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In the context of dissipative and accumulative differential equations (which
contain the spectral parameter A nonlinearly) in a separable Hilbert space
‘H we introduce a characteristic operator M ()\) that works as an analog
of the characteristic Weyl-Titchmarsh matrix. Its existence and proper-
ties are investigated. A description of M (A) that corresponds to separated
boundary conditions is given. Analogs for Weyl functions and solutions are
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equations as above.
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This work shares the subjects of [1] and considers the operator differential
equation in a separable Hilbert space H as follows:

((QM)z(1)) + Q) (t)) — H(t)z(t) = wa() f(t),t € T, = (a,b) C R',
(0.1)

N | ==,

with Q(t) = Q*(t), Q~(t), Hx(t) € B(H); Q(t) € AC),; the operator-valued
function H,(t) = Hi(t) being Nevanlinna; the weight wy(t) = ImHx(t)/ImA > 0
(ImX # 0) (see a more detailed description of the properties of H)(t), wy(¢) in
Sect. 1, the notions of AC,. are treated in the sense of [2, 3]). Since the weight
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wy (t) can be degenerate, these considerations cover many types of dissipative and
accumulative differential and difference equations, as it is demonstrated in [4, 5].

In Section 1 a characteristic operator (c.o.) for the equation (0.1) is intro-
duced, its existence (Th. 1.2) and properties (Th. 1.1) are established. In this
setting, the results of [4, 6-11] are covered (a more detailed exposition of those
works is presented in [1]). In Section 3 we present necessary and sufficient con-
ditions (Th. 3.1) for c.o. correspond to separated boundary conditions, which
reduce with constant Q(t) to conditions established in [1]." Those conditions are
in claiming that c.o. admits a special expression via a projection, which is called
characteristic. Under constant Q(t), a part of these results has been announced
in [1] without proofs.

In Section 4 we introduce operator analogs for Weyl functions and solutions
of (0.1); those are used to describe the characteristic prodjections. Also for those
analogs the Weyl type inequalities are established, which reduce in various special
cases to the well-known inequalities [13-17|. Note that the defining properties of
Weyl solutions for the scalar Sturm-Liouville equation and the two-dimensional
Dirac system have been established by V.A. Marchenko [16]. The Weyl function
for abstract operators has been introduced and investigated in [18] (see also [19,
20]).

The proof of a great deal of our results involve the linear manifolds of the form

L={Af®Asf|f € D} C H?, (0.2)

where A;, 7 = 1,2, are linear operators in ‘H, D = D4, = Dy,. These linear
manifolds are semi-definite in an indefinite metric generated by an operator of
the form Q = diag(Q1, —Q2), with Q; = Q} € B(H), Q]_l € B(H),j =1,2. In
particular, the -nonnegativity for £ means that

(QALf, ALf) — (Q242f, A2 f) >0, VfeD. (0.3)

In Section 2 we obtain a description for all such pairs of linear operators
Ay, Ay that the linear manifold of the form £ (0.2) is maximal Q-semi-definite.
(In the latter case such pair with dimH < oo, Q1 = Q2 = J = J~! is called
J-nonstretching or J-stretching, nonsingular pair in terms of the J-theory by
V.P. Potapov. A different description for such pair was found by S.A. Orlov [21]
using the J-theory). As a consequence we obtain a description of maximal Q-
semi-definite linear manifolds £ of the form (0.2) in terms of the linear condition
that makes related the vectors Aif, Asf.

Note that (as it has been demonstrated in this work) the maximal @-semi-
definite linear manifold £ of the form (0.2) reduces to either a dissipative or
accumulative relation (of a special form) in H. In the general case a description

"A corrector’s notice: also expounded in [12].
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of such relation is given in terms of its Cayley transform in [22] (see also [2, 3]).
On the contrary, our approach is based on describing maximal definite subspaces
in the space of M.G. Krein (see [23-25]).

In Section 2 we also produce necessary and sufficient conditions (Ths. 2.3, 2.7)
for the inequality (0.3) being separated, that is equivalent to the following two
inequalities being satisfied simultaneously:

(Q1A1f,ALf) 20, (Q242f,A2f) <0.

It is just Th. 5.7 where generally unbounded idempotent (specific for dimH = oo)
arises. In the case of £ (0.2) corresponding to the equation (0.1) it becomes a
characteristic projection from B(H).

Also in Section 2 we consider the case when in (0.2) the operators A; = A;()),
j = 1,2, depend analytically on A in a domain A C C. In this case we obtain
a condition under which inequality (0.3) being separated for some A = pug € A
implies its separation for all A € A.

We denote the scalar products and norms in various spaces by (+,-) and || - ||
(along with distinguishing indices if necessary). In view of its large volume, the
work splits into three parts. Part I is formed by Sect. 1, Part II — by Sect. 2, and
Part TIT — by Sects. 3, 4.

The Author would like to thank to F.S. Rofe-Beketov for his great attention
to this work.

1. Characteristic Operator. Its Definition, Properties,
and Existence

Throughout the text we assume that for the operator-valued function Hy(t) =
H;(t) € B(H) in (0.1) there exists on Z a conull set € such that:

1) There is such set A D C\R' that every its point has a neighborhood
independent of ¢ € ¢, in which H)(¢) depends analytically on A at every fixed
tEe.

2) For all A € A, H,(t) is Bochner locally integrable in the uniform operator
topology (B-integrable).

3) The weight wy(t) = ImH(t)/Im\ is nonnegative (t € ¢, ImA # 0).
(Use the fact that H)(t) is Nevanlinna to show that for all 4 € ANR!, t € ¢

Ju — \ lin;lb0 wy(t) = wy(t), with the operator-valued function wy,(t) being locally
—pi

B-integrable).

Let X (t) be the operator solution of (0.1) with f(¢) = 0, normalized by the
condition X (c) = I, where ¢ € Z, I denotes the identity operator in H (in terms
of [24] X\(¢) is the Cauchy operator of (0.1)). Introduce the notation Q(c) = G.
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It follows from H)(t) = Hj(t) that with A € A one has

X3 QW XA(H) = G. (L1)

_ g
For any «, 8 € T, a < 3, we use the notation Ay (a, 8) = [ X (¢)wx (t) X (t)dt,

(6%
N = {h € H|h € KerAx(a, ), Ya, 5}, and let P be the orthogonal projection
onto Nt

Lemma 1.1. 1°. N is independent of X € A. Additionally, if h € N, then
X\ (t)h is a solution of

((QM=z(1) + Q1) () = (ReH;(t))(t). (1.2)

N | =

2°. Suppose that for a subset F' C H the following condition holds:
o € A, a, B ET, number § > 0: (Ay,(c, B)h,h) > 8||h||?>, VheF. (1.3)

Let ¢ € [a, B]. Then (1.3) is still valid if one replaces Ao with an arbitrary A € A
and § with some §(\) > 0.

