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1. Introduction

In this article we study the ac-conductivity in linear response theory for
the Anderson tight-binding model. We define the electrical ac-conductivity and
calculate the linear-response current at temperature 7' = 0 for arbitrary Fermi
energy .

At temperature T = 0, if the Fermi energy u is either in the region of lo-
calization or outside the spectrum of the random Schrodinger operator, this was
already done in [KILM] by a careful mathematical analysis of the ac-conductivity
in linear response theory, following the approach of [BoGKS|, and the introduc-
tion of a new concept, the conductivity measure. This approach can be easily
extended to the nonzero temperature case, T > 0, with p (here the chemical
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potential) arbitrary. The conductivity measure Zg(du), with v the frequency of
the applied electric field, is a finite positive even Borel measure on the real line.
If Ef(du) was known to be an absolutely continuous measure, the in-phase or
active conductivity Re af(l/) would then be well-defined as its density. The con-
ductivity measure Eg(du) is thus an analogous concept to the density of states
measure N (dE), whose formal density is the density of states n(E). Given a
spatially homogeneous, time-dependent electric field E(t), the in-phase linear-
response current at time ¢, liirrll(t; w, T, E), has a simple expression in terms of this
conductivity measure:

in (44, T, E) = / ST (dv) e B(v). (1.1)
R

This procedure is conjectured to break down at 7' = 0 for, say, Fermi ener-
gies p in the region of extended states. In this case there has been no suitable
derivation of the in-phase linear-response current. In this paper we define the
conductivity measure Eg(du) and the in-phase linear-response current for arbi-
trary Fermi energy u. We give an explicit expression for 22(d1/), and justify the
definition by proving that

Eg(dy) = %1{% Eg(du) weakly for Lebesgue-a.e. p € R. (1.2)

The in-phase linear-response current is then defined by (1.1), and justified by

i (t; 1,0, B) m Ji® (t; ., T, B)  for Lebesgue-a.e. n € R . (1.3)

=1l
T10
Acknowledgement. This paper originated from discussions with Leonid
A. Pastur, to whom this paper is dedicated on the occasion of his 70th birthday.
Pastur is a founding father of the theory of random Schrodinger operators; of
particular relevance to this paper is his work on the electrical conductivity, e.g.,
[BeP, P1, P2, LGP, KP, P3, P4, KiLP|. The Authors also thank Olivier Lenoble
for many discussions.

2. Definitions and Results

The Anderson tight-binding model is described by the random Schrédinger op-
erator H, a measurable map w +— H, from a probability space (£2,P) (with
expectation E) to bounded selfadjoint operators on £?(Z%), given by

Hy=—-A+V,. (2.1)

Here A is the centered discrete Laplacian,

(Ap)(z):=— > oy for e}z, (2.2)
yeLY lo—y|=1
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and the random potential V' consists of independent, identically distributed ran-
dom variables {V(z);z € Z%} on (€2, P), such that the common single site proba-
bility distribution has a bounded density p with compact support.

The Anderson Hamiltonian H given by (2.1) is Z%ergodic, and hence its spec-
trum, as well as its spectral components in the Lebesgue decomposition, are given
by nonrandom sets P-almost surely [KiM, CL, PF|. This nonrandom spectrum
will be denoted by &, with &,,, r = pp, ac, sc, denoting its nonrandom spectral
components.

We now outline the derivation of electrical ac-conductivities within linear re-
sponse theory for the Anderson model. We refer to [BoGKS] and [KILM] for
mathematical details, generalizations and proofs.

At the reference time t = —o0, the system is assumed to be in thermal equi-
librium at absolute temperature 7" > 0 and chemical potential 4 € R. On the
single-particle level, this equilibrium state is given by the random operator fE(H ),
where

_ —1
(eE—T’i +1) i T >0
X—ooyg(E) i T=0

fH(E) = (2.3)

stands for the Fermi function. By Xp we denote the indicator function of the set B.
A spatially homogeneous, time-dependent electric field E(¢) is then introduced
adiabatically: Starting at time ¢ = —oo, we switch on the (adiabatic) electric
field E,(t) := " E(t) with n > 0, and then let  — 0.

On account of isotropy we assume without restriction that the electric field
is pointing in the z;-direction: E(t) = £(¢)Z1, where £(t) is the (real-valued)
amplitude of the electric field, and 7 is the unit vector in the z{-direction. Our
precise requirements for the real-valued, time-dependent amplitude &(t) are stated
in the following assumption, which we assume valid from now on.

Assumption (E). The time-dependent amplitude E(t) of the electric field is
of the form

£(t) = / dv e E(w), (2.4)

R

where & € C(R) NLY(R) with E(v) = E(—v).
For each i > 0 this procedure results in a time-dependent random Hamiltonian
Hy(n,t) = G, ) HuG(n, )", with G(nt) =l ¥ 1w E€6) 0 (95)

where X7 stands for the operator of multiplication by the first coordinate of the
electron’s position. Hy,(n,t) is, of course, gauge equivalent to H, + e £(t)X;.
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At time ¢, the state of the system is described by the random operator g, (n,t),
the solution to the Liouville equation

1010, (777 t) = [Hw (777 t)a Ow (77, t)]
{ i ou(nt) = f1(H) 2.

