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We consider an initial boundary value problem for the heat equation in
a plane two-level junction ()., which is the union of a domain and a large
number 2N of thin rods with the variable thickness of order e = O(N1).
The thin rods are divided into two levels depending on boundary conditions
given on their sides. In addition, the boundary conditions depend on the
parameters a > 1 and 8 > 1, and the thin rods from each level are e-pe-
riodically alternated. The asymptotic analysis of this problem for different
values of a and 3 is made as € — 0. The leading terms of the asymptotic
expansion for the solution are constructed, the asymptotic estimate in the
Sobolev space L2(0,T; H'((.)) is obtained and the convergence theorem is
proved with minimal conditions for the right-hand sides.
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Introduction

It is an interesting problem to study the asymptotic behaviour of solutions of
boundary value problems when the domain is perturbed. There are many kinds
of the domain perturbations and we need different asymptotic methods to study
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boundary value problems in perturbed domains (see, e.g., [1-9] and the references
therein).

In recent years the interest to the boundary value problems in domains with
rapidly oscillating boundaries is quickened due to the development of technolo-
gies of porous, composite and other microinhomogeneous materials and biological
structures. In the following three items we present a short review showing the
main qualitative results obtained for the boundary value problems in domains
with rapidly oscillating boundaries.

In [7, Sect. 5] the heat equation is studied in a plane bounded domain whose
boundary is a wave surface of the curve n = e¢F'(s/e), where ¢ is a small para-
meter and F(-) is some l-periodic function. On this waved surface the following
boundary condition dyu. + koues = 0 is given. This condition is classical in some
problems of heat transfer. From physical point of view, it is natural to expect that
the wave surface will radiate more heat than a smooth (homogenized) one. This
is the reason why the radiators are waved. It is shown that in the limit passage
as € — 0 we obtain the initial boundary value problem for the heat equation in
a domain with homogenized surface and with the following boundary condition.
Oyug + ko|T'|ug = 0, where |I'| is the "waving coefficient" of the initial boundary.

The paper [10] deals with the homogenization of an elliptic equation of the
second order with quickly oscillating coefficients in a thin perforated domain
with rapidly varying thickness. The following inhomogeneous Neumann condi-
tion 3775, aij(v/€)0x;ucv; = £9(7, v/e) is given on the oscillating boundary. It is
proved that this condition is transformed as € — 0 in the "waving" summand of
the right-hand side of the homogenized equation.

In paper [11] the authors studied a boundary value problem for the Poisson
equation with the inhomogeneous Fourier boundary condition

yue + °p(Z, %)% u e = g(Z, /)

on the very rapidly oscillating part (x, = eF(Z,Z/e®), @ > 1) of the boundary.
Depending on the relation between 8 and « — 1, different limiting boundary con-
ditions as € — 0 were obtained for the Poisson equation in the corresponding
smooth domain.

From this small review it follows that asymptotic results are very sensitive to
the type of the oscillating boundary and boundary conditions.

We have a completely different situation for the boundary value problems in
thick junctions (sometimes these domains are called domains perforated by narrow
parallel channels or sheets (see [3, 4, 12-17], or thick junctions [18-23], or domains
with highly oscillating boundary (see [24, 25])). It is because of special character
of the connectedness of thick junctions: there are points in a thick junction, which
are at a short distance of order O(e), but the length of all curves connecting these
points in the junction is of order O(1). As a result, there appear many new specific
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effects and difficulties in asymptotic study of boundary value problems in thick
junctions: the loss of coercivity of differential operators in the limit passage as
e — 0 (for a spectral problem it means the loss of compactness); the absence of
extension operators that would be bounded uniformly in € in the Sobolev space
WJ}; the power behavior of junction-layer solutions at infinity.

The aim of the paper is to continue the asymptotic analysis of boundary value
problems in thick multilevel junctions studied in [26-30], where elliptic boundary
value problems and spectral problems were considered. First, we deal with initial
boundary value parabolic problems. These problems in thick multilevel junctions
have not been studied in full. The idea to deal with them resulted from fruitful
discussions with the specialists in radioelectronic, where these thick junctions are
in common practice as radiators (heat radiators, microstrip radiators, tubular ra-
diators, ferrite-filled rod radiators, folded core radiators, waveguide radiators and
so on). Furthermore, we consider the inhomogeneous Fourier boundary conditions
Ayu. +ckiu, = P g on the sides of the rods from the first level and the following
ones dyu, + £%kou, = g, on the sides of the rods from the second level. These
conditions depend on three parameters ¢ > 0, « > 1, § > 1, and we study their
influence on the asymptotic behaviour of the solution as € — 0.

The outline of the paper is the following. In Section 1 the statement of the
problem is reported. The auxiliary uniform estimates for the solution are proved
in Sect. 2. The leading terms of the asymptotic expansion for the solution of the
problem are constructed in Sect. 3 for every analyzed case. The corresponding
estimates are deduced in Sect. 4 and the convergence theorem is proved in Sect. 5.
Finally, we discuss the obtained results.

1. Statement of the Problem

Let a, dy, ds, b1, by be positive real numbers and let dy > do, 0 < by < by < 1.
Consider two positive piecewise smooth functions h; and hs on the segments
[—dq,0] and [—ds, 0], respectively. Suppose the functions hy and ho satisfy the
following conditions:

3 50 S (bl,bg) v o € [—dl,O] : 0< b1 — hl(ﬂjg)/2, b1 +h1($2)/2 < (50;
Vo€ [—dg,O] i 0p < by — h2(l‘2)/2, b +h2($2)/2 < 1.

It follows from these assumptions that there exist the positive constants mg, My
such that

0<mo < hi(xe) <dp and |h)(z2)] < My a.e. in [—dy,0];
0<mg< hQ(Z‘Q) <1-—4¢y and |h’2($2)| < My a.e. in [—dQ,O].

We also assume that h; and ho are locally constant functions in a neighborhood
of the point zo = 0, i.e., there exists some small enough positive number 7y such
that hy and hgy are constant on [—7p, 0].
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Let us divide a segment [0,a] into N equal segments [ej,e(j + 1)], j =
0,...,N — 1. Here N is a large integer, therefore the value ¢ = a/N is a small
discrete parameter.

A model plane thick two-level junction €. (see figure) consists of junction’s
body Qp = {z € R2 : 0 < 21 < a, 0 < 23 < v(z1)}, where v € C'([0,q]),
minpg 17 > 0, 7(0) = v(a) =: 0, and of a large number of thin rods

GHE)={z eR: |31 —e(j +b1)| < ehi(z2)/2, w2 € (—dy,0]},

(
J
GV (e) = {s €R : |z1 —c(j +bo)| < eha(22)/2, w3 € (—da,0]},

j=0,1,...,N—1,ie, Q. =QUG.. Here G. =G uG?,

N—-1 N—-1
1 2
¢ =6V, ¢®=JcPe.
j=0 Jj=0
€
0 F) r ! a

Figure.

We see that the number of thin rods is equal to 2V and they are divided
into two levels Ggl) and GgZ) depending on their lengths, namely, d; and ds. The
parameter ¢ characterizes the distance between the thin neighboring rods and
their thickness. The thickness of the rods from the first level is equal to ehq, and
it is equal to ehsg for the rods from the second level. These thin rods from each level

are e-periodically alternated along the segment Iy = {z : 21 € [0,a], z2 = 0}.
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Denote by Tgi’i)(s) the lateral surfaces of the thin rod Gg-i) (¢); the sign "+"
and "—" indicate the right and left surfaces, respectively. The base of Gg-i) () is
denoted by @gi)(s). We also introduce the following notation (i = 1, 2):

TEH = UV TP (), e = uNteW(e), 1O =i uTE) uel.

