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The scattering scheme with many parameters for a commutative system
of linear bounded operators {T1,T>}, when Tj is a contraction, is built.
Using this construction of the scattering scheme, the translation model of
the semigroup with two parameters T'(n) = T{"15"*, n = (ny,n2) € Z3 is
obtained. Description of characteristic properties of the dilation U of the
contraction 77, that follows from the commutative property of the operators
Ty and T5, in terms of external parameters lies in the basis of the method
of the construction of the translational models for T'(n).

Key words: scattering scheme with many parameters, translational model,
commutative operator system.

Mathematics Subject Classification 2000: 47A45.

The construction of the functional and translational models for a contracting
operator T' (||T']| < 1) and its unitary dilation U [3, 6] is based on the study
of the basic properties of the wave operators W and scattering operator S [6].
Immediate generalization of these constructions for the case of the commutative
operator system {T1,T>}, [T1,T>] = 0 is not trivial and not always possible.

In this paper, a new method generalizing the scattering scheme on the case

of many parameters by P. Lax and R. Fillips is presented. This method uses the
2

+
isometric expansion § Vi, Vs ¢ [7] based on isometric dilation for the commutative

operator system {T7,T»} of tile class C (T1) [7, 8| constructed in [8]. Unlike in
a one-variable situation, two scattering operators S(p, k) and S(p, k), p, k € Z
appear here. These operators have the property $*(0,0) = S(0,0). Using the
method presented in [6], the generalization of construction of translational mo-
dels for one operator T} for the commutative operator system {77, 7>}, when one
of the operators, e. g., T1, is a contraction, is presented in this paper.
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Scattering Scheme with Many Parameters

1. Isometric Dilations of Commutative Operator System

I. Consider the commutative system of linear bounded operators {711,75},
[Ty, Ts] = Th'To — T5Ty = 0 in the separable Hilbert space H. Hereinafter, we will
suppose that one of the operators of the system {T,T}, e.g., T1, is a contraction,
|T1|| < 1. Following [4, 7, 8], define the commutative unitary expansion for the
system {T',T>}.

Definition 1. Let the commutative system of the linear bounded operators
{T1,T>} be given in the Hilbert space H, where Ty is a contraction, ||Ti| < 1.
The set of mappings

_ UAT . o 5 ©N =
V1_|:\II K|’ Vo = N K HeFE— HoE, (11)
+ T: O* + T; U*N* - '

where E and E are Hilbert spaces, is said to be the commutative unitary ezpansion
of the commutative system of operators Ty, Ty in H, [Ty, Ts] = 0, if there are such
operators o, 7, N, I' and &, T, N, T in the Hilbert spaces & and E’, where o, T,
o, T are selfadjoint, that the following relations take place:

+ I 0 + I 0
1) Vl VI - 0 I ) ‘/1 Vl_ 0TI y
«| 1L 0 lro] I o|lx |1 0]
2) V2 |: 0 & ] V2 - |: 0 o :| ) ‘/2 |: 0 7 :| Vo= |: 0 7 ] ;
3) T®—T®N = oT; UTy, — NUT, = T'U; (1.2)

4) NU®— N = KT — T'K;

5 NK=KN.

Consider the following class of commutative systems of linear operators {14, T5}.

Definition 2. The commutative system of operators Ti, Ty belongs to the
class C (Ty) and is said to be the contracting operator system for Ty if:

1) Ty is a contraction, ||Ti| < 1;

NE™ DH > D.H, E™ D/H DDA,

3) dimT, D H = dim E; dim D T5H = dim F;

4) operators Di|z , DI‘E’ DTy TR 121 o Ty Dilpmm

are boundedly invertible, where Dy =T;Ts — I, Dy =T, 17 — I, s =1,2.
(1.3)
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It is easy to see that if {T1,T>} € C(T1), then the unitary expansion (1)
always exists.

Let E and E be Hilbert spaces defined in 2) (1.3). Choose the unitary ope-
rators V and f/ V. TngH — DlH; V: TsD1H — D{H, what is always
possible in view of 3) (1.3). Define now the invertible operators Ny = DTy V™
and N1 VTyD; in E and E (see 4) (1.3)). It is easy to see that the operators
o1 —N{~ 1D 1N1 in F and 6; = —D; in E are invertible, selfadjoint and
nonnegatlve in view of 1), 4) (1.3). Consider the following set of operators

N:\/UleIDQTfVUII; N: \/&1N{1TFD2\/5'f1;
I'= \/O'lNl_l (Dl —Dg) \/O’l_l; f‘ = \/5’1]\71_1 (D1 - D2) \/5'1_1;
o =—\o] ' TiDyTi\Jo7" & = —y/67" ' Day/o7 "

T=—oIN['D;N; 7 Jor; 7= —\/orN] ' Ty DyTy Ny~ /6
¢ =PpNi\JorY ¢ =\561Ps K= aTiTiy/ o,

where Pg and Pj, are orthoprojectors on E and E, respectively. It is easy to

£2
prove that in this case relations 1.2 are true for {Vs, Vs} (1.1). Thus for the

1
commutative operator system {71, T>} of the class C')(T7) there always exists the

unitary isometric expansion (1.1), (1.2).
2

+
Note that the conditions 1) and 2) (1.2) for the expansions {Vs Vs} (1.1)

1
have a standard nature and play an important role in the construction of isometric

(unitary) dilations [3, 6, 7]. One should consider relations 3)-5) (1.2) as the
conditions of concordance of these expansions which follow from the commutative
property of the operator system {77,T5}.

IT. Remind the construction of the unitary dilation [3, 6] for a contraction 7.
As usually [6, 7], we will denote by 12,(G) the Hilbert space of G-valued functions
ug which assume a value in the Hilbert space G, uy € G, where k € M and M C Z

are such that 3 [Jug|? < 0. Let H be the Hilbert space of the following type
keM

H=D ®H®D,, (1.4)

where D_ = [2 (E) and Dy = l%+(E). Specify the dilation U on the vector-
functions f = (ug, h,vg) from H (1.4) in the following way:

Uf = (PD_uk_l,E,ak) : (1.5)
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where h = T1h + ®u_y, 99 = Oh+ Ku_y, O = vp_q (k =1,2,...), and Pp_ is
the operator of contraction on D_. The unitary property of U (1.5) in H follows
from 1) (1.2).

