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1. Introduction

In [3] the unit disc D = {z € C||z| < 1} is considered as the Poincare model of
hyperbolic plane. The Plancherel formula for ID is one of the most profound results
of noncommutative harmonic analysis, and g-analogs of this result are known for
g € (0,1) being the deformation parameter (see, e.g., [19]). It is important to
note that the representations of spherical principal series are the crucial tools in
decomposing quasiregular representation both in a classical and a quantum cases.

The unit disc is the simplest bounded symmetric domain. It is known that
there is a Plancherel formula for any bounded symmetric domain in the classical
setting. On the other hand, it is absent in the quantum case. One of the obstacles
here is that there are some difficulties in producing the nondegenerate spherical
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principal series of Harish—Chandra modules over a quantum universal enveloping
algebra. In this paper we overcome these difficulties. A geometrical approach
to the representation theory is used instead of the traditional construction of
principal series, which is inapplicable in the quantum case. Hence, we generalize
the results of [17].

The Casselman theorem claims that any simple Harish—-Chandra module can
be embedded in a module of the nondegenerate spherical principal series. Thus,
one has another class of applications for the constructions made in this paper,
beyond the harmonic analysis.

2. A Quantum Analog of the Open K-Orbit in B\G

Let (aij)i,jzl,m,l be a Cartan matrix of positive type, g the corresponding
simple complex Lie algebra. So the Lie algebra can be defined by the generators
ei, fi, hi, i = 1,...,1, and the well-known relations (see [4]). Let h be the
linear span of h;, i« = 1,...,l. The simple roots {a; € h*|li = 1,...,l} are
given by «;(hj) = aj;. Also, let {w;|i = 1,...,1} be the fundamental weights,
hence P = EBéZI Zw; = {X = (A1,...,\)|A\; € Z} is the weight lattice and
P, = @ﬁ:l Zywi = {X = (A1,...,N)| A\j € Z,} is the set of integral dominant
weights.

Fix lp € {1,...,1}, together with the Lie subalgebra ¢ C g generated by

eiafia Z#lﬂa hia Z:Lal

Define hg € h by
O(i(hg) == 0, 1 75 lg; aj, (ho) = 2.

We restrict ourselves by Lie algebras g that can be equipped with a Z-grading as
follows:

g=0 1900 PDg+1, ¢ =1{&€g|[ho,&]=25¢} (1)

Let 6 be the maximal root, and § = 22:1 ¢ivi. (1) holds if and only if ¢, = 1.
In this case gg = ¢ and the pair (g, £) is called a Hermitian symmetric pair.

Fix a Hermitian symmetric pair (g,¢). Let G be a complex algebraic affine
group with Lie (G) = g and K C G the connected subgroup with Lie (K) = &.
Consider the Lie subalgebra b C g generated by e;, h;, s = 1,...,1, together with
the corresponding connected subgroup B C G. The homogeneous space G/B has
a unique open K-orbit Q@ C X. It is an affine algebraic variety which is a crucial
tool in producing nondegenerate principal series of Harish-Chandra modules (see
[16]).

We introduce a g-analog of the algebra of regular functions on the open orbit.

Recall some background and introduce the notations. First of all, recall some
notions from the quantum group theory [4]. In the sequel the ground field is C,
q € (0,1), and all the algebras are associative and unital.
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Denote by d;, 1+ = 1,...,l, such positive coprime integers that the matrix
(diaij)i j=1,..1 is symmetric. Recall that the quantum universal enveloping algebra
U,g is a Hopf algebra defined by the generators Kj, Kz-_l, E;, F,,i=1,...,1, and
the relations

K,K; =K,K;, KK '=K 'K, =1,

K,E; = (" E;K;, K;F;=q; "' FK;

K, - K; !
E;F; — FjE; = 6;; ————,
qi — g,
1—a;; 1— ais e
> o[V By <o,
m )
m=0 q;
1—a;; 1— a e
(=™ [ U] I
m )
m=0 qi
where ¢; = ¢%, 1 <i <1, and
m} [m]! | " —q"
=————— Inld=nlg----[llg, [nlg=——F.
M o T P =l e b= T

The comultiplication A, the counit £, and the antipode S are defined as follows:
AE)=E®1+K ®FE, A(F,))=F,K; +10F, AK;)=K,;®K,

S(E:) = —K['E;, S(F)=-FK; S(K)=K",
e(E;) =¢(F;) =0, e(K;)=1.