> >

In Q. x (0,T) we consider the following initial boundary value problem

atu€($7t) = AIU& +f0($7t)7 (3j t) € QU X (0 T)a

Opue(z,t) = Aguc(z,t), (z,t) € G. x (0,T);
B u:-(0,z9,t) = 0% u.(a,za2,t), (x2,t) € (0,7) x (0,T), p=0,1;
[ue ]|m2 o = [On,ue]), o = 0, (z,t) € 0 (0,T),
Oyuie(z,1) + ehyus(z,t) = Bg(n,t), (2,8) € T % (0,T);
Oyue(,t) + e%koug(z,t) = Pg.(x,t), (x,t) € ) x (0,T); (1)
Oyu-(z,t) + kyus(z,t) = 0, (z,t) € ) x (0,7);
Oyus(z,t) = 0, z,t) € T x (0,T);
us(z,0) = 0, z € Q. x {t =0},

where 0, = 0/0, is the outward normal derivative; d,, = d/0x1; the constants
k1, ko are positive; the parameters o« > 1 and 8 > 1; the brackets denote the jump

of the enclosed quantities, and G),EU) = Ip N Q..

Our main assumptions are as follows. For any T" > 0 the given function fj
belongs to L2(Q % (0,T)) and the function g. belongs to L2(0,T; H'(D;)), where
Dy ={z: 0<z <a, —di <z2 <0} is arectangle that is filled up by the thin
rods from the first level in the limit passage as ¢ — 0. In addition,

(i) for any T' > 0 there exist constants cg, £9 such that for any e € (0, &)
9e 20,7501 (D)) < Co; (2)
(ii) moreover, if S =1, then
g = go in L*(Dy x (0,T)) as £— 0. (3)

Recall that a function u. € LQ(O,T; ’HE), where H. = {u € HY(Q.) :
u(0,22) = wu(a,z2), o € (0,7)}, is a weak solution to problem (1) if for
any function ¢ € H'(Q. x (0,T)) such that 9(0,z2,t) = ¥(a,z2,t) (72,t) €
(0,70) x (0,T), and 9 (z,T) =0 = € Q., the following integral identity

T
/ (—/ Ue Optp dx + Vue - Vo dz
0 . Qe
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+ 6k‘1 /rglxi) ugw dlm + kl /@gl) ugw dl‘g + ¢ k‘g /r£2) ’LLE'(/) dlI> dt

T
_ 5
_ /0 < RIXEE /T — g0 1) dlI> dt (4)

holds. It follows from the theory of boundary value problems (see, for instance,
[31, 32|) that for any fixed value ¢ > 0 there exists a unique weak solution to
problem (1).

Our aim is to study the asymptotic behavior of the weak solution to problem
(1) as € — 0, i.e., when the number of the attached thin rods from each level
infinitely increases and their thickness tends to zero. It should be noted that
the limit process as ¢ — 0 is accompanied by the perturbed coefficients in the
boundary conditions on the lateral sides of thin rods.

2. Auxiliary Uniform Estimates

To homogenize boundary value problems in thick junctions with the nonhomo-
geneous Neumann or Fourier conditions on the boundaries of the thin attached
domains, the method of special integral identities was suggested in [22]. Let us
prove the corresponding integral identity for our problem. For this we define
the following function

B —t+b1, t e [0,50),
Y(#) —{ Cttbs,  tE 6o, 1), (5)

and then periodically extend it into R; Jy was defined in the previous section.
Integrating by parts the integral ¢ fG(l)UG@) Y(ml/e) Oz, v dz and taking into ac-

count that the outward normal to the lateral surfaces Tgi’i)(s) of the thin rod

Gg-i) (€), except a set of zero measure, has the view

W), \ 1 . hl(z2)
() = V1+ 24l (z2) 2 (il’ 2 )’ (6)

1=1,2, j=0,...,N—1, we get the identity

IQ)
€ E vdly
/ 2y/1+ 241 [ (2) P

(t +)

:/ vdr — s/ Y(E)amvdm, Voe H'(Q.). (7)
aMugl® aPug® €
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By the same arguments as in the proof of Lem. 1 in [29], it is easy to prove
the following lemma.

Lemma 1.1. The norms || - ||g1(q,) and

1
—— 2 2 2 o 2 2
Hu||®£1) = (/QE |Vul|* dzx + ek /Tgli)v dly + Ky /@gl)u dxo + %o /TS)U dlm)

are uniformly equivalent with respect to € small enough and any o > 1.

By using the identity (7), Lem. 1.1 and the fact that § > 1, we prove in
a standard way (see, for instance, [31, Sect. 7| or [32, Sect. 3]) the following a
priori estimate for the solution to problem (1):

HUEHL2(0,T;H1(QE)) + tg[l(i}?(‘} H%('J)HH(QE)

_1
< Ci(lfollp2@ox oy +€777 lgell 2 (ro0r e o,ry) + 66||96||L2(@§2)X(O,T)))'

(8)

Taking into account (2), with the help of the identity (7) we deduce from (8) that

wellp2(0,m; m1(00)) + tfeffg:§]||ue('at)||w(m) < Ca. 9)

Remark 1. In (8) and (9) and in what follows all constants {C;} and {¢;}
in asymptotic inequalities are independent of the parameter e.

3. Formal Asymptotic Expansions for the Solution

Here the leading terms of outer expansions both in the junction’s body and in
each thin rod as well as the leading terms of an inner expansion in a neighborhood
of the joint zone for the solution wu. are constructed. Then, using the method of
matched asymptotic expansions, we derive the corresponding limit problem and
prove the existence and uniqueness of its solution. In this section, by reason of
(3), we take go instead of g. in the right-hand side of the boundary conditions on

&) i problem (1) and assume that gy is smooth.

3.1. Outer Expansions. We seek the leading terms for the solution w,,
restricted to Qg x (0,7"), in the form

o0
u(w,t) = vy (z,t) + Zskv:(x,t), (10)
k=1
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and, restricted to the thin rod G\ (¢) x (0,T), j =0,...,N —1,i= 1,2, in the
form

o0
ue(w,t) g (z,8) + > efvp (2,6 —4,1),  &L=elm.  (11)
k=1

The expansions (10) and (11) are usually called outer ezpansions.
Plugging the series (10) into the first equation of problem (1) and into the
boundary conditions on 9€y \ Iy and collecting coefficients of the same powers

of ¢, we get the following relations for the function vy :

atv;(]:at) = AI ’U[T(xat) + f0($7t)7 (ﬂj,t) € Q0 X (OaT)a
aglv(—)i_(oax%t) = aglv(—)l—(aax%t)a (xZat) € (0370) X (OaT)a p=0,1;
vy (z,t) = 0, (z,t) e 'y x (0,T),

(12)
where I'y :={z : 29 =7(21), 21 € Ip}.

Now let us find limit relations in the rectangle D; = (0,a) x (—d;,0), which is
filled up by the thin rods from i—level in the limit passage as ¢ — 0; the index
i € {1,2} is fixed. .

