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3. Separated Condition (1.10). Characteristic Projection

Definition 3.1. Let M()\) be a c.o. for equation (0.1) on Z. We say that
condition (1.10) is separated with a nonreal X = g if for any H-valued function
f@t) € LQwH0 (Z) with a compact support solution x,,(t) (1.9), for A = po of (0.1)

satisfies

lim SpoUlz,, (t)] > 0, lim SpoUlz,, (£)] < 0.* (3.1)

tla t1h

“Every limit in (3.1) exists in view of (1.11).
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Note that if M () is a c.o. and in one of inequalities (3.1) there is an equality,
then another one holds automatically due to (1.10).
The following statement admits a proof similar to that of n°2% of Th. 1.1.

Remark 3.1. The wvalidity of (3.1) with a nonreal X = ug for an operator
function M(X\) € B(H) of the form (1.20) and any H-valued vector function
f(t) e L?Uuo (Z) with compact support is equivalent to

VteI £ Sul,(t) <0 (3.2)

with Ff(t) being as in (1.67).

Theorem 3.1. Let P = I, M(X) (1.20) be a c.o. of (0.1), Sup # 0. Then
condition (1.10) corresponding to M () is separated with X\ = ug if and only if

P?(0) = P(po)- (3:3)

P r oo f. Suppose that condition (1.10) is separated with A = po. Take in (3.2)
t = c¢. Then one has: SuoP* (o) GP(10) <0, Suo(I —P* (o)) G(I —P(po)) > 0,
which implies (3.3) in view of (1.69) and Ths. 2.4, 2.7.

Conversely, suppose (3.3) holds. By n°2° of Th. 1.1 one has

V. B) €T Suo(P* (1o)X, (B)Q(8) X, (B)P(10)
(I =P (10)) X 1 () Q(@) Xy () (I = P(p10))) < 0. (3.4)
Multiply (3.4) by P*(uo) from the left and by P (o) from the right to deduce

that VB € T Suol'f, (6) < 0. In a similar way one can establish that Vo € 7
SAoly, (@) > 0, so the theorem is proved in view of Remark 3.1.

As a consequence of (1.68), formula (9) of [1] and Ths. 3.1, 2.4, 2.7, formula
(1.69) we have

Corollary 3.1. Let P =1, M()) (1.20) be a c.o. of (0.1) onZ. Then in order
to claim that condition (1.10) is separated with a nonreal \ = g, it is necessary
to have simultaneously the two inequalities

(1 = P* () Ay a0 )T = P* () < g (1= P (10)) GUT = Ploo),

P (10) Ao (¢, BYP(p0) < = 55—P" (10) GP (o),
SHo

(3.5)

for all finite a < ¢ < B, [a, B[C T, and it is sufficient to have simultaneously the
two inequalities (3.5) with o = ¢ = .
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Remark 3.2. If M()\),P()\) € B(H) are related by (1.20), then

M\ = M*(\) <= P(\) =G I - P*(\)G

= (I -P*NGI = P(\) =P*(NGP(N) (3.6)
and hence
(M) =M*(N) A ((P*(N) =P(N)
< (I -P*NGU —P(\)) =P*(NGP()\) = 0. (3.7)

The following Remark 3.3. establishes a relationship between a c.o. with
the separated condition (1.10) and the boundary-value problems with separated
boundary conditions which depend on the spectral parameter.

Remark 3.3. Suppose the interval T = (a,b) is finite and condition (1.3)
holds with F = H. Then:

1. If operator functions My, Ny from n%1° of Remark 1.1 are such that
MEQ(a) My = N Q(DNy, SAMQ(a)My > 0, SANFQBIN, < 0, IA # 0
(i.e., boundary condition (1.14), (1.18) is separated), then a solution of boundary-
value problem (0.1), (1.14), (1.13) for any H-valued f(t) € L2, (I) is given by
zA(t) (1.9), where M(X) is a c.o. of (0.1) on I for which condition (1.10) is
separated. Hence M (X) admits representation (1.20), with P(\) being a projection
which, as one can easily see, is just

-1

PA) = =X, ' (ON (X, Ha)M(N) = X, L (DN (V) (3.8)

where (...)"' € B(H). In this setting, boundary condition (1.14), (1.13) is sepa-
rated < (M;Q(a)M,\ =0)V (N;Q(b)N,\ =0), SA#0.

D If M(XN) (1.20) is a c.o. of (0.1) on T in such a way that P2(\) = P(N),
then zx(t) (1.9) is a solution of some boundary-value problem from n°1° of Re-
mark 1.1 with separated boundary condition (1.14, (1.13)).

P r o o f All the claims of n°1°, except the last one, follow from n°1° of
Remark 1.1. As for the last claim of n°1°, it follows from

M;Q(a) My = N QN
= (X5 () My — X5 (DN PO — P(V) (X5 (@ My — X, {BIAR)

which is a consequence of (1.1), (1.15), (1.20), (3.6).
The claim 2° follows by an argument of proof of n°2° of Remark 1.1, Th. 3.1,
Remark 3.1. Remark 3.3 is proved.
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Theorem 3.2. Let P =1,M(\) be a c.o. of (0.1) on Z. Then one has:

1. If condition (1.10) is separated with some nonreal X\, then it is separated
with .

2. Suppose T is finite and there exist Ao, po such that SAoSue > 0 and
the following is true: 1) condition (1.10) with X = X\ becomes an equality; 2)
condition (1.10) with X = g 1is separated. Then condition (1.10) is separated
with any nonreal .

3. Ifin (0.1) one has Hx(t) = Ho(t) + NH(t), Ho(t) = H;(t) and (1.3) holds
with F = H, then n°2° is valid without assuming finiteness of T.

P roof. 1° follows from Th. 3.1 and Remark 3.2.
20 follows from Remarks 1.1, 3.3 and Th. 2.8.
39, Without assumption P = I, consider in L% (Z) & L% (Z) a linear ma-

£3,(1)

nifold L = {y(t) @g(t)‘ y(t) = xz(t), z(t) € ACj is a vector function

e

with compact support; g(t) =" f(t), f(¢) is an H-valued vector function and
lx] = H(t)f(t), with I[z(t)] = %((Q(t)x(t))’ + Q(t)2'(t)) — Ho(t)ac(t)}, which is
symmetric [37, p. 75] by the Lagrange formula.