A representation p : Uyg — EndV is called weight (and V is called a weight
module, respectively), if V' admits a decomposition into the sum of weight sub-
spaces

£

V=W W={eV|pK w=q Tv,j=1,..,1}
A

The subspace V), is called a weight subspace of weight A.
It is convenient to define the linear operators H; in a weight module V' by
H;v = jv iff Kiv = qu, veV.

Let Ugt C Uyg be a Hopf subalgebra generated by E;, F;, i =1,...,1,
1 % lg, and Kjﬂ, j=1,...,0. Afinitely generated weight U,g-module V is called
a quantum Harish—Chandra module if V is a sum of finite dimensional simple
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Ugt-modules and dim Homy (W, V) < oo for every finite dimensional simple
Ugt-module W.

We restrict our consideration to quantum Harish—-Chandra modules only.

Let A € Py. L()) denotes the simple Uyg-module with a single generator v(\)
and the defining relations (see [4])

KFo) = o), Bp() =0, F7e() =o.

Recall the notion of quantum analog of the algebra C[G] of regular functions on
G [4]. Denote by C[G], C (U,g)* the Hopf subalgebra of all matrix coefficients
of weight finite dimensional U,g-representations. Denote by Uy”g a Hopf algebra
that differs from Ug,g by the opposite multiplication. Equip C[G], with a structure
of Ug”g®U,g-module algebra in the following way: (£®n) f=(Lyreg (&) ® Rreg(n)) [,
where

(Rreg(8)f)(n) = f(n),  (Lreg(E)f)(n) = f(&n),  &m € Uyg, f € ClG],.

The algebra C[G], is called the algebra of regular functions on the quantum
group G.

Introduce special notation for some elements of C[G], [8]. Consider the finite
dimensional simple Ujg-module L(X) with highest weight A € Py. Equip it with
an invariant scalar product (+,-), given by (v(A),v(\)) = 1 (as usual in the compact
quantum group theory [8]). Choose an orthonormal basis of the weight vectors
{vu,j} € L(X), for all weights . Let

A
Cuaiaul 3J (5) - (5/0“’ VR ,Ul»’/yi)'

We will omit the indices 4,7, if they do not lead to an ambiguity. Introduce
an auxiliary U,g-module algebra C[X],.
Let A € Py. For all N, X" € P,

dim Homyy,g(L(A" + "), L(\) ® L(A")) = 1.
Hence, the following U,g-morphisms are well-defined:
my L()\I) ® L()\”) — L()\I + )\”), my e ’U(X) ® ’U(A”) — U(>\, + >\”).

Therefore, the vector space
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This is a well-known quantum analog of the homogeneous coordinate ring of the
flag manifold X = B\G.
The Peter—Weyl theorem claims that

CGl, = P (L) @ L))
AEP;

Hence, there exists an embedding of U,g-module algebras
i:CX], = ClGly, v\ =k, AEP,

where cﬁ y are the matrix coefficients of the representations introduced above, so
we have

Proposition 1. (C[)?]q is an integral domain.

(C[)/(\ |4 is a P-graded algebra by obvious reasons:

CX],= P CXlgn.  CX]gr = L(N).
\ePL

A simple weight finite dimensional Uyg-module L(X) is called spherical, if it
has a nonzero Ugt-invariant vector [3]. This Ugt-invariant vector is unique up to
a nonzero constant, dim L(\)Ys* = 1. Moreover, the set A, C Py of all highest
weights of the spherical Ujg-modules L()) coincides with the similar set in the
classical case, so Ay = @;_; Zipi, with py,po,..., g, being the fundamental
spherical weights, and r being the real rank of the bounded symmetric domain I
(see [3]). Choose nonzero elements

i € Lip)t, i=1,2,...,r
Proposition 2. 1,19, ... 1, € (C[)/(\]q pairwise commute.