Assume for a moment that the functions vy~ in (11) are smooth. We write
their Taylor series with respect to 1 at the point 21 = £(j + b;) and pass to the
"fast" variable ¢; = ¢~ 'xy. Then (11) takes the form

—+00 _
Ua(xat) ~ ,U(Z)’_ (6(3 + bi)aant) + ng Vk?,](glax%t)a (QI,t) € G(Z)(g) X (OaT)a

j
k=1
(13)
where
Vel t) = o (e +bi), 22,60 — i)
k , b=
(€ =G = b O™ -
b: — 5, t). (14
P D G (€0 T b a2l —g1). (14)

Let us plug (13) into (1) instead of u.. Since the Laplace operator takes
the form A = 6_259—;2 + 53—;2, the collection of coefficients of the same power of ¢
gives us one—dimensit)nal b?)undary value problems with respect to &;.

The first problem is the following:

02 e Vi (€1,00,8) =0, &1 € Dngony(bi), 0,V (bi £ hif2,20,8) = 0, (15)

where 0¢, = 8%1 , 852151 = g—é and I, () (bi) = (bi—hi(;2) ,bi+hi(;2)); the variable

x2 is regarded as a parameter in this problem.
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From (15) it follows that function Vf’j does not depend on &;. Therefore, Vf’j
is equal to some function <p§l)( (7 +bi),z2,t), (z2,t) € [—d;, 0] x [0,T], which will
be defined later. Then, due to (14), we have

viyi (8(j+bi)7$27§1_j7 t) = (Pgl) (8(]+bl)7$27t)_(§1_]_bz)8:v1vz]’ ( (]+b ) z2, )
. (16)
The problem for the function V,* is as follows

85161‘/20 = 812:1:2 0’ (6(] + bi),l‘g,t) - atv(i]’i(g(j + bi),l‘g,t), 61 € Ihz(:vz)(bz)a
(17)

Oe, Vol (bi & hi[2,9,t) = 271/ (w2) Oyv ™ (€4 + i), 2, 1)
Foakivg (e(G + i), za,t) £ 5190 (e + bi), 2, 1), (18)

where d4,1,03,1 are Kronecker’s symbols (recall that & > 1 and > 1).
The solvability condition for problem (17)—(18) is given by the differential
equation

i) 0™ (27 + b0)s2,1) = Do (hal) Dy vy (G + bi),72) )
— 2504 lk UO ( _] +b 1‘2) + 25/37190(6(].-1—()2'),272,15). (19)

Plugging (13) into the Fourier condition on the bases (9?), i=1,2, we get
A0y (e +b1), —di,t) = k1 vy (e(j+b1), —di,t), vy (e(j+b2), —da, t) = 0.
(20)
To find the conditions in points of the joint zone Iy, we use the method of
matched asymptotic expansions for the outer expansions (10), (11) and an inner
expansion which is constructed in the following subsection.

3.2. Inner Expansion. In a neighborhood of the joint zone Iy we introduce
the "rapid" coordinates & = (£1,&3), where £, = e 7'z and & = e~ !zy. Passing
to € = 0, we see that the rods Ggl)(e) and GEE) (e) transform into the semi-
infinite strips I, = I, (0)(b1) x (=00, 0], 1L, = Ip,(0)(b2) X (—00, 0], respectively;
the domain Qy transforms into the first quadrant {£ : & > 0, & > 0}. Taking
into account the periodicity of thin rods, we can regard that the union II of
semi-strips IT, , II, and I+ = (0,1) x (0, +00) is the base domain in which the
junction- layer problems should be considered. Obviously, the solutions of these
junction-layer problems must be 1-periodic in &1, i.e.,

aglz(£)|§1:0 = aglz(£)|§1:1 > g € oIr™ > 52 > 0, p=0,1
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So, we seek the leading terms of the inner expansion in a neighborhood of
the joint zone Iy in the form

ue(7) ~ vy (21,0,t) + 8<Z1 (z/€) Oz, vg (21,0,t)
+ (o, 1) B (w/e) + (1= n(o1,8)) Ea(w/e)) Doy (51,0,8)) +...,  (21)

where Z1(£), 21(£), Z2(£), £ € I, are l-periodic with respect to &; solutions to
junction-layer problems; the function 1 will be defined from matching conditions.
Plugging (21) into the differential equation of problem (1) and into the corres-
ponding boundary conditions, taking into account that the Laplace operator takes
the form 6*2A§ in the coordinates & and collecting the coefficients of the same
power of €, we get junction-layer problems for the functions Z;, =21, Zo. So, the
functions =1 and =, are the solution to the following homogeneous problem

—A¢ E(§) = 0, ¢ ell,
352 (&,0) = 0, &€ (0,1) \ (Zn, 0y (b1) U Iny(oy(b2)),
06,2(&) = 0, (€ <3H;:1 \Ihl(U)(bl)) U (3H;:2 \IhQ(o)(52)>,
( 5 ) = 8215(1762)7 62 >07 p:071

(22)

The main asymptotic relations for the functions Z1, 29 can be obtained from
general results on the asymptotic behaviour of solutions to elliptic problems in
domains with different exits to infinity (see, for instance, [33]). The proofs simplify
substantially if the polynomial property of the corresponding sesquilinear forms
is employed (see [34]). However, for the domain II, we can define more exactly
the asymptotic relations and detect other properties of the junction-layer solutions
E1, Eg in the same way as in the papers [19, 20].

Proposition 3.1.  There exist two solutions Z1, Zo € H]jl,loc(H) to the
problems (22), which have the following differentiable asymptotics:

52 + O(exp(— 2”52)) £ — 400, £ € IIT,

21 ={ b 0) &+l + Ofexp(rh 1 (0)6)), & — —o0, €T, ,  (23)
5 )+ Olexp(rhy  (0)2)), €2 — o0, £ €I, ,
&2 + O(exp(—27m&2)), £y — 400, £ €IT,

2= ab) + Ofexp(rhi (0)&2)), ¢ — —o0, E€TM,,  (24)

hy ' (0) & + of? + O(exp(rhy ' (0)62)), & — —oo, € €I,
Here Hﬂl’loc(ﬂ) ={u: 11 = R |u(0,&) = u(1,&) for any & >0, u € H' (IIR) for

any R > 0}, where lIp =TIN{{: —R <& < R}; agi), aéi), 1=1,2, are some
fized comstants.
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Any other solution to the homogeneous problem (22), which has a polynomial
growth at infinity, can be presented as a linear combination cy + c1Z1 + c2Es.

The function Z; is a solution to the following problem:

—Ae Z1(§) = 0, € e,
0¢, Z1(£1,0) = 0, &1 € (0,1) \ (I, 0y (b1) U Iy 0y (b2)),

06 21(6) = ~1, ¢ € (A1 \ Ty o) (61) ) U (0105, \ Lo (),
o 21(0,6) = & Z1(1,&), &>0, p=0,1.

Similarly to [19, 20, 34], it is easy to verify that there exists the unique solution
ARS Hul,loc(H) with the following asymptotics:

O(exp(—27r§2)), 52 — +OO, f € H+7
Zy={ —&+bi+al) + Olexp(rh 1 (0)6)), & — o0, E€,,  (25)
—&1 + by + o) + O(exp(nhy 1 (0)&)), & — —c0, £€II,.

Now let us verify matching conditions for the outer expansions (10), (11)
and the inner expansion (21), namely, the leading terms of the asymptotics of
the outer expansions as x3 — £0 must coincide with the leading terms of the
inner expansion as £, — +o0o. Near the point (e(j + b;),0) € I at the fixed value
of £, the function Ua“ has the following asymptotics:

vg (e(4 + bi),0,1) + € & O,y (e(4 + bi),0,8) + O(e263), 12 — 0+0.