To construct the isometric dilation [8] of a commutative operator system
{T1, T} € C (T1), continue the incoming D_ and outgoing D, subspaces

D_=13 (E); Dy=1I3,(E) (1.6)

by the second variable “ny”. At first, continue functions u,, € I2 (E) from the
semiaxis Z_ into the domain

72 =7_ x (Z_U{0}) = {n = (n1;n2) € Z*: ny < 0;np <0} (1.7)

using the following Cauchy problem [7, 8]:

{ Doy, = (N51 + F) Un; 0= (n1,n2) € Z2; (18)

un|n2:0 = Un, € l%,(E)a

where dyu, = U(ny—1,m2)> Doty = U(ny mp—1)- As a result, we obtain the Hilbert
space D_(N,T') which is formed by u,, the solutions of (1.8), at the same time
the norm in D_(N,T") is induced by the norm of initial data ||u,|| = ||un, ||l% (B)-

Similarly, continue functions v,, € l%+(l77) from the semiaxis Zy into the
domain Zﬁ_ = Z4 X Z using the Cauchy problem
{ Doy, = (]\751 + f‘) vp;  n=(ni,ne) € Zi; (1.9)

Vnlny—o = vy € 15, (E).

Thus we obtain the Hilbert space D, (N,T) that is made of solutions v, (1.9),
besides [|v,|| = ||vn1||l% (7). Unlike the evident recurrent scheme (1.8) of the

layer-to-layer calculation of ny — no—1 for u,, in this case, while constructing v,
in Zi, we are dealing with the implicit linear system of equations for layer-to-layer
calculation of ny — no + 1 for the function v,,.

Hereinafter, the following lemma plays an important role. The proof of the
lemma is given in [8].

+
Lemma 1.1. Suppose the commutative unitary expansion Vs, Vg (1.1) is such
that
Ker & = Ker U* = {0}. (1.10)

Then Ker N NKerl' = {0} given Ker K* = {0}, and respectively Ker N*N
KerI'" =0 given Ker K = {0}.
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The solvability of the Cauchy problem (1.9) easily follows [8] from the given
lemma.

Statement 1.1. Let dimE < oo and the assumptions of Lem. 1.1 be true,
then the solution vy of the Cauchy problem (1.9) exists and is unique in the domain
Z2 for all initial data vy, from ZZ (E).

Consider now the operator-function of discrete argument

{5 Azl w11

Let Lj be the nonincreasing polygon that connects points O = (0,0)
and n = (ny,n9) € Zi and linear segments of which are parallel to the axes OX
(ng = 0) and OY (n; = 0). Denote by {Pk}év all integer-valued points from
Z%, Py € Z2 (N = ny + ng) that lie on LY, beginning with (0,0) and finishing
with the point (ni,ns), that are numbered in nondescending order (of one of the
coordinates of Py). Assuming that P_; = (—1,0), define the quadratic form

(Guk) Ln = Z O'pk,pkilvpk,vpk> (1.12)
k=0

on the vector-functions v, € D, (N,T).

Similarly, consider the nondecreasing polygon L' in Z2 (1.7) that connects
points m = (my,mg) € Z2 and (—1,0), the straight segments of which are parallel
to OX and OY. Let {Q,},; (M = my +my) be all integer-valued points on L},
beginning with m = (mj,m2) and finishing with (—1,0), that are numbered
in nondescending order (of one of the coordinates of Q). Define the metric in

D_(N,T),
-1

(ou)i1 = Y (00,-, 1uq., uQ,) , (1.13)
s=M

besides Qn — Qu—1 = (1, 0) and the operator-function oa is defined similarly

to oa (1.11). Denote by L= the polygon in 72 that is obtained from the curve
LY in Z% (n € Z2) using the shift by “n”

= {Qs = (ll,lg) € 22_ : (ll +ny+ 1,0+ ’I’LQ) =P, € Lg} . (1.14)
ITI. Having now the Hilbert space D_(N,T'), that is formed by the solutions of

the Cauchy problem (1.8) and the space D (N,T), that is formed by the solutions
of (1.9), we can define the Hilbert space

Hyr =D (N,I)® Ha D, (N,I), (1.15)
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the norm in which is defined by the norm of the initial space H = D_ @& H & D
(1.4). Denote by Z? the subset in Z32

2% = ZA\({0} x N) = {(0,0)} U (N x Z), (1.16)

that is obviously an additional semigroup.
For every n € Z% (1.16), define an operator-function U(n) that acts on the
vectors f = (ug, h,vg) € Hypr (1.15) in the following way:

Un)f = f(n) = (ur(n), h(n), ve(n)), (1.17)

where ug(n) = Pp_(n,ruk—n (Pp_(n,r) is an orthoprojector that corresponds to
the restriction on D_(N,T)); h(n) = yo, besides y, € H (k € Z?2) is a solution of
the Cauchy problem

Ovyr = Tryr + Pug;
Doyr = Toyr + PNuy; (1.18)
Yn=h; k= (ki,ks) €Z% (0<ky <ny—1, 0<ko<no);

at the same time k = k — n when 0 <k <ni—1,0 < ks <ng, and finally
vg(n) = O + Vk—n (1.19)

and v, = Kuj, + Wy, where y; is a solution of the Cauchy problem (1.18).

It is easy to see that the operator-function U(n) (1.17) maps the space
Hn,r (1.15) into itself for all n € Z2% (1.16), moreover, the following theorem takes
place [§].

Theorem 1.1. Suppose dimE < oo and the suppositions of Lem. 1.1 take
place, then the following conservation law is true for the vector-function f(n) =
Un)f (1.17):

IR 1 + Gor(n) 7z = 1B + (our)F - (1.20)

for alln € Zﬁ_ (1.16) and for all nondecreasing polygons f/g that connect points
O = (0,0) and i = (ny — 1,m9) € Z2%, where fj:; is a polygon obtained from Ly by
the shift (1.14) by “n”, at the same time the corresponding o-forms in (1.20) have
the form of (1.12) and (1.13). The operator-function U(n) (1.17) is a semigroup,
U(n)-U(m)=U(n+m), for alln, m € Zﬁ_ (1.16).