The adiabatic electric field generates a time-dependent electric current.
Thanks to reflection covariance in all but the first direction, the current is also
oriented along the first coordinate axis. Its amplitude is

Jﬂ(t;:u‘aTag) = _T(Qw(nat)Xl(t))a (27)

where 7 is the trace per unit volume (see (A.14) and (A.15) in App. A) and X
is the first component of the velocity operator:

X, :=i[H,, X1] = i[-A, X1]. (2.8)
Note that we are using the Schrédinger picture in (2.7). The time dependence of
the velocity operator X () := G(n,t)X1G(n,t)* there results from our particular
gauge. Finally, the adiabatic linear-response current is defined as

(2.9)

a=0"

d
Tniin(t 1, T,€) := —— Jy(ts 1, T, af)|

The detailed analysis in [BoGKS| shows that one can give a mathematical
meaning to the formal procedure leading to (2.9), for fixed temperature T > 0
and chemical potential p € R, if the corresponding thermal equilibrium random
operator fMT(H) satisfies the condition

E{|| X1 £ (H.)d|*} < oo, (2.10)

where {0q},cz4 is the canonical orthonormal basis in £2(Z9): §,(z) =1if z = a
and 0,(z) = 0 otherwise. (This is the condition originally identified in [BES].)

The derivation of a Kubo formula for the ac-conductivity [BES, SB, BoGKS]
requires normed spaces of measurable covariant operators. The required math-
ematical framework is described in App. A; here we will be somewhat informal.
ICo is the Hilbert space of measurable covariant operators A on £2(Z%), i.e., mea-
surable, covariant maps w — A, from the probability space (2,P) to operators
on £?(ZY), with inner product

(A,B) == E{(Ayd, B,do)} = T {A%B,} (2.11)

and norm ||Af, := /{4, A). Here T, given by T(A) := E{(do, Audo)}, is the
trace per unit volume. The Liouvillian £ is the (bounded in the case of the
Anderson model) selfadjoint operator on Ko given by the commutator with H:

(LA), = [Ha, A (2.12)
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We also introduce operators Hy, and Hg on Ko given by left and right multipli-
cation by H:
(HrA), = H,A, and(HrA),:= A, H,. (2.13)

Note that Hy, and Hpg are commuting, bounded (for the Anderson Hamiltonian),
selfadjoint operators on Kq, anti-unitarily equivalent (see (A.10)), and £ = Hp, —
Hpg. It follows from the Wegner estimate for the Anderson Hamiltonian that in
this case the operators Hy and Hp have purely absolutely continuous spectrum
(see Lem. 1 in Sect. 3). For each T > 0 and p € R we consider the bounded
selfadjoint operator .7-'MT in o given by

Fu = Fu (o) = fu (M), e, (FuA), = [fu (Hy), Au] (2.14)
In this setting the key condition (2.10) may be rewritten as
v =Xy, f1(H)] € Ks. (2.15)

Note that condition (2.15) is always true for T' > 0 with arbitrary 4 € R, since
in this case fuT(H) = g(H) for some g € S(R?) (cf. [BoGKS, Remark 5.2(iii)]).
We set

Bo:={peR Y])ek,}. (2.16)

For the same reason as when T' > 0, we have p € Zy if either y ¢ & or u is
the left edge of a spectral gap for H. Moreover, letting Z¢ denote the region of
complete localization, defined as the region of validity of the multiscale analysis,
or equivalently, of the fractional moment method, we have (cf. [AG, GK4|)

=4 ¢ 2. (2.17)

A precise definition of the region of complete localization is given in App. B.
Note that we included the complement of the spectrum & in = for convenience,
and that Z° is an open set by its definition. Note also that for u € = the
Fermi projection fB(H) satisfies a much stronger condition than (2.10), namely
exponential decay of its kernel [AG, Th. 2| (see (B.2)). Conversely, fast enough
polynomial decay of the kernel of the Fermi projection for all energies in an interval
implies complete localization in the interval [GK4, Th. 3].

If YMT € Ky, we proceed as in [KILM], with a slight variation to include also
the case when T' > 0. An inspection of the proof of [BoGKS, Th. 5.9] shows that
the adiabatic linear-response current (2.9) is well defined for every time ¢ € R,
and given by

t

Joain(t; 1, T,E) =T / ds e E(s) Xy e -y T S (2.18)

— 00
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It is convenient to rewrite (2.18) in terms of the conductivity measure EZ,
which we now introduce if either T' > 0 or p € Zp.

