp)p, for all h € AP(u) and therefore
for all A € G, which is a contradiction.

3. = 1. Suppose there exist 0 < o < p and 0 < < p such that o L 3,
for every g € D. Let By be a Borel set such that « is concentrated on B, and
By(By) = 0. Put By = NyB,, B =Uyg~'By. Then B is a D-invariant subset of
positive measure and 3(B) <}, B4(By) = 0. This contradiction concludes the
proof. [

Proposition 2.7. For a finite product of groups of transformations a finite
product of t-ergodic measures is t-ergodic.

Proof. Consider the product of two probability measures. Let D; be count-
able subgroups which are generated by countable dense subsets of AP (u;),7 = 1,2.
Then p; is Ds-ergodic. Let us consider the countable subgroup D = D; x Dy. By
Proposition 2.4, D N AP(p) is dense in AP(u). By Proposition 2.6, it is enough
to prove that p is D-ergodic. Let B be a Borel D-invariant set and pu(B) > 0. Let
Ty € Xo. Put By, := {z1 : (x1;72) € B}. Let g1 € Dy. Since (g1,e)"'B = B,
then g7 'B,, = By,. Thus we have either p;(Bg,) = 0 or u(Bg,) = 1. Set
By :={z9: u1(B;,) =1}. By the Fubini theorem, we have

0 < u(B) = / i1 (B )z = 2 (Ba).
Xo

Journal of Mathematical Physics, Analysis, Geometry, 2006, vol. 2, No. 1 25



S.S. Gabriyelyan

It is remains to show that the set Bs is Do-invariant. Let go € Do. Fixed zo.
Since (e,g2) "' B = B, then prx, B = B;, = By, .z, Thus By = g, ' Bo. m

The following proposition is an analog of Lemma 1 [5] (the condition of com-
mutativity is important).

Proposition 2.8. Let G be Abelian. Let « € M (G) and p € MT(X) be
t-ergodic. Then a * y is t-ergodic too.

Proof By Proposition 2.7, a x p is t-ergodic. Put 7(g9,2) = g -z and
p(g,h) = gh. Then (p,7) is a morphism from (G x G,G x X) to (G,X). By
Lemma 6.1 [7] and Proposition 2.5, @ % 1 = 7(a X ) is t-ergodic too. |

Notice the following proposition.

Proposition 2.9. Let G be a group and u t-ergodic. Let D be a countable

subgroup of G such that D N AP(u) is dense in AP(u). If v € MT(X) and
D C E(v), then we have either p < v or yu L v.

Proof Let E be a Borel set such that |u|(F) > 0 and v(E) = 0. Then,
by the hypothesis, we have vy(E) = 0,Vg € D. Thus the set Ey = Uyepg™'E
is D-invariant and v(Ey) = 0. Since pu is t-ergodic, then u(Ey) = 1. Therefore
|| L v |

3. Borel type of AP(u|v)

The following theorem is the main result of this section.

Theorem 3.1. Let (G,X) be a topological semigroup of transformations of
a separable metric space X. Let y and v be reqular probability measures on X.
Then

1. There ezists a Borel function p(z,g) : X X G — [0;00) such that for every
fired G, p(-,9) is a density of the absolutely continuous part of p, relative
to v.

2. The sets AP(ulv), A(ulv), E(plv), I(ulv) and S(u|lv) are Borel subsets
of G of very bounded types, namely: AP(ulv) is a Ggpss-set; A(p|v) is a
Gsos-set; E(p|v) is a Gsgsos-set (if G is a group, then E(u|v) is a Gsqy5-set);
I(ulv) is intersection of a Gsy5-set and a Fy5,5-set; S(ulv) is a Fys,6-set.