It follows from [8] and from this theorem that the operator-function U(n)
(1.17) is an isometric dilation of the semigroup

T(n) =T"T3?, n=(n1,ng) € Z3. (1.21)

IV. Make the similar continuation of the subspaces Dy and D_ (1.6) from
the semiaxes Z and Z_ by the second variable “ns”, corresponding to the dual
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situation. Denote by D (]\7 * f’*) the Hilbert space generated by solutions 9, of
the Cauchy problem

0oy, = (]\7*(91 + f'*) Un; n=(ny,ng) € Z?,_; (1.22)
Dnl, _o=Un, €12 (E) '
Nlny=0 ni Zy )
in which the norm is induced by the norm of the initial data ||0,|| = ||vn, Hl% (B>
+

besides 815n = 6(n1+1,n2)7 826n = 5(n1,n2+1)-
Continue now every function u,, € I2 (E) into the domain Z? (1.7) using the
Cauchy problem

~ _ * ®Y &~ — ~2'
{ Oty = (N0 +T*) fin;  n = (n1,m2) € Z*; (1.23)

lin)p,—g = tn, €15_(E).

As a result, we obtain the Hilbert space D_ (N*,T'*) generated by @y, solutions
of (1.23), besides ||i,|| = Hum”l% (p)- Using now Lem. 1.1, we can formulate an

analogue of St. 1 [8].

Statement 1.2. Let dim E < oo and the suppositions of Lem. 1.1 be true,
then the solution un of the Cauchy problem (1.23) exists and is unique in the
domain Z2 (1.7) for all initial data u,, €13 (E).

Observation 1.1. The sufficient condition for the simultaneous
existence of solutions of the Cauchy problems (1.9) and (1.23), in view of the
reversibility of operators K and K*, according to Lem. 1.1, is the following: all
hypotheses of Lem. 1.1 are met and dim E = dim E < cc.

Hence we come to the Hilbert space

Hyepe = D (N*,T") @ Ho Dy (N*,1) | (1.24)

where the metric is induced by the norm of the initial space H =D_ & H & D,
(1.4). Note that the dual feature of the spaces Hy,r (1.15) and H = (1.24) is
that differential operators of the Cauchy problems (18) and (1.23) and operators
(1.9) and (1.22) also are adjoint with each other respectively in the metric /2.

+ .
Define now the operator-function U (n) for n € Z2 (1.16) in the space H = -
(1.24), which acts on f = (ﬂk, il,f)k> € Hn+r+ in the following way:

U () = fn) = (), bln), o)) (1.25)

where 0y (n) = Pp, (5 ) Ok4n (PD+(N* f+) 18 an orthoprojector onto D, (N*,T*));
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h(n) = §(—1,0), besides g, (k € 7.2) satisfies the Cauchy problem

NG = Ty, + U o5
02y = T5 gy + V*N*0p; ) (1.26)
Y(=nyimny) = hs k = (k13 k2) € Z2 (—ny < ki < —1; —ng < ky <0);

besides k = k + n (—ny < k1 < —1; —ng < ky < 0); and finally
tg(n) = g + Ugyn, (1.27)

and 4y = K*0j, + ®*yy, where gy, is a solution of the system (1.26).
Similarly to (1.11), define the operator-function

n={ 7 A2 129

Denote by L' a nondecreasing polygon in A (1.7) with the linear segments that
are parallel to the axes OX and OY which connects the points m = (m1, msg) € Z2
and (—1,0). Choose now all the points {Q,},; (M =m; 4+ my) on L that are
numerated in nonascending order (of one of the coordinates @)5) beginning with
the point (—1,0) and finishing with m = (my,my) € Z?. Define the quadratic

form
-1

(Tﬁk>i;n1 = Z <TQs*Qs+1ﬂstﬁQs> (1'29)
s=M
in the space D_ (N*,I'*), where Qo = (0,0). For the polygon L{ in Za_, n =
(n1,n2) € Z2, of the similar type with points {Pk}év (N =ny +ng) on Lj which
are also chosen in nonascending order, define the quadratic form for the functions
i € Dy (NF)

N
<%5k>%g = Z <%Pk*Pk+16Pk76Pk> ; (130)
k=0

where Py — Py11 = (—1,0) and 74 is defined similarly to 7a (1.28). Denote by
L{" the polygon in Zi obtained from the curve L' from Z2? using the shift by

13 ”

m
Lyt = {Py = (Li,1o) € Z% = (i +ma,lo +m2) = Qs € L'}, (1.31)

where m = (m, my) € Z2. Similarly to Th. 1.1, the following statement [8] takes
place.
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Theorem 1.2. Suppose that dim E < oo and that the hypotheses of Lem. 1.1
. + -
take place, then for the vector-function f(n) =U (n)f (1.25) the equality

IREI1? + (i (n))] 1 = 1A + (7ok) (1.32)

takes place for all n € 23_ (1.16) and for all polygons L:}L connecting points
—n = (—n1,—ng) € Z% and (—1,0), where Lg™ is a curve in 22 obtained from
L~} wusing the shift (1.81) by “—n”, and corresponding T-forms in (1.32) have the

n

+
form of (1.29) and (1.30). The operator-function U (n) (1.25) has the semigroup
property, 5‘ (n) 5 (m) :(J]r (n+m) for alln, m € Zﬁ_ (1.16).

+
The fact that the semigroup U (n) (1.25) is the isometric dilation of the
semigroup T*(n), where T'(n) has the form of (1.21), is proved in [8].
In the conclusion of this paragraph, note that the dilations U(n) (1.17) and
+ +
U (n) (1.25) are unitary linked, i.e., U* (n1,0) f =U (n1,0) f for all f € H (1.4)
and for all ny; € Z4, and the narrowing U (n1,0) onto H is a unitary semigroup.

2. Scattering Scheme with Many Parameters
and Translational Models

I. As it is known [3, 6], a translational (as well as a functional) model of the
contraction T" and its dilation U (1.5) is based on the study of the main properties
of the wave operators W, and scattering operator S.