Proof of 1°. We are about to apply the following representation (to
deduce it, use, for example [26, p. 36]):

o0

Hi(t) = A(t) + AB(t) + /{

— 00

1 T
T—XA 1472

}dO't(T), tee, e A (14)

Here A(t) = ReH;(t), 0 < B(t) € B(H), for any fixed t € & the operator-valued

oo
function oy(7) is nondecreasing and [ % < 00, g € H. Then
—0o0

w(t) = B(t) + / |f"_t(;|)2,t €e, )€ A (1.5)

Our subsequent argument requires
Proposition 1.1. Suppose that for g € H there exist ty € ¢ and g € A such

that wy,(to)g = 0. Then for all X € A we have wy(to)g = 0, hx(to)g = 0 with
ha(t) = Ha(t) — A(t).
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Proof of Proposition 1.1. Since the terms in (1.5) are
nonnegative and o,(7) is constant in neighborhoods of points from A N R, it
follows from w),(t9)g = 0 that B(tp)g = 0, and there exists some ¢ > 0 such that

0 — ? d(o—to(T)g7g)

rEywE > c([oyy(12) — 044 (71)]g,g) With —oco < 71 < T2 < 0o. Hence

d(o4,(7)g,g9) = 0, which, together with (1.4) and (1.5), implies our statement.
Turn back to the proof of 1°. Let h € N at A = Ay € A. By a virtue of

Prop. 1.1 for all A € A we have hy(t)X),(t)h = 0 for a.a. ¢t € Z. This implies

that for all A € A, X, (¢)h is a solution of (1.2), and also a solution of (0.1)

with f(¢) = 0. Hence there exists g € H such that X),(¢)h = X)\(t)g for A € A.

Setting t = ¢, we deduce that h = g. Thus by Prop. 1.1, at a.a. ¢ € Z one has

wx () XA (t)h = wy(t) Xy, (t)h = 0, that is, h € N for all A € A, so 1° is proved.
2°. Fortee, \,u€ A, g€ H, we have

HH/\(t) — H,()

A—pu gH

d(o¢(7)g, 9) / d(oy(T)h,h)
< PN ASE AN
< B9l + / |7 = A? he’i—illllgll=1 = ul?

— OO

)

whence, in view of (1.5), the following implication holds

H/\(t) - Hu(t)

n ) n . L.
a0 e (1.6)

(wx(t)gn,gn) =0 =

Now assume there exist A € A and a sequence {h,,} € F with ||hy|| = 1 such
that (Ax(a, B)hy, hn) — 0. Hence {h,} contains a subsequence {h,, } such that
at a.a. t € (o, #) one has

(wx () Xx(#) iy, XA (E) R ) — 0. (1.7)

Since the vector function xy,(t) = Xx(t)hn, is a solution of the equation

[(Q)x (1)) + Q(O)2" ()] — Hxo()2(t) = (Ha(t) — H)o (1)) z(2),

N | ==,

we have
T, (1) = X (%) hn; + /X)\Ol(s)(iQ(s))_1 [Hx(s) — Hx,(5)] xn].(s)ds . (L.8)

C

On the other hand, 2y, (£) — 0 in L? (t)(a, B), and the integral in (1.8) goes to

W

zero uniformly in ¢ € [a, 8] due to (1.7), (1.6) together with local B-integrability
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of Hy(t) since ¢ € [a,f]. Therefore Xyohp, — 0 in L2 (o, () and hence in
Lﬁ,ko(a,ﬁ). This is because (1.5) implies that at any fixed ¢ € e the norms

(wx(t)f, f)'/? are equivalent while X is within any compact K C A. Even more,
the constants in inequalities between the norms do not depend on ¢t € ¢, XA € K.
This contradicts (1.3). Lemma 1.1 is proved.

Lemma 1.1 with a constant leading coefficient in (0.1) can be found in [1].

For z(t) € H or z(t) € B(H) introduce a notation Ulz(t)] = (Q(t)z(t), z(t))
or Ulz(t)] = z*(t)Q(t)z(t), respectively.

Definition 1.1. An analytic operator-valued function M(\) = M*()\) € B(H)
of nonreal X is called a characteristic operator (c.o0.) of the equation (0.1) onT (or
briefly c.o.), if for ImX # 0 and for any H-valued vector function f(t) € L?UX (I)
with compact support the corresponding solution xx(t) of (0.1) of the form

(0= af = [ 30 { M) = oan(s = 00i6) | X5 (5hur(6)/ (s (19
T

satisfies the condition

ImA(al,iﬂn)aTI(U[m,\(B)] —Ulza(@)]) <0, ImA #0. (1.10)

Note that (1.10) is equivalent to claiming that for any finite [, 5] D suppf ()
((00B) C (a,1)) one has

ImA(UfzA(B)] = Ulea()]) <0, ImA #0,”

since the operator-valued function ImAX3(t)Q(t)X () is nondecreasing for
Im) # 0. The latter is true because for any finite («, 5) C (a,b), A € A, one has

XX(B)QA(B)XA(B) — X () Qr () Xx () = 2ImAA (e, B). (1.11)

The following remark provides a relationship between c.0.’s and regular bound-
ary problems for (0.1) with boundary conditions that depend on the spectral
parameter.

Remark 1.1 (Cf. [1]). Let T = (a,b) be a finite interval and suppose (1.3) is
valid with F' = H.
1°. If the operator-valued functions My, Ny depend analytically on nonreal X,

MBI+ [INAR) >0, (0 #heH), (1.12)

“One can readily use this remark to deduce that (1.10) holds for any H-valued vector function
f(t) € L2(Z) with compact support, as it holds for any piecewise-continuous vector function
f(t) € H with compact support.
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and Ly = {Mxh ® Na\h|h € H} C H? are mazimal ImAdiag(Q(a), —Q(b))-

nonnegative subspaces in H?, (and so
ImAW; QN — M3Q(a)My) < 0, Tm £0), (1.13)

then the boundary problem given by attaching to (0.1) the boundary condition (in
the form of [4])

Jh=h(\ f) € H:x(a) = Myh x(b) = Nyh (1.14)
has for ImX # 0 a unique solution z(t) as in (1.9), with

MO) = =5 (X5 (@) M+ X3 AR (6 (@) My =X, (AR) 7 6G) !, (1.15)

and

(X5 @My — X (D)NY) L € B(H). (1.16)

Here M(X) = My(X) for £ImX > 0, with M (X) and M_(X) being some
(different in general) c.0.’s of (0.1) on I, so that

My (\) = M () & MiQ(a)My = NiQ(B)Ny, Tmh #0. (1.17)

20 If M(X) is a c.o. of (0.1) on T then zx(t) is a solution of a boundary
problem as in 1°.

Proof of 1°. Uniqueness of solution of the problem (0.1), (1.14), (1.13)
follows from (1.11),(1.13), Lemma 1.1 and the condition (1.3) with F' = H.