Taking into account the asymptotics of Z; and =1, 2y as & — 400, we see
that the matching conditions are satisfied for the expansion (10) and (21).
The asymptotics of (11) are equal to

0§ =G +00),0,8) + e (0 (e + 1), 0,1)
(€1 +bi +5) Onyvg (e(f + b:),0,) + &2 Bayvy (e(j + bz-),O,t)) +..
as 2= 0-0, (z,t)€G(e) x (0,T), i=1,2 (26)

(1)

The first terms of asymptotics of (21) in G}’ (¢) are

o (e(G +01),0,8) + e (=€ 4+ b+ af) v (£ +B1),0,8)

+{n(e(G +b1). 0)( hff()) + i) + (L= n(e( +b1.1)ab” }0uvi (e +01).0,1))

as & — —oo, €Il , (27)
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and in GE-Z) (¢) are

i (e(j + b2),0,8) + 6((—51 + i+ by + o) 94,0 (2 + ba), 0, 1)

(1= (el + 0, 0) (s + 08”) (e + ba). Do Yoo (<G5 + 12),0.0)
as & — —oo, €Il . (28)
Comparing the first terms of (26), (27) and (28), we get
vi (€(G +0i),0,8) = 05" (e(j +8:),0,8), 5=0,1,...,N—1, i=1,2. (29)
Comparing the second terms of (26) and (27), and (26) and (28), we find
O (G +b:),0,8) = a0, 05 (G + bi),0,8), i=1,2,
and the following relations
0(E + b1),8) Dayvf (07 + 1), 0,) = ha(0) Doy (G +51),0,8), (30)
(1= (=5 +b2),1)) O, (7 + b2), 0, 8) = ha(0) Dy (7 +2),0,1), (31)

for j =0,1,...,N —1.

Since the segments {z : 1 = e(j+b;), z2 € [—d;,0]}, j=0,1,...,N—1,fill
in the rectangle D; in the limit passage as € — 0 (N — +00) fori =1 and i = 2,
we can extend the equation (19) into the whole rectangle Dy = Iy x (—dy,0) for
i = 1 and into rectangle Dy for ¢ = 2. On the basis of the same arguments, we
extend the relations (20), (29), (30) and (31) into the whole interval Ij.

From the limiting relations (30) and (31) it follows that

812’0;(]71707t) = h1(0)8m2vé’*(x1,0,t)+h2(0)812v§’7(m1,0,t), ($17t) € IOX(OvT)v
and

h1(0) Dpyvy” (1,0, ¢)
(0) Duyvg ™ (21,0,) + ha(0) Byyvg ™ (21,0, 1)

n(z1,t) = - . (z1,t) € Iy x (0, 7).
1

3.3. Existence and Uniqueness of the Solution to the Limit Problem.
Using the first terms vy, vé’fvg’f of asymptotic expansions (10) and (11), we
define the following vector function

vy (7,1), (z,t) € Qo x (0,T),
Vo(ZE,t) = Ué’_(.’l,‘,t), (:E,t) € Dl X (OaT)a (32)
v (z,t),  (z,t) € Dy x (0,T).
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As it follows from the foregoing, the components of this vector function must
satisfy the relations

atva“(x,t) = A, var(x,t) + folz,t), (z,t) € Qp x (0,T);
Ry (0,32) = v (a,22), p=0,1, (z2,1) € (0,70) x (0,T);
8,,1)3'(3:,t) = 0, (z,t) € 'y x (0,T);
hi(z9)Bvy (2,8) = By (hi(2) Duyy (1))
—2k1vé’7 +208,190(x, t), (z,t) € D1 x (0,T);
Oy (€1, —d1yt) = kyvy (z1,—dy, 1), (z1,t) € (0,a) x (0,T);

ha(22)00y ™ (,8) = Oay (ha(22) Ouyvp (2,1))
_2]92504,1'03’7 + 2(5ﬁ,190(x7t)7 (ﬂj,t) € D2 X (OaT)a

8$2U§7_(x11_d21t) = 0, ($1,t)6(0,a)X(0,T);
of (21,0,8) = vy (21,0,8) = vg (£1,0,8), (x1,8) € (0,a) x (0,T);
Oy 07 (£1,0,8) = h1(0) Dpyvy™ (1,0, 1)
+h2(0) B, 00 (21,0, ), (21,t) € (0,a) x (0,T);
Voli=o = O.
(33)

These relations form the limit problem for problem (1).

Let us show that there exists a unique weak solution to problem (33). For this
we introduce the following anisotropic Sobolev spaces. Denote by Vy the vector
space L?(2y) x L?(Dy) x L?(D3) with the following scalar product

2
(v, u)V0:/ ugug dz + Z/ hi(z2)viu; dz,
Qo i=1 D;

where v = (vg,v1,v2) and u = (ug, u1,uz) belong to Vy. We also define the ani-
sotropic Sobolev vector space Ho = {u € Vo : ug € H*(Qp), uo(0, 22) = ug(a, z2)
for z5 € (0,7%); 3 Op,us € L3(D1); 3 Opyua € L?(Ds); ug(z1,0) = ui(z1,0) =
u2(x1,0), z1 € Iy} with the following scalar product

(v, u)Hoz [ Vg - Vugdz + Z?Zl [ hi(22)0p,vi Op,u; dz + 2k [ viuy dz
Qo Di

D,
a

+ klhl(—dl) f?)l(.’L‘l, —dl)ul ((L‘l, —dl) dr, + 2]412(5@71 f Volly dT.
0 Do

Obviously, the space Hg continuously embeds in V.
We say that the vector function v € L? (0, T; Hg) is a weak solution to the ini-
tial boundary value problem (33) if for any vector function u € L? (O,T; ’Hg),
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dyu € L?(0,T; Vo), u(z, T) = 0, the following integral identity holds:
T
/ (— (VU, 8tu) Vo + (VU, 11) 'Ho) dt
0

T 2
:/0 ( o, fo(z,t) uo(z,1) dx+25,3,1;/Di go(x,t) ui(z,1t) da:) dt. (34)

Taking into account the properties of the functions h; and heo, with the help
of the standard scheme (see [31, Sect. 7] or [32, Sect. 3|), it is easy to prove the
existence and uniqueness of a weak solution to problem (33).

Lemma 3.1. There exists a unique weak solution vy € Ho to problem (33)
such that

Ivollz2(0,75340) + max Ivo(-s8)llve < C1 (Ifoll 200 x (0.7 + 5,1 190l 22Dy x (0.7))) -

4. Approximation and Asymptotic Estimates

Let vo € L?(0,T;Hp) be a unique weak solution to problem (33). With
the help of vy and the junction-layer solutions Z;, 21, 29 defined in Subsect. 3.2,
we construct the leading terms in (10), (11) and (21). Then matching these
expansions, we define an asymptotic approximation R, belonging to Hilbert space
L? (O,T; HI(QE)). It is equal to

R.(z,t) :== R} (z,t) = v(')"(x,t) + exo(za) N'T (f,xl,t)k:g, (z,t) € Qo x (0,7),
(35)

R = B = vy (2,) + e(Yi(61) Doyt (21) + X022 N~ (€,1,1) e
(z,t) € G x (0,T), i=1,2. (36)
Here
N = 210,05 (21,0,8) + (n(z1,8) E1 (§) + (L—n(z1, 1)) (E2(6) —&2) Dy v (1,0, 1),

N_(§7$17t) = (Zl(f) - Yl(fl)) 8IIUJ($17O7t)
+ (n(z1,8) E1(€) + (1 —n(z1,t) Z2(€) — Ya(&2,21,1)) Onyvg (21,0,1),

where Y7 and Y5 are 1-periodic functions with respect to & and on the corre-
sponding cells of periodicity they are equal to

Y1 = _51 + bl + Ckz(;l)a 51 € [Oa 5O)a Y2 = { 77(l‘l’t)hlil(o)g% 5 € Hf;’
_51 + b2 + CV:(’,2)’ gl € [603 1)3 (]‘ - T’(xht))h’;l(o)f?a 5 € H};y
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the function xg is a smooth cutoff function such that xo(z2) = 1 for |z2| < 79/2,
and xo(z2) = 1 for |ze| > 1, where 79 was defined in Sect. 1.