Definition 1. If either T > 0 or p € Zy, the ac-conductivity measure (x1-x1
component) at temperature T and chemical potential v is defined by

EZ;(B) = W((Xl,XB(E)YMT» for all Borel sets B C R. (2.19)

This definition is justified by the following theorem, whose proof, as the proofs
of all other results in this section, is postponed to Sect. 3. M(R) will denote the
vector space of complex Borel measures on R, with M (R) being the cone of finite
positive Borel measures, and with MS‘:) (R) the finite positive even Borel mea-
sures. We recall that M(R) = Cy(R)*, where Cy(R) denotes the Banach space
of complex-valued continuous functions on R vanishing at infinity with the sup
norm. We will use two locally convex topologies on M(R). The first is the weak*
topology, defined by the linear functionals {I' € M(R) — I'(g); g € Co(R)}. (By
I'(g) := [z T'(ds)g(s) we denote the integral of a function g with respect to a
measure I'.) The second is the one defined by the similarly defined linear func-
tionals where ¢ is any bounded measurable function on R. ‘Weak’ will refer to
the weak* topology and ‘strong’ to the other topology. We will write w-lim and
s-lim to denote the respective limits.

Theorem 1. (i) If either T > 0 or p € Ey, the conductivity measure EZ

s a finite positive even Borel measure on the real line, i.e., E:,f € M(f) (R), such
that

EZ(R) = _WE{ <6§1 + 6—§1va(H)5O>} < \/§7T- (2-20)

(ii) For every u € Eg we have

Zg(B) = W((Yl?,XB(E) (—=L) ngl?» for all Borel sets B C R. (2.21)

(iii) The map 10,003 T — E:lf € M(f) (R) is strongly continuous for every
uwER
(iv) For every p € Eg we have

slim %, = X0, (2.22)

(v) If p € E% we also have limp o YT =Y in Ks.

Remark 1.

(i) Theorem 1(ii) shows that for T'= 0 and p € = the conductivity measure
22 defined by (2.19) coincides with the one given in [KILM, Def. 3.3].
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(ii) If the Fermi energy u is above or below the almost-sure spectrum & of H,
we have Y£ = 0, and hence also Zg = 0. If Ja, b[ is a spectral gap, we clearly have
V) =Y, and hence ), = %), for all yu €]a,b[. Moreover, it is shown in [KILM,
Prop. 3.7] that the measure 22 can be expressed in terms of a measure ¥, on R?,
supported by the set S, given in [KILM, Eq. (3.41)]. Since ¥, depends on p only
through Yl?, we have W, = ¥, for all u €]a,b[, and hence ¥, is supported by the
set

() Su={]—o0,a] x [b,00[} U {[b, 0[] — o0,a]}. (2.23)
1eab]

It then follows from [KILM, Eq. (3.40)] that for all p € [a, b[ we have
22([—1/, v]) = 2%([~v,v]) =0 for all v €]0,b — al. (2.24)

(iii) If p € Eyp, as shown in [N, BoGKS], the direct-current conductivity van-
ishes at zero temperature:

Thc = lim <<X1 ﬁ Y£>> =0. (2.25)

(iv) For pu € E9, the region of complete localization, the Mott-type bound

150
=3 (10,v
lim sup M < constant (2.26)

I/l,[] ]/2 (log %> d+2

for the ac-conductivity measure was established in [KILM].

We may now rewrite (2.18) in terms of the conductivity measure as follows.
If either T' > 0 or p € Ey, the same argument leading to [KILM, Eq. (3.30) and
Th. 3.4] gives

Jhnn@;u,TEE)==fﬂt/[dV‘9”tUZKn,V)51V% (2.27)

R

where 05(77, -) is the Stieltjes transform of the conductivity measure Zg:

T 1 T 1
=—— [ X (d\) ———. 2.28
e AT e (225)
R
The adiabatic in-phase linear-response current is now defined by
,iﬁlin(t; w,T,E) := e /dl/ el”!(Re ag(n, v)) EWv). (2.29)

R

134 Journal of Mathematical Physics, Analysis, Geometry, 2008, vol. 4, No. 1



The Conductivity Measure for the Anderson Model

Turning off the adiabatic switching, we obtain a simple expression for the in-
phase linear-response current in terms of the conductivity measure, as in [KILM,
Cor. 3.5], given by

0510 T 6) o= lim i (010, T,6) = [ST(0) o Ew) (2.30)
R

This gives a derivation of the in-phase linear-response current (1.1), and (2.30)
is valid as long as either T > 0 or p € Ey. Moreover, it follows from (2.30) and
Theorem 1(iv) that

i (11,0, €)

lin

= lim Ji& (t; 0, T, &) for all p € =, (2.31)
T10

We have so far constructed the conductivity measure and the in-phase linear-
response current at 7' = 0 if 4 € Zy. But what if, say, there is absolutely
continuous spectrum and p € G4.7 In this case there is no reason to expect
p € Ep. In view of Remark 1 (iii) we conjecture that p ¢ =g for most p € Sge.

In this article we show that the conductivity measure at zero temperature can
be constructed for arbitrary Fermi energy p in a physically sensible way as the
weak limit of the finite-temperature conductivity measures as 7' | 0, with the
corresponding in-phase linear-response current given by (2.31).