Prove (1.16) assuming for certainty that ImA > 0. Denote

T, = X/\_I(G)M,\ —X;l(b)./\/',\.

Prove that 0 ¢ o,(Tx) U o.(Ty). For if not, then for some A = Ay € C,. there
exists a sequence of vectors {fn} such that ||f.|| = 1, T\, fn — 0, whence, with
the notation Y = X,\O(b)X)TOI(a), one has

(N5, Q)N — M3, Q(a) M| fu, fn)) + ([Qa) = Y*Q(B)Y] Moy frs Mg fn))

= (QO)N o frs Nag fn) = (Q(D)Y M fn, Y Mixy fn) — 0. (1.18)

Thus each term in the left hand side of (1.18) goes to 0 since both are nonposi-
tive: the first one due to (1.13) and the second one due to (1.11). If so, My, fr, = 0
due to (1.11) and the condition (1.3) with F' = H, hence also N, f, — 0. This
implies that Sf, — 0, where the operator S € B(#) corresponds to Ly, in view
of (2.4),(2.5). Since Ly, is a maximal ImAodiag(Q(a), —Q(b))-nonnegative sub-
space, R(S) = H by Theorem 2.1. Furthermore, KerS = {0}, as if for some
nonzero f € H Sf = 0, then by condition (2.6) of Th. 2.1 S1f =0= M, f =

Journal of Mathematical Physics, Analysis, Geometry, 2006, vol. 2, No. 2 155



V.I. Khrabustovsky

Ny f = 0, which contradicts (1.12). Thus S~! € B(H) by the Banach theorem.
The contradiction we get proves that 0 ¢ o,(Ty) U o¢(Ty).

Now prove that 0 ¢ o,(Ty). For if not, then there exist Ay € C; and a nonzero
f € H with T} Gf = 0, whence by a virtue of (1.1)

0= N3, (=Q(1)Q™ (B) X5, (DG f + M3,Q(a)Q™ (@)X}, (a)G f
= =N, Q0) X5, (b)f + M3, Q(a) X5, (a) f.

Thus the vector X5, (a)f & X5,(b)f € H? is diag(Q(a), —Q(b))-orthogonal
to Ly,, and hence is diag(Q(a), —Q(b))-nonpositive [25, p. 73]. On the other
hand by (1.11) it is diag(Q(a), —Q(b))-nonnegative. Therefore Ay (a,b)f =0 by
(1.11), whence f = 0 by Lemma 1.1 and the condition (1.3) with F = H. That
is 0 ¢ o,(7T») and (1.16) is proved.

Now we are in a position to verify directly that (1.9), (1.15) is a solution of
the problem (0.1), (1.14), (1.13); with My ()) being a c.o. by a virtue of (1.13)
and 5% of Theorem 1.1 (our proof of this theorem does not elaborate Remark 1.1).

It follows from (1.1) that for M(X) (1.15) one has

M(X) = M*(X) & M5Q(a) My = N3Q(b)N), (1.19)

hence statement (1.17), and 1° is proved.
20 Let M(A) be a c.o. of (0.1). Represent M () in the form

M) = (P(A) _ %1) (i) (1.20)
Then z,(t) (1.9),(1.20) is a solution of the problem (0.1), (1.14) with
My = X\ (a)(P(N) = 1), Ny = X, (D)P(N), (1.21)

so that My, Ny (1.21) obviously satisfy (1.12); also by 3° of Theorems 1.1,
2.4 and Lemma 2.6, £y related to M, N) (1.21) is a maximal ImAdiag(Q(a),
—Q(b))-nonnegative subspace. Remark 1.1 is proved completely.

Let T'(t) be an operator solution of (Q(t)x(t))" + Q(t)z'(t) = 0 normalized by
the condition I'(¢) = I. We have

D(6).071(t) € B(H),T() € AChe, T*()QUOD(H) = G.  (122)
Lemma 1.2. The substitution x(t) = I'(t)y(t) reduces (0.1) to the equation

iGy'(t) — Ha()y(t) = da()g(1), t€I,” (1.23)

" A different substitution which reduces (0.1) to an equation with a constant leading coefficient
is found in [27] (see also [3]).
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with Nevanlinna’s operator function

A\(t) = T () Hy (DT (1) (1.24)
satisfying the same conditions as Hy(t), and the weight

() = T* (D (T (1), (1.25)

o(t) =T ()£ 1) *
The equations (0.1) and (1.22)-(1.25) have the same c.0.’s.

Proof. The relation (1.23) for y(t) = T ~!(¢)x(t) allows a direct verification.

Let B(H) © M()\) be an arbitrary operator-valued function, z(¢) (1.9) the
associated solution of (0.1), ya(t) = I'71(#)zx(t). It is easy to see that yy(t)
is also given by (1.9) after substituting therein X, (¢) by the Cauchy operator
for the equation (1.23) Y)(t) = I'"1 ()X (t), the weight wy(¢) by wx(t) (1.25),
and the vector function f(t) by g(t) = T'"'(¢)f(t). Thus by a virtue of (1.22)
(Qt)zA(t), 7A(t)) = (Gyxr(t),yr(t)) for t € I. Tt follows that if M()) is a c.0. of
(0.1), then M () is a c.o. of (1.22)—(1.25), and the converse is also true. The
Lemma is proved.

Lemma 1.3. Let A; € B(H), j =1,2. Then: L
(A; £ Ay)™' € B(H), (1.26)
if either of the following conditions holds:

1.
(—1)JAIGA; <0, j=1,2, (1.27)

the image R(A1) or R(As) is uniformly G-definite,
L={Af®Af|f € H} C H? (1.28)

is a mazimal Go = diag(G, —G)-nonnegative subspace in H?, and

[ALfIl + [[A2fll >0, 0# f€H. (1.29)
2°. There exists a positive constant § > 0 such that either
a)
AGA; >0, (I—ADNG(I — A)) < —6(1 — AT — A1), (130)
A5G Ay < —0A5A;, (I - A3)G(I - Ag) >0, (1.31)

“And, obviously, the same operators Ax(a, B).
"It is demonstrated in §2 that (1.30), (1.31) imply (even with § = 0) that A; and A, are
projections.
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or
b)
ATGA; >0, (I—ADG(I - A) <0, (1.32)
A3GAy < —5A3A5, (T - A3)G(I — Ag) > 6(1 — A5)(I - Ag).  (1.33)
I If Bj € H, j = 1,2, then
(A1By + AsBy)™" € B(H), (1.34)
when

and there exists such positive constant § > 0 that

A5GAy < —0A54:, (I —A3)G(I— Az) >0, (1.36)
B{GB;, > §B{B1, B;GBy < —6Bj}Bs, (1.37)
{Bif ® Baof |f € H} C H? (1.38)

is a mazimal Go-nonnegative subspace in H?, and
IBLfII + [[B2f][ >0, 0#feH. (1.39)

Proof 11° Prove (1.26) e.g., for Ay + As. Suppose for certainty that
R(A,) is uniformly G-definite, i.e.