Proof. 4 = const(i,j)p;;, with const(s,j) # 0, since dim(L(p; +
,uj)UqE) = 1. Prove that const(z,j) = 1. It follows from Appendix, Lemma 5 that
we can equip (C[)? |¢ with an involution %, and without loss of generality we can
assume p; = @b; for all j = 1,...,r. Therefore, ¥;1p; = £1)j1p;. The involution x
is a morphism of a continuous vector bundle &£ over (0,1] with the fibers L()),
defined in Appendix. In the classical case 1;1p; = 1;4;, so the same holds in the
quantum case. ]

Consider a multiplicative subset
U= {1/){11/)%2 te ¢¥r| jlaj?a v 1jT‘ € Z+}

of the algebra (C[)/(\]q.
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Proposition 3. ¥ C (C[)?]q is an Ore set.

Proof. Consider the decomposition of the U,g-module L(X) into a sum of its
Ugt-isotypic components L(A) = @ L(\),. Fix a subspace L()), and a nonzero

m
U,t-invariant vector ¢ € L(X'). For all j € N,
L+ X)) D L+ (5 — DNy 9b.

It follows from Prop. 1 that L(A+jA"), = L(A+ (j —1)X'), ¢ for all large enough
j €N, since
dim HOHquE(L(E, M), L(A)) < dlmL(Ea /1') (2)

for any simple weight finite dimensional Ujt-module L(¥, ;1) and any simple weight
finite dimensional Uyg-module L(\). The inequality (2) is known in the classical
case [7, p. 206], and the quantum case follows from the classical case. Therefore,

% LN © L+ (G = X))

for all large enough j € N, since 47 L(X), C L(X + jX),. Similarly, L(X), ¢’ C
Y LA+ (j — 1)), for all large enough j € N. Hence, for all f € C[X],, 1) € ¥

UfNCX]p#2, fUNyCX], #o

which is just the Ore condition for W. |

Consider the localization C[X lg,w of the algebra C[X l¢ with respect to the
multiplicative set W.

The P-grading can be extended to (C[)/(\ lg,w, since the elements of ¥ are
homogeneous. The subalgebra

ClQ]q = {f € C[X]qu| deg f = 0}

is a quantum analog of the algebra C[Q] of regular functions on the open K-orbit
QC X =B\G.

3. U,g-Module Algebra C[X\]q,‘ll

In this section we equip (C[)? lg,w with a Uyg-module algebra structure. Start
with some auxiliary facts.
Consider the vector space L of sequences {zp }ne7.,

Tn = Z aijAernjv (3)

1,j€L+
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where the number of nonzero terms is finite, a;; € C[X ], v, A; are nonzero and
pairwise different. Sequences z!, and z!! are called asymptotically equal, z!, = z!'
as

if there exists N € Z such that for all n > N one has z, = /.

Lemma 1. Let {zn}nez, € L and ©, = 0. Then x,, =0 for alln € Z_.

as

Proof Letz, =0 and z, #0. Without loss of generality, one assumes
as

that zg # 0, since L is invariant under T, with
T : {ug,uy,uz,...} — {uj,us,...}, u; € CX]gw.

Let M be the smallest T-invariant subspace containing all nonzero terms

{a;j A1 }pez, from (3). Then dimM < oo and 0 ¢ spec(T|pr). However,

(T|m)N (7,,) = 0 for all large enough N, since z,, = 0. So, spec(T|r) = {0}.
as

This contradiction completes the proof. [

Lemma 2. Let k € Z and Ay € C. The sequence

dk:
(LA F A2+ ) } (4)

belongs to L.

Proof. Let A\g=1. (4) is a sequence of values of polynomials at n € Z,
since

HZI w1 Bi(n) — B,(0)
] - k 9
Jj=0

with By (z) being the Bernoulli polynomials [14, Ch. 3]. For Xy # 1,

At —1

T+ A+ X+ A" L=
AN+ T

and the statement is now obvious. []

r ~
Let oo = [] %;. Note that for any f € C[X ], w, & € U,g, the element &(fey)
i=1

is already defined and belongs to (C[)/(\ ] for large enough n € Z.

Proposition 4. For any § € U,g there exists a unique linear operator R¢ in

(C[j(\]q,\p such that for any f € (C[j(\]q,q; :
1. Re(f4g) = E(F48);

2. the sequence x, = Re(fif) - py " belongs to L.
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P roof. The uniqueness follows from Lem. 1. Prove the existence.

