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In this paper we find a criterion for the Gauss map of an immersed smooth
submanifold in some Lie group with left invariant metric to be harmonic.
Using the obtained expression we prove some necessary and sufficient condi-
tions for the harmonicity of this map in the case of totally geodesic submani-
folds in Lie groups admitting biinvariant metrics. We show that, depending
on the structure of the tangent space of a submanifold, the Gauss map can
be harmonic in all biinvariant metrics or nonharmonic in some metric.
For 2-step nilpotent groups we prove that the Gauss map of a geodesic is
harmonic if and only if it is constant.
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1. Introduction

It is proved in [9] that the Gauss map of a submanifold in the Euclidean
space is harmonic if and only if the mean curvature field of this submanifold is
parallel. There is a natural generalization of the Gauss map to the submanifolds
in Lie groups: for each point of a submanifold the tangent space at this point
is translated to the identity element of the group (for the precise statement see
Sect. 2). Let the Lie group be endowed with some left invariant metric. As it is
proved in [4], when this metric is biinvariant and the submanifold is hypersurface,
the Gauss map is harmonic if and only if the mean curvature is constant. Our
aim is to consider more general case of a submanifold in some Lie group with
arbitrary codimension.

The author was partially supported by N.I. Akhiezer Foundation and the Foundation of Fun-
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Submanifolds with the Harmonic Gauss Map in Lie Groups

The paper is organized as follows. In Section 2 we obtain the harmonicity
criterion for the Gauss map of a submanifold in some Lie group with a left invari-
ant metric. This criterion is given in the terms of the second fundamental form
of the immersion and the left invariant Riemannian connection on the Lie group
(Th. 1).

In Section 3 we consider submanifolds in Lie groups with biinvariant metric.
Let us introduce some notation. Let N be a Lie group with biinvariant metric,
N be the Lie algebra of N, M be a smooth immersed totally geodesic submanifold
in N. Taking if necessary the left translation of M assume that e € M (see Sect. 3
for details). The tangent space T, M is a Lie triple system in . Denote by N the
Lie subalgebra T.M + [T.M, T.M] of N'. By W denote the orthogonal projection
of T.M to the semisimple Lie subalgebra N = N, N].

The subspace W = W N [W, W] is an ideal (here and further by ideals we
mean the ideals in A/). Denote by V the orthogonal complement in N' toW. Let

V= @ & besome direct orthogonal decomposition of V into simple ideals.
1<I<m
Using Theorem 1 we prove

Theorem 3. Let M be a smooth immersed totally geodesic submanifold in
a Lie group N with biinvariant metric. Then:

(i) if the restriction of the metric to V is a negative multiple of the Killing form
(in particular, if V is simple), then the Gauss map of M in this metric is
harmonic;

(i) if WNV = @ W, where W, C S; is a proper Lie triple system in Sy,
1<I<m

ie, Wy £0 and Wy # S; for each 1 <1 < m (in particular, if V = 0), then
the Gauss map of M is harmonic in any biinvariant metric on N;

(13i) if the condition of (ii) is not satisfied, then there is a biinvariant metric on
N such that the Gauss map of M is not harmonic.

In the paper [8] we considered hypersurfaces in 2-step nilpotent Lie groups
and found conditions for the Gauss maps of these hypersurfaces to be harmonic.
In particular, we showed that, unlike in the case of groups with biinvariant met-
ric, this harmonicity is not equivalent to the constancy of the mean curvature.
As it was shown in [2], totally geodesic submanifolds in such groups either have
the Gauss map of maximal rank or they are open subsets of subgroups (and
consequently have the constant Gauss map). In the latter case the structure of
subalgebras corresponding to such subgroups can be explicitly described (this de-
scription implies, in particular, that there are not totally geodesic hypersurfaces
in 2-step nilpotent Lie groups, see [2]). Using our criterion, in Section 4 we prove
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that the Gauss map of a geodesic in a 2-step nilpotent Lie group is harmonic if
and only if it is constant (Prop. 4).

The author would thank Prof. A.A. Borisenko and prof. L.A. Masal’tsev for
their attention paid to this work. Also, the author is grateful to the reviewer for
the essential improvement of the results and presentation of the paper.