In what follows we replace generic elements of L{, by the elements of the form
z(t) ® f(t). Introduce the notation Ly = Lj.

In the case when M ()) is a c.o., we keep the notation R(\) for an extension by
a continuity onto L% (Z) of the operator Ry(1.9) originally defined on H-valued
vector functions f(t) € L?/(Z) with compact support, which is bounded by n°1
of Th. 1.1.

We need the following two Lemmas; the first one does not require P = I. In
the statements and in the proofs of Lems. 3.1, 3.2 and Remark 3.3 the notation
of operator and its graph coincide.

Lemma 3.1. R()\) is a generalized resolvent of the subspace Ly (in the sense
of formula (6.25) of [37]).

P r o o f. Note that R*(\) = R()) since M*()\) = M()), that R()) satisfies
(1.65) with Ry = R(\) and that R(A) depends analytically on A by [30, p. 195].
These observations imply, in view of Th. 6.8 of [37], that in our case to finish
proving of the Lem. 3.1. it remains to verify that

R(\)(Lo — \) C I, (3.9)

with I being the graph of an identity operator in L% (Z).
If Lj = {z(t) ® f(t)}, then

R(N)(Lo = A) = z(t) & za(1),
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with ) (t) = Rx(f(t) — A\z(t)). Introduce the notation z)(t) = z(t) — z(¢).
If suppz(t) C [a, ] C Z, then by (1.10) one has

SA(Q(B)2a(8), 2x(8)) — (Q()zx(a), 2a(a))) < 0. (3.10)

On the other hand,

8
(Q(B)2x(8), 22(8)) — (Q()2x(a), 2a(a)) = ZSA/(H(t)ZA(t),ZA(t))dt, (3.11)

zA(t)] = XH (t)zx(2).
13,(

i

It follows from (3.10), (3.11) that z) 0, hence

RO)(L) —\) C L (3.12)

Suppose y(t) ® g(t) € Lo and Lj 3 yn(t) D gn(t) — y(t) ® g(t). Then by (3.12)
one has

RN (y(t) @ [g(t) — Ay(1)]) = Tim R(A) (yn () @ [gn(t) — Ayn(t)])
= lim(yn (£) ® yn(t)) = y(t) ® y(2),

so that (3.9), and hence Lem. 3.1, are proved.

Lemma 3.2. Let H be an arbitrary Hilbert space, R(\) the generalized resol-
vent of a symmetric subspace S C H?, and

S(R(M) S, f)

o, SN A0, VFEH:  [ROI® = ——5 7 (3.13)
0
Then:
1°. (3.18) is valid for all X with SASAg > 0.
20
S—X7h IAIN >0
ROy = { N7 IS >0, (3.14)
(S* =X)L, ST <0,
with S being a mazimal symmetric extension of S.
P roof 1% Tt is known from [37, p. 95] that
RO = (T() — ), (3.15)
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with the linear subspace T'(A) C H? being such that

3T (A) < 0(max), SA >0, (3.16)
T(\) = (T(\)*. (3.17)

Its Cayley transform C,(T'()\)) with fixed p, IASu > 0, is a contraction in H
which depends analytically on .
Since with SASu # 0, f € H one has
_ SRV, )
I(Z + (e = RO = IS 1I* + 4(Sn)? (llR(>\)f||2 S s, )

Cho (T'(Mo)) is an isometry in H in view of formula (4.17) from [37]. Thus C},(Th)
= Oy, (Ty,) with SASAg > 0 by [35, p. 210], hence 1° is proved in view of formula
(4.17) from [37].

20, Use 1° to deduce from Th. 6.7, the formulas (6.20)—(6.24) from [37] and
(3.16) that T'(\) = T'(\o) “l § with IASNg > 0, where S is the maximal sym-
metric extension of S by Th. 6.2 from [37]. Thus 2° is proved in view of (3.15),
(3.17). Lemma 3.2 is proved.

Turn back to the proof of Th. 3.2. It is clear from the proof of n°6 of Th. 1.1
that if (1.3) holds with F' = #, then the integral

b
oa(t) = / K(t, s, \H(t)f(t)dt, (3.18)

with K(t,s,)) being as in (1.85), converges and z(t) € L% (Z) even in the case
when an H-valued f(t) € L% (Z) does not have a compact support. Prove that in
this case inequalities (3.1) hold for z,,(t) (3.18), if they hold for z,, (¢)(3.18), (A =
wo) with f(¢) having a compact support. Let f,(t) = xn(t)f(t) with x,(¢) being
characteristic functions of the intervals (ay, 8,) 1 (a,b). In view of convergence
of (3.18) and (1.70), it is possible to choose for any € > 0 such N, that for all
n > N, one has

240 (c) — 2ty ()| < e, (3.19)
with zj; (t) being given by (3.18) in which A = pug, f(t) = fu(t),

2o (8) = g (D)1 12, ) < e (3.20)
| Ul (0] = Ul (@)]) = (Ul ()] = Ul ()]
Stiol (170 D122 00y = 1570 (D22 1))

S0 (0 1) 13y ) = @y (0 () 13 (0)

1
Va € (a,c) =

<

<e (3.21)

454 Journal of Mathematical Physics, Analysis, Geometry, 2006, vol. 2, No. 4



On the Characteristic Operators and Projections and on the Solutions of Weyl...

Thus in view of (3.19)—(3.21)

Ulzuy ()] = Ul ()] = 0

uniformly in a € (a,c). Therefore, for the following limit which exists due to
(1.70), one has

ltiim SuoU[xp, (1)] = Hm SpeU[wy, ()] = lim SpU [z, (an)] > 0.

anla anla

The second inequality in (3.1) for z,,(t) admits a similar verification. After that
n%3 follows from the Hilbert identity for R()), which is valid if $ASue > 0 in
view of Lem. 2.4 from [37] and (1.70), Lems. 3.1, 3.2. The Theorem 3.2 is proved.
Note that assumption 1) in n°2 of Th. 2.2 could not be omitted in general, as
it follows from Remarks 1.1, 2.6.
We are about to expand Lem. 3.1 in the case when X is involved into H)(t)
nonlinearly as follows:

Hy(t) = NH(\) + H; (t), (3.22)

with H, (t) satisfying the same conditions as H)(t), H(t) > 0.