Consider a set of all £ € Uyg such that there exists R¢ with the required
properties. The set forms a subalgebra. Indeed,

E(FR) = Re(Fuf) = | Y auhin’ | 4,

i7j€Z+

(aijg) = Bylaijiby) = > bijrppn | ¥,
=
SO
n€(fo) = > bigu(ipk) U | 4,

b5kl EZ 4
and one can put Rye(f) =32, . bioko. From Lemma 1, Ry¢(f) is a linear operator
in (C[)/(\ lg,v. The sequence R,¢(fvq) has all required properties.

Now we have to construct the linear operators
RKiil, Rg,, RkF, 1=1,2,...,1,

that satisfy the conditions of Prop. 4. The case £ = Kii1 is trivial, while the two
others are very similar.

Prove the existence of Rg,. Let N € Z, be the smallest number such that
foll e (C[)/(\]q. For any n € Z

By (™) g
= 5 (7)) o+ (5 (Pl ™) (0B ) 0y ).

It is enough to prove that z, = ¥ - E;(4F) - 1/)0_(n+N) looks like (3), since then
one can put

Ei(f5) > agAin’ | 4,

i,jEZ+

as

and Rpg,(f) = ago. Ihe linearity of Rp, and all required properties reduce to the
special case f € C[X], by Lem. 1, as before.
Turn back to the proof. Let A be the linear operator in C[X ], y, defined by

Af =dofeyt,  fedX]u

164 Journal of Mathematical Physics, Analysis, Geometry, 2007, vol. 3, No. 2
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The key observation is that the linear span of {A*(E;to}rez , is finite dimen-
sional. Indeed, all vectors A*(E;ig) belong to the same homogeneous component
of the P-graded vector space C[X |, v, and, moreover, to the same its Ugt-isotypic

r
component that corresponds to the highest weight u = " ju; + ;. But the di-
j=1
mension of intersection £ of these components is at most than dim L(€, u)? by (2).
Now one can use the equality

n—1 n—1
wu =6 | S wdBaoli T | oo " =" | 3o (Ale) (Bio) |y O
Jj=0 =0

and Lem. 2 to compute the function 1424224 --4+2""" of the finite dimensional
linear operator A|¢ reduced to the Jordan canonical form [13]. ]

Corollary 1. R¢ provides a Ugg-module structure in (C[j(\]q’\y which extends
the Ugg-module structure from C[X ], to C[X ], w.

Now prove that (C[)? lg,w is a Uyg-module algebra. Let L be the vector space
of functions on Z? that takes values in C[X ], v, such that

! 1
s(mn) = ) appye it pfim?

i,7i,,7j,7j,,€Z+

where the sum is finite, aj ;i jn € (C[)/(\]q,\p, and Ay, € C. Suppose that all
Air, pin are pairwise different and nonzero. One can easily expand Lem. 1 to the
functions xz(m,n) € L. Namely, if z(m,n) = 0 for any m > M, n > N, then
xz(m,n) =0 for all m,n € Z.

It is important to note that either in the statement or in the proof of Prop. 4
one can replace the conditions on R by the following conditions:

L. Re(g foog) = £t fbg), if m,n € Z4 and m + n is large enough;
2. the function z(m,n) = g5 ™ Re (Y f1p)1hy ™ belongs to L.

One gets the same representation R¢ of Uyg in the vector space (C[)? lg.w

Proposition 5. Let £ € Uyg and AE = Y & @& Then for any fi, f2 €
i

(C[j(\]q’\y one has
ENf2) = D (ENE )

)
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Proof Let
' (m,n) = by "EWPG" f1fag)be "

and

2(mn) = g "G O (P65

They are equal for large enough m,n, since ¢ f1, fobfy € (C[)/(\ lg, and (C[)/(\ lq
is a Uyg-module algebra. Also, both belong to L. Therefore, '(m,n) = 2" (m,n)
for any m,n € Z. Now put m = n = 0 in the last equality. [

Remark 1. It should be noted that V. Lunts and A. Rosenberg described
another approach to the extension of the U,g-module algebra structure in |11, 10].
Their approach is more general but more intricate.