In order to construct the wave operators W in the case of many parameters, it

is necessary also to continue the vector-functions from 2 (E) and [2(E) from the

axis 7Z into the domain Z?. Continue every function u,, € [2(E) to the function
up, where n = (n1,ng) € Z?, using the Cauchy problem

{ Doty = (Nél + F) Unp; n € 7% (2.1)
U’n|n2:0 = Un, € l%(E)7
besides [|up|| = ||tn, || 2(B) Note that this continuation into the lower semiplane

(ng € Z_), u(n1,n2) = u(ni,ne — 1), has a recurrent nature and continuation
into the upper semiplane u (n1,n2) = u (n1,n9 + 1) may be carried out in a non-
explicit way, certainly, in the context of suppositions of Lem. 1.1 and dim £ < oo.
As a result, we obtain the Hilbert space (% (E) the norm of which is induced by
the norm of the initial data. ’

Define now the shift operator V' (p)

V(p)un = tn—p, (2.2)
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where u,, € ZJZV’F(E) for all p € Z?2. Obviously, this operator V(p) (2.2) is an iso-
metric one.

Knowing the perturbed U(n) (1.17) and the free V(n) (2.2) operator semi-
groups, it is natural to define the wave operator W_(n),

W_(k) =s— le U(n, k)Pp_(nyryV(—n, —k) (2.3)

for every fixed k € Z4, where Pp_(nr) is the orthoprojector of the narrowing

onto the component u,; from I?V,F(E) obtained as a result of continuation into Z2
(1.7) from the semiaxis Z_ using the Cauchy problem (2.1). It is obvious that
W_(0) = W_, where the wave operator W_ corresponds with the dilation U (1.5)
and the shift operator V in (3 (E) [6]. Thus, W_(k) (2.3) is a natural continuation
of the wave operator W_ onto the “k-th” horizontal line in Z2 for k € Z .

Denote by Lg% the polygon in Zﬁ_ consisting of two linear segments: the first
one is a vertical segment connecting points O = (0,0) and (0, k), where k € Z_,
and the second segment is a horizontal semiline from the point (0,%) to (oo, k).
Similarly, choose the polygon i:io’p in Z2 (1.7) that consists also of two linear
segments, the first of which is a semiline from (—oo, —p) to the point (=1, —p),
where p € Z 4, and the second one is a vertical segment from the point (—1, —p)
to (—1,0). In the space Hyr (1.15), specify the following quadratic forms:

(Vo = lomm)s, IR+ (Gon) e

2y = Nl + IR + (Fon) (2.4)

(N2 = (oun)i 1+ 1Al + ol

where corresponding ¢ and & forms in (2.4) are understood in the sense of (1.12)
and (1.13). It is easy to see that <f>§(0,0) = (f>§(0) = (f)g(o) = ||f||’2HNr and
2 ()2 2 ()2
<f>(,(0,k) = <f>5—(k)7 (f>(,(p,0) = <f>(,(p)-
Similarly to (2.4), specify in l?V,F(E) the following o-forms:

2 12
(Un>g(p,k) = (ouy, )i:}w,p + (UUng?k ;

2
<Un>§+(k) = llug Il + (UUngfk ; (2.5)

2 —\2 2
)2y = (oum) 3o+t

+

where u,

are the continuations of (2 _(E) from the semiaxes using the Cauchy

problem (2.1). Note that (un>§(0’k) = (un>§+(k); (un>§(p’0) = (un)i_ (p) @nd finally

(Un)a(0,0) = (tn), (o) = (n)g_(0) = llumlli>
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Theorem 2.1. The wave operator W_(k) (2.3) mapping ZJZV’F(E) into the
space Hnr (1.15) exists for all k € Z4, and it is an isometry

<W—(k)un>[2;(p,k) = <Un>§(p,k) (2.6)

in metrics (2.4), (2.5) for all p € Z,. Moreover, the wave operator W_(k) (2.3)
meets the conditions

1) U@, s)W_(k) =W_(k+s)V(L,s);
2)  W_(k)Pp_(nr)=Pp_(nr)

for all k, s € Zy, where Pp_(n ) is an orthoprojector onto D_(N,T').

(2.7)

Proof. Relation 2) (2.7) is proved exactly in the same way as for W_ [6].
The isometric property (2.6) for W_(k) (2.3) follows from Th. 1.1. In order to
prove 1) (2.7), consider the identity

U(la S)U(na k)PD_ (N,F)V(_na _k)

=U(n+1Lk+s)Pp_(nr)V(-n—1,-k—s)V(1,s),

where the limit process leads us to equality 1) when n — co. And since
W_(s)V(1,5) = U(1,5)W_(0),

then W_{(s) existence follows from the existence of W_(0) = W_ [6] for all s € Z .

|
Note that the equalities
1) U(1,00W_(k) = W_(k)V(1,0); (2.8)
2) U(l,k)W_(0) = W_(k)V(1,k) '

for all k£ € Z follow from 1) (2.7).

II. Consider now the continuation of the vector-functions vy, from 3 (E)

into the domain Z? using the Cauchy problem
Doy, = (]\751 + f‘) Up; n = (ng,ng) € Z?

Vnlnyeo = Vny € 13 (E) . (2.9)

As in the case of problem (2.1), in the semiplane ns € Z_ we have a recurrent way
of the continuation from the axis ne = 0, ng — ny—1 and, when ny € Z., this con-
tinuation may be carried out in the context of Supposition 1.1. The Hilbert space

obtained in this way may be denoted by I & (E), besides ||vy|| = vale(E).
B Z
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Similarly to V(p) (2.2), introduce the shift operator

<t

(P)vn = vn—p (2.10)

for all p € Z2 and all v,, € li? a (E) Define the wave operator W (p) from Hy
into the space l]%j (E),

We(p) =s— lim V(=n,—p)Pp_ (55U (n.p) (2.11)

n—o0
for all p € Z, where U(n) has the form of (1.17). It is obvious that W (0) = W7,
where W, is a traditional wave operator [6] corresponding to U (1.5) and to the
shift V in l% (E) Similarly to Th. 2.1, the following statement is true.