Let M(\) be a c.o. of (0.1), (3.22). Then, if an H-valued f(t) € L%(Z) has
compact support and suppf(t) C [o, 5] C Z, one has in view of n°2 of Th. 1.1
that z(¢) (3.18) with I\ # 0 satisfies the inequality

SAULzA(P)] = Ulza(a)]) <0, (3.23)

since [ X:(t)H(t)f(t)dt € N*- by (3.22).

Denote by R\ f = z(t) (3.18), with an H-valued f(t) € L% (Z) having a com-
pact support. Using (3.23), (3.22), one can prove, just as in the case of n°1 of
Th. 1.1, that

SRS, Fre @)

SA ’

IRA 22, ) < I\ £ 0. (3.24)

Denote by %(X) the extension by a continuity onto L2(Z) of R f which is
bounded by (3.24). Note that R*(A) = R(\) since M*(\) = M()), that R(}\)
satisfies (3.24) with ), = R(\) and that () depends analytically on A by [30,

p. 195]. Therefore, in view of Ths. 4.5, 3.2 from [37], we come to the following
Remark 3.4. R()\) = (T(\)—X\)~!, where the linear subspace T(X\) C L% (Z)®

L%(Z) satisfies (3.16), (3.17), and its Cayley transform C,(Ty), (see [37]) under
fized p and IASp > 0, is a contraction in L%[(I) which depends analytically on X.
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Definition 3.2. If an operator function M(X) € B(H) of the form (1.20)
is a c.o. of (0.1) on T in such a way that P(\) = P?()\), then P()\) is called
a characteristic projection (c.p.) of (0.1) on I (or merely a c.p.).

Theorem 3.3. A c.p. of (0.1) on T exists if one of the ends of T is finite or
if for some A\g € AN RY the norm 1 X3, (D)wxg () X, ()] is summable at one of
the ends of T. Also, a c. p. exists if (1.8) holds with F' = H.

If Q(t) is definite, then a c.p. of (0.1) exists without any additional conditions.

P r o o f. By Lemma 1.2 and the proof of Th. 1.2, it is sufficient to prove
Th. 3.3 for (0.1) with an indefinite constant Q(t) = G.

If one of the ends of Z is finite or the norm || X3 (t)wx, (¢) X, (?)[ is summable
at one of its ends, then, in view of Remark 1.2, the Th. 3.3 has already been
proved while proving Th. 1.2.

Assume 7 = R! and (1.3) holds with F = H.

First, suppose that ¢ = «. Consider the projection Py () associated via (1.20)
to the c.o. of (0.1) on (¢, 00), which is constructed within the scheme of the proof
of Th. 2.1, Case I (see Remark 1.2).

It follows from Th. 3.1, Cor. 3.1 and Lem. 1.1 that

1

) >0V € H: oy

(PLGPL NS, ) < =6NIP+ (A fIIP (SN #0)
and by Remark 1.2 and Lem. 1.9 one has

Jey >0V €H: (SqnSN (T — PL)G((I - Py(N)f)
> ey [(1 =P Q) FIP (IA #£0).

On the other hand, replace II(X\) by I—II()) and then use the scheme described
in the proof of Case I, Th. 2.1 to produce a c.o. on (—oo,c) for (0.1). Consider
the projection P_(\) associated with this c.o. by (1.20). By Remark 1.2 and
Lem. 1.9 for S\ # 0

Je- >0VfeH: (SqnSN)(PLNGP-(Nf, f) < —c [P- (N[
SA(I — P*(A\)G(I —P_(N\) > 0.

Therefore by Lem. 2.4, Th. 2.4, and [25, p. 76] one has
H = (I —P_(\)H+ PL(\H.

Denote by P(A) the projection onto P, (A)H parallel to (I —P_(A)H.
By Lemma 1.3 and [1] (see also Cor. 2.3) one has

PA) = PN (P+(A) +1=P- (),
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with (...)”! € B(H). It is easy to see that P()) is a desired c.p.

If ¢# «, produce in a similar way a c.p. P(A) for the case when
the Cauchi operator of (0.1) is normalized by I at . Then the desired c.p. is
just Xy H(@)P(A)Xx(a), so the Th. 3.3 is proved.

Note that with P # I (3.1) does not imply (3.3) and (3.3) does not imply
(3.1) even in the finite dimensional case, as one can see from

Example 3.1. Let Z = (0,1), ¢ =0, in (0.1):

Q(t):(_oi é) H,\(t):(g Z%) SA > 0.

Then:
I. M()) (1.20) is a c.o. with

PN = <8 ;) £PX(N),  SA> 0.

However condition (1.10) is separated with SA > 0.
II. M(X) (1.20) is a c.o. with

. ) 1 2 ~
P(A)_<1+i 1_Z.>—P(>\), I\ > 0.

However condition (1.10) is not separated with A > 0.
With P # I one has the following analogue of Th. 3.1.

Theorem 3.4. Suppose P # I and INg € C\R', v € L:

N = ﬂ KerAy,(a,y) or N = ﬂ KerAy, (v, B)-
a<ly B>y

Let M(X) be a c.o. of (0.1). If condition (1.10) associated to M () is separated
with nonreal X = pg, then
1
IMy € B(H): PMyP =0, M(uo)+ My = (P - 5[) (G)~L.

Here the operator P is estendable from (GN)* to, possibly unbounded, den-
sely defined in H, idempotent which, in the case when either dimP_H < oo or
dimP,H < oo with Py being as in (2.1), (2.2), is a bounded projection in H.
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4. The Weyl Type Functions and Solutions

In this section @ < ¢ < b, unless a different assumption is stated. Condition
(1.3) with F = H is valid for Z =7, = (a,¢) if Zy #Dand T =7 = (¢,b) if
T #0.

The following theorem describes a relationship between the c.p. on Z and
on Iﬂ:.