4. Degenerate and Nondegenerate Spherical Principal Series

For simplicity and more clear presentation, start with the certain degenerate
spherical principal series. The same approach is used in producing nondegenerate
spherical principal series.

Fix k € {1,2,...,r}. Consider

S o def .
ClXkls = D L)
JEL+

Asin the previous section, one equips (C[)/(\ k]q with a Uyg-module algebra structure.
C[X]q naturally embeds in the Ujg-module algebra C[X ], and has a Z-grading:

deg f =7, if  fe€L(jm)

It follows from Prop. 3 that ¥y, = @b%* is an Ore set, and the localization (C[X\k]q’q;k
is a Z-graded Uyg-module algebra. Consider the subalgebra

Cl%]q = {f € C[X}]gu,] deg(f) = 0}.

Evidentially, C[Q;], C C[Q], is a Uyg-module algebra.
For u € Z denote

def

Teu(E)f = YR ¢ E€Ugg, [ €, (5)

The representations 7, are the representations of degenerate spherical principal
series. Now we are going to introduce my, for arbitrary u € C. We need some
auxiliary constructions.

166 Journal of Mathematical Physics, Analysis, Geometry, 2007, vol. 3, No. 2



Spherical Principal Series of Quantum Harish-Chandra Modules

Let
Cl%l, = B Ty

S
AeP§

be the decomposition of C[€;], into a sum of its U,t-isotypic components.
Pf denotes the set of all integral dominant weights of €. By considerations from
Appendix, C[;],.» are fibers of a continuous vector bundle Fy over (0,1] that is
analytic on (0,1). We identify the morphisms of such vector bundles over (0, 1]
with the corresponding continuous in (0, 1] and analytic in (0, 1) "operator valued
functions".

It is easy to prove that the operator valued function

Ap (@) - T )gr = T, Ap(@) : f e Y fiy

is well-defined, invertible, continuous in (0, 1] and analytic in (0, 1).

Lemma 3. All eigenvalues of A x(q) are positive, and, moreover, rational
powers of q.

Proof. Let abe an eigenvalue of Ay »(q), thus there exists a nonzero
f € L(jux) C C[Xg]q, such that ¢y f = a fihy.

It is easy to show that aq I (Hetk) ig an eigenvalue of the linear operator
Rr(jug)L(u,) corresponding to the universal R-matrix of Ug. Here (-,-) is fixed
by (a;, ;) = djag.

It remains to prove that the eigenvalues of Rp(y) (v are rational powers of
q for all \,\' € P,. There exists a suitable basis of tensor products of weight
vectors such that the matrix of Rp(y) r(\) is upper-triangular and its diagonal

elements belong to the set {g~#") | 4/, " € P}, hence, they are rational powers
of q. [

Wk,u(Kiﬂ),kau(Ei),wkm(Fi) are defined for v € Z. We are going to extend
these operator valued functions to the complex plane. Evidentially,
(K = K (Foiw " = K FEE (00
Teu(Ei) f = Eif + Kif Ei(Yi)y "
Teu(KGiF) f = KBy f + K f K Fi (959, " f e CQ]q-

Denote by P, a projection in C[Q], with ImPy = C[Qxlq, KerP) =
) N £ ClQ%]g,x - In the sequel we deal with the operator valued functions

PAg”k,u(Kz’il)hC[Qk]q,Alv P)\2Trk7u(Ei)|C[Qk]q,A1’ PA?Wk’“(KiFi)hC[Qk]Ml'
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Consider a sequence {ay }uez..

u—1
ay = Eppy = Z Al (Epg) | i, U € Ly,
=0

where Ak : (C[Qk]q — (C[Qk]q and Ak|@[9k}q,x = Ak’)\(q).

As in the previous section, show that {E;it}, € L.

It is clear that E;iy belongs to V= @xemC[Qk]gn, with M C Pf being
a finite set. Consider the restriction Ax to V, AV C V. Using the Jordan
canonical form of Ag|y and the equality

u—1
Epp = | Y AL(Eapy) | v, uw€ s,
§=0
one has {E;}'}, € L.

