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1. Introduction

It is well-known that there is no inscribing into the multidimensional cube,
whose dimension is not equal to 4n—1, of a regular simplex of the same dimension
s0, that all vertices of the last were vertices of the cube. As to dimension 4n — 1,
H. Coxeter established already in 1933, the equivalence of this problem to the
question of the existence of Hadamard’s matrix of order 4n (see [1, p. 319]).
We introduced notions of Hadamard’s matrix of half-circulant type |2, p. 459]
and antipodal n-gons inscribed into the regular (2n — 1)-gon [3, p. 48|, and
proved that the half-circulant Hadamard matriz of order 4n exists if and only
if there ezist antipodal n-gons inscribed into the regular (2n — 1)-gon (see |3,
Th. 4]). The multidimensional problem about existence of a regular hypersimplex,
inscribed into the (4n — 1)-dimensional cube, reduced thereby to a plane problem
on antipodal n-gon, what makes possible to use the methods of algebraic geometry
for its solution. This is considered in the paper.
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2. Definitions of Main Notions and its Characteristics

Hadamard’s matrix H of order 4n (every its entry equals £1 and rows are
pairwise orthogonal) is said to be half-circulant if it has the following form:

=, 4P m

Here A and B are square circulant matrices of order 2n — 1, more precisely, A is
an usual circulant [4, p. 272|, which we will call the right circulant, and B is the
left circulant. If a1, a9, ..., a9,_1 are entries of the first row of a right circulant A,
then entries of its second and next rows are obtained by the cyclic permutation
of previous row to the right: aop_1,a1,a9,...,09, 2; 22,09, 1,01,...,G2,3
and so on. The second and next rows of the left circulant B are obtained from
its first row b1, bs, ..., bo,_1 by the cyclic permutation of previous row to the left,
namely: bg, b3, e ,an_l, bl; b3, b4, e ,bl, b2 and so on.

Let us consider in a complex plane the unit circle with the centre in the
origin. Points z¥, k = 0,1,...,2n — 2, where z = e%, lie on this circle and
are vertices of the regular (2n — 1)-gon Py, 1. Let P, and P be convex n-gons
inscribed into Ps,_1 so, that all its vertices are vertices of Py,_1. We say that
convex n-gons P, and P, inscribed into the regular (2n — 1)-gon, are antipodal,
if the total number of their diagonals and sides of the same length equals n for
all admissible lengths. For all this, n-gon P, is represented by the generating
polynomial  py,(z) = Zirgf zr2*, where z;, = 1 if the vertex of P! with
number k belongs to P,, and z; = 0 in otherwise. Respectively, n-gon P is
represented by a polynomial pl,(z) = 227;62 7} 2*. Since P, and P! are n-gons,
their generating polynomials have exactly n coefficients z;, and ), equal 1.

The generating polynomial p,(z) has the property (see [3, Lem. 1])

nd 2k

|pn|2 :n-i—Q;dkcos ﬁ,

where dj is the number of equal diagonals and sides of n-gon P,, for which the
vision angle (from the origin) equals ¢ = 231”_’“1, k=1,2,...,n—1. There is

similar equality (with replacement dj, by dj,) for the generating polynomial p;,(z).
Since for antipodal n-gons P, and P}, by definition dy + dj, =n, 1 <k <n —1,
their generating polynomials satisfy relation |p,|? + |p},|> = n by Theorem 3 from

3]
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As noted in Introduction, the existence of antipodal n-gons is the necessary
and sufficient condition of existence of a half-circulant Hadamard matrix of or-
der 4n. In this connection, there is a natural question about analytical represen-
tation of the antipodal property of n-gons P, and P,. To find the representation
we assume that

1 n—1
L ey,
0= o1 P vi)
= +\f§: cos 7 ™y sin 27 0 (9
X = 1n
m \/ﬁyo y] 1 y2n 1- ] 2 _1 ’

— 2mmj . 2mmy
[yo + ﬁ;(yj COS 51 ~ Yan—1—j SN 5o 1)],

1
Ton—1-m = \/ﬁ

where m =1,2,...,n — 1.