Theorem 4.1. 1°. Let P(\) be a c.p. of (0.1) on I, Py = Pi()\) € B(H)
be some operator-valued functions that depend analytically on nonreal X and such
that

+3APLGPL > 0, £3AI — PG —PL) <0, SA>0 or SA<0, (4.1)
Pi(\) =G YI - PL()\)G, I\ £ 0.5 (4.2)

Then
H=P (NH+PNH=P_NH+ (I —PN\)H. (4.3)

Denote also by P (X) and P—(X) the projections onto P(A\)H and P_(\)H,
respectively, parallel to Py (A)H and (I — P(N\))H, respectively.
Then P+(X) are c.p. of (0.1) on T =T in such a way that

Pr(A) =P (P + PL(A) ™ P-(A) = PN (P-(N) + 1 =PN)™",  (44)

(P(A) + PL(\)™, (P-(A)+1—P()"" € B(H). (4.5)
L. Let P+ (N\) be a pair of c.p. of (0.1) with
Q(t) = Q¥(1), Q%(c) =G, HA(t) = Hy(t), t € I, (4.6)

onT =Ty, then H=PL(N)H + (I —P_(\)H.
Suppose P(X) projects onto P (A)H parallel to (I — P_(X)H. Then P(N) is
a c.p. of (0.1),(4.6) on T = (a,b) in such a way that

P(A) = P+ (NS (W) (PL(A)S-(A) + (I = P-(A)S+(A) (4.7)

where S+ (\) and S_()\) are the Riesz projections for the operator (sgnS\)G that
correspond to positive and negative parts of its spectrum, respectively; (P (A)S—(X)
+(I —=P_-(N\)SL(\)~! € B(H).

If the c.p. P+()\) is generated by the c.p. P(X\) according to (4.4) in n°1° of
the theorem, then n°2° results exactly this P(N).

*(4.1) implies by Lem. 2.4, Ths. 2.4, 2.7, that P£(\) = Px()) for SA > 0 or S\ < 0, so for
all nonreal X by (4.2).
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Proof Inview of (4.1), (4.2), Th. 2.4, Lem. 24, (3.6), (3.7), [25,
p. 73|, PL(A)H and (I — Py (X))H are respectively maximal £3AG-nonnegative
and maximal £&G-nonpositive subspaces for nonreal A. In view of Corollary 3.1,
condition (3.1) with F = H for T = Z, and [25, p. 71| (or Th. 2.4, (1.69) (or
Lem. 2.4)), P(\)H and (I — P(\))H are respectively maximal uniformly FIAG-
positive and maximal uniformly +=3AG-positive subspaces for nonreal A. Hence
we have (4.3) by [25, p. 76] and (4.5) by Lem. 1.3. Thus we have (4.4) by [1] (or
Cor. 2.3) and hence P4(\) depends analytically on nonreal A\. Thus Py (\) are
c.p. of (0.1) on Z4 since P(A) is a c.p. and by (3.6), (3.7), (4.2).

20 is proved similarly to 1°. The Theorem is proved.

The following remark allows, in particular, to transform a c.p. so that the
corresponding to it boundary condition at one end of interval is not changed, but
boundary condition at another end coincides with any given. This Remark is
proved in the same way as Th. 4.1.

Remark 4.1. 1°. a) Let P()\) be a c. p. of (0.1) on T. Then, if one sets
P.(A\) =TI —P(\), P_(\) = P()) in 1° of Th. 4.1, then PL(N) (4-4) becomes
a c.p. of (0.1) not only on Iy, but on T as well. b) Let P+(\) be a c.p. of
(0.1),(4.6) on T =T.. Then, if one sets Py (X) =T —P_(X), P_(A\) = P.(\) in
1° of Th. 4.1, then (4.4) becomes a c.p. of (0.1) not only on T, but also on T as

well with
_ )R, teIy [ m@), tez
) = {Q(t), teI_’ (1) = {H)\(t), teT_

in the case of Py () and with

_jaor®), tezy _[H@), tez,
Q(t)_{Q(t), tel_ HA(t)_{Hi(t), teT_

in the case of P_(A).

L. If one replaces in (4.7) I — P_(AN)(P+(N) by PL(N)(P-()\)) as in 1° of
Th. 4.1, then one still has in (4.7) (...)~' € B(H), however P(X\) (4.7) in general
is no longer a c.p. of (0.1) on I, but a c.p. on T,(Z_), that projects onto
PL(A)(P-(N)) parallel to Pr(A)H((I —P—_(X)H).*

We are about to demonstrate a procedure of producing the operator Weyl
type functions and solutions of (0.1) that uses projections from Ths. 3.1, 4.1.
In view of (1.22), (2.1), (2.2) it is easy to see that

It € B(H): T7Yt) € B(H), T(t) € ACpe, T*(1)Q)T(t) = Py — P_,
(4.8)

*The transformations of c.p. on Z4 such that they don’t change boundary condition at the
point ¢ construct in the similar way.
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with Py being complementary orthogonal projections that do not depend on ¢.

Theorem 4.2. Let P(X) be a c.p. of (0.1) on (a,b). Then there exist unique
strict contractions Ky(A\) = K1 (\) that depend analytically on nonreal A such
that

Ki(A) € B(PsH,P+H),SX > 0, K+ () € B(P+H,P+H),3X <0, (4.9)
T(c)(P- + KL (A P-)(I- — K_(NK4(X) H(P- — K_(\)PL)I " Y(0),
SA >0,

L(c)(Py + K4 (W Py) (L — K- (VKL ()71 Py — K- (AP )T~ (c),
S <0,

P(N) =

(4.10)

(here Iy are the identity operators in PyH ), and for the operator solutions

X\(D(c)(Py + K+ (N Py), S\ >0,

(4.11)
X\ (c)(Px + K+ (A)Py), SA<O,

Uy(t,A) = {

of the homogeneous equation (0.1), (4.8) one has

g Pr(I: — KL (M K1 (A) Py, SA> 0,
g Pr (I — KX (M K1 (N) Py, SA<O,

28

/ WL (1, Awa ()T (£, \)dt < {
J+
(4.12)

with Jy being such finite intervals that J_ C (a,c), J;+ C (c,b).

Conversely, suppose that for the operator functions Ki(\) = Ki(\) that
depend analytically on nonreal \ the relations (4.9), (4.11), (4.12) hold. Then
K () are strict contractions and P(N\) (4.10) is a c.p. of (0.1) (4.8) on (a,b).