So one can extend the operator valued function m, ,,(F;) to the complex plane,
since the eigenvalues of Ay \(g) are positive (Lem. 3). Similarly, one can extend
the operator valued function m,(K;F;). The extensions of the operator valued
functions wk,u(Kiﬂ), 1=1,2,...,1, exist by obvious reasons. At last,

Thu(F) = mp o (K 71 (K F), i=1,2,...,1.

7

Now we have to check whether the map
Ei = mpu(Bi),  Fi meu(Fy), K= mu(Ki)

can be extended to an algebra homomorphism.

Introduce an auxiliary algebra of analytic functions F(u;q) on C x (0,1)
that take values in the space of linear operators in C[{%], = @, ps ClQ%]g.r-
In other words, we assume the analyticity of all operator valued functions
P,\2F(u; Q)‘(C[Qk}q,kl’ where A, A9 € Pf

The vector bundle F) is equipped with a Hermitian metric, so the operator
norm || F(u; q)|| is well-defined. Consider a subalgebra of operator valued functions
satisfying the following condition:

1 (u; @)l < ar(q) exp(by(q)]ul), (6)

for some a,(q) > 0 and b,(q) > 0 such that lirri b.(q) = 0. Note that the
q—

subalgebra does not depend on the choice of metrics.
The operator valued functions

7rk:,u(-Ei)a Trk,u(-Fi)a Trk,u(Ki:tl)a 1= 1727"' 7l7
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are analytic and satisfy (6). Prove it. Consider Ag|y, where V is the finite
dimensional U, -invariant subspace and F;, € V. One has

N A Bl = | 3 asy |
0L,JEL 4

The number of terms in the r.h.s. of expression is at most (dim V')? (obviously,
0<i,j7 <dimV —1). Hence,

[ (Bl = | S agg\asd | < (dim VY2 ma Jagy | mase [\
0L,JEL 4

Proposition 6. (/2]). Let f(z) be continuous in {z € C|Rez > 0} and
holomorphic in {z € C|Re z > 0}. Assume also that

1. |f(iy)| < const -exp{(m —¢)|y|}, y€ER,
2. |f(z)] £ Mexp(alz]), Rez2>0,

for some real M,a and e > 0.
If f(n) =0 for alln € N, then f(z) =0

Corollary 2. The extension of mp (E;), Thu(EF;), T u(K;) is unique.

Using (6), one can prove easily that the Drinfeld-Jimbo relations hold for
these operator valued functions. So mg, is a representation. It is a g-analog
of a representation of degenerate spherical principal series of Harish—Chandra
modules.

Now turn back to the nondegenerate spherical principal series. For u =
(ur,ug,...,uy) € Z" define (Cf. (5))

©)f Le szp“ﬂ Jl¢ ",  ¢eUs fece.
j=1

We describe the extension of m, to C". As before, consider the decomposition
of C[?], into a sum of its Uyk-isotypic components

2, = P Tl

AePS
and operator valued functions

Ain(g) : ClQlgx = ClQgn,  Ajnle) : f = ¢ife;
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The construction of
Tu(Ei), ma(Fi), ma(K;), i=1,2,...,1, (7)

essentially reduces to an analytic continuation of the vector-valued functions

uk—l

Z Ai,/\(E“/)k)a k=1,2,...,m .

j=1

The Drinfeld-Jimbo relations for the operator valued functions (7) can be
proved in the same way. Namely, consider an algebra of analytic operator valued
functions F'(uq,us,...,ur;q) such that

r

1F (uy, iz, . .., urs )| < ap(q) exp(bp(q) Y lug])
k=1

(Cf. (6)). Now one can prove the uniqueness of the interpolation of m, in this
subalgebra.

5. Appendix

We present some auxiliary statements on certain vector bundles over (0, 1].
Start with the well-known facts on Verma modules. Let U,b™" be a Hopf subalge-
bra generated by F;, K iﬂ. Let A € Py, and Cy be a one dimensional U,b™-module
defined by its generator 1) and the relations

K1y = ¢y, Eily=0, i=1,2,...,1
As usual, a Verma module over U,g can be defined as follows

def
M(N\), = Ugs Qp, o+ Ca.
Fix vy = 1®1,. It is known that v is a generator, and M (\), can be defined
by the relations
Ewy=0, Kloy=¢?v, i=1,2,...,1L

)