Since xg, Tm, Ton—1-m equal 0 or 1, parameters yo,y1,-.-,Y2n_2, by which
they are represent, cannot be arbitrary. We obtain, solving linear system (2) with
respect to these parameters,

2n—2

1
= — x~,
Yo An — 1 ; 3

[ 9 nl 2mgm
Yj = :E() + Z Tm + Top—1— m) COs 2nj_ 1]’ (3)
. 2mim
Yon—1—j = 2n—1 — Ton-1- m)San_l-

This can be check of the direct substitution into system (2). Let us denote wy,
Wy, and wap—_1—p, the right hand sides of equations of system (2) and consider
following system of quadratic equations:

2n—2

1 2
= ——— w.,
LN — ; i

2 nt 2mim
Yi=\g3, -1 [ws + Z (Wi + Whn—1-m) 008 5], (4)

2mwim
2n —1°

Yon—1-j = — w3, _4_,,)sin

n—l
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We find, if we solve it with respect to w ,1=0,1,...,2n — 2 (as the linear
system!): w? = x; = w;, since coefficients of system (4) coincide with coefficients
of system (3) and the right hand sides of equations of system (2) are denoted
wo, Wy, Won_1—m- Lhis means that if parameters yg, y1, ..., Yon_o satisfy system
(4), then w? = w; for all i = 0,1,2,...,2n — 2, i.e. w;, and that is x;, can take
only integer value 0 and 1. It follows from here that system (4) has with respect to
Y0, YLy -+, Yan—z2 22" ! real-valued solutions, which are represented by form (3),
where each z; takes values 0 or 1 independently from the rest. Thus the following

assertion is valid.

Lemma 1. The coefficients of the polynomial p(z) = Ek 0 2 22", which are
represented by equalities (2), take only two values 0 and 1, if and only if their
parameters Yo, Y1, - - -, Yon—o satisfy conditions (4). All solutions of system (4) are
real-valued, and their total number equals 2271

It should be pointed out that among 22"~ ! real solutions of system (4) there are
C%,_, combinations such, that 22228 2p; = n, which corresponds to convex n-gons
inscribed into the regular (2n—1)-gon, with yo = \/% Next, if yo,y1,-- -, Yon_2
and y{, vy, ..., yh, o are two such solutions of system (4), generating convex n-
gons P, and P} inscribed into the regular (2n — 1)-gon Pa,_1, then they are

antipodal if and only if the conditions

2n

2n—1’ (5)

2, .2 2 2
Yj + Yom—1—j T Y+ Yooy =
are valid for all j = 1,2,...,n — 1 (see [3, Lem. 3]).
Let w = w(y) = wi+ "4 (wd, +ws3, | ,.) be ahomogeneous polynomial of
third degree with respect to coordinates of vector y, where wq, wy, and wop_—1-m
are again the right hand sides of equations (2).

Lemma 2. System (4) is represented in following equivalent form:

1
y = =Vuw, (6)
3
where Vw is a vector with coordinates 2% y 1=0,1,2,...,2n — 2.
3
P roof Since %ZS = \/2—— for all ¢ = 0,1,2,...,2n — 2, then the first
equations in (6) has the form:
2n—2
w?
Yo = =1 Z
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which coincides with the first equation of system (
3
Since for 0 < j <n %%—3 2112——11“%7 owy _ g3 /2n 1“’ cosgﬁm] and

3
8/w2nflfm‘ 27rm_7
0y; 2n—17

of equation in (6) has a following form:

= 3\/ 5= 1w%n 1—m COS then every equatlon of the second group

n—1

[wh + D (Wi, + wh, ) cos

m=1

2
2n —1

2mmy
2n —1

],

yj =

that coincides with the second equation of system (4).
ows . ow, -3 2 2 i 2mmyj

Besides for 0 < 5 < n o1 0, T 5 Wiy, SIN 5=
8w§n—1—m 2 2 2rmj . .
and Tyomo s = =31/ 577 W3y 1 Sin 5,5, then every equation of the third

equation group in (6) has the following form:

[2 21m;j
Yon—-1-j = M — 1 § :(wzn - w%nflfm) sin m—1’
m=1

that coincides with third equation of system (4). This concludes the proof.