Proof. Let P(A) be ac.p. of (0.1), (4.8) on (a,b). Then, in view of Cor. 3.1,
condition (3.1) with F' = H for Z = 7, and |25, p. 71| (or (1.69) (or Lem. 2.4),
Th. 2.4), the subspaces

Ho(N) =T -POYH,  Hi(\)=PNH (4.13)

are respectively maximal uniformly +3AG-positive and maximal uniformly
FIAG-positive for nonreal A. Therefore [24, p. 100], [25, Ch. I, § 8] there exist
unique strict contractions Ky (A) (4.9) such that

Ha(h) = {F(c){PijeaKi(A)PqEﬂfeH}, I > 0, (414)

L(e){Pef ® KL (\)Pf|f € H}, SA<O.
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Thus (4.10) is valid for P(\). Substitute (4.10), (4.11) into (3.5) (with pug
being replaced by A) to get (4.12).

Prove that K4 (A) = K1 (\) and depends on a nonreal A\ analytically. Intro-
duce the notation H.(A) = P.(A\)H, with

—1 <x
P\ = T(c)PL T *(c), SA >0 (4.15)
I'(c)P-T~(c), I <O0.
By [25, p. 76] one has
H=Hc(\) +H(N).
Denote by P () the projection onto H(\) parallel to H..
By (3.6)
Pr(N) =G HI = PL(N))G, (4.16)
and, obviously
L(e)(P- + K. (\)P_)I'"(c), I\ >0,
F(C)(P+ + K+()\)P+)F (C), \f)\ < 0.

Compare (4.8), (4.16), (4.17) to observe that K4 (X) = K (X). By Th. 4.1 the ope-
rator function P (A) is a c.p. on (¢, b), hence it depends analytically on a nonreal
A. Thus K (\) depends analytically on nonreal A in view of (4.17).

The same properties for K_(\) can be proved in a similar way.

Conversely, suppose that (4.9), (4.11), (4.12) are valid for the operator func-

tions K4 (A) = K% (X) that depend analytically on a nonreal . In view of condi-
tion (1.3) with F' = H for Z = 7, one can easily deduce from (4.12) that

25 = § _ Vie Pt : ((Ix — KIKL)f, ) > allfI?, A >0,
1= 1()\) >0:
Vi€ P H: ((Ie — KiK4)f, f) 2 a1llf|?, SA<0.

It follows that (4.10) determines an operator P()\) € B(#) which depends
analytically on a nonreal A. Thus (4.12), (4.11) imply (3.5), (xp = A) and so
(1.68) (by (9) of [1]) with P(\) as in (4.10). Consider the operator P, () (4.17)
together with its analogue P_ () for (b, ¢), which are obviously projections. Since
P+ (N) satisfies relations similarly to (4.16), it follows from (3.6), (3.7) that such
a relation is valid for P(X). Hence P()) is a c.p. in view of Th. 1.1, Cor. 3.1 and
Th. 3.1. The Theorem 4.2 is proved.

We call the operator functions K_(\) = K*(X), K+ (\) = K% ()) (4.9), which
depend analytically on a nonreal A, and which satisfy (4.12), (4.11), the Weyl
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functions of (0.1), (4.8) on (a,c) and on (c,b) respectively (by a similarity to
[13]-[17])*. We call the corresponding solutions ¢_(t,A) = W_(¢, ) ‘Pi';.[ and
Py (t,A) = Uy(t,N) ‘pﬂ.t (£SA > 0) the Weyl solutions of (0.1), (4.8) on (a,c)
and on (¢, b) respectively.

Theorem 4.3. Suppose that the interval (a,b) is finite and the operator func-
tions K_(X\) and K, (X) are the Weyl functions of (0.1), (4.8) on (a,c) and on
(c,b), respectively. Then there exist unique contractions Ux()\) = UL(N) that
depend analytically on a nonreal X\ and such that:

Us(M) € B(P+H, PiH), SA>0, Us()\) € B(PLH, PrH), SA<0, (4.18)

P.K (NP, =PI Ye)I -TI_(N))L(e)Pyr  (SX>0), 10
P.K_(A)P_ =P, T Y e)I -TI_(\)I(c)P-  (SX<0); (4.19)
P, K. (NP =PI () (MN(e)P-  (SA>0), 190
P_K,(A)Py = P.T YL (A (c)Py  (SX < 0); (4.20)
with
T—-TI_(\) =
X5 (@) (a)(Py + U-(A)Py)(X5 ()T (a)(Py + U-(A)Py) = P-T(e)) Y,
SA >0,
) X (@ (@) (P +U-(MP)(X;  (@)T(a)(P- + U (A)P-) — PyT(e) 7,
S <0,
(4.21)
I (A) =
X3 OT0)(P- + UL (N P-) (X5 (D)L(B) (P~ + U (M P-) — PiT(e)) Y,
SA >0
| XTGPy + UL (WP (XL (BT 0)(Py + UL (A Py) — P-T'(c)7,
A <0
(4.22)

(In (4.22), (4.21) one has (...)~* € B(H)). The operators I1_(\) and I (\) are
c.p. of (0.1) on (a,c) and on (c,b), respectively, and xx(t) (1.9), (1.20), (4.10)

“Note that in view of n°5% of Th. 1.1 the validity of inequalities (4.11), (4.12) for arbitrary
K4 (X) (4.9) in one of the complex half-planes implies validity of their analogs in another half-

plane if one sets up K+(\) = Ki()\).
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is a solution of the boundary-value problem (0.1), (1.14) with

s — [T@PL+U- (NP, x>0,
AT\ @2 +U-(W)P.), S <0,

(4.23)

N [ TP+ UL ()P), 32 >0,
AT\ 00 Py + UL (V) PL), SX < 0.

Conversely, suppose that (4.18) holds for the contractions UL(X) = UL())
depending analytically on a nonreal X. Then the operators (...)”' € B(H) in
(4.22), (4.21) and operators (4.19), (4.20), associated to (4.22), (4.21), are the
Weyl functions of (0.1) on (a,c) and (c,b), respectively.

Proof. Let Ki(\) be a Weyl function of (0.1), (4.8) on (¢,b). Then, as
one can observe from the proof of Th. 4.2, P, (\) (4.17) is a c.p. of (0.1), (4.8)
on (¢, b). Therefore the subspace X ()P (A\)H is maximal £IAQ(b) nonpositive
by Cor. 3.1, [25, p. 71| (or (1.69) (or Lem. 2.4), Th. 2.4), Lem. 2.6. Hence [24,
p. 100], [25, Ch. I, § 8| there exists such a unique contraction U (\) (4.18) that

T(b)(P- + U, (AP )H, SX>0,

(4.24)
T(b)(Py + Up(\)PL)H, SA<O0.