Recall that the Weyl group W acts on the root system R of Lie algebra g and
is generated by simple reflections s;(cj) = oj — a;;. Fix the reduced expression
of the longest element wg = s;, - S, = ... - Si,, € W. One can associate to it a total
order on the set of positive roots of g, and then a basis in the vector space U,g.
We use the following total order on the set of positive roots:

fr=a1, o= Siq (ai2)7 B3 = Si1 Sio (ai3)7 e Bu = Sip - - siM_l(aiM)'
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Following G. Lusztig [12, 15, 1], introduce the elements Eg_, F3, € U,g for
s=1,...,M. As a direct consequence of definitions, Eg,, (resp. Fj,), is a linear
combination of EJ* -... - EI" (resp. Fj/' ... F['*) with the coefficients in the
expansion being rational functions of ¢ without poles in (0, 1].

‘Proposition 7. The sct {(Fim  FM= . P K] KPR K] B
Eéz . ...-Eéll‘é|k1,k2,...,kM, J1592s s JM € Ly yityin, ... iy € Z} is a basis in
the vector space U,g.

Hence, the weight vectors

’U](A) :FjMF]Mil"'ngv)\a j17j27"'7jM€Z+7 (8)

Br ™ Bar—1

form a basis of M(X),.
Equip Ugg with a »-Hopf algebra structure as follows:

(K" =K', Ej=KjF;, Ff=EK "' j=12,..,l
Lemma 4. There ezxists a unique Hermitian form in M (X), such that:
o (&) = (v, "), oo e M(N),, &€ Ug;

e (vy,vy) =1.

The kernel K (X), of the form (-, ) is the largest proper submodule of M(X),.
In this section we write L()), instead of L(A) to make the dependence on ¢
explicit.

Proposition 8. 1. L(X); =~ M(N)q/K()),.
2. The form (-,-) is nondegenerate in L(\),.

Introduce a morphism py : M (X)g = L(\)g, v — v(N).

The first statement on special vector bundles over (0,1] is as follows. Let
A € P;. There exists the continuous over (0,1] and analytic in (0,1) vector
bundle £, with fibers isomorphic to L(X),. Of course, E;, F;, H;, i =1,2,...,1,
are the endomorphisms of &).*

Describe the construction of £,. Recall that to any reduced expression of wq
we assign the basis of M (X), (see (8)).

Fix qo € (0,1]. Choose a subset {v;};—1, . dimz(\) of one of the mentioned
bases in such a way that the matrix ((vi,v;)); j—1,....dim £()) is nondegenerate. It is
nondegenerate for all ¢ that are close enough to ¢gy. Hence, in a neighborhood

“Le. FE;, F;, H; correspond to continuous in (0,1] and analytic in (0,1) operator valued
functions.
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of qo, the set {pr(vj)}j=1,..aimr(n) i a basis, since dim L(A), does not depend on
q € (0,1]. One gets a trivial vector bundle with the required properties over the
neighborhood of q.

The elements of the matrix ((v;,v;)) are the continuous in (0,1] and analytic
in (0,1) functions. Therefore, the matrices of F;, F;, H; in the basis
{Pxr(v))}j=1,...dimL(x) are continuous in (0,1] and analytic in (0,1). Indeed, any
function

(pA(ES" oo EVE - FRR0y),pa(vy)

is continuous in (0, 1] and analytic in (0, 1), since to calculate the value one should
just use the commutation relations, which are "well-dependent” on ¢. Therefore,
the functions

(EipA(FiT Tt Fizkv)\)ap)\(FjTl SRS FJZLICUA))

and
(Eipx(Fg! - o Fgltoy),pa(Fg" - ... - Fg M vy))

are “well-dependent” on ¢. Hence, the matrix elements of the operator E; are
"well-dependent” on ¢, since the matrix is nondegenerate in the neighborhood of
qo- The same holds for F;, H;, and the transition matrices defined on intersection
of the neighborhoods. Finally, the vector bundle over (0, 1] which we obtain in
this way does not depend on the choices made above. So, the vector bundle &) is
constructed.

Now proceed to the construction of a subbundle of £, corresponding to the
fixed Ugt-type p. Consider the decomposition of L(A)g = €, L(A)g, into a sum
of its U,t-isotypic components. Then one has the following statement on special
vector bundles. For any A € Py and p € P{, L()\),, is a fiber of a continuous
vector bundle over (0, 1], analytic in (0, 1).