Since w is a homogeneous polynomial of third degree by definition, then
by Euler’s rule 227‘02% i = = 3w. Therefore, multiplying equations of system
(6) respectively by coordinates yg,y1, ..., Yy2n—2 of vector y and summing theirs
termwise, we obtain w = Z?no 2 y?. Since for n-gon P, inscribed into the regular
(2n — 1)-gon 222252 x; = n, then it follows from (3) that S = Z?n02yf =n,
that is, w = n.

Indeed, we obtain, using trigonometrical formulas and so the identity (after
the changing of summing order) 1 + Z] | cos 2”07 = 0, which is valid for all

2n—
integer ¢ #Z 0(mod 2n — 1):

n? n—1 9 n—1 n—1
S = In—1 + Zl( + y?n 1— ]) 2n 1 + 2n— 1[(” - 1)%0 + Z [2'7‘"0 Zl(xm
Jj= m=

J=1
. n—1 .
+on—1-m) €08 3L+ 2 (03, + 2B, 1y + 20mTon—1-m COS 51
m=1
2wj(m—
+2 Z (xmxs + $2n717m$2nflfs) Ccos W%,&TIS) + ($mx2nflfs + $2n717m$s)
m<s
2mj(m+s)11 . n2 2 2
xcos =] = 7 + moglln— 1) Z x3 — o Z (Tm + T2n—1-m)
= m=1
n—1
- Z TmITon—1—-m — Z ($m$s + TmTon—1—s + Ton—1-mTs + $2n717m$2nflfs)]
m=1 m<s
_ _n? 2 1 1 22 n? 2 n(n—1) _
—2n71+2n71[n(n_ )_2(230 ) + Z ] 2n 1+2n71' 2 =n.
1=
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The equation w = n determine some hypersurface F in a affine space 42"~ 1.
If we pass to homogeneous coordinates yo,y1,-..,¥Yon—2,Y2n—1, then equation
w — nyg’n_l = 0 represents hypersurface of third order in projective space P27~ !
(w is homogeneous polynomial of third degree by definition). It turns out that the
hypersurface F, representing by equation w = n, is a irredusible smooth hypersur-
face both in affine space A*™~! and in projective space P*™~' (see [3, Th. 6)].

The above-mentioned results, obtained mostly in paper [3], allowed us to find
following necessary and sufficient conditions of the existence of Hadamard’s matrix
of half-circulant type (see. Th. 5).

Theorem 1. A half-circulant Hadamard matriz of order 4n exists if and only

if system (6) has two solutions y = {yo, Y1, ..., Yan—2} andy' = {y4, Y, Yon_o}

such that yo =y = \/227_1 and so that the rest coordinates of vectors y and y'

should satisfy antipodal conditions (5).

The above solutions are obviously coordinates of the points of the cubic sur-
faces w = n.

We will mention one more result from algebraic geometry (see [5, p. 174]),
which we need for the proof of our existence theorems for a regular hypersimplex
inscribed into the (4n — 1)-dimensional cube.

Theorem 2. Let
filzogy...yzn) =0 (i=1,...,7) (7)
be a system of homogeneous equations with undetermined coefficients and let
filzo,...,zy) =0 (i=1,...,7) (8)

be the system of equations, obtained from (7) under some given specialization of its
coefficients. Then there exists a finite system of polynomials dy, ..., dy, depending
on coefficients of equations (7) and possessing following characteristics:

(1) for some integer m

r

dixg = Zaij(io, o) fi(zo, . .. ,xn),*
i=1

where coefficients of polynomials a;j(xo,...,xy,) belong to the coefficient ring of
system (7);

(IT) necessary and sufficient condition for the existence of solution of system
(8) in some algebraic extension of the coefficient field is the vanishing of polyno-
mials d; under a given specialization of coefficients.

"Sign = means that sum in the right hand side of this equality consists single summand d;zJ*
(after a reduction of similar terms).
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Polynomials dy,do, . ..,d; of the theorem, are called the system of resultants
or resultant forms for a system of homogeneous equations with several unknowns.