Theorem 2.2. For all p € Z, the wave operator W, (p) (2.11) acting from
the space Hy r into l?\?f (E) exists and satisfies the relations

2.11
2)  Wi)Pp,(5p) = Fp, (x5 (211)
for allp, s € Z4, where PD+(1\7,1~“) s an orthoprojector onto D (N, f‘)
The proof of this statement is similar to the proof of Th. 2.1. ]
The equalities
1) Wi(p)U(1,0) = V(L,0)W-(p); (2.12)

for all p € Z easily follow from 1) (2.11).
Knowing the wave operators W_(k) (2.3) and W, (p) (2.11), define the scat-
tering operator in a traditional way [6]:

S(p,k) = Wi(p)W-(k) (2.13)

for all p, k € Z,. It is obvious that, when p = k = 0, we have S(0,0) = S,
where S is a standard scattering operator S = WjW_ for the dilation U (1.5) [6].
The following statement results from Ths. 2.1 and 2.2.

Theorem 2.3. The scattering operator S(p,k) (2.13) represents the bounded
operator from l?V,F(E) into l?\? & (E’) satisfying the following relations:

1) Sp.kV(,q =V(Lg)Sp+q.k—q);

2)  S(pk)P-Iyr(B) C PI% ¢ (E) (2.14)
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forallp, k, q € Z4, 0 < q < k, where P_ is the narrowing orthoprojector onto
the solutions of the Cauchy problems (2.1) and (2.9) with the initial data on the
semiazis 7, when no = 0.

Note that the translational invariability of S(p, k) (2.13) with respect to the
shift by the first variable “n;”

S(p,k)V(1,0) =V (1,0)S(p,q) (2.15)

for all p, k € Z follows from the equality 1) (2.14). Moreover, from 1) it follows
that

1) S k)V(LE) =V, k)S(p+k0) (k= q); (2.16)
2)  S0,k)V(1,k) =V(1.E)S(k,0) (k=gq,p=0); '

and thus the scattering operator S(p,k) (2.13) is the function of sum (up to the
multiplication of V(1,k) and V(1,k)) for all p and k from Z,, and it may be
obtained from the operator S(k,0) (or from S(0, %)) using the “bordering” by the
shift operators V' (1,k) and V (1, k).

ITI. Specify now the mapping P, j from I?V,F(E) + l]%j (E) into the Hilbert
space Hyr (1.15)

Un

Un,

o= Poalan) = Pos (00 ) =W+ W)y (21)
where v, € ZZZV,f‘ (E’), Up € ZZZV’F(E), besides p, k € Z4 and W (p) adjoined to the

operator W, (p) is understood in the sense of Hilbert metric 2.
For the commutative operator systems {T,T»} € C (T1) (1.3), the simplicity

+
of the expansion Vg, Vs (1.1) is guaranteed by the operator T} [4, 8]. Therefore in
+
the case of simplicity of the expansion Vy, V5 (1.1), the functions fp ;. = Py (9x)
(2.17) form the everywhere dense set in the space Hyr when g, € l%”; (E) +

ZTZL’F(E) for all fixed p and k from Z,. And thus “every” function f from the
functions of the space Hy r (e.g., every finite one) may have various forms f = f,
or f = fyr (p#p, k#K') when one takes different mappings P, (2.17). It is
easy to see that

(fpaka fp,k>rHN,F = (Wp,kgnagn>l2 >

when the weight operator-function W), ; has the form

Woi = ng()pv,%(p) sz;%j(k) ! (2.18)

and the scattering operator S(p, k) is defined by formula (2.13).
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Observation 2.1. All the elements of the weight operator-function W, ;.
(2.18) have the translational invariance with respect to the shift by the variable
“ny” in view of 1) (2.8), 1) (2.12) and (2.15), and also the unitarity of the operator
U(1,0).

So, the mapping Py, s (2.17) defines the isomorphism between the spaces Hy,r
(1.15) and

200 = o= () s Wl <oof, @219

where u,, € l?\,’F(E)7 Uy € Z%V’F (E) and the operator W), ; has the form of (2.18).

It is obvious that the space I (W, ) (2.19) coincides with the well-known space
12 ( g f > [6] when p = k& = 0. From the relations 1) (2.8), 1) (2.12) and
from the unitarity of U(1,0), it follows that the dilation U(1,0) in every space
12 (Wpx) (2.19) is carried out by the shift operator

U(1,0)gn = V(B’O) V((l),O)

n (2.20)
for all g, € 12 (Wp)-

Study now how the dilation U(1,s) (1.17) acts on the vector-functions fp =
Ppk (gn) (2.17) when s # 0. First of all, note that it follows from 1) (2.7) that
an application of U(1, s) to the wave operator W_(k) (2.3) from the left increases
the index k € Z by s, i.e. kK — k+ s, and it follows from the equality 1) (2.11)
that an application of the dilation U(1, s) to the wave operator W (p) (2.11) from
the right also changes the parameter p € Z, namely, p — p + s. Therefore the
dilation U(1, s) maps the element f, j from H 1 to the representative f,_s ;45 in
the space Hyr (1.15), where 0 < s < p. Consider only the case when the dilation
U(1,p) (1.17) acts on the vectors of the form fy o = Ppo (gn) (2.17).

So, in view of above, consider the scalar product

(UWD) o fow) = (U 0)va, WEO0)0) 5

5(p) P)

+ (U)W (p)vn, W-(p)in) 5 ) + (U1, D)W= (0)un, W3 (0)0n) 5,
+ (U(l,p)W, (O)Um w_ (p)'&n>5(

(2.21)

p)’

where f,0 = Ppo (91), fop = Pop (§n) (2.17). Simplify every element from the
right part in (2.21). It is easy to see that the third and the fourth elements have
the form

<U(1,p)W— (O)Una W—T—(O)@n>5(p) = <S(0ap)v(1ap)un,@n>5+(p) 5
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(U1, p)W-(0)up, W- (p)an>&(p) = <V(]"p)un7,&’n>g+(p)

taking into account property 2) (2.8), the form of the operator S(0,p) (2.13), and
the o-isometric condition of the wave operator W_(p) (2.3) by Th. 2.1 and 2)
(2.11) used in the first relation. In order to simplify the first elements in (2.21),
use relations 2) (2.11) and 2) (2.12) for the wave operator W (p) to obtain

(U PIWEP)on, WEO0)n) 5y = (V (1L, p)W 4 (D)W (P, 50 )

G+(p)