To motivate our construction, we take T > 0 and decompose EZZ as

Sn =31 ({0}) 8o + (=) — =7 ({0}) b0) (2.32)

where the Dirac measure dg is the Borel measure on R concentrated at 0 with
total measure one. The details of this decomposition, presented in the following
theorem, will lead to a natural definition of 22 for arbitrary p. We recall that
the Anderson model satisfies the Wegner estimate [W], and hence the density of
states measure N' € M (R), defined by

N(B) :=T (Xp(H)) =E{(do,Xp(Hy,)d)} for all Borel sets B C R, (2.33)

supported by the spectrum & of H, is absolutely continuous with density n sat-
isfying [|nllo < ol

We will use the following convention: If I' € M (R) is absolutely continuous
and supported by the closed set F' C R, we always assume that its density v is
also supported by F'.

We set

Qp 1= X{O}(ﬁ) and Q| :=1— Qy, (2.34)
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the orthogonal projections onto the kernel of £ in K9 and its orthogonal comple-
ment. Note that Qg and Q| commute with Hz and Hg, and we have

g(Hr)Qo = g(Hr)Qoy for all bounded Borel functions g. (2.35)

For each T > 0 and i € R, the bounded selfadjoint operator .7:5, defined in (2.14),
satisfies
QF, =FLQ =0 and F|=F1Q =Q,F,. (2.36)

We let EI_I denote the pseudoinverse to L, that is,

1
cjn:gw)xmmgay:¥ﬁt¢0mmgw):a (2.37)
In particular,
£i'c=09;. (2.38)
Moreover, we have —E]fg > 0 and
where
fa ) —fE () _ ST =fF(A2) T i\
Fl (A, M) = At A2 AL it A7 A : (2.40)
0 otherwise
We write D(A) for the domain of an unbounded operator A in Cs.
Theorem 2. (i) Let
U(B) := (X1, Q0 Xp(HL)X1) for all Borel sets B C R. (2.41)

Then U € M, (R) is absolutely continuous with respect to the density of states
measure N, and its density with respect to Lebesque measure, 1, satisfies (E) <
dmn(E) < 4m||plly, for Lebesque-a.e. E € R. Moreover, we have supp¥ C
R\ Ey C R\ EL

(i) For each T >0 and i € R we have X, € D((—[{_V—}T)%). Setting

X)) (2.42)

1
2

IT(B) = n((~L 7 FT)? X1, Xp(L) (—£7 FT)

for all Borel sets B C R, we have Fz; € MS(:) (R) with Ff({O}) =0.
(iii) If either T > 0 or p € Eoy, we have .7-"MTX1 € D(L]") and

FZ;(B) = W((Xl,XB([,)(—Ellfg)Xl)) for all Borel sets B C R. (2.43)
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(iv) For allT >0 and p € R we have

5 ({01 = ¥ ((=£1)), (2.44)
EZ (B\ {0}) = FZ(B) for all Borel sets B C R, (2.45)

yielding the following decomposition of the conductivity measure into mutually
singular measures:

S =T ((=f1))80+T}. (2.46)
(v) For all i € Zy we have
0 _ 10
20 =10, (2.47)

Remark 2 On account of Theorem 2(i) we assume without loss of
generality that 1p(u) = 0 for all p € Ey.

Remark 3. The measure FE given in (2.42) can be expressed in terms
of the velocity-velocity correlation measure ® € M (R?), defined by (cf. [KILM,
Eq. (3.46)])

®(C) := (X1, Xc(Hp, Hr)X1) for all Borel sets C C R2. (2.48)

It follows from (2.39) that for each T' > 0 and p € R the measure '] can be
written as

Il (B) = w/(I)(dAldAQ) FT (A, X2)XB(AL — Ag). (2.49)
R2
We are thus led to the following definition.

Definition 2. The ac-conductivity measure (zi-z1 component) at T =0 and
1 € R is the finite positive even Borel measure Eg on the real line given by

S = 1p(p)8o + I, (2.50)

The corresponding in-phase linear-response current is defined by

i (t:0,0,E) = /Eg(du) eVt E (). (2.51)
R

Remark 4. Inview of Theorem 2(v) and Remark 2, Definition 2 agrees
with Definition 1 on the common domain of definition, i.e., we have a unique
definition for 22 for all 4 € R.

Remark 5 In the absence of randomness, i.e., H = —A, we may still
carry out the above procedure and define X, by (2.50) with ¥ as in (2.41) and
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I‘g as in (2.42) . In this case X; commutes with H, and hence QyX; = X;. Thus
I‘g = 0 and, for a Borel set B C R,

U(B) = m(X1, Xp(—A)X1) = n((6z, — 6_5,), XB(—A) (67, — 6_5,)). (2.52)

It follows that W has a density given by a continuous function 1, the limit in
(3.38) holds for every u, and (recall o(—A) = [—2d, 2d)])
) >0 if €]l —2d,2d
50 = p(dy with () €l = 2d, 2], (253)
=0 otherwise
Since the in-phase conductivity Re 02(1/) is formally the density of Eg, (2.53) is
formally equivalent to the usual statement that for H = —A we have

Reo(v) = (u)d(v), (2.54)
with §(v) the formal Dirac delta function.