2. The Harmonicity Criterion

Suppose M is a smooth manifold, dimM = n, M — N is an immersion of
M in some Lie group N with a left invariant metric, dim N = n + ¢. For some
point p of M let Yy,...,Y, and Y, 41,...,Y, 44 be orthonormal frames of tangent
space T,M C T,N and of normal space N,M C T,N, respectively. Also by Y,
1 < a < n+q, denote the corresponding left invariant fields on V.

Denote the left invariant metric on N (and also the corresponding inner pro-
duct on its Lie algebra) by (-,-), the Riemannian connection of this metric by
V, its curvature tensor by R(:,-)-, and the normal connection of the immersion
M — N by V*+.

Let Ey, ..., E, 4 be the vector fields defined on some neighborhood U of p such
that E;(p) =Y, Fi,...,E, and Ep1,..., Epyy are orthonormal frames of the
tangent and the normal bundles of M on U, respectively, and (VEiEj)T (p) =0,
for all 1 < ¢,7 < n. Then the mean curvature field H of the immersion is defined
on U by B

1
H=3 lgén (Vi E;)™. (1)
Here (-)7 and (-)* are the projections to the tangent bundle TM and the normal
bundle N M, respectively.

For1 <i4,j <n,n+l<a<ntqbybf; = (Vi Ej;, Ey) denote the coefficients
of the second fundamental form of the immersion on U with respect to the frame
Ei,...,E,q. Suppose that on U for 1 <a <n+q

E,= Y AY,. 2)
1<b<n+q
Here {A%}1<4p<ntq are functions on U. Obviously, A%(p) = d4p, where g is the
Kronecker symbol.

Let A be the Laplacian Ajs of the induced metric on M. The definition of the
Laplacian and the conditions (V EiEj)T (p) = 0 imply that for functions f and g

defined on U
Af(p)= > EE(f), (3)
1<i<n
A(fg)(p) = g(p)Af(p) +2 1<Zi‘,<n Ei(f)Ei(g) + f(p)Ag(p). (4)
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Let ® be the Gauss map of M:
®: M — G(n,q); ®(p) = dL,— (T,M). (5)

Here G(n, q) is the Grassmannian of n-dimensional subspaces in the n + g-dimen-
sional vector space, a point p is identified with its image under the immersion, L,
is the left translation by g € M, dF is the differential of a map F.

Recall that if (M, ¢1) and (Mas, g2) are smooth Riemannian manifolds, then
for any ¢ € C°(M;, Ms) the energy of ¢ is

E(@)=3 [ X g(dp(E:),dp(E;))dViy,
My 1<i<m

where m = dim My, Eq,..., E,, is the orthonormal frame on M;, dVj; is the
volume form of g;. The critical points of the functional ¢ — FE(¢) are called
harmonic maps from M; to M. We say that a map is harmonic at some point if
the corresponding Euler-Lagrange equations are satisfied at this point (i.e., the
so-called tension field vanishes, see, for example, [10]).

Theorem 1. The map @ is harmonic at p if and only if
S (ROG YDV Ya) = 5 (V(g, o)V Yl + (0, Y], Ya)

1<i<n 1<i<n
+2 > b5 {VyY,Y)) +2 > b1;{Vy. Yy, Ya) (6)
1< bgn 1<i<nnT<r<n+g
— YAV (VYD) + T ((VnY) T (VyYa) ) =0
1<ign 1<ign

foralll<j<n,n+1<a<<n+q.

Proof  The Grassmannian has the structure of the symmetric space
G(n,q) = O(n+ q)/ (O(n) x O(q)). There is an embedding of this space in the
space of symmetric matrices of order n + ¢ considered with the obvious Euclidean
metric ([5]). This embedding is induced by the map A — AEA!, where A €
O(n +q), A is A transposed, and

T
o)
0 n_+qI‘I

Here I, and I; are the identity matrices of order n and ¢, respectively. The image
of ® on U corresponds to the matrix A = (A%)1<qp<n+q, Where A% are the func-
tions from (2). The composition of ® and the embedding give the map defined
on U by