Finally, taking into account o-isometric property of the dilation U(1,p) (Th. 1.1),
for the second element we have

(U (L)W (p)vn, W-(P)iin) 5

= <U(17p)W-T—(p)Una U(lap)W* (O)V(_la _p)an>5(p)
= <W-T- (p)vn, w_ (O)V(_lap)ﬂn>g(p) = (S* (pa O)UTH V(_la _p)'&n>07 (p)

in view of 2) (2.7). Using now relation 2) (2.16), we obtain that

(U)W (P)vn, W (P)iin) 5y = (V' (=1, =p)S™ (P, 0)vn, lin) ., )

(O ),

Thus, we can write formula (2.21) in the following way:

(U hoodos),

_ <[ V(Lp)Wi(p)Wi(p)V*(L,p)  S(0,p) ]
S*(0,p) I

y [ ‘7*(—01,—10)

Lo Jo)
dn,9n R (2.22)
ViLp) 74+ 0)4 ()

where the bi-linear form in the right part is understood component-wisely in the

sense of o1 (p) and o4 (p) (2.5). Let

wr [ VAW oWV (Lp)  S0,p) ]
»,0 i S*(O,p I ) (2 23)
e 0 V(1,p)
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Observation 22. Consider the mapping Ppo (2.17) and let f1,7,0 =
Ppo (gh) = Wi(p)V*(1,p)on, +W_(0)V (~1, —p)uy, where u, € l?V,F(E) and v, €

l?\? 7 (E) Then it is easy to find that

(fro:Fho)

in view of 2) (2.16). Thus the difference between the weight W o (2.18) and W} ,

(2.23) is that the components v, and u, are shifted by V*(1,p) and V(—1, —p)
respectively after the mapping P, (2.17).
Hence, the dilation U(1,p) (1.7) acts by the shift

= <Wg;,09n y9n > 12

HN,T

U(1,p)gn = V(1,p)n, (2.24)
(V(1,p) has the form of (2.23)) from the Hilbert space
Un
* (W) = {gn - < " ) (W 00ns 9n)po < oo} (2.19")

into the space 12 (W, 0) (2.19).
It is obvious that the following subspaces

D_(N,T) = ( PZJQV(?F(E) ); Dy (Nj) _ ( P+l]2v,0f <E> )

are the prototypes of D_(N,T") and D4 (N, f‘) from Xy (1.15) for the map-
ping Py (2.17) (for all p, k € Z,). P_ and Py are the orthoprojectors onto the
subspaces in ZJQ\,,F(E) and in l]2§7 A (E) formed by the solutions of the Cauchy prob-

lems (2.1) and (2.9) with the initial data on the semiaxes Z_ and Z ., respectively.
Therefore the initial space H is isomorphic to the space

Hy =12 (W) © ( I;jlggf Eﬁ)) ) : (2.25)
—'Nr

/

p,O) (2.19") lead to another space realization of the

Similar constructions for 12 (
Hilbert space H

'yl 12 ! f/*(—l,—p)P+l2~ 2 E 1
H) =17 (W, ,) e( V(l,p)P_l?v’]\F[’(FE() ) ) (2.25")

in view of Observation 2.2. Tt is natural that the spaces H,, (2.25) and IAI;J (2.25")
are isomorphic one to another. As it is easy to see, the operator R, : flp — fII’,
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defining this isomorphism has the form

_ 5 [v,p) 0 )
Rp—PHI,)[ 0 V(—l,—p)]PHP’ (2.26)

where Py and Py fiy are orthoprojectors onto H, (2.25) and H’ (2.25") in cor-

responding spaces. "It follows from (2.20) and (2.24) that the operators T} and
T(1,p) = TyTY, p € Z have the form

(T1f>n = Pp fa—(1,0); (T(l,p)f>n = PHPV(LP) (Rpf), (2.27)

for all f, € H, (2.25), where Py is an orthoprojector onto H, (2.25) and the

operator R, has the form (2.26). It is typical that the operator Ty has the same
form (2.27) in all the spaces H), (2.25) in view of Observation 2.1, and the operator
T'(1,p) has this form (2.27) only in one specific space H, (2.25).

Theorem 2.4. Consider the simple [8] commutative unitary expansion Vs, ;s
(2.1) corresponding to the commutative operator system {T1,Ta>} from the class
C (Ty) (1.3), and let the suppositions of Lem. 1.1 take place, besides dimE =
dimE < oo. Then the isometric dilation U(1,p) (1.17), p € Z, acting in the
Hilbert space Hyr (1.15), is unitary equivalent to the operator U(l,O) (2.20) for
p=0in?>Wpo) (2.19), and to the operator ﬁ(l,p) (2.24), for p € N, mapping
the space 2 (W’ o) (2.19") into 1> (W) (2.19). Moreover, the operators Ty and
T(l p) = TlTp (1 21) specified in H are unitary equivalent to the shift operator
Ty (2.27) in H, (2.25) for all p € Z4 and to the operator T(1,p) (2.27) acting in
the specific space H (2.25) for p € N.

+
IV. Let us now study a dual situation corresponding to the dilation U (n)
(1.25). Similarly to (2.1), continue every vector-function vy € I3 (E) into the

domain Z? using the Cauchy problem
Doy, = (N*81 + f‘*) Up; n = (ny,n9) € Z%
VUnlp,—o = Vny €13 (E) .

Besides, we have the recurrent way of the continuation v (ni,n2) — v (ni,ng + 1)
into the upper semiplane (ny € Z+), and when ny € Z_, the continuation
v (n1,n2) — v(n1,n2 — 1) has the nonexplicit nature and may be carried out
in the context of suppositions of Lem. 1.1 when dim F < oo. Thus, we obtain

the Hilbert space 12~ - (E) assuming that ||v,| = “UmHl%(E)' Define the shift

v (B)

operator Vi (p) in the space [
V+ (P)on = VUnp (2.29)

(2.28)
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for all p € Z2. Tt is obvious that the operator Vi (q) (2.29) is isometric. Specify
now the wave operator W, (p) mapping the space 12 - (E) into H -+ (1.24)
by the following formula:

Wip) = — Tim U (0,0)Pp, (- 1y Vi (=1, —p), (2.30)

n—oo

where the number p € Z is fixed and the operators Ij—' (n) and V. (n) are specified
by the formulas (1.25) and (2.29), respectively. It is obvious that W, (0) = W+,
where the operator W, corresponds to the dilation U (1.5), and so the opera-
tor W (p) (2.30) is a continuation of the wave operator W, onto the “—pth”
horizontal line in Z2 (1.7).