3. Existence Theorems

Let us introduce by analogy with the polynomial w = w(y) another polynomial

w' = wh + " (Wl +whd ), whose w! are given by the right hand sides of
equalities (2), if coordinates of vector y = {yo, 91, ..., Y2n—2} in them are replaced

by coordinates of vector y' = {y,¥,---,Ys,_o}. According to Theorem 1 the
existence of a half-circulant Hadamard matrix of order 4n is equivalent to the
solvability of certain equations. The equations can be represented in the form:

( leaw—?)yzzo, 7::0,1,2,...,277,—2,

dy;
mg:g%_ggzo, i=0,1,2,...,2n — 2,
Waon—1=yo0 — \/% =0, WQIn—l = y6 - \/227—1 =0, (9)
Yi=yi+ Y51 U+ vhe i — iy =0,

\ i=1,2,...,n—1.

Since w;(y) and w}(y’) are homogeneous polynomial of third degree with re-
spect to its variables, then a homogeneous system, corresponding to (9), has the
form: o 5 .

Wiza—;ji—?)yinn_l:O, 120,1,2,...,2n—2,

W! =9 _3ylys, 1 =0, i=0,1,2,...,2n—2,

i 8y;

{ Wan—1 =190 — W;—\/:—:i =0, W2,n71 = y(,) - T\L/y;;:—:i =0, (10)
o2 2 2 2 Y31
Y; = Yi t Y15 T y; + yIanlfj - 2n2711 =0,

i=1,2,...,n—1.

\

System (10) consists homogeneous equations with respect to 4n — 1 unknowns
Y0s Yy -+ Y2n—25Y2n—15Yls - - - » Yon_o Of degree less than 3. Therefore, one can
obtain every of them from quadratic form (recpectively, linear form) of 4n — 1
variables under some specialization of its undetermined coefficients. According to
Theorem 2 there exists a finite system of polynomials dy,ds, ..., d; whit respect
to these coefficients, possessing by characteristics, indicated in the theorem, which
are resultants of system (10).

Theorem 3. Let di,ds,...,d; be a finite resultant system of homogeneous
system (10). If every polynomial dy,ds, ..., dy vanishes after the substitution of
corresponding coefficients of system (10), then one can inscribe a reqular simplex
of the same dimension into the (4n — 1)-dimensional cube.
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P r o o f. Since all resultants of system (10) vanish, then it has nontrivial
solution Yo, ..., Y2n—1,Yps - - - » Yoy_o i some algebraic extension of its coefficient
field. We shall prove that this solution is real-valued indeed.

Observe first of all that if yo, 1 = 0, then it follows from the first equa-
tion of system (10) that g—;f; =0,4 = 0,1,...,2n — 2, where the bar means
that the solution is substituted into a given partial derivative. Multiplying W;
by y; and summing obtained equalities termwise, we have by Euler’s rule: 3w —
3Yon_1 222262 y? = 0 or after a substitution of the solution: 3w —3ya, 1 222262 y?
= 0. Since #s,—1 = 0 by assumption, then w = 0. That is, the point with coor-
dinates %o, 1, - ., Jon_2,0 belongs to hypersurface F' of projective space P2~
representing by equation W = w —ny3 _; = 0. Since the homogeneous polyno-

mial w does not depend on the variable y9, 1, then both partial derivative %—ZV

and % vanish in the indicated point, i.e., the point %o, ¥1,--.,Yon—2,0 is a

singular point of F'. This is impossible, since the hypersurface F' is irreducible
and smoth in P?"~! by the established above.

Consequently, 42,—1 # 0. Thus one can assume that in all equations of sys-
tem (10) we have y9,1 = 1. But system (10) coincides at y2, -1 = 1 with system
(9). Therefore solution o, ..., Jon—2, 1,90, -, o, o of system (10) is the solu-
tion of system (9). And since the first two groups of equations W; = 0 and
W/! = 0 of system (9) coincide with system (6) up to notations, then vectors
g = {Y0,Y1,---,Yon—2} and ¥ = {40, y},--.,Yh,_ o} are solutions of system (6).
By Lemma 2 system (6) coincides with system (4), whose all solutions are real-
valued by Lemma 1, that is, the original solution of system (10) is real-valued
too.