_n%qfn+< > A%A§> < > A%Ag)

n+1<ysntq n+1<y<ntq

n+q~ 4

(7)
( Ao Ak ol = Y ApA] )
n+1<y<n+q IS
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where 1 < 5,k <n,n+1< a,B <n+ q. Differentiate FE, with respect to F; on
Uforl<a<n+gq, 1<i<n:

Ve Ee= 3 EZ(AZ)Yb + > AZVEin' (8)
1<b<n+q 1<b<n+q

In particular, at p

VYiEa = Z EZ(AZ)YI, + VYiYa- (9)
1<b<n+q

Note that E;(A%) = —F;(A2) (this can be derived from (9) or simply from the
fact that so(n + q) is the algebra of skew-symmetric matrices).

According to Th. (2.22) in Ch. 4 of [10], the criterion of the harmonicity of ®
is the set of equations

a

Acp;;-( ) B(d@(EZ-),d@(Ei))) =0. (10)

1<i<n b

Here 1 < a < b < n + ¢, ®) are the coordinate functions of the embed-
ding, and B is the second fundamental form of the embedding®. The fields
{&}Kﬂn n+1<a<n+q form the frame of TG(n,q) on the image of U (note that

8231 = aAf —2=). Denote by Cy for 1 < a < b < n+¢ the matrix with entry 1 at the

intersection of the a—th row and b—th column and with other entries equal to 0.
The differential of the embedding at p maps the ﬁeld ‘9 to the vector C2. Tt fol-
lows that we can take as a frame of the normal space of the Grassmannian at the
image of this point the vectors Cl 1<i<j<nand Cﬁ, n+l<a<pf<n+g.
The expressions (7) imply on U for I<i<m<n,n+1<y<K<<n+yq

(3.)l = 0 AT + G AL, (

_ Y
-2 ) = 810 AT+ Gp0 A

dAI,

Differentiate these equations:

Y . .
n+1§7§ngn+q 8‘4’[3 ( ) aﬁ( ]k) k ]k( aﬁ) B

for1<j<k<n, n+1 <a<< B <n+q. Also note that

dd(E;) = ) E;(AL)-2
1<i<n,n+1<an+q

DAL"

*Actually, the sign of B in [10] is different because the Laplacian in this book is defined with
the opposite sign.
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This implies that at p for 1 < j < k < n the expressions in (10) take the form
‘ J
A (m%ﬁ'k + ¥ A%A,’;) — ( > B(dq)(Ei),dq>(Ei))>
n+1§7§n+q 1<ikn . k
=2 X EB(A)E(A) -2 % Ei(A)E;(A%) = 0.
1<i<n,nF1<y<n+q 1<i<n,nF1<y<n+q
Here the equation (4) was used. Similarly, for n + 1 < a < f < n + ¢ obtain

(07

1<I<n 1<i<n 5
=—2 ¥ E(AME(A])+2 ¥ Ei(Ap)E(A]) =0,
1<iI<n 1<il<n
It follows that the conditions (10) at p become
A ( » A%A?,) =0
n+1<y<n+q
for 1 <j<n,n+1<pB<n+q. The differentiation gives
AAL+2 > E;(A})E;(AZ) = 0;
1<i<n,n+1<y<n+q (11)

1<5<n,n+1<as<n+q.
Differentiate (8) with respect to E; on U forn+1<a=a <n+ ¢

Ve VeEe= Y EEALNY; + Y EE(AD)Y;
lgjgn n+1<B<n+q
+2 Y Ei(AW)VEYi+2 Y Ei(A2)VgYs (12)
INVES n+1LBL<n+q
+ 3 AVEVEY;+ Y AlVEVeYs
1<j<n n+1<A<n+gq

Take the inner product of (12) with Y; at p:
EiBi(AL) = (VB VEEa,Yj) =2 Y Ei(A5)(VE Y, Y))
1<k<n

—2 E Ei(Ag)<VEiY7’)?> - (VEiinYa’)/}>'
n+1<y<ntq

Therefore (11) takes the form
> (ininEaan> -2 X Ei(Algz)(inYk?Yﬁ

1<i<n 1<i,k<n

—2 Z Ei(Ag)<VEiY7v)?> - Z (VEiinYOHYj> (13)
I<ign,n+1<y<n+g ) I<ign
+2 > E;(A})E;(A) = 0.