Consider now the polygon L:})o’p in Z?% (1.7) formed by the vertical segment
connecting points (—1,0) and (—1,—p) and by the horizontal semiline from the
point (=1, —p) to (—oo, —p), where p € Z,. And let I~18°k be the similar polygon
consisting of the rectilinear segments connecting the points (0,0), (0, k) and (o0, k)
one-by-one in Z?2. Similarly to (2.4), define the quadratic forms

(B =trinia +[f] + oz
7(p.k) ML s I Lgs
-\ 2 R -2 ~ 9
<f>%(k):||un”12+HhH T (Ton)ige, (2.31)

2 _ 2 112 2
(P = s+ [+l
in Hy«r- (1.24), where f= (&n,ﬁ,5n> € H -+ and respective 7 and 7 forms

A\ 2
are understood in the sense of (1.29) and (1.30). It is easy to see that <f> =

7(0,0)

<f>i(o) a <f>i(0) B Hij-[NF and <f~>i(0,k) - <f>i(k)’ (o = Frgy As

in (2.5), specify the quadratic 7-forms,

(02 = (T0u Vit (Pl Ve

(on)? gty = llom [l + (7o) 5 (2.33)
() gy = (Fom)yn o

. e (E), where v;F are the corresponding continuations in the

. 2
in the space [% o

N
second variable ny from the semiaxes Z4 of the functions of l% (E) obtained by
using the Cauchy problem (2.28).
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The following statement, similar to Th. 2.1, is true.

Theorem 2.5. The wave operator W (p) (2.80) acting from the space
ZJZV* Fo (E) into the Hilbert space Hn+r+ (1.24) exists for all p € Zy and is

an isometry
2

(Wehon) = )3 (2.34)

in respective metrics (2.32) and (2.33) for all p € Z. Moreover, for all W (p)
(2.30) the relations

DU LW ) = Wi (p+ )V (1, 5); (2.35)

2) W+(p)PD+(N*,f‘*) = PD+(N*,f*)
are true for allp, s € Z, where PD,(N* i) 1s an orthoprojector onto the subspace
D, (NI‘)

Select two relations that are an immediate corollary of 1) (2.35) and are similar
to (2.8),

(p) = Wi (

+ )V+(170);
+(0) = W (

)WV (L,p)

3

(2.36)

3

forallpe Z,.
Continue now each vector-function u,, from the space IZ(E) by the second
variable ny into the domain Z? using the Cauchy problem

{ Doty = (N*Oh +T*) ;. m = (ny,n2) € Z% (2.37)

Un|p,—o = Un, € 2(E).
As in the case of the Cauchy problem (2.28), the continuation u(ni,n2) —
u (n1,m2 + 1) has the explicit recurrent nature, and the continuation into the

lower semiplane ny € Z_, u(ni,n2) — u(ny,ne — 1) may be done under suppo-
sitions of Lem. 1.1 and dim E < oco. The Hilbert space obtained in this way is

denoted by .. p.(E), besides [lun|l = [lun, [l2s)-
Similarly to the operator V. (p) (2.29), define the shift operator

Vi(p)un = Un+p (2.38)

in the space l?v*ﬂ"* (E) for all p € Z? and for all u,, € l?v*yp* (E). Specify now the
wave operator W_ (k) from the space Hy- - (1.24) into ZJQV*I*(E)

W (k) =5 — lim Vi (—n,—k)Pp_x- 1) U (n, k) (2.39)

n—0o0
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+
for all fixed k € Z ., where U (n) and V,(n) are specified by the formulas (1.25)
and (2.38), respectively. It is easy to see that W_(0) = W*, besides W_ has the
standard form [6].

Theorem 2.6. The wave operator W_(k) (2.39) mapping the space Hy~ -
(1.24) into 13 F(E) exists for all k € Z4 and has the following properties:

- +
1) Va(Ls)W_(k+s)=W_(k) U (1,s); (2.40)
2) W_ (k)PD_ (N*’F*) - PD_(N*’I‘*)
for all k, s € Z, where Pp_(y+p+) is an orthoprojector onto D (N*,T'").
Select two relations following from equality 1) (2.40):

1) Vi(L0)W_(k) = W_(k) U (1,0); (2.41)
W W

1
) Vi(1,k) (0) U (1,k

~—

forall k € Z.
Similarly to (2.13), define now the scattering operator S(k,p) from Ly 7 (E)
into the space ZJZV*’F* (E)
S(k,p) = W- (k)W (p) (2.42)
for all k, p € Z, that obviously coincides with S* when k = p = 0.
Theorem 2.7. The scattering operator S(k,p) (2.42) is a bounded operator
from l%*,f“* (E) into the space ZJQV*I*(E), besides the following relations

(k,p)V(L,8) = Vi(L,8)S(k + s, — s);

(k. p) P12 1 (B) € Pl (B)

1)

2 (2.43)

S
S

take place for oll k, p, s € Z, whereas 0 < s < p and Py is an orthoprojector
onto the respective subspaces corresponding to the solutions of the Cauchy problems
(2.28) and (2.87) with the initial data on the semiaxis Zy (no =0).

It is obvious that the invariant property of the operator S (k,p) with respect
to the shift by the coordinate “n4”

S(k,p)V(1,0) = Vi (1,0)S(k, p) (2.44)
follows from 1) (2.43) for all p, k € Z, and

1) S(k,p)Vi(1,p) = Vi(1,p)S(k +p,0), p=s;
S

2) S(Oap)v-l-(laP) :V-I-(lap) (pao)a p=3sk=0.

This fact is similar to equalities (2.16).