36 >0: AGA, > 5ATA;. (1.40)

Prove that
0 ¢ Up(Al + Ag) U O'C(Al + AQ) (141)

If one assumes the contrary, then
Hink foeH, [fall=1: (A1 + A2)fn =0, (1.42)

whence

(ATG A1 fn, fn) + (=(A3G Az fn, fn)) = 0. (1.43)

It follows that each term in the left hand side of (1.43) goes to 0, as both are
nonnegative due to (1.27). Then by a virtue of (1.40), (1.42) one has

Alfn — 0, Aan — 0. (1.44)

Therefore Sf,, — 0, with S € B(H) being associated to £ (1.28) as in (2.4), (2.5).
Since £ (1.28) is maximal, R(S) = H by Th. 2.1. Besides that, KerS = {0}, as if
Sf = 0 for some nonzero f € H, then by the condition (2.6) of Th. 2.1 S1f =0,
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hence Ay f = Asf = 0, which contradicts (1.29). Therefore the Banach theorem
implies S~ € B(H). The contradiction we get proves (1.41).
Now prove that 0 ¢ 0,(A; + A2). If not, then

#feHH: (A]+ A5)f =0, (1.45)

whence

VheH (GG'f,Ah) +(GG™'f, Ash) = 0. (1.46)

(1.46) means that
(G™'f@(-G'f)) € LI,

where [A] stands for the A-orthogonal complement in the associated Hilbert space,
whence by (1.27) and maximality of £ (1.28) we deduce by Lemma 2.7 that

G'f e {Ainlh e HY}E,  G7'f € {Ayh]h € HICL (1.47)

In view of [25, p. 74] the first statement in (1.47), together with (1.40) implies
that
36, >0: (GG'f,G7'f) < —61||Gf|% (1.48)

and the second statement in (1.47) implies that
(GG Lf,G 1f) > 0. (1.49)

It follows from (1.48), (1.49) that f = 0, so that I.1° is proved.

1.2°. Assume for certainty that a) holds.

Prove (1.41). If (1.41) fails, then (1.42) holds, and hence (1.43) holds as well.
Use the initial inequalities in (1.30), (1.31) to deduce from (1.43) that

(I —A)fn—fn—0, (I—A)fn—fn—0, (1.50)
in the same way as in the proof of (1.44), whence
(T = ADGU = A fus fu)) + (—(I = ADG(T = Ao)fus fu)) 0. (151)

Now use the final inequalities in (1.30), (1.31) to deduce that (I — Ay)f, — 0
in the same way as in the proof of (1.44); this, together with (1.50) implies f,, — 0,
which is impossible. Thus (1.41) is proved.

Now prove 0 ¢ 0,(A; + Ag). If this fails, then (1.45) holds, whence

(GTUATS ATf) = (GTT AL, A5 ). (1.52)

On the other hand, by Lemma 2.4 and Ths. 2.4, 2.7 one has A% = A; in view
of (1.30). Therefore the vector G 1A% f is G-orthogonal to {(I — A1)h|h € H}, the
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latter subspace being in view of the final inequality in (1.30) maximal uniformly
G-negative by theorem 2.4. Thus by [25, p. 74]

300> 0:  (GTUALf,AYS) = |G AL
In a similar way deduce that the right hand side of (1.52) is nonpositive, whence
1f=A5f=0. (1.53)

But in this case (1.47) holds, and our proof can be completed in the same way as
that of 1.1, if one applies the initial inequalities in (1.30), (1.31).
I1. Prove e.g., that (A1 By + A2B3) ! € B(#H). Demonstrate first that

0 ¢ 0p(A1B1 + AaBs) Uoc(A1B1 + A2By). (1.54)
If this fails, then
Sk fa€H, Ml =15 (ABy+ AsBo)fy 0. (1.55)
Use the initial inequalities in (1.35), (1.36), to deduce from (1.55) that
(I — A1)Bifn — Bifa — 0, (I — A2)Bafn — Bafn — 0, (1.56)
in the same way as in the proof of (1.44), whence
—((I = A))G(I — A1)B1 fn, Bifn) + (BTGB fu, fn) = 0, (1.57)

((I = A5)G(I = A2)Ba fp, Bafn) + (—=(B3GBz fn, fn)) — 0. (1.58)

Each term in (1.57) goes to zero, as they are nonnegative by the final inequality
in (1.35) and the initial inequality in (1.37). Then in view of (1.37) one has

Bifn — 0. (1.59)
In a similar way, it follows from (1.58), (1.36), (1.37) that
Bafy — 0. (1.60)

In the same way as in the proof of I.1° one can demonstrate that (1.59), (1.60)
contradicts the maximality condition for the subspace (1.38) and the condition
(1.39). This proves (1.54).

Now prove that 0 ¢ 0,(AyB; + AgBs). If this fails, then

J0£FfeH:  (BIAI+BIAYf =0. (1.61)
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Use the maximality of (1.38), (1.37) deduce from (1.61) by Lemma 2.7 that
GrALf e {Bihlh e HYE  G7A5f € {Byhlh € H},

in the same way as in the proof of 1.1°. From this we deduce again (1.53) by
analogy with the proof of 1.1° and in view of (1.37). The proof finishes in the
same way as that of I.1° if one uses initial inequalities in (1.35), (1.36). The
lemma is proved.

Note that in 1.1° of Lemma 1.3 one could not get rid of niether the condition
of uniform G-definiteness for R(A;) or R(Az), nor the maximality condition for
L (1.28).

In fact, (1.26) is not valid for

0 10 0 1
o=(&) a=l0) 2= (00);

although all the assumptions of I1.1° hold except the uniform G-definiteness for
R(Al) or R(Ag)
Also for H = C @ [?

G = diag(—1,1,1,...), A, = diag(0,U), A> = (1,0,0,...),

with U being the one-sided shift in [2 (see [28]), (1.26) does not hold, although
all assumptions of I.1° but the maximality of £ (1.28) are satisfied.

Note also that (1.26) fails if only (1.35), (1.36) are valid (and even R(A;) is
uniformly G-definite). To see this, one should set

0 i 10 10
a=(5a) = (n) = (00)

Thus introducing operators B; # I is necessary to make sure (1.34) is valid.
In view of [1] Lemma 1.3 provides an explicit expression for the projection
onto R(A;) parallel to R(Asg) in terms of A; and As.