1<i<n,n1<y<ntg
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Here (3) was used. The definition (1) of the mean curvature field implies for
1<j<n,n+1<asn+qgatp

(Vy,(nH),Ya) = 3 (Vi (VB ) Ba) = % (Vi Vi By Bo)

1<i<n 1<ign

- 2 (Vg ((VEiEi)T)aEa>: > (R(E;, E)E; + Vi, Vi, E;
1<i<n 1<i<n

+Vig;,EEi, Ba) — 1<Z< Ei{((VEE)" Ea) + 1<Z< (VEE)" Vg, Ey)

= > (R(Yj’Yi)YiaYa>+ > (invE‘jEiﬂEa>: > (R(Yj’Yi)YiaYa>
1<i<n 1<i<n 1<i<n

+ Z (in[EjaEi]aEa>+ Z (ininEjan>: Z (R(Y],Y;)Y;,Ya>
1<i<n 1<i<n 1<i<n

+ Z Ei([Ej’Ei]aEa>_ Z <[Ej’Ei]’inEOé>+ Z <ininEj’EOé>
1<i<n 1<i<n 1<i<n

= Z (R(YjaYi)YiaYa>+ Z (VEiinEj’Ea>'
1<i<n 1<i<n

In the third equality the definition of the curvature tensor was used. The fourth
equality follows from the Frobenius theorem, the condition (Vg Ej)T (p) =0, and
its consequence

[Ex, Eil(p) = ([Bx, B))" () = (Ve Ei = Vi Ey)" (p) = 0.
Differentiate two times the expression (F;, E,) = 0 with respect to E;:
(VE,VEE;,Ey) +2(VEE;,VE Ey) +(Ej,VE VE Ey) =0.
This equation and (9) imply
(Vy;(nH),Ya) = > (R(Y},Y)Yi,Ya) =2 > (Ve Ej, Vi, Ea)

1<i<n 1<i<n
- E <EjvaiinEa> = Z (R(Yiji)YiaYa>
1<i<n 1<i<n
-2 Z b;y] (EZ(AZZ) + (inYOLaY’Y» - Z (Eja szvElEo)
1<ign,n+1<y<n+q 1<ign

From (9) and the condition (VEiEj)T (p) = 0 obtain
0 = E;(AY) + (Vv Y], V). (15)
Hence at p
(ij (nH)aYa> = E <R(YjaYi)YiaYa>
1<ikn
+2 > b;'yj<VYiY’Yv Ya)
1<ign,n+1<y<n+tg (16)
—2 > (Vv Y}, ;) Ei(AL)
1<i<n,n+1<y<n+q

- E <Ej’ininEOé> -2 E EZ(A;Y)EZ(AZM)
I<ign I<ign,n+1<y<n+g
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The equation (14) implies

> Ei(AR(VEYRY) =— Y Ei(AR)(VEY:Y))
1<ik<n 1<ik<n
= E bﬁc<szYkaY]> + Z <szYkaYa><VYzYkaYY]>
1<i,k<n 1< k<n

Note that for each pair of left invariant fields X and Y the product (X,Y) is
constant, hence,

(VzX,Y) = Z((X)Y)) - (X,VzY) = =(X,VzY) (17)
for every vector Z. This and the fact that the frame is orthonormal imply

2 AVyYe, Ya) (Vv Ve, Vi) = 3 (VY3 Vi) (Vy Yo, Yi)

1<i,k<n 1<i,k<n
= ¥ (VnY)", (VwYa)').
1<i<n
Thus,
> E(A(VEYRY))=— 3 0{VyYiY))
1<i,k<n 1<i,k<n (18)
+ 2 (Vi) (YY) ")
1<i<n

Substituting (16) in (13) and taking into account (18) derive the conditions
> (R(Y;,Y)Yi, Ya) = (Vy;(nH), Ya) +2 3 05(Vy, Y3, Y))