26 Journal of Mathematical Physics, Analysis, Geometry, 2006, vol. 2, No. 1



Topological Properties of the Set of Admissible Transformations of Measures

To prove of Theorem 3.1 we use the de Possel theorem. Let us recall it. Set
B to be Bifi=1and X\ Bifi=0. Let {B,} be a base of the topology on
X. Put
Af:LmAQ,whmeA@::{Bp)ﬂBg”F%-WWBg“,@cz&l,jzlw.”n}.
Denote all distinct nonempty sets from A, by {A¥}. Then N, = {AF} is a finite
family of Gs-subsets of the separable metric space X.

Let p and v be finite regular measures on X. Then A is a net for v. Consider
the next sequence of Borel functions

k
) = Y B, (3.1)

k:w(Ak)A£0

D(z) = limp 00 fn(z) (32)

where x g is the characteristic function of a set E. De Possel theorem ([15, Ch. IV,
§10]) asserts that:

if p(x) is a density of the absolutely continuous part of u relative to v, then
we have

lim f,(z) = D(z) = p(z) v-a.e. (3.3)

n—o0

Denote by fn(x,g) and D(z, g) the corresponding functions for couple of mea-
sures 1y and v. Put I, = {k : v(AF)) # 0}, then

#g(Alycn) k .
Fulzg) =4 vty for (@) € Ay x G, il k€ L.
0, for (z,g) € Al x G, if k& Ly,

To prove Theorem 3.1 we need two propositions.
Proposition 3.1. Let (G, X) be a topological semigroup of transformations of

a separable metric space X. Let p and v be probability measures on X and B(Q)
a o-algebra of subsets of G. Assume that the following condition is true:

(i) there is a net N' = ooy N = Une Une {AEY for v in B such that the
functions py(AE) are Borel for every n,k € N.

Then

1. There exists a finite nonnegative B x B(G)-measurable function p(z,q) of
two variables such that:

1) For every fized g the function p(-,g) is a density of the absolutely con-
tinuous part of g relative to v.
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2) For all ¢ € R the functions

p(z,g)dv(z),

p(z, g)dv(z),

/

he(9) = [ o (@ g)av(a),
X
/

+

are Borel, where p(z,9) - ¢ = pf (z,9) — p7 (2,9).

3) If E={(zr,9) € X xG: p(z,g) >0}, then the function

Qg) = / i (2, g)du ()

X

18 Borel.

2. The sets I(ulv), E(p|v), A(u|lv), AP(ulv), S(p|v) are Borel.

Proof. Westart with proving Statement 1 of our theorem.

1. If we prove that the function D(z,g) is B x B(G)-Borel and satisfies condi-
tions 1-3, then we receive a required function putting p(z,g) = D(z, g) if D(z, g)
is finite and p(z,g) = 1 if D(z,g) is infinite.

First we shall show that D(z,g) is Borel.

Since D(z,g) > 0, ¥(z,g9) € X x G, then it is enough to prove that the sets
Q = {(z,9) : D(z,9) > c} are Borel for all ¢ > 0. Since the functions p,(AF)
are Borel then the sets

L(n.k.e,c) ={g: py(4y) > (c —e)r(4;)}

are Borel for every n, k € Nand ¢ € R (if ¢ is fixed we shall write simple L(n, k, €)).
Thus the sets A*¥ x L(n,k,¢) lie in B x B(G). Put

Q- = M2, UX_, Ur, AR x L(m,k,e) and Qo =N3%Q1/p  (3.4)

Clearly that Qy € B x B(G). Let us show that @ = Q.

Let (7,9) € Qo. Then (7,g) € Qy/p, Vp € N. Thus for every n € N there exist
my > n and ky, € I, such that (z,9) € AFr x L(mp, kn,1/p), ie., z € AFn and
g € L(my, kyp,1/p). This is equivalent to the following inequality

pig(Abr ) 1
z,9) = ———2- >c¢— —.
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Therefore D(z,g) > ¢ — 1—1). Since p is arbitrary, then D(z,g) > ¢. Hence Qo C Q.

Conversely, let (z,g9) € Q. Fixed p € N. Then for every n € N there exist
my > n and k, € N such that z € AF» and fn,, (z,9) > c— %. This equivalent
to the following inclusion

(z,9) € Alfrg‘n x L(mp, kn,1/p) C Up_, Ur,. Alfn x L(m,k,1/p).