It follows from last equations of system (9) that the coordinates of vectors y

and y' satisfy the conditions yp = g} = Jan=y S0 and for any j is true: g7 +
2 _ 2n

T j+g;.2+y’2n_1_ ; = - Consequently, vectors § and §' represent solutions
of system (6), satisfying all conditions of Theorem 1. Thus, there exists a half-
circulant Hadamard matrix H of order 4n, having form (1). Removing from H
its first column (with entries equals 1), we obtain matrix H, whose rows are the
coordinates of the vertices of a regular hypersimplex in E**~! inscribed into the
hypercube with edge 2, whose centre coincide with the origin (since rows of any
Hadamard’s matrix H are pairwise orthogonal, then the vision angle (from the
origin) for each edge of the indicated hypersimplex is the same ¢ = arccos 4;—_11)
This concludes the proof.

The resultant system of Theorem 3 consists a finite number of polynomials.
This number can be very large, especially with increase of n. It happens because
the number of equations of system (10) (which equals 5n — 1) exceeds significantly
the number of unknown quantities (4n — 1). But, if both quantities are equal to
each other, then the corresponding resultant system consists a single resultant.
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More precisely, there exists such resultant form R that another resultant form,
which belongs to the ideal of resultant forms of a given system of homogeneous
equations, is divided by R [5, p. 185]. In connection with this, we modify system
(10) to the following form:

Wi:g_;ji_?’yinTLfl:Oa 1 =0,1,2,...,2n — 2,

W/ = gZ) — 3ylyon 1 =0, i=0,1,2,...,2n — 2,

1 (1)
— — n— —
Wi 1+ Wap 1 + ‘21 Y2 =0,

‘]:

where it will be necessary to substitute in place of Way,_1, W5, | and Y; their
expressions from (10). Then the number of equations of the modified system will
equal 4n — 1, i.e., equate the number of unknowns.

Theorem 4. Let R be resultant of system (11). If R = 0 after the substitution
of coefficients of system (11), then one can inscribe a reqular simplex of the same
dimension into the (4n — 1)-dimensional cube.

Proof. Tt can be proved first as above that system (11) has a real-valued
solution 4o, ..., Y2n—1,Y,-- - Uon_o With gon_1 = 1. Then it follows from the
third equation of system (11) that

W2n71:g0_\/%:07 Wénflzgé_\/ﬁflzoa

?'j :g?+g§nflfj+3]92+§§%,1,j— 2221 :07 .7 = 1727-"7'”‘_17

i.e., the given solution of (11) satisfies the last three equations of (10) too.

Thus, the coordinates of vectors § = {90, 71, -, Jon—2} and §' = {7, 71, - -,
Uh,_o} satisfy the equations (6) and all conditions of Theorem 1, whence the
assartion of our theorem follows. This concludes the proof.

If dimension of considered space is very large, the finding of even one resultant
is a complex technical task. Therefore the following "negative" result may be more
effective.

Theorem 5. A half-circulant Hadamard matriz of order 4n does not exist if
and only if there exists polynomials A;, A}, Aon_1, A5, _1, Bj, depending on vari-

ables Yo, Y1y -« Yon—2,Yos - - - s Yoo, and such that we have for nonhomogeneous
system (9)
2n—2 n—1
D (AW + AW)) + Agp 1 Wan1 + Ay (Wi, 1+ BY;=1.  (12)
=0 j=1
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P roof. If relation (12) is true, then, obviously, W;, W/, Wo,_1, W3, _,,Y;
cannot vanish simultaneously, i.e., system (9) have no solutions. Then any half-
circulant Hadamard matrix of order 4n cannot exist by Theorem 1 too. Con-
versely, if such matrix does not exist, then system (9) has no solutions by Theo-
rem 1. Consequently, according to Theorem 1 from [5, p. 178], there exist poly-
nomials A;, A}, Agp—1, A, 1, Bj of variables yo,y1,...,Y2n—2,Y0s- - - Yo such
that relation (12) is valid for equations of nonhomogeneous system (9). This
concludes the proof.

R emark 1. The conditions of Th. 4 are satisfies, for example, if the
number 2n — 1 is prime one. This follows from |2, Ths. 1 and 2|.

Remark 2 The role of the hypersurface of projective space P?"~!
represented by equations w = ny3,_;, in proofs of the existence of a regular
hypersimplex inscribed into the (4n — 1)-dimensional cube, is different from that
of our paper [6]. Indeed, in the present paper the homogeneous equivalents of
algebraic equations of Theorem 1, are considered actually in projective space
P42 while in [6] they are considered on product of two projective spaces P?" 1
and P'?"—1,
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