Theorem 4.1. Suppose that functions fo(z,t), (x,t) € Qy x [0,+00), and
go(z,t), (z,t) € Dy x [0,400), are smooth; the support of fo with respect to x is
concentrated in Qy for any t > 0; f(x,0) = 0 for any z € Qo; go and 05,90 vanish
on Iy for any t > 0 and go(x,0) = 0 for any = € D.

Then for any T >0, a > 1, B> 1 and p € (0,1) there exist positive constants
Co, €0 such that for all values € € (0,e9) the difference between the solution u. to
problem (1) and the approzimation function R. defined by (35) and (36) satisfies
the following estimate

lue — Rellz20,1 11 (02.)) + tgfg:’;,] Jue (-, 2) = Re (-, D)2 (0.

—_ —_ —_ —_ —_ )
< O (6-|—€1 p+€6a,1(2 a)+o 1+653,1(2 B)+8 1“90 _QEHL%(IDlx(O,T)))' (37)

P r o o f. Discrepancies in the domain (2. Taking into account the pro-
perties of functions Zy, =1, Z9 and v(')" , we conclude that RI is a-periodic with
respect to z1 and satisfies all boundary conditions on 92y N 9<2. for problem (2).

Putting RS into the corresponding equation of problem (1), we get

ORF (z,t) — AgRF (z,t) — fo(z,t) = exo(z2) AN T(E, 21, 1)
— X0 (22) (O, N (&, %1, 1)) le—a /e
= X0(22) (97,6, NH (&, 1, 1)) le=a/e — €0, (X0 (22)NF (2/e, 21, 1))
— ex0(22) 0, ((0m, N T (€, 71, 1)) |§:I/E), z € Q. (38)

Further, the arguments of functions involved in calculations are indicated only
if their absence may cause confusion. We multiply (38) by a test function v €
H'(Q: x (0,T)) such that 1(0,z9,t) = ¢(a,z2,t) (z2,t) € (0,7) x (0,T), and
P(z,T) =0 z € Q, and integrate by parts in Qg x (0,7):

T
/ (—/ R;“ Oppdx — / 812R;“(3:1, 0) ¢y dxr; + VIR;r -V dx
0 Qo o Qo

_ f0¢dx) dt = I (e,) + ...+ I} (e,9)), (39)
Qo

where

B ime [ ool ot bds

Qo X(O,T)
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If (e, ) : / 0 (2) (BN (6, 210, 1)) ey ) it i,
QoX

I (e,4) : / 2) (02,6 N (6,21, 8)) ey b i d,
QoX

L (e,9) 6/ 0(z)NT(z/e,x1,t) Op,tp dz dt,
QoX

I4 (87 d)) = 6/ X0 ($2) (a:m-/\/’+ (57 x1, t)) |§:I/E) 8111[) dx dt.
QoX(O]U
Discrepancies in the thin rods. It is easy to calculate that 0y, R (21, —dy, t)
= ki RY " (21, —di,t) on O x (0,T), 85, RZ™ (w1, —d2) = 0 on ©) x (0,T),

Oy R (21,0, t)—eY( 102, b (21,0, )40, RE (21,0,1), z € [oNGW; (40)

CUZCUI

1

—gz—lh;(@)am(vo +evi(2 )amu;; )), (z,t) e YO i=12. (41)

aVR?_ = 8:%1:101 ((L‘,t) +XO(xQ)(amN_(gaxlat))|§:§)

Putting R%™ into the differential equation of problem (1), we obtain
ORL™ = ApRE™ = e (Yi(€) 92,0 (5,1) + X0 (22) DN~ (&,1,1) ) e
— X0(22) (0, N~ (6,21, 8)) le—pye — X0(22) (05,6, N7 (&, 1,1)) e/
— 0, (Xo(22) N (z/e,21,1)) — ex0(22)0n; ((00, N7 (€, 21,1)) le=ae)
— sy (Vi(21)020,057) = 20m (Vi (2)22,0,087)
+ Ou,y (I hi(22)) Oyog ™ (,8) — 2kih; ! (w2)og™ (2, 8),
(z,t) € G x (0,T), i=1,2. (42)

Using (7) and taking into account the boundary values of 8, R2™ (see (40), (41)),
we multiply (42) by a test function ¢ € H'(Q. x (0,7T)) such that zp( , Lo, t) =

P(a, z2,t) on (0,79) x (0,T), (z,T) = 0 and integrate by parts in G x (0,7),
1 = 1,2. This yields

T
[ [ amdes [ onRE @00 b
0 o IonaGg®

+ o~ V.RY™ - Vpdr + ek /T(Li) RL=dl, + Ky /@(1) Rb"4pday
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7
_ B _ 1,—
O [ aba) e =31, -
T
/ (‘ o B Opdr / ) O B (21, 0,8) 9 dy + / o Vel Vipdn
0 Ge IpNOGe G!

7
weths [ RTpdle = [ gopd) = S0, (@)
€ 3 ‘]:
where

B =c

. <Y1 (1) 82,05 (2, 1) + x0(22) N~ (€, 71, t)) |le=z ¢ dx dt,
G % (0,1) ¢

Ii’i(gaw) = _/(.) X6($2)(852N_(§7xlat))|§:m/awd$ dta
G’ x(0,T)

1—;’7(6,@0) = _/ ) XU($2)(8:%1§1N_(§7xlvt))|£=:v/awd$dta
G % (0,1)

L) = [ XN (ofesant) Ot dadt
G x(0,T)

Ii’f(g, %0) =€ / . XU(l'Z) (811-/\/_ (57 x1, t)) |£::v/a) 8mw dx dt,
G %(0,1)

I (e,) = ¢ / V() (Va0 067) - Vit 4 O (4 O (i) 000y ) ) v,

aix(0,1)

dldt

1,—
I e, ) =—k 5/ Yo ¥
o EV)=RE | s om) VI )

1,—
+k15/ RL4pdl, dt — 2k15/ y (2) 9ol ) g gy
v s (0,1) ¢Wxor) € hi(w2)

2,—
1'27_ 6, = —€ (5 k / UO /(/)
s (5:9) o, 172 Y@y 0,1) /1 + 24 1R (z2)]

= dlydt

+ 60‘k2/ RZ’fzpdl dt — 26 1k26/ Y(ﬂ) m
£ z Q,
T® % (0,7) ¢Pxomr € ha(w2)
i— 90 ¢
IV (e,9) = €6 / , dldt — gﬁ/ , gt dldt
7 ( ) 8,1 Tg“i)x(O,T) /1+624_1|h;~|2 Tﬁ”i)x(o,T)
xl) Oz, (90 %))

— 6ﬁ5i,2 / ggd) dl‘Q dt ++ 265ﬁ,1 / Y(? hl ($2)

dx dt,

dxdt; 1 =1,2.