Since n is arbitrary, then (z,9) € @1/, Since p is arbitrary too, then (z,g) €
NpQ1/p = Qo. Hence D(z,g) is a Borel function on X x G.

It been demonstrated above that for a fixed g the function D(z,g) is the
density of the absolutely continuous part of pg, relative to v. Thus item 1) is
proved.

Let us prove item 2). Fixed ¢ > 0 and put D(z, g) —c= 5 (r,9)— D, (z,9)-
It is enough to prove that the function hf(g) = [ D dv(zx) is Borel, since,
in this case, the functions h(g) = hg (g) and he (g ) = h+( ) — h(g) + ¢ will be
Borel too.

Let fo(z,9) — ¢ = ff(z,9) — fy (z,9). Since fu(z,9) — D(z,g), then
i (z,g9) — Ej(x,g) v-a.e. for a fixed g. For A > 0 we put

AN =1k = falz,g) —c2 A} ={k & pg(A%) 2 A+ u(AR)} N1},

where the last equality is true for ¢ + X > 0 (remark that A, ()) depends on g).

Then ! !
k < k
> oA < Y ) < (a)
keAn(N) keAn(X)

and this inequality is true for alln € N, g € G, ¢+ A > 0.
Thus for p > 1 and ¢+ A > 0, an application of the Holder inequality yields

k
/ {/fn (2, g9)dv(x Z ¢ Myg((jﬁ”)) —c- V(A];;)

fo: V@A) ket
= 3 {fuelA) —anal) - {fal)p
kEAn(AP)
p—1 1
—
S i) -t 5 ) < ()
kEAR(AP) keAn(AP) e

(b)
where the last inequality is true since the first factor is evidently not larger 1 and
for the evaluation of second one we use (a). But for a fixed p > 1 the inequality
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(b) means that the functions {/ f (x,g) are v-uniformly integrable relative to n
(g9 € G is fixed too). Therefore, setting p = (21 + 3)/(2] + 1), we get

= /X {/ Ej(x,g)dy(x) = nlggo/x {/ fa (2, 9)dv(z)

= dim Y {fug(a) —ev(al) - w(af)t. (c)

n—oo
keAn(0)

Now we consider the Borel functions

20+1

_2
Rl (g, ¢) = max{ [y (45) — ¢ w(A5)| "7 [u(ah) | 501 (35)
Then the sum standing under the limit in (c) is

Y Riplg,0) and H(g) = lim ZR (g:c (d)
k

Thus the function H(g) is Borel. Put ¢(z,g) = 52_(36,9) +Ej(m,g). Then:
1) 9(z, g) is Borel v-integrable for every fixed g € G (the function ﬁj(m,g) €
L?(v), and by the Cauchy inequality, it is integrable since v is finite), 2) Ej(@ 9)

< ¢(z,g) for every I € N. Since { Ej(w,g) — 5:(36,9) as [ — oo, then the
Lebesgue theorem yields

/D (x,g)dv(x hm/\/ (x,g)dv(z —hmHl(), Vg € G.

=00

By (d) this equality can be rewrote in the form

ht(g) = lim lim R\ (g,¢). (3.6)

[—00 Nn—00

Thus the function h} (g) is Borel and item 2) is proved.
Set ¢ = 1. Clearly that

D(z,9) >0 (z,9) € E=UZ, NpZ; Up_, A(m, 1),

where A(m,l) = {(z,9) : fu(z,9) > 1/} = Ur, Ak x L(m,k,1 —1/I) is the
union of disjoint rectangles and hence is a Borel set.
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Evidently, xr(z,g) is the limit of nondecreasing Borel functions xg,(z,g)
where B} = N9, Use_ A(m,1). Since 0 < xg,(z,9) < 1, then apply the Lebesgue
theorem to obtain

i [ xe, (.90 (o) = [ xee.g)dv(a)
X

X

for every g. Thus it is enough to show that the functions standing under the limit
are Borel. Since xp,(z,g) is the limit of nondecreasing sequence of the bounded
functions xgp(z,g) where Ef' = UxX_, A(m, 1), then, by Lebesgue theorem, it is
enough to prove that the function

[ xerte.g)dv(a), where B} = Ui, A(m.1)
X

is Borel for all [ and n.