Xa(0)PL(MH = {

Since by (1.1) and Remark 3.2

PLNXZ(B)QB)XA(B)P+(A) =0,

and hence one has U(X\) = U*(A).

Consider the boundary-value problem (0.1), (4.8), (1.14) on (a, b) = (¢, b) with
My = P.(A)T(c) with P.()\) (4.15), N(\) (4.23).

It satisfies all the assumptions of Remarks 1.1, 3.3 by Cor. 2.1 (except analy-
ticity for N'(\) so far). Thus projection (3.8) associated with the above problem
is just II1(A) (4.22). On the other hand,

XTID) (P + UL (V\)POH, SA>0
My (\NH =32 (o) +HNP) N =P (N,
(I =T (W)H = (I =Pr(\)H
by (4.24), (4.17). Hence P4 (A\) = II;(A), which, together with (4.17), implies
(4.20).
Analyticity for Uy (A) = U%(}) is deducible from the fact that with S\ > 0,

L(e)(P- + UL (NPT He) = 0P+ (N (XA (B)P+(A) + Pe(X) 7,
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where (...)"! € B(#H), Y\(t) see Lem. 1.2. The claims related to K_()), U_(\)
can be proved in a similar way.

Use (4.24) and its analogue for the endpoint a to deduce that z)(t) (1.9),
(1.20), (4.10) is a solution of the boundary-value problem (0.1), (1.14), (4.23).

Conversely, suppose that a contraction U;(A) = U} (A) which depends ana-
lytically on a nonreal )\, satisfies (4.18). By Remarks 1.1, 3.3, a c.p. of problem
(0.1), (4.8), (1.14) on (a, b) = (¢,b) with My = P.(A\)T(c), Ny (4.23) is just T (N)
(4.22). Hence (see the proof of Th. 4.2) there exists the Weyl function K () of
(0.1), (4.8) on (¢,b) such that [T (A) = Py (A) (4.17) = (4.20), (4.22) for K (A).
The statements related to U_ () can be proved in a similar way. The Theorem 4.3
is proved.

Theorem 4.4. Let P(X) be a c.p. of (0.1), (4.8) on (a,b) = (¢,b). Then there
exist the unique Weyl function K, (X\) of this equation on (c,b) and the unique

contraction U_(X) = U*(X) (4.18) which depends analytically on a nonreal X,
such that

L(e)(P- + K+ (N P-)(I- = U-(NE1 (X)) H(P- = U-(N)P+)I (o),
SA >0,
D(c)(Py + K4 (N P) (L — U-(NEL (V)" (P4 = U- (NPT~ (e),
SA <0,

P(N) =

(4.25)

and for any H-valued vector function f(t) € L7, (c,b) with compact support the
solution of (0.1), (4.8) za(t) (1.9), (1.20), (4.25) satisfies at c the following boun-
dary condition:

Jh=nh(f,A): y(c) = Myh, (4.26)

with My as in (4.23).
Conversely, let K (X) be an arbitrary Weyl function of (0.1), (4.8) on (c,b)

and U_(X) = U*(X) (4.18)be an arbitrary contraction that depends analytically
on nonreal X. Then (4.25) is a c.p. of (0.1), (4.8) on (c,b).

P roof. Let P(A) beacp. of (0.1, (4.8) on (¢,b). Thus by Th. 3.1
and Cor. 3.1, (3.5) is valid with @ = ¢ and g being replaced by any nonreal .
Therefore the subspaces H_(A) (4.13) and H(\) (4.13) are maximal and SAG-
nonnegative and uniformly negative, respectively. Hence [24, p. 100], [25, Ch. I,
§ 8] there exist the unique contraction U_(A) (4.18) and the unique strict con-
traction K4 () (4.9) such that (4.14) holds with K_ () being replaced by U_().
Thus P(\) satisfies (4.25), whence (4.26). Substitute (4.25) into (3.5) (with g
being replaced by ) to deduce that K ()) satisfies (4.12). The proof of relations
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K{(X) = K ()X), U-(\) = U*(X) goes through like that of the similar relations
for Ky () in Th. 4.2.
Analyticity for K1 (A\) and U_(\) follows by Lem. 3.1 from

Pi(A) =PA(P(A) +Pe(N) (4.27)
T(c)(Py + U_-(MP)T (c) = (T —=PN)T —P\) +1—P.(N)"", IA>0,

respectively, with P, (\) as in (4.17), P.()) as in (4.15), and (...)" ! € B(H).

Conversely, let K (A) be the Weyl function of (0.1), (4.8) on (c¢,b) and
U_(X\) = U*(\) (4.18) be a contraction that depends analytically on a nonreal .
Then (4.25) determines the operator P(A) € B(#) which is a c.p. in view of proof
of Th. 4.2 and M{GM, = 0. The Theorem 4.4 is proved.

Lemma 1.3 and the proof of Th. 4.2 imply

Remark 4.2. K (\) (4.9) is a Weyl function of (0.1), (4.8) on (¢,b) if and
only if P+(X) (4.17) is a c.p. of this equation on (c,b). This c.p., hence also
K ()\), can be derived from the c.p. P(N\) (4.25) using (4.27), (4.15).

Remark 4.3. Let P(A\) be a c.p. of equation (0.1), (4.8) on (c,b) (hence
P(X) admits representation (4.25)), and with a nonreal X = pgy and any H-valued
vector functions f(t) € Lﬁ)uo (¢,b) with the compact support for solutions x,,(t)
(1.9), (A = o) of this equation corresponding to M (o) (1.20), (4.25), (A = uo)
one has

i Ul (5)] = 0 (4.2
Then inequality (4.12) for the solution VU (t, o) (4.11) becomes an equality with
A = pg and Jy being replaced by (c,b)*.

Conversely, let Ky(\) be the Weyl function of (0.1), (4.8), and suppose that
for some nonreal X = po and the associated solution V. (t,po) (4.11) of (0.1),
(4.8) on (c,b), inequality (4.12) becomes the equality with Jy being replaced by
(c,b)*. Let the contraction U_(\) satisfies (4.18), (A = pg). Then with A = po
and any H-valued vector functions f(t) € Lauo(c, b) with compact support, (4.28)
holds for solutions x,,(t)(1.9), (1.20), (4.25), (A = po).