1<ig<n 1<i,k<n
1<i<n,n+1<y<ntg 1<i<n
-2 ¥ (VnY)",(VrYa)") =0
1<i<n

At pfor 1 <i,7<n,n+1< o< n+qobtain

(ininYaij> = (in ( Z AngaYa> 7YJ> = Z Ei(A?)<VYkYij>
1<a<n+q 1<k<n
+ Z EZ( ;”(VYVYaan) + (leszYaaYrj>
n+1<y<ntyq
Substitute into this (14) and (15) and use the definition of the mean curvature
(nH,E,) = Y b}.. Then use (17):

1<i<n
Z <VELVE1YCHY3> = Z <vnYi’Ya><vYaYa7Yrj>
1<isn 1<in,1<an+q
+ Z (nH7Y7><VY7Ya7Y'j> + Z (vY'szsz(IaY'])
n+l<y<ntyg 1<isn

= 2 (Vv;Y3, Ya)(Vy, Y}, Ya)

1<i<n,1<an+q

— S BV Ya - Y (VY Vi Ya).
n+1<y<n+q 1<ign
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The frame is orthonormal, hence

1<i<n 1<i<n (20)
_<V(nH)}/}7Ya> - > (VYinvaiYOJ'
1<i<n
Substitute (20) in (19) and obtain (6). ]

Note that the Gauss map of a Lie subgroup is constant, therefore harmonic.

If N is the Euclidean space E"™9 then the curvature tensor vanishes. For any
vector field X and for the left invariant (i.e., constant) Y the derivatives VxY also
vanish. This yields that the conditions (6) take the form (Vy,(nH),Yy) = 0 for
1<j<n,n+l1<a<n+qie, V-H =0, and we obtain the above-mentioned
classical result of [9].

The definition of the second fundamental form and the fact that the frame is
orthonormal allow us to rewrite (6) in the form

X (ROGYDY: Ya) = 3 (g, )Y, Ya) + (H, Y], Ya)

1<in 1<i<n
—2 v E;, Y% —2 Vy.E) b, (Vy, YY)t
Vo B Y =2 5 (B (VY
- YAV (VY + X (VnY) T, (Vi Ya)h) =0
1<in 1<i<n
Note that these expressions do not depend on the particular choice of E, ..., E,.

The summands in (6) that do not include the coefficients of the second fun-
damental form and the mean curvature field can be rewritten:

Z (R(}/}?n)naYa>_ Z (v(inYi)YjaYa>

1<i<n 1<i<n

-2 ((VYZ-YJ)T,(VYiYa)T>+1<Z< (Vv.Y))" s (Vy.Ya)h)
= 2 AV VY= Vg, y)¥i = WiV = Vi Vi
<ign

+Vy (VY + Y2 V) = Wy, (Vy Y5 + [V, Y5)) L Ya)
= 2 Y5, VnYi] = Vv VyYi = Viy, v Vi + V[V, Y]

1<i<n
+ Yy (V3 Yi + 2% Vi) = Oy, (W, ¥) . Ya)
= 3 (0¥ VYl % 9, ¥l + 29y, (0,507 = (V) ) Yo
In partic\ul\ar, a totally geodesic submanifold M has the harmonic Gauss map at
p if and only if
5 (Il Y 28 (1) - (T 1)) =0 (22
for ;11\1 <j<n.
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3. Lie Groups with Biinvariant Metric

In this section we consider a Lie group N with some biinvariant metric.
The conditions from Th. 1 in this particular case are relatively simple:

Proposition 2. The Gauss map of a smooth submanifold M in the Lie group
N with biinvariant metric {(-,-) is harmonic at a point p € M if and only if in the
above notation

(nH,Yj], Yo) + > sz([Yu Yy, Ya)
. lgign,n—l—jg'ygn-i-q . (23)
+y 2 (VY55 [Yi, Ya]7) =0

forl1<j<n,n+1<a<<n+gq.