But A(m,l) = Uy, A¥, x L(m,k,1 —1/l). Therefore E" is a countable union
of rectangles. Thus, by the same argument, it is enough to show that the function
Jx xa(z,g)dv(z) is Borel, when A is a finite union of rectangles. But such union
can be represented as a finite union of disjoint rectangles of the form A; = Q; x P;,
i=1,...,q, where Q; € B, P, € B(G). Hence xa(z,9) = xg,(x)xp,(9) + -+
X, ()xp,(g). Therefore the function

/ xa(,9)dv() = xp,(9) / xor (@)dv(z) + -+ + X, (9) / xa, (¢)dv(z)

X X X

is Borel. This completes the proof. In particular we have

Qg) = /XE(I,g)dV(I) = lim lim [ xgr(z,g)dv(z). (3.7)

[—oon—00
X X

2. Obviously g € AP(u|v) if and only if h(g) > 0. Thus the set AP(u|v) is
Borel. Hence S(u|lv) = G\ AP(p|v) is Borel too.

Since g € A(u|v) iff h(g) =1, then A(p|v) is Borel.

Clearly E(ulv) = A(p|lv) N{g: Q(g) = 1}. Whence the set E(ulv) is Borel.

Evidently, g € I(u|v) if and only if p(z,g) = 1,v-a.e. This equality is equiva-
lent to the following equalities h (g) = hi (g) = 0 (since hi (g) > 0 or h] (g) > 0
iff p(z,g) > 1 or p(z,g) < 1 on a set of positive measure, but the last is equivalent
to the condition g ¢ I(u|v)). Therefore the set I(u|v) is Borel. The proposition
is proved. [

In the following proposition the proofs of items 1 and 2 are standard (see [12,
Lemma 3] or [3, Prop. 11, Ch. 9, §2, item 6]), though they are the particular cases
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of item 3. Our proof of item 4 is more informative then its group analog (see [12,
Lemma 4]).

Proposition 3.2. Suppose a topological semigroup G acts continuously on a
topological space X with a regular Borel probability measure . Then

1. If a set U is open, then the function pugy(U) = u(g1U) is lower semicontin-
uous.

2. If a set K is closed, then the function py(K) = p(g 1K) is upper semicon-
tinuous.

3. If a set W is open in X x G, then the function

R(g) = / s (&, 9)dp(x) = u(prx (W N X x {g}))
X

1 s lower semicontinuous.

4. The function pgy(E) is Borel for every Borel set E.

Proof 3. Let R(go) = a > 0 and ¢ > 0. Let K be a compact in
prx (WNX x{go}) such that 4(K) > a—e. Since W is open, then for every z € K
there exist neighborhoods U(z) of z and V() of gy such that U(x) x V(z) C W.
Since K is compact, then it is covered by some sets U(z;),i = 1,...,n. Set
U=U"U(z;) and V = N,V (x;). Then U is a neighborhood of K, V is a
neighborhood of g9 and U x V. C W. Thus

R(g) 2 plprx (U x VN X x{g})) = u(U) 2 p(K) > a—¢

for every g € V.. Note that if we set 7(z,g) = g-x,W = 771(E) and E € B, then
prx(WnNX x{g}) = g 'E. Therefore if we put E = U, then item 1 follows from
item 3.

4. Tt is obvious that this assertion is a corollary of the following trivial lemma
(putting L is the family of open sets). This lemma gives a structure of the o-
algebra B(L) generated by the family £ (a structure of a o-ring see [5, §5, Ex. 9])
and shows that it can be introduced the hierarchy on B(L£) which is analogous to
the hierarchy of Borel sets. Put wy = Card N.