P roof Assume for certainty Spuo > 0. It follows that one can use vector
functions of the form (1.75) with compact support to deduce from (4.28) that

s = lim U[X,u (8P ()] = 0. (4.29)

b
*Where [ =s— lim .
! J 4 1(c,b) j{
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Therefore it is easy to conclude from (4.27) that

s = Lim U[X0 (9P (o)] = 0. (4.30)

with P4 () being as in (4.17). On the other hand, by (1.77) and formula (9) from
[1] one has

1

Pr(p0) Ay (e, B)Py (ko) = S

(U X o (B) P (110)] = U[X o ()P (10)])  (4.31)

whence in view of (4.17),

B
[ 0o 0 1 o)t

C

1
280

(P-(I- = K7 (10) K4 (120)) P + U[X o (B)P+ (o)L (0)]) »  (4.32)

so that the equality in (4.10) with A\ = pg and Jy being replaced by (c,b), is
proved by a virtue of (4.30).

Conversely, suppose that the relation just proved is true. Then (4.32), (4.31)
imply (4.30), hence in view of (4.25) one has also (4.29), which implies (4.28).
The Remark 4.3 is proved.

As the consequence of Th. 4.3 proof, [35, p. 210], Remark 4.1, Lemmas 3.1,
3.2 we have

Remark 4.4. Let P(\) be a c.p. of equation (0.1), (4.8) on (c,b). Then
condition (4.28) implies the similar condition for A such that SASug > 0, if
b < oo orif Hy(t) = Ho(t) + NH (t), Ho(t) = H{(t).

The statements, which are similar to Th. 4.4, Remarks 4.2-4.4 hold for the
interval (a, c).

Classes of equations (0.1) such that with dimH < oo (4.28) holds for any c.p.,
are described in [38, 39].

We illustrate below Ths. 4.2-4.4 in three basic cases. To simplify notation
assume that A > 0.

[. Let H = Hi & Ho, Q1) <

operators in H;.
In this case one has

_ (I 0 (0 0
F=1 P+_<0 0)’ P‘_(o 12>’
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and the Weyl functions K, (\) € B(Ha,H1), K_(\) € B(H1,H2) (contractions
Ut (A) act in a similar way). Therefore

P+ K (NP = <8 KZ(A)) ,

P.—K_(\P; = (_KO(/\) IOz) ’

hence the projection P(A) (4.10) in Th. 4.2 is just

P = () (- K R K0, 1)

and the projection P(A) (4.25) in Th. 4.4 is given by

P = () (2 - R ) O, ).

The Weyl solutions are given by

(w16 A) + (b VK- () (515K L) + 2ot )
V-2 = (x;,(t, 3+t A)K(A))’ V(B 2) = ( JENK L) + 1 )

with
(L‘l(t, )\) S B(Hl), :EQ(t, )\) S B(Hg,?‘[l),
xg(t, )\) € B(Hl,Hz),$4(t, )\) € B(Hg),

z1(t,A)  za(t, M) _
(wa(t, Azt >\)> = Xx\(®). (4.33)

The inequalities (4.12) are equivalent to

1

/ YL (N wA O (6Nt € 5= (I = KL NK W), Le = I, [ = I
J+

The operators (4.19), (4.20) from Th. 4.3 are given by

with the Weyl functions K4 (), by a virtue of (4.22), (4.21), being (in the case
dimH < oo cf. [8])
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(in (4.34) (...)"' € B(H1); in (4.35) one has (...) ! € B(H2)).
I1. Let

H="H & H=H2, Qt) = (_?I ZQ) . (4.36)
1

In this case one has

1 I .
=1 P =— . I, F1).
3 + % (:FZII> (Z 1, F 1)

It is easy to see that the following representations are valid

PLKi(\) Pz = 2% <i]z§>(\;\)> (il;,+0),

with k4 (X) being strict contractions in H;, so the projection P (4.10) in Th. 4.2
is given by

PO = g5 (1 ) (1 = k0 ) G = k0.1 - ()
(4.37)
and inequalities (4.12) in Th. 4.2 are equivalent to
L4ike(N) )\ . I +iki())
[ (S 5) xomene (5750«
Jt
< (I~ KLk (V). (4.38)

If one passes in (4.37), (4.38) from strict contractions k4 () to the Nevanlinna
operator functions

+ma(N) = £(Fily + kL (V) (I £ike (V) 7L, £3ma(N) >> 0,
and takes into account that
m- () —my(A) = 20(~I + ik (0) (I — k- Wk ) (I + ik (V)
then projection (4.37) acquires the following form known from [1]:

I
me.(

PO = () 1) = s ) 1), (@30)
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and inequalities (4.38) become

[ w0 0 < 22, (4.40)
J+
with
. J?l(t, >\) + T9 (t, )\)mi ()\)
Yt A) = (xg(t, N + A)mi()\)> ' (4.41)
In a similar way, the projection P (4.25) in Th. 4.4 is given by
_1 (4
PO =5 (m+(>\)>
X (I 4+ ikp (V) (I —u— (AN ke W)@ —u(N), I — iu_(N)), (4.42)

with u_ () being the contraction in H; that depends analytically on A.
Take into account that

2i(I) — u— Nk (W) (I1 + ik (A) ™" =ily —u_(N) + (11 — iu_(X))m ()
and denote u()) = —iu_(\)
a(\) = —i(u(\) + 1),  ap=u()) — I, (4.43)
to observe that the projection P(\) (4.25), (4.42) acquires the form

I
me(

PO = (1) (0200 = 0 Oms () M- ). ()

Thus in boundary condition (4.26) we can set
_ (@) 0
M= <a2(>\) 0) '
We follow terminology of [13]-[17] by calling the operators m_(\) € B(H1)
and my(\) € B(H1) that depend analytically on A and satisfy (4.40), (4.41),
the Weyl functions of (0.1), (4.36) on (a,c) and (c,b), respectively.

Formula (4.39) indicates that definition of the Weyl functions in this work is
equivalent to that of [1]*.