Example 1.1. Suppose Z = (a,b) is a finite interval, a < ¢ < b, and the
condition (1.3) with ¥ = H holds for Z = Z_ = (a,c) and for T = I, =
(¢,b). Introduce the notation Yy (t) = I'"!(#) X\ (t), with T'(t) being as in (1.22).
Then Yy (a) and Y, (b) are uniform £G-compressions and uniform +G-stretchings
respectively as +ImA > 0 due to (1.11), while Y)"(a) and Yy (b) are uniform
+G~'-compressions and +G!-stretchings respectively due to (1.1), (1.11) as
+ImX > 0. Therefore [24, p. 66] with G indefinite, the operators Y)(a) and
Yy (b) are unitarily dichotomic as ImA # 0. Denote by P(Yy(a)) and P(Y)(b))
the Riesz projections for Yy(a) and Y)(b) corresponding to those parts of their
spectra which are inside the unit circle. Let

H-(A) =PYa(a)H,  H(A) =PEab)H. (1.62)
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Since the subspaces H_(\), (I — P(Yy(b)))H and H (), (I — P(Y(a)))H are
respectively uniformly +G-positive and uniformly F£G-positive as +ImA > 0 by
[24, p. 64], it follows from [25, p. 76] that

H=H_(N)+Hi(N). (1.63)

Denote by P(A) the projection onto H(A) parallel to H_(A). By 1.2° of Lem-
ma 1.3, (P(YA(b)) + P(Yr(a)))~' € B(H), and hence by [1] (see also Sect. 2 of
this work)

P(A) = P(YA(D))(P(Ya(b) + P(Ya(a))) ', (1.64)

which implies that P()) depends analytically on nonreal A\. Now it is easy to see
in view (1.1), (1.19), (1.22) that the operator-valued function M (X) (1.20) with
P asin (1.64), is a c.o. for (0.1) which corresponds (in terms of Remark 1.1) to
boundary conditions like (1.14) with

My = —T(a)P(Yxr(a))Yx(a), Ny =T (b)P(Yx(b))Yr(D)-

Theorem 1.1°. Condition (1.10) for a the solution (1.9) as in the definition
of c.0. 1is equivalent to the following inequality:

IBAIIZ: () < Tm(BAS, g, @/ TmA, TmA #0. (1.65)

2°. Condition (1.10) for an operator-valued function M(X) € B(H) of the
form (1.20) and arbitrary H-valued vector functions f(t) € L%)A (Z) with compact
support is equivalent to the following condition:

Via, B CT: ImA(TH(B) = T5(a)) <0,  ImA#0, (1.66)
with
Ti(t) = UXa()PG™'P], T, (t) =U[X\(t)(I -P)G'P]. (1.67)

3°. Condition (1.10) for an operator-valued function M(X) € B(H) of the
form (1.20) and arbitrary H-valued vector functions f(t) € L2, (T) with compact
support is equivalent to the following condition

PG (I = P*(N)Ax(a, o) (I = P(N) + P*(N)Ax(c, B)P* (V] G~ P
_ Im[PM()P]
- Im\ '

for any finite a < ¢ < B, [a, 8] C I. Hence for any c.o. M(N):

ImA#0 (1.68)

Im [PM(\)P]

>0, I . 1.
T >0, Im\#0 (1.69)
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4°. If M()\) is a c.o. for (0.1), and an analytic operator-valued function of
nonreal A Mo(X\) = M (N) € B(H), PMy(\)P = 0, then M(X\) + Mo(\) is also
a c.0., hence PM(M\)P is a c.o as well.

5°. The wvalidity of condition (1.10) for an operator-valued function M(X\) €
B(H) and arbitrary H-valued vector functions f(t) € L, (T) with compact support
in one of complex half-planes implies its validity for any such f(t) in another half-
planes, if one sets up M(X) = M*()\) in (1.9).

6°. A c.o. in general is not uniquely determined by the problem (0.1), (1.10)
(in particular for P =1); however, if M;(\) are c.0.’s (j = 1,2), and there exists
a nonreal p such that if f € H and lim(, gy17(Au(e, B)f, f) < oo implies f € N,
then P[M(pu) — Ma(p)]P = 0. If one assumes additionally (1.3) with F' = H then
Mi(X\) = My()), for all X\ € C\R'.

Proof of 1° To see that (1.10) and (1.65) are equivalent, note that for
any solution x(t) of (0.1) and any [«, 8] C Z one has for Im\ # 0

Im(z(t), f(t) 12, (a, 2(8)] = U [z(ox
IIx(t)lligUA(a,g) - ) e _ Ul (ﬁ)Z]Im[){[ (a)] (1.70)

To prove 2° and other statements we need

Lemma 1.4. Denote by F the set of H-valued vector functions f(t) € Ly, (I)
with compact supports suppf(t) C I, and define an operator

IS = [ Xi(sune)r)s, (1.71)
T
which maps F into H.
1) Let [, 3] CZ. Then
1) YAeAd: As(a,/)HCLFCN*, (1.72)

and o
Ve A: LF=N" (1.73)

2) Suppose there exist \g € A and ag,By € T (g < ¢ < fo) such that
KerAy,(ao,B0) = N. Then

VaeA: Ay(aog,Bo)H=N" . (1.74)

Proof of Lemma 1.4. 1) Setting forall \€ A, h € H

o Xﬂ(t)hvt € [aaﬁ]
ft) = {O,t ¢ o, , (1.75)
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we obtain Iy f = Ax(a, B)h, and the left inclusion in (1.72) is proved. The right
inclusion in (1.72) can be deduced by observing that if ~ € N then for all A € A,

f(t) € F one has (Inf,h) = [(f(t), wr(t)X5(¢)h)dt = 0, since wy(t)X5(t)h =0
T
(a.e.) in view of the definition of N and Lemma 1.1.

If (1.73) fails for some A = Ay € A, then by (1.72) there exists a nonzero
g € N+ such that for all f(t) € F one has (I, f,g) = 0. Substituting f(¢) as in
(1.75) with A = X9, h = g, we obtain (A;\O (a,ﬁ)g,g) =0 for all @, B € Z, whence
g € N by Lemma 1.1. 1) is proved.

2) Follows from Lemma 1.1. Lemma 1.4 is proved.

Turn back to the proof of 2° of Theorem 1.1. Fix a nonreal A. Let (o, ;) =
Z; t I, with the finite intervals Z; being such that ¢ € fj. Introduce N; =
KerAjy(aj, ;) and denote by @Q; the orthogonal projection onto N;. As an non-
increasing sequence of orthogonal projections, @; has a strong limit ), which is
again an orthogonal projection. Prove that () projects onto N.