Lemma 3.1. Let it be done an infinite family L of subsets of a set X. Suppose
the family L is formed by finite intersections and finite unions of elements from
L. Set Ag ={A\C =AN(X\C); where A,C € L}. Suppose the family A,
consists of all countable unions (intersections) of sets from Ugcq A¢ for every odd
(even) ordinal numbers o < wy. Then

B(L) = Ug<w, Aq and CardB(L) < (CardL)“". [ ]
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Remark31  Since every measure u can be represented in the form
p=pt—p~ where p=, ut € M*(X), then the function uy(E) = uf (E) —p, (E)
is Borel for all Borel E.

Proof of Theorem2.1. The first part follows from Proposition 3.1
immediately. Let us prove the second part. Later on all notations are taken
from Proposition 3.1. Moreover, we use the next elementary equalities. If f,(g)
converges to f(g) at every point, then

{9:f(g >d}—GGﬁ{g fm(g %}

c=1ln=1m=n

\/IV

{9:f(g ﬁU{g fnlg) > d—%}.

Set U}, forms a decreasing system of open subsets of X such that N,U’, = Ak
Put

2041 2
Fli(g, ) = max{ |1 (Up) — e w(45)] " - [(ah)] ™ 50},
By Proposition 3.2, the function F(g,c) is lower semicontinuous. Then
{F"(g,c)} is a decreasing sequence which converges to R, (g,c). For a fixed
n the index k takes a finite set of values only. Thus the function Z/7(g,c) :=

>, F (g, ¢) is correctly defined and lower semicontinuous. Moreover, {Z (g, c)}
is decreasing by r and converges to the function Y, Rl (g,c). Then (3.6) implies

hf(g) = lim lim lim Z(g,c).

¢ [— 00 N—00 r—00

Since h(g)+h, (9) = hf(g)+ec, then {h(g) > 1} C {hi (g9) > %} Therefore
2a

a

{h(g9) > 0} Cc U2, {h‘f(g) > %} Conversely, if h1(g) > 1, then pi(z,9) > 0

on a set of v-positive measure. All the more p(z,g) > 1 on this set and h(g) >0
Thus the following equality is true:

thio) > 01 = {0 > 1.

a=1

By this equality and nonincreasing Z/7 (g, ¢) with respect to r, we get

Pl =t nie) >0t = U {1 > 1]

a
a=1
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0o o0 00 00 ) . .
U UUN{ss tim i 2 (0g) > 2+

a=1
00 o 00 oo [oo oo o0 1 1 1 1
= oo i qu<,—>>—+—+—}
aLJl bL;JllzLqur-jl[cLJlnLJlmﬂn{g TLIEO ™\ a a b ¢ i

o0 [o e Xue oo o]

=-UJuun

a=1 | b=11=1¢=l

D0A[AE =62 14-2)]

c=1ln=1m=n

Hence AP(u|v) is a Gssso-set and S(u|v) is a Fyg5p5-set.
Now we prove the equality

ﬁ{g: h(9)>l—é}:ﬁ{g: h;{(g)zl_%}.

a=1 a=1

If h(g) >1—1 then hi(9) +1 >1—-1 and hi(g) > 1 — . This proves the

inclusion “C”. Conversely, let h1(g) > 1 — % and p{(z,g) >0 on a set E. Then

a

1 11 1

> = + - >1-—— -

h(g) > /p(ﬂﬁ,g)dv / <pi (z,9) + a) dv 21—+ aV(E) >1—o
FE FE

This proves the inclusion “D”.
Further, since h(g) < 1 and Z"(g,c) is nonincreasing with respect to r, then