“In [1] m+(\) are denoted by n4 (A).
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Remark 4.5. (In the case dimH < oo cf. [8]). Suppose the interval (a,b)
is finite. Then the operators m_(X\) € B(H1) and m4 () € B(H1) are the Weyl
functions of (0.1), (4.36) on (a,c) and on (c,b), respectively if and only if they
admit the representation

m-—(X) = (z7(a, N)az(A) = z3(a, N)ar (V) (25 (a, a1 () — z5(a, N)az(A)) ™,
(4.45)
my (X) = (276, Nba(X) — 23(b, N)br () (27 (b, N)br (A) — 25(b, A)b2 (X)) ™", (4.46)
with z;(t,\) € B(H1) see (4.33),
a1(A) = —i(U(N\) + ), as =U(N) — I, (4.47)
b1 (\) =V (A) — I, by = —i(V(A) + 1), (4.48)
U(N), V(A) being arbitrary contractions in Hi (the latter assumption guaranties
that in (4.45), (4.46) one has (...)™' € B(H1)) that depend analytically on X.

In this setting solution of (0.1), (4.36) xx(t) (1.9), (1.20), (4.39), (4.45),
(4.46) is a solution of the boundary-value problem (0.1), (1.14) with

~(ai()) 0 (0 bi(N)
Mi= (a2(>\) o>’ Ny = (o b2(>\)>’
aj(A), bj(X) € B(H1), see (4.47), (4-48).

Remark 4.6. 1° (¢f. Remark 4.1). One can choose the contraction u(\) in
(4.43) so that in (§.48) one has a;' € B(Hy), and az(N)a; ' (\) = m_()) is an
arbitrary Weyl function of (0.1), (4.36) on (a,c). Under this choice of u()\) the
projections (4.44), (4.39) coincide, hence M(X) (1.20), (4.44) is also a charac-
teristic operator of (0.1), (4.36) on (a,b).

L. If in (4.43) u(N) is unitary (hence by [35, p. 210] u(\) = u does not
depend on ), then the operators ay, az admit the representation (cf. [33])

a1 =cosa - K, ao =sina - K,
with a = o € B(H1), K = —2ie™*®, and the projection (4.44) can be written in
the form
PN = sina — cos am () (sin o, — cos o
W= (,1) ORI )

with (...) € B(H,).

In definition (1.9), (1.10) of c.o. (0.1), (4.36) the operator solution X)(t) is
often replaced by

sinf8  cos B)

Xp(t:A) = Xx(t) (— cos 3 sinf

with 8 = 8* € B(H,1).
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Remark 4.7. (In the case dimH = 2 cf. [17]). Suppose that the operators
a, B commute. Then, if one replaces in the definition of c.o. of (0.1), (4.36)
the operator solution X(t) by Xg(t, ), the characteristic projection P(X) from
n®2 of Remark 4.6 turns into the characteristic projection

Ps(X) = (mi},ﬁ))

x (sin(a — B) + cos(a — B)m (A, B)) (cos(a — B),sin(a — B)), (4.49)

with a new Weyl function my(\, ) being related to the Weyl function m. ()
as follows:

m4 (X, B) = (cos B + sin Bm_ (X)) (sin B — cosBm (N)) (4.50)

(in (4.49), (4.50) one has (...)~* € B(H)).

We are about to demonstrate that the Weyl functions m4 () are analogues of
the Weyl functions of Dirac and Sturm-Liouville equations, as well as analogues
for characteristic matrix of a scalar symmetric differential operator of even order
on the semiaxis.

In the case of the Dirac type homogeneous equation (0.1), (4.36) when the
weight Sw)y (t) = I, i.e., for the equation

(1 "))+ oot = ralo) (451)

with Ho(t) = H;(t) € B(H), the inequalities (4.40) are equivalent to the inequa-
lities as follows:

/ [(z1(t, X) + z2(t, \)ma (V) * (21 (2, A) + z2(t, \)mi (X))
J+
Sm4(N)

+(z3(t, A) + za(t, \)mr (X)) (z3(t, N) + za(t, )\)mi()\))] dt <=+ )

, (4.52)

i.e., my(\) (or mz'(\)) are operator analogues of the scalar Weyl functions for
the Dirac equation (see, e.g., [13], [17]).

One has a different but equivalent to (4.51) form of the Dirac equation, which
is commonly used:

(5 ) v+ Bou = ), (4.59

with I:IO(t)ZQS**lHO(t)Sq’S: .11 11q -
’LIl Il
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In this case inequalities (4.52) are equivalent to the claim that for the operator
solutions

Pi(t,A) = F(t) + G(t)yms(N) € B(H1, H?)

of (4.53), where F(t),G(t) € B(H1,H?) are such operator solutions of (4.53) that
1 I
{F(0),G(0)} = S, ie., F(0) = (J) ,G(0) = (ZII> € B(H1,H?), the following
1
inequalities hold
2 A
/z/)i (6 A (1, Nt < £ 25T
SA
Consequently, m4(A\) are also operator analogues of the Weyl functions
for the Dirac equation of the form (4.53), considered for the case dimH = 2 in
the work by V.A. Marchenko [15].
In the case when H; = H7 and the weight given by wy () = diag(l2, Os, .., O2)
(in particular, a symmetric equation of an arbitrary even order 2n in Ho (e.g.,
the Sturm-Liouville equation) reduces to equation (0.1), (4.36) with such weight),
inequalities (4.40) are equivalent to

/[(xl(t, Aoy Zn(E,A) + (Tng1 (B, A), oy Zon (8, X)) ma (N)]F
J+
Sma (A
L@ (8.0 (X)) + (e (10, o s (e < )
with z;(t,A) = x1;(t,\) being the first line operator elements of the operator
matrix X, (t) = (z;(t, )\))” 1, Zij(t, A) € B(H2). That is, the operators m. ()
(or mZ'(\)) are analogues of the Weyl functions of the Sturm-Liouville equation
[13]-[15], [17], as well as an operator analogue of characteristic matrix [40] for the
scalar symmetric equation of even order 2n on the semiaxis.
III. Let

W=, Q(t)z(fl {;). (454)

This case reduces to the case II since

Il 0 0 l[l Il 0 . 0 Il
0 <) \—¢Iy O 0 —i,) \I, 0)°

In particular, (4.40), (4.46) in the case (4.54) turns to the inequalities obtained

for the case dimH < oo in [16, p. 337| for the Weyl type solutions of equation

x'(t)zm(f 1;)1>H(t) () with ¢ € T,., 0 < H(t) € B(H), [ H(t)dt >> 0 for
1

some [ € 7.
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