In fact, let Qh = h for some h € H. Then N; > Qjh — Qh = h. On the other
hand, N; C N for k < j, whence Q;h € Ny for k < j and therefore h € Ny, for
all k£, which implies h € Ny N, = N.

Let M(\)(1.20) € B(H) satisfies (1.10) and f € N*t. Introduce the notation
fi =Qif,9i = (I —Qj)f. Onehas f = f; @ g;, where f; = 0. On the other
hand, by 2) of Lemma 1.4 for every g; there exists a sequence {h%} € H such that
Asx(ej, B)hf, — gj. Hence in view of (1.11), when Z; D (o, ) :

ImA{U [XA\(B)YPGg;] —U [Xr(a)(I = P)G'g;]}
< lim ImA{Ule(8))] = Ulza(ay)]} (1.76)

where z(t) is determined by (1.9) with f(¢) being as in (1.75) with h = hj,
[a, B] = [aj, Bj]. In view of (1.10), the left hand side of (1.76) is nonpositive for
Im\ # 0, whence by (1.76) ImA {U [X\(B)PG~'f] — U [Xa(a)(I — P)G7'f]}
<0 for all f € N+. Now (1.66) is proved for M ().

Conversely, suppose that an operator M (\) € B(H) as in (1.20) satisfy (1.66).
Then the corresponding solutions xy () (1.9) satisfy (1.10) by 1) of Lemma 1.4,
which proves 2°.

3¢ follows from the fact that for all M(X)(1.20) € B(#H) one has

(T (B) =Ty (a)) + 2Im[PM () P]
= 2ImAPG™'[(I — P*(\)Ax(e, ) (I — P)) + P*(N)Ax(c, /)P(N)]G' P, (1.77)

together with 20.
4°. Take into account that by (1.11) X} (a)Q(a)Xx(a)ho = X3(B)Q(B)
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X X\ (B)hg, for all hg € N it is easy to verify that

UXA(B) (PGP + (I = P)g)]l = U[XA(@)(P(X) = )G Pf + (I = P)g)]
=([@XBLf) = O (@)f.f), VfgeH (1.78)

Now represent M(\) in the form (1.20), and M(X) + Mp(A) in the form
M(X) + Mo(X) = (P(A) + AP(A) — 31) (iG)™", then My = AP(A)(iG)~" hence
PAP(A\)(iG) 1P =0, so 4° follows from (1.78) and 2°.

5°. Suppose for certainty that for ImA > 0, M(X) € B(H) satisfies (1.10),
and o, B € Z, o < ¢ < 3. Denote by P, an analogue for the orthogonal projection
P with respect to Z; = (o, 8) and represent M;(\) = Py M (\)P; in the form

Mi(\) = <P1(>\) — %I) (1G)~". (1.79)

Then by (1.11), 3% of Th. 1.1, Th. 2.4 and Lem. 2.6

Ly = {Xx(a) [(P1(N) = D(G)'PL+ 1= Pi] f & Xx(B)

x [PrNGG)'PL+1— P f|f € H} (1.80)

is a maximal diag(Q(a), —Q(B))-nonnegative subspace. Therefore by Theorem
2.5, Ly determined by (1.80) after substituting P;(\) with Py (X) =9/ G=1(I —
Pi)(N)G is diag(Q(cr), —Q(f))-nonpositive.

Therefore by Lemma 1.1, (1.78), 2° of Theorem 1.1, (1.10) is valid for ImA < 0
if one replaces in (1.10) Z = Z;, and also replaces in (1.9) M(X) with M;(X) =
PyM*(\) Py, hence even with M*()\) by 4° of Theorem 1.1. Thus 5° is proved
for any such H-valued vector function f(t) € L?HX (Z) with compact support that
suppf(t) C [«, 5], and hence due to arbitrariness of «, 8 for any H-valued f(t) €
L%Uk (Z) with compact support as well.

6°. Let M;()\) and M2()) be c.0.’s. Denote by R} f and R3 f the corresponding
solutions of (0.1) of the form (1.9). By a virtue of (1.65) for c.o. that has already
been proved, one has Rbof — Riof = X, (t) [M1 (o) — Mao(po)] Lo f € L?U#O (2),
with Iy f (see (1.71)). So the initial statement of 6° follows from (1.73).

Now the final statement follows from M (X) = M*()), together with the fol-
lowing lemma, which could also make an independent interest.

Lemma 1.5. Suppose (1.3) holds with F = H, and for some u € C\R" one
has

he, hm (A,(x,B)h k) < oo = h=0. (1.81)

(e,)1T

Then (1.81) also holds with p being replaced by any such A that ImAImy > 0.

Journal of Mathematical Physics, Analysis, Geometry, 2006, vol. 2, No. 2 165



V.I. Khrabustovsky

Proof of Lemma 1.5. Suppose there exists ug € C\R' (o # p,
ImpoImp > 0) such that the equation I[y] = Hy, (¢)y has a solution 0 # y(t)
12, (T) (and hence y(t) € I3, (), A € A), with fy] = H(Q(t)y) + Q1)Y).
Consider the nonhomogeneous equation

2] = Hu(t)z = (Hpo () — Hy())y- (1.82)
Every its solution can be represented in the form
2(t) = y(t) + Xu(t)g,g € H, (1.83)

so that z(t) ¢ L2wu (Z) for g #0.
Let M(\) be a c.o. for (0.1) (a proof of its existence does not elaborate of
Th. 1.1).

Use property (1.65) of c.o., (1.3) with F' = #, and the functions of the form
(1.75) to demonstrate that there exist constants ¢;(A, 7) such that

VA€ C\R' h € H+ | XA(O)(P(N) = DAl (a,r) < (X 7R,
IXA@PNA L2, () < c2(A )[R

with 7 € Z, P()\) (see (1.20)).
It follows that there exists a constant k(s, A) such that

/(wk(t)K(t,s, Mh, K(t,5, \)h)dt < k(s,\)||h|? (1.84)
T
with .
K(t,s,\) = X)\(t) {M()\) - gsgn(s - t)(iG)l} X5 (s). (1.85)

It follows from (1.84) and representation (1.5) for the weight wy(¢) (cf. the
proof of 2°, Prop. 1.1), that the integral

5(t) = /K(t, s, 1) f(3)ds (1.86)
T

converges strongly, with f(t) = (H,(¢t) — H,(t))v(t), where measurable v(t) €
Ly, (T).

Clearly, z(t) (1.86) is a solution of (1.82) with y(¢) being replaced by v(t).
In the case when v(¢) has a compact support suppf C [o, 3] C I, an argument
similar to that of the proof of 1° demonstrates

B
Im [(2(t), f(¢))dt

0]

2
lz(DIZ,,, (0. < Ty
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since M(A) is a c.o.