0¥ x(0,1) ¢ % (0,1)
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Asymptotic estimates. Summing (39), (43) and (44), we see that the function
R. constructed by formulas (35) and (36) satisfies the following integral identity

T
/(—/Rgatz/) dx—i—/VxRE-sz/)dm—i—slﬁ / Rop dly + ki / R. ) das
0 Qe

Qe r(h#) o

+ &%, /T o Re vl = | fotb do - ef /]r g- dlI> dt = F.(i) (45)

gl’i)UTE«Q)

for any function ¢ € H' (Q. x (0,T)), ¢(z,T) = 0. Here F.(¢) = I (e,9)+...+
L)+ 1y (6, 9) + o+ 17 (6, 9); I (e,9) = I (e, 90) + I (e,4), 5= 0,04

I;(871[)) = I}’i(é"w) + I]2’7(67¢)7 ] = 07 te 77'
Subtracting the integral identity (4) from (45), we get

T
/(—/(RE ) atz/)dx—i—/vx(RE —w)Vepds + by / (R. — ) dis
0 Qe Q- o

+ eky /in) (Re —ue) ¢ dly + %o /xg” (R — u.) z/)dlm) dt = F.(¢). (46)

Now we are going to estimate the value F.(1). Using the Cauchy—Schwartz—
Bunyakovskii inequality, it is easy to verify that |ISE(6, Y)| < CoellYll 20,711 (02)-
The summands Ili, . ,If are estimated by wusing the same technics as
in [29]. As a result, we obtain that I (e,p) + I (e, )| < eC1 1Yl 20,51 (02))
5 (e, )] < e'PCalldllr20mma.y)s and I3 (e,9)] < e32Cu[¢ll 1201 (0.))»
where p is the arbitrary fixed positive number.

Remark 2. The constant Cy depends on

107,06 lz2(pix 07y @ =1,2, and sup |0, v (=, 1)], 7 =1,2.
(z,t)elox(0,T)

The constant C4 depends on the following quantities sup ‘Da (v(')" (z, t)) ‘,
(z,t)elox(0,T)

la] = a3 + a2 < 2. Due to the assumptions for fy and gy and by virtue of
classical results on the smoothness of solutions to boundary value problems, these
quantities are bounded.

Since 0y, 90 € L*(0,T; H' (D1)), |57 (e,9)] < eCsll4pll 20,311 (00.)-

To estimate I , we consider more complex summand Ig » . First, let a = 1. Tt
is obvious that the third summand in Ig’f is not greater than Cel|Y|| 12(0,r;m1 (0.))-
The sum of the first and second summands is equal to

2,
|hl2|2U0 (0

%4k / dl .t
B 0.1 (14 /1 + 247 1hL 2 4 2471 h))?)
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2 I 2,— _
Y RN UG DAY C R R

+sk2/ (Ugf(zl, —da, 1) + Yi(E1) g2 00,0 (1, —dg,t))wdmldt
®£2)><(0,T) €

=: J1(€a¢) + JQ(gvz:b) + J3(€a¢)'

With the help of the following inequality u*(0) < 2e~" [ w?(t) dt+2¢ [, (u')?(t) dt,
we deduce that |Ji(g,%) + Ja(e,9)| < Cel|Yll12(0,7;m1(0.))- Taking into account
the boundedness of the trace operator and that gy € H'(D;), we have

|J3(63¢)| < clg||¢||L2(®£2)X(O,T)) < c2€||¢||L2(0,T;H1(G’§2)))'

Thus in this case [l (¢,9)] < €Cs ||l (220,11 (92.))-
If @ > 1, then I (g,¢)) = &%k, Jr2xom R%> 4 dl, dt, and with the help of
the identity (7) we derive that [I5 (e,4)| < e* ' Cs 9|l 2 (07111 (52.)-

By the same arguments as for Ig ", we can estimate I . But for this we should
use the assumptions for the functions g. and gg. Thus

- ellgo — gell 12 , =1,
17 )] < Gy { 07 FIPesapy - H00

Regarding to the inequalities obtained above, we conclude that for the right-
hand side in (46) the following inequality holds

[Fe()] < (086 4 1P Oy (p) + Celor @) +al

_ _ 0
+ 0765[3,1(2 B)+6 1 HQO - gaHLBQ,(lDl X(O,T))) ||1[)HL2(07T;H1(QE))7 (4:7)

where p is an arbitrary positive fixed number from (0, %)
Due to Lemma 1.1, we deduce from (46) and (47) with the standard scheme
(see, for example, Ref. [32, Sect. 3|) the asymptotic estimate (37). ]

Corollary 4.2. From (37) it follows that

e — vollL2(0.x(0,1)) + Ui Jue (-5 t) = vo (-, )l L2 ()

S 01 (6 + 81_p + 66a’1(2_a)+a_1 + 565’1(2_ﬁ)+ﬂ_1“90 - gEHi%(IDIX(O T)))’
where vy coincides with the solution to the limit problem (33) by the following

way: vy 1s the restriction of U(')" on Qq, vy coincides with Ué’_ on the thin rods
Gg) and with Ug’_ on the thin rods GgZ).
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5. Convergence Theorem

As it was shown in [18-22|, thick multistructures are not strong or
weak connected domains, i.e., there is not any sequence of extension operators
{P. : H' () = H'(R")}.~9 whose norms are uniformly bounded in e. This
fact creates one of the main difficulties in the proofs of convergence theorems.

There are different methods to prove such convergence theorems. The first con-
vergence theorems for the solutions to boundary value problems in thick junctions
of different types were proved in [18-20], where there were used special extension
operators whose H'-norms were uniformly bounded in € only for the solutions.
This approach allows to prove the convergence theorems if the boundaries of thin
domains of thick junctions are not smooth and rectilinear with respect to some
variables and in the case of different boundary conditions on the boundaries of
thin domains; in the last case the method of special integral identities is used in
addition (see [22, 35, 27]).

Later, in [24], where a homogeneous Neumann boundary value problem was
studied in a thick junction, it was shown that if the boundaries of thin rods were
rectilinear, then the solution could be extended by zero. This is explained by
the fact that this extension preserves the generalized derivative with respect to
x9 due to the rectilinearity of the boundaries of the rods along the Oxs-axis.
This approach was used to prove the convergence theorem for nonlinear problems
in [25]. Also, in [24], the homogeneous Neumann problem was considered in a
bounded plane domain whose boundary was waved by the function xo = h(z1/e),
where h had to be a continuously differentiable periodic function, and the recip-
rocal functions of h on some intervals had to exist for a special extension operator
to be constructed. But this extension does not preserve the space class of the
solution (only in H} (), where Qf C R? is a domain that is filled up by the
oscillating boundary in the limit) and this extension was constructed under the
assumption that the right-hand side f € H'. In this section we prove the con-
vergence theorem for the solution to problem (1) with minimal conditions for the
functions fy and g..

In addition to the assumptions made in Sect. 1, we suppose that for any 7" > 0
there exist positive constants Cy, ¢ such that for the whole value € € (0,¢q)

/T/ E2(z,1) dadt < Cr,  E.(z,1) = e ( folmr + & 30,8) — fo(m, 1)) (48)
0 Qo

We regard that fy and g. are a—periodic with respect to z1. In fact, every function
from the space L2(Qg x (0,T)) is continuous with respect to the L?-norm, but in
(48) we need little more.

Theorem 5.1. If the conditions (2), (3) and (48) hold, then for any T > 0
there exist extension operators Pg) : L2 (0, T; Hl(QUUGEI))) — L2 (O,T; HI(QI))
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and Pg) : L? (O,T; H'(QU Gg))) — L? (0, T; HI(QQ)) such that for the solution
ue to problem (1) we have

| Pgl)ue HL?(O,T; HY(Q)) T | Pg)ug ||L2(0,T; H(Q2)) < Cs. (49)

P r o o f. From the beginning we show that the scattering of values of solu-
tion u. on thin rods is small in a sense.