Remark 6. The picture described in Remark 5 changes in the presence of
any amount of randomness. Let us introduce a disorder parameter in the Anderson
Hamiltonian by setting HLE,)‘) = —A+ AV, where A € R is the disorder parameter.
Although the velocity operator X; does not depend on A, any amount of random-
ness (i.e., A # 0) implies Q(()/\)Xl #£ X, since then [Xl,HLE,)‘)] = A[Xl,Vw] # 0 for
a.e. w. In the region of complete localization we know 9" (1) = 0 by Theorem 2
(i), and hence the conductivity measure has no atom at 0 and we have (2.47). At
high disorder it is known that the region of complete localization (we include the
complement of the spectrum) is the whole real line, in which case we can conclude
that Q(()/\)Xl = 0, i.e., Q(l\)Xl = Xl.

What happens if the Fermi energy p lies in a spectral region where extended
states are believed to exist is an open question. Common belief says that the
conductivity is nonzero in the region of extended states, but it is finite for all
Fermi energies. The latter seems to rule out the existence of an atom of 22 at

0 for all Fermi energies, which is equivalent to having Q(()X)Xl = 0. That would
mean that any amount of disorder would have a very strong effect on the kernel
of the Liouvillian, since we would have Q&\)XH = X for all A # 0 although we
know that Q{” X, = X;.

The justification for Def. 2 is given in the following theorem.

Theorem 3. (i) For all T > 0 the map p € R — EZ € M@(R) is
strongly measurable, and for every T > 0 and p € R we have

5= () +22) (), that is,

ES(B) = /dE (—fuT)'(E) »%(B) for all Borel sets B C R.
R

(2.55)
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(ii) We have

. T —
22 _ s—thTw EMT for all p € g . (2.56)
w-limp 0%, for ae p€ R\ 5
(iii) We have
: : I =
B (0570,0,€) = lim Jis (10,7, 8) 7771 E 0 (257)
T10 for a.e. p e R\ Eg

3. Proofs

In this section we prove Ths. 1, 2 and 3. We refer to App. A for the mathe-
matical framework and basic notation.
We start with a consequence of the Wegner inequality [W].

Lemma 1. Hy and Hg have purely absolutely continuous spectrum.

Proof. Inview of (A.10) it suffices to prove that Hj, has purely absolutely
continuous spectrum. Given Ky, let ng4 € M (R) be defined by

na(B) := (A,Xg(Hr)A) for all Borel sets B C R. (3.1)

Since Ko is dense in Ko, to prove the lemma it suffices to show that 74 is ab-
solutely continuous for all A € K. In this case, using (A.6) and (2.33), we
get

na(B) = IXs(H)All; = 1A X5 (H)ll; < A% X6 (H)I; = IAI N (B). (3.2)

Since N is absolutely continuous, we conclude that 14 is also absolutely continu-
ous. ]

Lemma 2. For all g € S(R) we have
Qo[ X1, g(H)] =ig'(H1)QoX:. (3.3)

Proof Thelemma is proved by means of the Helffer-Sjostrand formula for
smooth functions of selfadjoint operators (cf. [HS, App. B]). If g € S(R), then
for any selfadjoint operator K we have

g@)z/@@MK—al, (3.4)

RQ

gﬂOz—/@@MK—@”, (3.5)

RZ
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where the integrals converge absolutely in operator norm. Here z = = + iy,
g(z) is an almost analytic extension of g to the complex plane, and dg(z) :=
%agg(z) dz dy with 0; = 0, +1i0y.

Thus, for g € S(R) we have, with R, (z) = (H, —2)~!, Rp(2) = (Hr —2)7",
Rr(2) = (Hr —2) ",

X1, g(H)) = / 4i(2) [X1, R(2)] = — i / 4i(z) R(z) X1 R(2)
R2 R2
N / d(2) Ry (2)Ra(2) X, (3.6)
R2

We recall [X1,9(H)],[X1,R(2)] € K2, and the integrals converge absolutely in
operator norm in o (see [BoGKS, Prop. 2.4] and its proof). It follows, using
(2.35), that

Qo[X1, g(H)] = — i / i(2) Re(2)2 QX1 = ig/(Hp)QX1.  (3.7)
RQ

The following lemma plays an important role in our analysis.
Lemma 3. (i) If either T > 0 or u € Eg, we have
Frxy=-cvy]. (3.8)

In particular, we conclude that .7-"MTX1 € D(ﬁll).
(i) Let T > 0. Then for all u € R we have

VI = (—fI) (M) QX1 — L7 FL X, (3.9)

Proof. Leteither T >0 or u € Zy, so YuT € Ko. Given ¢ € £2(Z%) with
compact support, we have