One deduces that in general case z(t) € L%)# (Z) (hence in view of (1.83)
z(t) = y(t) when v(t) = y(¢)). Now it is easy to demonstrate that there exists a
constant ¢ such that

lz(®) —zn®llz2 < ellol®) —on®le .

) 7)
where v, (t) = xn(t)v(t), xn(t) are characteristic functions of finite intervals
(an, Bn) T I, z,(t) the associated solutions of the form (1.86). On the other
hand

‘(Q(t)ﬂﬂ(t),x(t)) |2 = (Q(D)zn(t), zu(t)) |2

< |Imyl \||x(t)||§%w(a,ﬂ) - IIxn(t)llima,g)\

| [ "), £0) — @a®) £ 1) ) 0
uniformly in o, 8 € Z. Furthermore,
Iinga (Q)n (8), (1) |22 < 0
since M()) is a c.o. Hence

lim  Tmp (Q(t)z(t), 2(1)) [5n <0
(an aﬁn)TI

(the limit exists since z(t),v(t) € L?ZUu (Z)). In particular,

lim  Imu (Q()y(t),y(t)) |5 < 0. (1.87)
(anyﬁn)TI

On the other hand by (1.11), one has

B
Hy(t)H%%’uo (0,8) - (Q(t)gl(:z;ﬂyﬂ(t)”a ’

whence ||y(t)||L%m(I) = 0 in view of (1.87) and ImpoImp > 0. Thus y(t) = 0,
which is due to (1.3) with ' = H. Now Lemma 1.5, together with 6° of Th. 1.1,
are proved.

Conditions of existence for c.o. are given by

Theorem 1.2. A c.o. of (0.1) on T exists, if either one of the ends of T is

finite or if for some A\g € AN R the norm | X3, (E)wag () Xng ()| is summable at
one of the ends of I. Also, a c.o. exists if (1.3) holds with F = N*.
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To prove Theorem 1.2, we need the following lemma, which could possibly
make an independent interest.

Lemma 1.6. Suppose that operator-valued functions My(X) are c.o. for (0.1)
on finite or infinite intervals T, such that ¢ € T,,, I, T L. Assume also that for
any compact K C C\R!

Je(K): VA e K | M, (M) < e(K). (1.88)
Then there is a subsequence {n;} such that for ImX # 0 the limit
w —lim My, (\) = M(X) (1.89)
ezists and M(X) is a c.o. for (0.1) on T.

Proof of Lemma 1.6. One can deduce from Vitali’s theorem [29]
and weak compactness of the family M, (\) at any fixed nonreal X\ (which is itself
due to (1.88)) that there exists a subsequence {n;} such that (1.89) holds, with
the operator-valued function M (\) = M*()\) being analytic for nonreal .

Prove that M(\) is a c.o. for (0.1) on Z. By (1.77) (which is valid for all

M(N)(1.20)€ B(H)) one has

(T B)f, f) — Dy (@) f, f)

Vio,f]Cc Z,a<c<B,f €H

ImM\
=2[(Ax(a, (I = P(N)G P, (I —P(N)G " Pf)
+(Ax(e, Y PNG LPF, P(NG IPf) — %]. (1.90)

Denote by P, an analog with respect to Z,, for the orthogonal projection P
and by Pp(A) an analog P(\) (1.20) for M, ()X). Use nonnegativity of Ay(s,1),
[30, pp. 176, 193], and the fact that P, —° P to deduce from (1.90):

CYB)F) = (T (@) f, )
ImM
< Q[Ii_m(A)\(a, C) (I - Pn(A))G_lpnfa (I - Pn()‘))G_lpnf)
i TP MNPt D)
ImM
< 2lim[(Ax(e, &) (I = Pu(N)G ' Pof, (I = Pu(N)G ' Puf)
Im (P, My, (N Puf, f)
ImA

Vi ] CT, a<c< B, f €N :

+lim(Ax (¢, B)Pn (NG Pof, Pu(AG ™' Py f)

+(Ax (6, B)Pu(A) G P f, Pu(N G Pof) — ] <0 (1.91)
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since by 3° of Th. 1.1 the expression in brackets is nonpositive because M, ()\)

is a c.0. on the interval Z,, which contains («, ) for n large enough. Thus for

M(X) (1.89), (1.66) holds if [a, 8] C T and, hence, if [o, 8] C T (in view, that

Ff(t) depends on ¢ continuously). Now by 2° of Th. 1.1, Lemma 1.6 is proved.
Proof of Theorem 1.2. Let G is definite. Then by 2° of Theorem 1.1

M(X) (1.20) with P = (I — sgn(ImAG)) is a c.o. of (0.1). Let G is indefinite.
By Lemma 1.2, it suffices to prove the theorem for (0.1) with constant

Q(t) = G. (1.92)

Case I. Suppose one of the ends of Z is finite, e.g. a > —oo. Consider (0.1),
(1.92) with the operator-valued coefficient H)(t) being replaced by

Hy,a < t < 3, = min{b,
Py =40 P = min{b,n} (1.93)
A, B, <t < oo,
with n > ¢. Then the Cauchy operator X (¢) is to be replaced by
XH\(1), a<t<pfh
X2 (t) = (;\(}()—)1/\(1576 : bu (1.94)
e " X/\(/Bn)a Bn <t < o0

Using an argument similar to that use with Y)(b) in Ex. 1.1, we observe that for
ImA # 0, t > f3,, the operators Y'(t) = Xf(t)X;l(a) are unitarily dichotomic.
Consider the subspaces

HE(A) =P (B + 1))H
similar to H(A) in Ex. 1.1. Consider one more projection-valued function

I ImA >0
o) =4 ma =0, (1.95)
-1, Im\<O0,

where IT project onto fixed maximal uniformly G-positive subspace parallel to its
G-orthogonal complement. The latter subspace is maximal uniformly G-negative
by [25, p. T4].

Therefore in view of [25, p. 76] one has

H =TI(A)H +HL(N).
Denote by P,,()) the projection onto X} ' (a)H? (\) parallel to X; ' (a)II(\)H. By

Lemma 1.3
(P (Y (Bn +1)) +TI(N) " € B(H).
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Therefore by [1] (see also Sect. 2)
Pa(3) = X3 H(@)P (Y (Ba + 1) (P (Y (Ba + D) +TI(V)) " Xx(a)  (1.96)

depends analytically on nonreal \. Tt is easy to see that in view of (1.95), (1.1),
(1.19)

M()) = (Pnu) - %) (iG)~! (L.97)

is a c.o. for (0.1), (1.92) with Hy(t) = H}(t) (1.93) on (a, 3, + 1), hence also for
(0.1), (1.92) on Z = Z,, = (a,3,). Since n is arbitrary, the theorem is proved for
a finite interval (a,b).