Here, for simplicity we assume that v = const. In general case we should
use the procedure from the proof of Th. 4.1 ([19]). Thus, the problem (1) is
invariant under e-shift along the axis ;. This means that the function U.(z,t) =
e Yue(z + €e1,t) — ue(z,t)) (81 = (1,0)) is a—periodic in x; solution to the
following problem:

U, = AU +F., (z,t)€Qx(0,T);
oUu, = A,U,, (z,t) € G. x (0,T);
9, U, +ekiU. = °G,, (z,1) € T (%) % (0,7);
9,U, + %k, U, = ePG,, (z,1) € x (0,T); (50)
0,U. + kU, = 0, (z,t) € x (0,T);
8,U. = 0, (z,t) € rg x (0,7);
U.(z,0) = 0, z € Q. x {t=01,

where G (z,t) = e (g (v +cey1,t) —g.(z,1)). By virtue of condition (2), Lem. 1.1,
identity (7) and (48), we get the following estimate ||U.||z>o.7; i1 (0.)) < Cs-
We extend the solution u. by using the "linear matchlng

(51)

£

ﬁ(z)( ) Ue, in (QO U ng)) X (OaT)v
Ug) = ] Sz e
B+ 85 (a1 —e(i+ 0+ 252)), in QP (e) x (0,7),

in domain Qg U G U Q8 Here

B; i(z2,t) = u,. (6(] + b; + 2_1hi(x2)),x2,t),

€ _ 1 - . _o—1p . >
Sj,i(ﬂfg,t) = m (UE (5(] + 1+ bz 2 hl(.’,UQ)),lEQ,t) B] (.’,UQ,t)) s
N
- U are
j=—1
where

@?’(e):{x: ro € (<ds—e), @ € (LUEME) j+1+bz~—hi(m2>>}

2 ) € 2
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is between two rods Gg-l)(s) and Gg-z_i)_l(s); recall that index ¢ € {1,2} is fixed.
In the case of extreme rods we perform the a—periodic extension of problem (1)
with respect to the axis Ox;.

After that, repeating word for word the steps from the proof of

Th. 3.1 ([27]) and using the estimates (2) and (9), we obtain that the norms

||P5(Z) (ue) ||L2 (0.5 1 (UG UG t = 1,2, are bounded with respect to e.
Now it remains to extend P.” (ue) into each domain

T (e) = {x: 22 € (=,0), o € (& +bi;hi(x2),s‘7 +1+b;_hi(x2))},

j = —1,0,1,...,N. Since the domains Tj(i)(e), j = —1,0,1,..., N, are equal
(each of this domain can be obtained from Téi)(e) by parallel shift along the axis
Oz1), we use the results on the extension operators in perforated domains [6].
It follows from these results that there exists a uniformly bounded in ¢ extension
operator P : L2(0,T; H' (GD(e) U QW (e))) = L2(0,T; H'()), i = 1,2.
Thus, the extension operators Pgi) = m?) oﬁg(i), 1 = 1,2, are constructed and
(49) holds. |

Theorem 5.2. If (48) and assumptions made for fo,g. in Sect. 1 hold, then
(w)lon =0y (PDu)loy = 0p™s  (PPuc) oy > eg™  (52)

weakly in L? (O,T; Hl(Qo)), L? (O,T; HI(DI)), L? (O,T; Hl(Dg)), respectively,
as € = 0, where the vector function vo(z,t) = (va“,vé’*,vg’*) 18 the unique weak

solution to the limit problem (33).

Proof. We carry out the proof in a more difficult case when a« = g = 1.
To prove this theorem we should pass to the limit in the integral identity (4).
For this we use the identity (7), the extension operators constructed in Th. 2

and the characteristic function ng) (z) == X(i)(m?l,(l}g) of the set ng), i =1,2.
We e-periodically extend these functions with respect to x;. In the same way as
in Sect. 4 [35], we can prove that XS) — h; weakly in Lo(D;) ase — 0,1 =1,2.
Also, it is easy to verify that X£Z)|x2:£, — hi(p) weakly in Ls(0,a) as € — 0.

In view of inequality (49) and Lem. 3 in [36, Ch. 6], for any 6 € L2(0,T") we
can choose a subsequence {¢'} (we denote it again by {e}) such that if ¢ — 0,

then the limits (52) hold and, in addition,

T T
/ug(-,t)Q(t)dt—>/ of (1) 0(¢) dt,
0 0
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T T
/ (POu.) |, O(t) dt — / o (1) O(¢) dt, (53)
0 0

weakly in H'(Qq), H'(D;), and strongly in L%(Qq), L?(D;), i = 1,2, respectively,
and

T
T T
axq/ e (2, 1) O(8) dt:/ O, us (2, 1) O1(2) dt—>8xq/039dt
0 0
0

= [Cou )0 -
T ) OT . -
axq / (Pgl)ua) |Di H(t) dt = / a9‘”(1 (Pgl)ua) |D19 dt — axq / 1)8’7 0 dt
0 0 ;

T .
:/ Oz, (vg™) 0dt, q=1,2, (55)
0

weakly in L2(Q), L?(D;), i = 1,2, respectively.

Consider a set of the following test vector functions C = {0(t) ®(z) : 6 €
Cl([O,T]),_H(T) =0, ®(z) = (tpo(x), z € Qo; pi1(x), € Dy; pa(x), z € _D2)
o € C®(Qo), po(0,z2) = wo(a,z2), T2 € (0,7), i € C¥(Dy), i = 1,2, polr, =
©1]1, = @211, }- The set of these functions is dense in L?(0,T;H,) and the set of
their restrictions {0(t) ((p(), 901|G£1)’(p2|0§2))} is dense in L?(0,T;H.).

By using the extension operators Pgi), the functions Xgi), 1 = 1,2, and equality
(7), we rewrite the identity (4) with any of the test functions mentioned above in
the form

T 2 T
—/ </ ue(z,t) 0,0(t) dt) wo dx — Z/ ng') (/ (Pg)ug) 0,0(t) dt) w; dz
Q0 \Jo — /D 0
T 2 ) T )
+/ Vo (/ u59dt>-Vm<p0 do+) (/ Y9V, (/ (sz)ug)edt> Vi da
Q0 0 — \Up; 0

+2k; /D \/1+g24(—1|)h/(x2)|2 X9 (z) (/OT(Pgi)ug)(x,t)g(t) dt) oi(z) d

\/1+g24 Th (@2)]? |
—25k/ /m o) o) O, (e 03)0(t) du dt

T
+ez_1k/0 Xg)/( Ua)|:1:2 d9dt§0i(x1a_di)dxl>:/0 /Qf09<P0d96dt
0

+2 Z/ / \/]- + 24— 1|)h,’ ($2)| XEZ) (:E) ga(x,t)g(t)(pi(x) dr dt
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2 7 JIT TR
— Jo aW

€ hi(z2) 1 (98 ‘Pz’) 0(t) dz dt

T
+e ge p2 0 dxo dt. (56)
0o Je®

Let us pass to the limit in (56). First, we note that the traces of the limit
functions are equal, i.e., vy (21,0,t) = vé’f(xl,(),t) = vg’f(xl,o,t), (z1,t) €

Iy x (0,T), since (uc)|r, = (Pgl)ug)ho = (P§2)u5)|10 a.e. in (0,7). Because of
(49), the sequences