FI X = i{ [T ()0, [H, X] — [H, Xi]on fT(H) }o
- _i{HoL[Xl,fg’(H)] —[X1,f, on (H)]H}so
= —(Hr — Hr)Y,Lo = —LY ], (3.10)

since f“T(H)¢ € D(X,) for ¢ € £?(Z%) with compact support by (2.10). Thus
(3.8) follows, and, in view of (2.36), we have fEXl eD(LY).
We now let T' > 0, and note that (3.9) follows from (3.8) since Lem. 2 gives

QY, = (—f1) (Hr) Qo X1. (3.11)
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Lemma 4. The map |0,0[> T +— YuT € Ko is norm continuous for every
uwER

Proof. If g€ S(R), it follows from [BoGKS, Prop. 2.4] and (A.7) that

X0, g (]I, < 11X 9(H)lllo < € g} (3.12)

where C' is a constant depending only on H and

3
r—1
o= [aulg @I+ s (3.13)
r:OR
The lemma follows in view of (2.15). ]

We are ready to prove Th. 1. Note that for all 7> 0 and u € R we have

0< (FI)’ < 1. (3.14)

Moreover, for all u € R the operator (.7-"2)2 is an orthogonal projection in o, and
hence

(F9)° = 7. (3.15)
In addition, if u € 2y we have
(FNY) =Y, (3.16)
0vT _ T0
FY, =F,Y, foralT >0. (3.17)

Proof of Theorem 1. Let u € Eyp andﬁgbegivenby (2.19). Using
(3.16) and (3.8), we have

20(B) = m(X1, X5 (L) (FQ)*Y2) = n(FOX1, X5(L) FOYD)
= 1(Y2, Xp(L)(—L)FYL), (3.18)

and hence coincides with [KILM, Eq. (3.31)], a finite positive even Borel measure
by [KILM, Th. 3.4].

If T'> 0 and p € R arbitrary, we use (3.9) to rewrite ZE given by (2.19) as in
(2.46), where W, given by (2.41), is clearly in M (R), and Fg, given in (2.43), is
also seen to be in M (R) by (2.39). We conclude that 25 € M (R). The same
argument as in [KILM, Proof of Th. 3.4] shows that the measure F:lf, and hence
also EZ, is even.
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To prove (2.20), note that for either T' > 0 or u € Ej it follows from (2.19),
the Cauchy—Schwarz inequality and | fg’ | <1, that

ZZ(R) = —WE{ (X%Hwéﬂva(HuJ)(sw} = _WE{ (5@ + 5—§17fE(Hw)5U>}
< VaslTumll, < Varll )], < V. 319

We have thus proved parts (i) and (ii). Part (iii) is an immediate consequence
of Lem. 4. To prove (iv), given a bounded measurable function g and 7' > 0, we
write

24 (9) = (X1, g(L)(F)?Y,)) + m(X1,9(L) (1 = (F)*)Y,). (3.20)

In view of (3.14), the same argument used to prove EZ € M, (R) shows that
both terms on the right-hand side of (3.20) are integrals of g with respect to
finite positive Borel measures on R. On account of (3.17) we have

(X1, g(LYFN?Y) = (X1, g(L)FIFIYD) = (FF X1, 9(L)FOY).  (3.21)

Using the Cauchy—Schwarz inequality, we get
(7 = FXall, < 21Xl M A () = ], (3.22)

Recalling (2.33), we have

sz — sz = [ |52 - o) (3.23)
R
and hence
2D - 2, =0 324

by dominated convergence. It follows that limTwm(]-"Z — fB)Xl‘HQ = 0. We
conclude, using (3.16), that

mlim(X1, () (7)) = m(FuX1, g (D) FY,) = Tu(9)- (3.25)

On the other hand, it follows from (2.20) that

%1 ST(R) = £(R). (3.26)

Combining this with (3.25), where we set g = 1, we conclude that

g%«f(h (1= (F))Y,])=0. (3.27)
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Since (X1, X5(L) (1- (.7-"2)2)YE>) is a positive measure, it converges to 0 strongly.
Part (iv) is proven.
It remains to prove part (v). Let u € E%, so YT € Ky for all T > 0. We need

to prove that

i ||~ v2ll, =0 (3.2

Standard calculations give
¥, = ¥2 15 = B{ (A () — £2(H)) b0, X7 (£ (H) = F2(H) 6o }
< [l = shenll, (BIXT (@D = £20m) 60| °}) "

(3.29)

In view of (3.24), the desired (3.28) follows if we prove that

hrgfoupE{HXl fL(H) — fo(H 50”} (3.30)

To prove (3.30) we use that g € =, and hence there exists § > 0 such that

Iy C 9 where I, :=]u — n,pu + [ for n > 0. We pick functions g; € C°(R),
j = 1,2, such that 0 < g; < 1, Xg = (91 + 92)Xe, supp g1 C Is, suppga C R\ Is.
2

Letting gg’ = fg’ — fg, we have

fu (H) = f(H) = g, (H) = g, (H)g1(H) + g, (H)g2(H). (3.31)