Fix u € P§ and consider £ = {(f,q)|f € L(N)4,}. Prove that it defines
a subbundle of £y. Indeed, consider a fiber L()), together with its decomposition
LX), = EBuePf L(\)g,. Note that the sum consists of finite number of terms.

Hence, there exists ¢, € Z(U,t), that is polynomial in ¢, and

clLnyg, =1 clony,, =0, v#u,

see [4, p. 125-126]. Hence ¢, defines the morphism of vector bundles
E—2 gy

N

(0,1]
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It is an orthogonal projection onto L(\),,, in any fiber L(X),. Since rankcy is
constant, the image of ¢, is a vector subbundle.

Now we can construct the last required vector bundle. C[Q4], \ are the fibers
of a continuous vector bundle Fy over (0, 1], analytic in (0, 1).
Consider a map

U, CXilgw, = ClXklgwes  f > tuf

It is easy to prove that W, is an invertible, continuous operator valued function,
analytic in (0, 1). Using ¥, one can carry the vector bundle structure to Fy from
{(f,)|f € ClQU g, q € (0,1]} for large enough N.

Remark 2. Note that the matrix elements of all operator valued functions
belong to Q(¢'/#) with s = card(P/Q), and Q being the root lattice.

The next considerations are related to the self-adjointness. Consider an auxi-
liary algebra

(C[)’(\spher]q: @ L()\)q.
AeA4

Equip Uyg and (C[)/(\ spher] with a "complex conjugation”. Recall that dimL(A),(]] at

= 1 for any A € A;. Consider the antilinear involutive automorphism - of U,g
defined by

B=B, B=F K=K, =120

There exists a unique antilinear involutive operator: ~

L(X\)g — L(N)g, Ev(A) = &u(N), ¢ e Uyg.

(Indeed, the uniqueness is obvious, while the existence follows from the definition
of L(A)g.)

It is easy to see that L()\)g"E = L()\)qU"E. Hence, there exists a nonzero vector

wy € L(A\)5* such that wy = wy. Let I(\) = Ruwy.

Lemma 5. There exists a unique involution % of (C[)?Spher]q such that
CIxsPher], is a (U,g,%)-module algebra, and x|y = id.

Proof. Firstly prove that
L(A); = L(N)g, AEA,. (9)

Following [20], introduce a system of strongly orthogonal roots y; > v2 > ... >,
with v being the maximal root. It is easy to prove that —wy(y;) = 7;

Journal of Mathematical Physics, Analysis, Geometry, 2007, vol. 3, No. 2 173



O. Bershtein, A. Stolin, and L. Vaksman

for j = 1,2,...,r, where wg € W is the longest element. Hence, (9) follows
from the fact that the fundamental spherical weights belong to the linear span of

VY255 Ve (see [3]).
An involution % on L(\), such that

€N =@ f el [eLg

is unique up to £1. The uniqueness of the involution now follows from the fact
that wy = w).

Turn to the proof of existence of x. U,g is equipped with the involution as
follows:

(KE) =K\ By =KiF, Ff=BiK j=1200

Consider the x-algebra (C[G],,*) with the involution % given by

O E SO, €eUpm, feCGl,.

Let
F= {f € (C[G]q | Lreg(f)f = 5(§)f7 5 € qu}-

It follows from the Peter-Weyl expansion that F' ~ ®xea, L(A\)q as a Ugg-
module. One can consider A, with a natural partial order <, and F' can be
equipped with a (Uyg, *)-invariant filtration F' = Uy, Fx, Fa = @<, L(1)q-

Consider the zonal spherical functions py related to the Uyg-modules L(X),.
In the associated Z"-graded algebra GrF' their images pairwise commute. Indeed,
the quasicommutativity is evident, while the commutativity follows from the self-
adjointness of p) and the commutativity in the classical case. Now, it follows
from [22, Cor. 2.6] that GrF is naturally isomorphic to C[X' spher]  Note that
I(A) corresponds to Rpy. Carry the involution * from F to GrF and C[X spher] .
It can be verified easily that % is a morphism of the vector bundle with fibers
LX) ]
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