NOPS </T(Pgi)u5)(x,t)9(t)> dt, q=1,2, (57)
0

are bounded in Lo(D;), i = 1,2. Therefore, we can choose a subsequence of {¢}

(still denoted by {e}) and find the weak limits a(gi) of these sequences in Ly(D;),
i = 1,2, as ¢ — 0. Taking into account all these facts, (53)-(55), (2), (3), in
the limit passage we obtain

_/QO (/ o (z, t)8t9dt><p0 dm—Z/ (/ oo™ xt)8t9dt><pi(x)dx

+/Qovm</TU0+( )0(t)dt> mtpod$+2/ Zo )0y, pi dx

qu

+2Zk// 9dt<pldx+k1// o (1, —dy1,t) 0 dt oy day

T
:/0 QOfo(aa,t) ()%(w)dmdt—FQ;/o /Digo(x,t)ﬁ(t)%(x)dmdt. (58)

Next, we should find a(gi), q=1,2,17=1,2. In order to determine agi), 1=1,2,

we consider the integral identity (4) with the following test functions:

0, in Q x [0, 77, 0, in Qo x [0,7],
1= eV (E) g1 6, in G x[0,T], 92 =10, in G x [0,17,
0, in G® x [0,17, Y (L) o0, in G x [0,T),

where ¢ and ¢9 are arbitrary functions from C{°(D;) and C§°(D2) respectively,
6 € C'([0,7]), 6(T) = 0. It is obvious that )y, ¥ belong to L> (O,T;Hg). As
a result, we get

T
/ X 8y, (/ (Pé“ua)(x,t)e(t)> dt pi(z)dz = O(e), -0, i=1,2
D; 0
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whence 051) =0 and 052) =0.

Then let us define aél). Take the arbitrary functions ¢ € C§°(Dy), 0 €
C*([0,T)), (T) = 0, and perform the following calculations

/ (1) / L pm
xs '’ (z)0 (PE ug)(x,t)ﬁ(t) dt ¢(z) dzx
D1 0
:/0 0(t) 3 /G<1>( )axzuggb(x) dz dt
T
_ (1)
— /0 o(t) . ( /T oy ue pary? (w9, €) dly — /G o u53m1¢d$> dt

Jj=0

T 0 N-1
— —2_18/0 9( /d h, 272 Z U&‘qb |x1 =e(j+b1Lhy (22)/2) dzo dt
1
T

5]
N

Jj=0

_ /D O (z) / (POw) (2, 1) 0t) dt daydda = Bi(e) + Bole).  (59)

0

—1

Here Olgl)(ﬂfg, g) = —eh(z2) (2\/1 + e24-1(h} (3:2))2> is the second coordinate
of the outward normal Uil) (see (6)) to the lateral surfaces Tgl’i)(e) of the thin
rod G;-l)(e). Thanks to (53)

T
lim By(e) = — /D 1 hi (29) /0 vy (1) O(t) dt Oy, () da. (60)

To find the limit of B (e) we rewrite this value in the following way:

T — N—1  e(j+bi+ho(z2)/2)
Bl(é‘) = —/ G(t) —/ hl (:L‘g) / &El ’U,gqﬁ dﬂ?l dﬂ?g
0 2 —dq ! <]§0 e(j+b1—ho(z2)/2) ( ) )
0 N—-1
+ 6/d h} (z2) (Z ((ue —vé’*)¢)Ix1=a(j+b1—ho(xz)/2)> dy | di
—dy =
0 N-1 T
—/d by (x2) (/0 vé’i0dt¢)|x1:a(j+b1—h0(:v2)/2) (e(G +1) —&j) | dao.
—dy =

(61)

The first term in (61) is bounded by z5||ug||L2 UT (D) 9l 71 (p,)- Due to the es-
timate u?(0) < 2e™! [ u?(t) dt+2¢ [; (u 2 dt holdmg for every u € H' ([0,¢]),
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the second term in (61) is estimated by the value

¢ (||P£~1)Ua—vé’_HLz(Gg)X(O’T)) + €2||3x1(PEI)UE—vé’_)Hp(Gg)x(O’T))) Ml 1y

(62)
Since for almost all points z9 € (—dy,0) the function fOT vé’_ O(t)dt € H'(0,a),
the inner sum of the third term in (61) is the Riemann sum for the integral
fo OT vé_ (t)dt pdzy. Then, in view of Lebesgue’s and Fubini’s theorems,

the limit of the third term is equal to

T
[ Hitw) [ b @060 de ) do (63)
D1 0

Passing to the limit in (59) and taking into account (60)-(63), we get
. T
o8 (z) = hl(@)/ Bpyvy (z,1)0(t) dt, x € Dy.
0

Similarly, we deduce that a§2) (z) = ha(z2) fOT 81-21)%’_((1},25) 0(t)dt, x € Do.
Thus, the vector function vy = (var , vé’f,vg’f) satisfies the following integral
identity

T
/0 (—(v0,<1>8t0)vo+ (VU,QQ)HO) dt

:/ f0<P09dxdt+2Z/ go p; Odxdt, Y OP€C,
Qo x(0,T) D;x(0,T)

which means that vg is a weak solution to the limit problem (33).
Due to the uniqueness of the weak solution of problem (33), the above argu-
ments hold for any subsequence of {¢} chosen at the beginning of the proof.
]

Conclusion

As it was stated in [37], the multiscale modelling and computation are rapidly
evolving areas of research that will have a fundamental impact on computational
science and applied mathematics. They are connected with the prospect of de-
velopment of more efficient methods that should be symbiosis of a new class of
numerical and analytical modelling techniques. One class of multiscale problems
is the boundary value problems in perturbed domains. In our paper we pre-
sented two asymptotic methods (the asymptotic approximation and the conver-
gence theorem) for the solution to the parabolic problem (1) in the thick multilevel
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junction .. An important problem for the existing multiscale methods is their
stability and accuracy. The proof of the error estimate between the constructed
approximation and the exact solution is a general principle applied to the analysis
of the efficiency of the multiscale method (see [37]). We proved these estimates
in Th. 4.1 and Cor. 4.2. It follows from the results that for the applied problems
or for numerical calculations in thick multilevel junctions we can use the corre-
sponding limit problem, which is simpler, instead of the initial problem with the
sufficient validity. Due to Th. 5.2 we can use the limit problem (33) with minimal
conditions for the right-hand sides of problem (1).

The limit problem (33) possesses a new qualitative property. We see that
the local properties of heat conductivity in two levels of . are different. But
the thin rods from each level are connected through the junction’s body and
alternate along the joint zone. As a result, the global heat flow described by the
limit problem behaves as a "two-phase system" in the region which is filled up
by the thin rods from each level in the limit passage as the parameter ¢ — 0.
Due to our main results, we can state that the initial problem possesses a similar
property for the sufficiently small €.

We considered the perturbed Fourier boundary conditions on the boundaries
of thin rods. These conditions mean that there is a flux of heat through these sides.
At first sight it seems that there is no difference between these inhomogeneous
Fourier conditions and the homogeneous Neumann conditions. As it follows from
our results, it is true only if « > 1, § > 1. If @« > 1 and 8 = 1, then these
conditions are transformed as € — 0 in the special "waving" summands 2gq(z, t)
of the right-hand side in the corresponding homogenized differential equation in
D; x (0,T), i = 1,2. If @ = 1, then we get the zeroth-order term 2k;v;~ in the
corresponding homogenized differential equation in D;x (0,7'); this term describes
the local quantity exhaustion. Thus radiators in the form of thick junctions are
better than simple waving radiators (see the beginning of Introduction).
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