—cl

Since suppg; C = and ‘ gu‘ 2 for all T > 0, standard estimates [A, AG,

GK1, GK{4| give

2
;E%E{HXIQM (H)g1(H)o|| } < 0. (3.32)

On the other hand, explicit calculations show that

supH (gl:f)(k)XR\I% . <oo forallk=0,1,2.... (3.33)

>0

Since suppgs C R\ I5, a calculation using [GK2, Th. 2| shows that
2

supE{HXlgM H)QQ(H)(SOHZ} < 0. (3.34)
>0
The estimate (3.30) follows. ]

We now turn to Th. 2.
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Proof of Theorem 2 Notethat we already proved parts (iii) and
(iv) while proving Th. 1. To prove (v), note that it follows from (2.19), (3.16),
(2.38), (3.8), and (3.15) that for all Borel sets B C R we have

£)(B) = (X1, Xp(L)(F))*Y,)) = n{ X1, X5 (L)(F)* L' LY)))
= = (X1, Xp(L)(FL)? LT FuXa) = Ty(B). (3.35)
Now, we turn to part (i). Let ¥ be given by (2.41), it is clearly in M4 (R).

Since _
X009 = —i((5§1 — (5_51), (3.36)

we have, for all Borel sets B C R, recalling (2.33),

LU(B) < (X1, Xp(Ho)X1) = E{((6, —6-5,), Xs(H) (5, —0-5,))}
<2N(B) + 2B { X5 (H) g, ||| X5(H)d 5, ||} <4N(B).  (3.37)

It follows that W is absolutely continuous with respect to the density of states
measure N, and that its density with respect to Lebesgue measure, 1, satisfies
Y(E) < 4mn(E) for Lebesgue-a.e. E € R. Since the functions (—fI)’" form an
approximate identity as T' | 0, it follows from the absolute continuity of ¥ and
the Lebesgue Differentiation Theorem (cf. [Gr, Cor. 2.1.17]) that

%;i%@((—ff)’) = () for a.e. p. (3.38)

From parts (ii) and (iv) of Th. 1 and (2.44) (which is proved already) we conclude
that limp o ¥ ((—f1)") = 0 for Lebesgue-almost all 41 € Zg. Th. 2(i) is proven.

To finish, we need to prove part (ii). Let ® € M (R?) be the velocity-velocity
correlation measure given in (2.48). As a consequence of (2.49), (2.46) and (2.20),
we have

/<I>(d>\1d>\2) FI(A1,22) < V2 forall T>0and p € R. (3.39)
R2

But for all 4 € R we have

%1 FI (A, ) = FR(A, A2)  for ®-ae. (A1, \g) € R?, (3.40)

where we used the fact that the two marginals of ® are absolutely continuous, a
consequence of Lem. 1. (More is true: the two marginals are equal to the measure
Nx,, and hence have a bounded density, cf. (3.2).) Using Fatou’s Lemma and
(3.39), we conclude that for all 4 € R we have

/@(dAldAZ) F(A1,X2) < 11%10nf/<1>(dxldx2) FT(A,x2) < V2. (3.41)

R2 R2
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Theorem 2(ii) follows. u
It remains to prove Th. 3.

Proof of Theorem3. To prove part (i), we remark that measurability
in p follows from (2.46) and (2.49) if T > 0, respectively from Def. 2 and (2.49)
if T'=0. Now, Definition 2, Theorem 2(iv) and (i) imply that it suffices to prove
(2.55) with T substituted for ¥}, that is,

r'’(B) = / dE (—f)(E) T'%(B) for all Borel sets B C R. (3.42)
R

But this follows from (2.49) using Fubini’s Theorem plus the fact that

S

/ ds ( ) f2(t) forall t € R. (3.43)
R

Next we turn to part (ii). As in the proof of (3.38), it follows from (2.55)
and the Lebesgue Differentiation Theorem that for each Borel set B C R
we have limp FZ(B) = Fg(B) for Lebesgue-a.e. u € R (the exceptional set
depending on B!). Let {I,},.y denote an enumeration of the bounded intervals
with rational endpoints. It follows that for a.e. 1 we have limp Fg([n) = Fg([n)
for all n € N, and hence we have w-limp g I‘g = I‘g for a.e. p. Part (ii) now
follows using Th. 1(iv) for p € E.

Part (iii) is an immediate consequence of part (ii). ]

Appendix A. The Mathematical Framework for Linear
Response Theory

In this appendix we recall the mathematical framework for linear response
theory, following [BoGKS, Sect. 3| and [KILM, Sect. 3] (see also [BES, SB]). We
restrict ourselves to the Anderson model. The Hamiltonian H,, given in (2.1), is
a measurable map from the probability space (£2,P) to the bounded selfadjoint
operators on H = ¢?(Z?). The probability space (Q,P) is equipped with an
ergodic group {7,; a € Z%} of measure preserving transformations, satisfying the
covariance relation

U(a)H,U(a)* = H,,, forallacZ (A1)

where U(a) denotes translation by a, i.e., U(a)dy := dp4, when applied to any
member of the canonical orthonormal basis {d;; b € Z9} for £2(Z4).