(2.45)
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V. Define now the mapping 75],,,/1c from the direct sum of the Hilbert spaces

112(7* 7 (E) + 13 « p«(E) into the Hilbert space Hy« - (1.24) in the following way:

Fok = Pouk (g0) = Py ( n ) W (p)n + W (R, (246)

Un,

where v, € [ 5. - (E), Up € ZZZVF(E) for all p, k € Z,. As it was noted above
(see Paragraph III), the vector-functions fp,k form the dense set in the space

+
H -+ (1.24) in the case of simplicity of expansion Vi, V¢ (1.1), for the fixed p,
k:~ € Z. Therefore every vector from the space Hy«r+ has different realizations
fp.k (2.46) for different values of the parameters p and k. It is obvious that

<fp,k7 fp’k>7{N*,[‘* = <Wp,kgnagn>l2 )

where the weight operator WpJﬁ is equal to

)W (p) S*(k, p)
S(kp W_ (k)W () ] ! (247)

besides S(k,p) has the form of (2.42). Similarly to Observation 2.1, it is obvious

that all blocks of the operator W), ; are translational invariant with respect to the
shift by the variable “n,”. Thus, the mapping P, (2.46) defines the one-to-one
unitary correspondence between the space Hy+ p+ (1.24) and the space

2 (Wp,k> = {gn = ( ZZ ) : <Wp,k9nagn>l2 < 00}, (2.48)

where v, € [%

N (E), Up € l?\,*yp* (E). It is easy to see that the given space

2 (Wp,k> coincides with [? ( SI,* ? ) , when p = k = 0, as in the case of the
space 12 (W, ) (2.19). It follows from the relations 1) (2.36) and 1) (2.41) and

+ +
from the unitarity of the U (1,0) that the dilation U (1,0) acts in every space
12 (Wpyk) (248) by the shift by the variable “n,”

U+(1,0)gn = |: V+(é’0) V+8,0) :|gn (2.49)

for all g, € [? (Wp,k).
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+ ~
_ Further, study how the dilation U (1,s) (1.25) acts on the vectors f,) =
Ppi (gn) (2.46). As in the considerations above, study only the case when the

+ ~ ~
dilation U (1,p) (1.25) acts on the vectors of the type fo, = Pop (9n) (2.46).
Similarly to (2.22), it is easy to prove that

(0 1.9 f,’,,0>7(p)
B <[ é(g,m v+(1,p>v~vs(;(>0v’~vpi)<p>v:(1,p> ]

V+(17p) 0 ] 1 >
X * gnagn )
[ 0 Vil=1,-p) 7—(p),7(p)

besides, the bi-linear form in the right part is understood component-wisely in
the sense of the metrics 7_(p) and 7—(p) (2.31). Let

o [ 1 _5°(0,p) ]
0p S(0,p)  Vi(L,pW-(p)W=(p)Vi(l,p) |’

. _ (1,p) 0

Vi(l,p) = [ - 0 P Vi(—1,—p) ] )

(2.50)

(2.51)

~ Observation 23. Consider the mapping 750,,, (2.46), denote by
f(l),p = PO,p (g;z) = W+(0)V+(—1,—p)’0n + Wiv—}—*(lap)una where u, € ZJZV*,I‘* (E)7

v, € l?\?,f* (E) Then
(Fowfon), = (Wipgns9n),
follows from 2) (2.45), that is similar to Observation 2.2.
+
Therefore the dilation U (1,p) (1.25) acts as a shift operator

U+(17p) = V(lap)gn (252)

%N* T*

from the Hilbert space

2 () = {on = () s (Wpgman), <of  (2a9)
(v, € 1%

s <E>, Up € ZJQV*I*(E)) into the space [ (Wo,p) (2.48).
It is clear that the subspaces

D (N*,T%) = < P_ZJZV*O’F*(E) > . D, (N*,f‘*) _ < P+l1\7*,g* (E) ) ,
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where, as usual, P_ and Py are orthoprojectors in l?v*’F*(E) and in l?v* P E

onto the subspaces of the solutions of the Cauchy problems (2.37) and (2.28)
with the initial data on Z_ and Z., respectively, and are the prototypes of the

subspaces D_ (N*,T*) and D (N*, f‘*) from H = - (1.24) for the mapping P, K
(for all p, k € Z,). Therefore the space H is isomorphic to

H, =1 (Wo,p) S ( Pl e (E) ) : (2.53)

P_ly-p-(E)

Using similar considerations for 2 (W(;,p) (2.53), we obtain a different realization

e —12( 0>9< V+(1,p)P+li,*F* (E) ) (2.53")
P+ , Vi(=1,—p)P- lN*,F*(E)

in view of Observation 2.3. The spaces H, , (2.53) and 1fI]f)’Jr (2.53") are isomor-

phic, besides, the operator R, : I;ifp7+ — I:II’,’Jr defining this isomorphism has the
form

_ D ‘7+ (_17 _p) 0 N
oot = Py, [ 0 Vi(tp) | P
where Py and Py are orthoprojectors onto H’ + (2.53") and onto H, . (2.53),

respectlvely It follows from (2.49) and (2.52) that the operators T} and T* (1, p)
TP p € 7y, are

(77F) =Py, Juvcoy (TWLD)F) =Py ViLp) (Bpf),  (254)

(2.54)

for all f, € I:II,,Jr (2.53), ng+ is an orthoprojector onto I:II,,Jr and the operator

R, ; is specified by formula (2.54). As in the previous case, the operator Tl* has
the same form (2.54) in all spaces Hp 1, and the operator 7%(1,p) has a given
form (1.54) only in one space H, ; (2.53).

+
Theorem 2.8. Let Vs, Vs (1.1) be the simple [8] commutative unitary expan-
sion of the operator system {T1,To} from the class C (Ty) (1.3) and, moreover,
the hypotheses of Lem. 1.1 be met, and dim E = dim E < co. Then the isometric

dilation 5‘ (1,p) (1.25), p € Z, acting in the Hilbert space Hy=p~ (1.24), is uni-
tary equivalent to the operator U, (1,0) (2.49), for p =0, in I2 (Wo,p> (1.24) and
to the operator Uy (1,p) (2.52), for p € N, mapping the space 12 (Wé’p> (2.48")
into [? (Wg p) (2.48). Moreover, the operators Ty and T*(1,p) (1.21) acting in

H are unitary equivalent to the shift operator T3 (2.54) in Hp+ (2.53) for all
p € Z and to the operator T(1,p) (2.54) acting in the fived H, . (2.53) (p € N).
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