Alulv) = {g: h(g)zl}Zﬁ{g‘ h(9)>1_%}:ﬁ{g: hg(g)zl_%c}

c=1 c=1
oo oo o0
1 11
:m{mu{g: Jim, fim, 21 (%;)“‘%‘5}}
a=1l=a

c=1
o oo o0 [o el o] o0
1 1 1 1
-A{AO[O0 AR 2 ()= 2]
c 2c a b
c=1 \a=l[=a Lb=1n=1m=n Lr=1
Thus A(p|v) is a Gsges-set.
Since E(ulv) = A(plv) N{g: Q(g) = 1}, it is enough to prove that the set
H:={g: Q(g9) =1} is a Gss505-set. Since xp, is nondecreasing, then by (3.7)
and the Lebesgue theorem, we get

v A0 i f 1)

a=41=1
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:ﬁ[j[ﬁ {g: /XXE;l(QUaQ)dV(QU)>1—%}]’

a=31=1 Ln=1

(since xgr (7, 9g) is nonincreasing) where (recall that ¢ = 1)
Er = U2, A(m, 1) = UX_, Uker,, A¥ x L(m, k,1—1/1). (3.8)

Since A¥ =n,U", and

then
AE X Dm, k1 — 1/1) = G ﬁ (nex{a w0 > (7+7) vt }).

Denote the set standing in the round brackets by VrfﬁC By Proposition 3.2,
this set is open. Taking into account (3.8), we get

m-U UU

m=n kcl,, t=1

o0

() Vink

r=1

o0
_ nq
- U E,
q=1

where E;" = unta Ukelﬁn UL, [ﬂ;fi}% V't ] — form an increasing sequence of G-
sets. Let E/"" = N2, W7, where W? is a decreasing sequence of open subsets

sl s
of X x G. Then
xgp(z,9) = lim lim xypna (2, g).

q—00 §—00 sl
Taking into account of the character of convergence and the Lebesgue theorem,
we get

oo | oo

H:ﬂU ﬂ U m g: /stq(w,g)dy($)>l—é

a=2[=1 |n=1 [¢g=1 | s=1 X

By Proposition 3.2, the set standing in the figure brackets is open. Thus H is a
set of the type Gspoos-

If G is a group, then E(u|v) = A(u|lv)N[A(p|v)]~! [7, Theorem 1.2]. Therefore
E(p|v) is a Gsgs-set.

Clearly that

g€ I(ply) & p(z,9) =1v—ae egc{g: hi(g)=0}(){g: hi(g) =0}.
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If b (g) = 0, then A (g9) = hi (9) — h(g) + 1 equal to zero if and only if h(g) = 1.
Hence I(ulv) = A(ulv) N{g: hi(g) =0}. Since {g: hi(g) >0} is a Gs,s,-set
(see the proof for AP(u|v)), then I(u|v) is the intersection of the Ggsy5-set and
the F,5,5-set. Theorem is proved. [

Remark32 If Gis a separable metric semigroup, then p(z,g) is a
function of the Gjy55-type, i.e., the inverse image of an open set is the Gg,45,-s€t.
Really. Let U/, be open sets in X such that N.U;, = AF . Then

1
Lo kve) = G2y %, {00 > (e -2 ) viab)}.

By Proposition 3.2, this set is a Gso-set. Thus AF x L(m,k,¢) is a Gso-set and
its complement is a Fjs-set.
Formula (3.4) follows

_ 1 1
{(2,9) : Dlayg) > ¢} = Uy M2y M3, UL, Up A x I (m,k,I—),H 5) |

_ 1
{(#.9) : Dl,g) < ¢} = U2, U2, MmN (X X G)\ (A'fn <L (mk 5)) |

— 1
{(@.9) : Dla,g) = 00} = M2, N2 N2y U Up AR, x L (m k, 5"’) |

Thus, taking into account that G is separable and metric, all these sets and their

intersections are G g,4,-S€ts.
Let U be open. Then U = Ug(cf; ¢}), where ¢§ < ¢4, Hence (if 1 € U)

p~H(U) = Ua{(2,9) = ¢} <D(z,9) <5} (U{(z,9): Dl(z,g9) = oo})

is a Ggy55-5€t.
Remark3.3. Let G be a separable metric group, u = v and I = {(z,g) :
g-x = z}. Then we may assume that p(z, g) satisfies the following conditions:

1. p(z,g) is the function of at most Gsy5,6-type.
2. p(z,g9) =1, Y(z,9) € I.
3. p(z,9) >0, Vg € E(u).