Let H. = £2(Z%) be the (dense) subspace of finite linear combinations of the
canonical basis vectors. By ICp,. we denote the vector space of measurable covari-
ant operators A: Q@ — Lin(’HC,H), identifying measurable covariant operators
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that agree P-a.e.; all properties stated are assumed to hold for P-a.e. w € ). Here
Lin(’HC,’H) is the vector space of linear operators from H. to H. Recall that A
is measurable if the functions w — (¢, A,¢p) are measurable for all ¢ € H,, A is
covariant if

U(a)Au,U(a)" = A, () forall ae VA (A.2)
It follows (for H = ¢2(Z%) that D(AS) D H. for A € Ky, ice., A is locally
bounded. Thus, the operator A, := A%, is well defined. Note that (JA), :=

Af, defines a conjugation in KCp,.
We introduce norms on Cp,. given by

.

A = A 00 y
I |||o; Al “LI()Q,[P’) (A3)
AN, = E{(do, [Au["d0) }, p=1,2,
and consider the normed spaces
Kp :={A € Kne; |A]l, <oo}, p=1,2,00. (A.4)

It turns out that Ko is a Banach space and Ko is a Hilbert space with inner

product
(A, BY == E{(Audo, Bdo) }, (A.5)

and we have

(4,B) = (B, A%). (A.6)

Since K is not complete, we introduce its (abstract) completion ;. The conju-
gation J is an isometry on each K, p = 1,2, 00. We also have

4l < lAll; < [Alle  and hence Koo € Iy C Ky, (A7)

and K is dense in Kp, p = 1,2. Moreover, we have H, A, X1 € Koo

Given A € Ko, we identify A, with its closure A, a bounded operator in .
We may then introduce a product in K4 by pointwise operator multiplication,
and K becomes a C*-algebra. (Ko is actually a von Neumann algebra [BoGKS,
Subsect. 3.5].) This C*-algebra acts by left and right multiplication in ICp, p =
1,2. Given A € K,, B € Ky, left multiplication Beo, A is simply defined by
(BopA), := ByA,. Right multiplication is more subtle, we set (Aog B), =
AYB, (see [BoGKS, Lem. 3.4] for a justification), and note that (Aor B)} =
B*o, AY. Moreover, left and right multiplication commute:

Bo,AorC := Bo,(AogC)=(Bo,A)ozC (A.8)

for A € Ky, B,C € Ks. We refer to [BoGKS, Sect. 3| for an extensive set of
rules and properties which facilitate calculations in these spaces of measurable
covariant operators.
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Since H € K4, we define bounded commuting selfadjoint operators Hjy, and
Hgr on Ko by
HrpA:=Hor A and HprA:= AorpH; (A.9)

note that
Hr=TH1.T. (A.10)

The Liouwvillian is then defined by
L:=Hr —Hg, (A.11)
and hence satisfies
L=—-JLJ. (A.12)
Note that (cf. [BoGKS, argument below Eq. (5.91)])

ker L ={A € Ky; Aorf(H) = f(H)egAforall feSR)}. (A.13)
The trace per unit volume is given by
T(A) := IE{ ((50,Aw60>} for A€ Ky, (A.14)

a well defined linear functional on Ky with |T(A4)| < |JA||;, and hence can be
extended to Ky. Note that T is indeed the trace per unit volume:

T(A) = lim ‘A—1L|t1”{XALAwXAL} for P-a.e. w, (A.15)

where A; denotes the cube of side L centered at 0 (see [BoGKS, Prop. 3.20]).
Moreover,
(A,B) =T{A*B} forall A,B € K,. (A.16)

Appendix B. The Region of Complete Localization

There is a wealth of localization results for the Anderson model in arbitrary
dimension, based either on the multiscale analysis [FS, FMSS, DK], or on the
fractional moment method [AM, A]. The spectral region of applicability of both
methods turns out to be the same, and in fact it can be characterized by many
equivalent conditions [GK3, GK4|. For this reason we call it the region of complete
localization as in [GKA4].

The most convenient definition for this paper is by the conclusions of [GK4,
Th. 3]. For convenience we include the complement of the spectrum in the region
of complete localization.
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Definition 3. The region of complete localization = for the Anderson Hamil-
tonian H is the set of energies £ € R for which there is an open interval I 5 E
and constants ¢ > 0 and C' < 0o such that

E{sup (00, 1) (Ho) 50>\2} <Ce " forallz € 7% (B.1)
nel

Remark 7. Asremarked in the comments below [GK4, Th. 3|, it suffices to
require fast enough polynomial decay in (B.1); subexponential decay then follows.

Remark 8 Forthe Anderson model, it follows from [A, AG| that we have
exponential decay in (B.1). More precisely, if E € 2, there is an open interval
I 5 E and constants m > 0 and C' < oo such that

E{sup ‘(5x,f3 (H,) (50)‘2} <ce ™ forall z € 7 (B.2)
pel
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