Proceed with proving the theorem for the case b = oco. Due to the uniform
+G-positivity of II(A\)H and the uniform +G-negativity of H' (A) for ImA # 0,
the mutual inclination (see [24]) of these subspaces at any fixed nonreal A is

separated out from zero uniformly in n. Therefore [24, p. 224] for any compact
K C C\R' one has

AC(K):VAe K ||[P.(V)|| < C(K). (1.98)

Now the statement of the theorem in the Case I follows from (1.98), (1.97),
and Lemma 1.6.

Case II. Assume, for example, a = —00,
T € ANR! : / 15, (B)wng (6) Xng (8)] dt < oc. (1.99)
Lemma 1.7. If (1.99) holds, then the substitution x(t) = Xy, (t)z(t) reduces
equation (0.1) with f(t) =0 to the equation
iGZ'(t) — X5, (t) (HA(t) — Hxo(£)) X0 (8)2(t) =0, t € 1. (1.100)

The equation (0.1) and its analog for (1.100) have the same c.0.’s. Also, for the
Cauchy operator Zy(t) = X)TOI (t)XA(t) of the equation (1.100)

Fu— lim Z)(t) = Zx(o0),
where Z(00) depends analytically on X € A and Zy ' (c0) € B(H).

Proof of Lemma 1.7. The proof of coincidence of c.o. for (0.1) and
(1.100) is the same as that of Lemma 1.2.

An estimate for HX;O (t) (HA(t) — Hx(£)) X, (t)H, like that preceding (1.6)
demonstrates in view of (1.5), (1.99):

[ 168, (130) = g 0) X0t < o,
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whence by [24, p. 166], [31] the statement of the lemma with respect to Z(t)
follows. Lemma 1.7 is proved.

Now in view of Lemma 1.7, c.o. for (1.100) (hence also c.o. for (0.1)) can be
produced similarly to the Case I with X (a) being replaced by Zj(co).

Case III. Suppose (1.3) holds for F = N*.

Lemma 1.8. Suppose that (1.3) holds for F = N+ and in (1.3) either (o, B) C
(a,¢) or (e, B) C (e,b). Let M'(N\) be a c.o. for (0.1) on the interval T' C T that
contains, respectively, either (a,c) or (c,B3). Then for any compact K C C\R!
there exists a constant ¢ = ¢(K) independent of M'(X) and I' and such that

VAeK: ||PM'(NP| <c(K).

Proof of the lemma follows from 3° of Th. 1.1.

In view of the Cases I and IT of the theorem that have already been proved,
it suffices to prove Case III for Z = (—o0, 00).

First assume ¢ ¢ («, ), e.g. for certainty ¢ < a. Hence (1.3) remains valid
if one replaces therein (a, ) with (¢, ). Similarly to (1.93) and (1.94), extend
H)y(t) and X (¢) from (—n,n) D (¢, 8) onto (—n — 1, n+ 1) and use the argument

of Ex. 1.1 and Case I to obtain
H=PXy(—n—-1))H+P(Xi(n+1))H.

Denote by P,(A) the projection onto P (X}(n+1))H parallel to
P (X} (—n —1))H. Similarly to Ex. 1.1 and Case I

Pa(A) =P (X2(n+1) (P (X2(n+1))+P(XP(—n—1)))"", (1.101)

with (...)" ! € B(H).

It is easy to see that, similarly to Case I, M,, (1.20), (1.101) is a c.o. for (0.1),
(1.92) on (—n,n). By 4° of Th. 1.1 PM,(A)P is also a c.o. for (0.1) on (—n,n).
Now the proof for the case ¢ ¢ («, 8) follows from Lemmas 1.8, 1.6.

Finally, let ¢ € (a, ). It is easy to see that by (1.3) with F = H' one has for
AeA:

301 =610 >0: (X7 (@A, B)XT Q) f, f) > aillfI%, Vf € [Xx(a)N]"

(Xx(a)N does not depend on A € A by Lem. 1.1).

Thus it follows from the above observations that there exists a c.o. M (N
for (0.1) if its Cauchy operator is normalized as the identity not at ¢ but at «
(i.e. Xa(t) is replaced by X, (#)X, '()). But at that case, as one can easily see,
M) = X)\_l(a)]\;.f()\)X;_l(a) is a c.0. for (0.1). Theorem 1.2 is proved.
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Note that in Th. 1.2 in the case Z = R! it is impossible in general to get rid
of (1.3) with F' = N, as one can see from

Example 1.2. Consider the block-diagonal equation (0.1) with

Q(t) = diag{Gy}i,, Ha(t) = diag{H}()}321, (1.102)

(0 s (00 w20
Gk_(—’i 0), H)\—<0 1>+)\(0 E 0 < pp —0. (1.103)

(1.10) is valid for any solution of the form (1.9) for equations (0.1), (1.102), (1.103)
on Z = R' if and only if in (1.9)

i L 0o\~
= —dia RV .
M) = d g{<u0A Mﬁ)} (1.104)

k=1

with

is an unbounded operator-valued function (Iyf(1.71) € Dys(y))-

Note that the Ex. 1.2 demonstrates the possibility of existence of an operator-
valued function M(A) with the following properties. It is densely defined and
unbounded in H(= N*). However, (1.9) with this M()\) determines on a dense
in L2, (T) (wx = w;) linear manifold a bounded in L, (Z) analytic on A by [30,
p. 195] operator-valued function Rx = R} which satisfies (1.65).

Remark 1.2. If one writes down the c.o’s M(X) produced in the proof of
Th. 1.2, Cases I, II, in the form (1.20), then the corresponding operator-valued
function P()) is a projection, i.e., P*>(\) = P(N).

Besides that, for those c.0.’s (1.66) is valid even if one replaces in (1.67) P
with 1.

The proof of the first statement follows from

Lemma 1.9. Let P2 = P, € B(H), KerP, = K does not depend on n,
P =w—1limP,. Then P> =P, KerP = K.

Proof of Lemma 1.9. Let f € K. Then Pf = w —limP,f = 0,
hence K C KerP. Now assume h € #H. Then since (I — P,)h € K, one has
(I — P)h =w —lim(I — P,)h € K due to [30, p. 177]. Therefore if for all h € H
P(I — P)h =0, then one has P? = P and KerP = K since KerP = (I — P)H C
K. Lemma 1.9 is proved.

The second statement follows from the fact that M, () (1.97) is a c.o. for the
equation (0.1), (1.92), (1.93) on the interval (a, S, + 1) where P = I. Thus for
M, ()\) (1.97) one has (1.66) for Z = (a,3,) if P = I in (1.67). Therefore while
proving Lem. 1.6 (which in fact gives the desired c.0.) one may set P = P, = [
in (1.90), (1.91), together with the subsequent argument. The remark is proved.
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