In particular, if G = E(u), then Inp(z,g~") is at most Gsys05-type cocycle.

Really. Since I is closed in X x G, then I9 = {z : (z,9) € I} € B(X).
Evidently, for all E C IY we have g~'E = E. Thus pg|re = p|1s. Hence p(z,g) =
1, p-a.e. on I9. By Remark 3.2 and Theorem 3.1, the set

A=pH0)NX x E(n)
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is a Fy555-set. Put
p(z,g) = p(x,g) for (x,g9) € TU A, and p(z,9) =1, for (x,g9) € I U A.
Thus, if 1 ¢ U (if 1 € U), then
piU) =p (X x GO\ IUA} [pH(U)=p (U)UTUA]
is a Ggs506-set. The cocycle inequality follows from proposition 3.2 [7]. [

For the set I(u|v) Theorem 3.1 may be improved.

Proposition 3.3. Let G and X be separable metric spaces. Then the set
I(p|v) is closed in G.

Proof By Proposition 3.2, the function p4(K) is upper semicontinuous.
Thus, if g, tends to g, then

mn—)oo/J'gn (K) < Ng(K)-

Therefore, by Theorem 2.1 [2], for every bounded real continuous function f(z)
(and since pg, = cv) we get

e [ v = [ sdug, ~ [ sa,

Since every measure is determined by its values on such functions completely,
then puy = cv and g € I(p|v). [ |

Moreover, we can repeat the proof of Theorem 1.2.4 [8] word for word and
prove the following proposition.

Proposition 3.4. If X = G is a separable metric group, then the subgroups

Ii(w), Ir(p), Ii(p) are compact.

Remark 34 In the general case this proposition is not true. In fact,
let G =R H =T? and p : R — T? be an embedding with the dense image.
Evidently, if g = m2, then Ij(u) = R.

Remark3.5. Note that, if X = G, then the representation of E(u) in
U(L?(p)) determined by the equality

S, () (2) = ,/‘;—*;ju)f (67 2) = Voo g)f (6 - ).

1s exact.
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Let G be a group, then the group E(u) plays special role among considerable
sets. It is naturally to raise the question of description such groups. According
to Theorem 3.1, E(u) is a set of very bounded type. Now we give some open
questions.

1. For which subgroups H C G there exists p € M (G) such that H = E(u)?

2. What is the Borel class of E(u) exactly?

For example, let w be a right Gauss measure on R®. Then E(w) = [? [16, § 5,
Th. 1]. Let us prove that [2 is a F,, \ Gs-set.

Really, let fn(x) = 22 + -+ +22,x = (21,...,Tp,...) € R®, be continuous
functions on R*. Since

P=U N {x: falx) <k},

k=1n=1

then 2 is a F,-set. In the other side, I2 is not Gs-set by the results of [10, Ch. VI,
§ 34].

3. What are the classes for which there exists a group of quasiinvariance of
a probability measure?

For Polish groups the Mackey—Weil theorem [11] may be formulated the fol-
lowing way.

Theorem. Let X = G be a Polish group. Then the following propositions are
equivalent:

1. There ezists a measure pu such that E(u) is open.
2. G s local compact.

All examples of E(u) which are known to the author are sets of Fj-type.
4. How are connected properties of G with Borel classes of all E(u)?

Proposition 3.5. Let X = G be a Polish group. Then the following proposi-
tions are equivalent

1. E(p) is a set of Gg-type for all probability measures .

2. G is discrete.
P roof Obviously, it is enough to prove the sufficiency. Let H be a coun-

table dense subgroup of G. Set p = Y,y anon, D pegon = 1, o > 0. Then
E(p) = H. By [10, §34, Th. 3 and §9, Th. 4], H isa Gs-set only if G = H. =

Naturally, this questions are considered for the most important cases when G
is either local compact or Abelian or X = G.
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