Proof. Recall that the left invariant metric (-, -) is biinvariant if and only if
(X,Y], Z) = (X,[Y, Z]) for all left invariant X, Y, and Z. Also, VxY = 3[X,Y].
In particular, VxY = —Vy X and VxX = 0. This, together with the symmetry

of the second fundamental form, implies Y b5, (Vy; Y, Y;) = 0. The curvature
1<i,k<n

tensor is defined by the equation R(X,Y)Z = —1[[X,Y], Z]. Thus,

— AV (VYD) S (I Y) T (Vi Ya) )

1<ign 1<ign
- _% i ([Yviayvj]Ta [Y'iaYOé]T> + i Z ([Yviayvj]La [Yviayoé]L>
L 1<ikn ) 1<ikn N N
=—1 x (VYL Ye) +5 X (VY] [V, Yal ™)
1<ign 1<ign
= > (R(Y:,Y;),Y3),Ya) +5 > (Vi V3] [V, Yol ).
1<i<n 1<i<n
Substitute this in (6) and obtain (23). ]

If ¢ =1 (i.e., M is a hypersurface), then ([Y;, Yy 11], Ynt1) = (Y, [Yot1, Yoia])
vanishes for all 1 < i < n, i.e., [V;, V1]t = 0. It follows that (23) gives the
conditions Yj(nH) = 0, where H is the mean curvature function. This implies
the result from [4] cited in the introduction.

Denote by N the Lie algebra of N. It is well known (see, for example, |7,
Lem. 7.5]), that N is compact, i.e., N = Z & N’, where the direct sum is or-
thogonal, Z is abelian, and N’ = [N, ] is semisimple with the negative definite
Killing form.

Let M be totally geodesic submanifold of N, : M — N the corresponding
immersion, and p an arbitrary point of M. Consider the immersion ¥/ = Lyp)-10
U: M — N. The image ¥'(p) coincides with the identity element e of the group.
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The Gauss map of this immersion maps each point » € M to the subspace ®'(r) =
dLyi(py-1 0 dV' (T, M) = dLypy—1 0 d¥ (T, M) = ®(r), i.e., the Gauss maps of two
immersions are the same. Left translations are isometries of N, hence ¥’ is also
totally geodesic. Thus we can assume without loss of generality that ¥(p) = e.
Then the tangent space T, M is a Lie triple system in N (see, for example, [6,
Th. 4.3 of Ch. XI|). The subspace N' = T.M + [T.M,T.M] is a compact Lie
subalgebra, therefore it has an orthogonal direct decomposition N' = Z@®N " with
abelian Z and semisimple N = [N, N]. Take the decomposition Y, = X, + Z,
for 1 <a < n+q, where X, EN’, Z, € Z. Then for 1 < a,b < n+ ¢ the Lie
bracket [Yy,Yy] = [Xq4, Xp]. Denote by W the subspace spanned by Xi,..., X,
(i.e., the orthogonal projection of T, M to N’). It is a Lie triple system in ﬁ,, and
N' =W +[W,W)]. The intersection W = W N [W, W] is an ideal (from here by
ideals we mean the ideals in A'). The Lie algebra N is semisimple, consequently
the orthogonal complement V to W is an ideal and it equals the orthogonal direct

sum € & of simple ideals S;.
1<Ii<m

Theorem 3. Let M be a smooth immersed totally geodesic submanifold in
a Lie group N with biinvariant metric. Then:

(1) if the restriction of the metric to V is a negative multiple of the Killing form
(in particular, if V is simple), then the Gauss map of M in this metric is
harmonic;

(1) if WNV = @ W, where W, C S, is a proper Lie triple system in S,
1<I<m
ie, Wy £0 and W, # S; for each 1 <1 < m (in particular, if V =0), then

the Gauss map of M is harmonic in any bitnvariant metric on N;

(iii) if the condition of (ii) is not satisfied, then there is a biinvariant metric on
N such that the Gauss map of M is not harmonic.

Proof. The conditions (23) for 1 <7 <n,n+1 < a < n+q take the form
> (VY5 L Yol = 0. 24)

1<i<n

Also note that

1<ign 1<ign
= Z (Y3, V3], [¥3, Ya]) = Z ([[¥3,Yj], Vi, Ya) = 0
1<ign 1<ign
since the tangent space T, M is a Lie triple system. Hence the conditions (24) are
equivalent to

1<ZZ@<[YZ’ }/}]Tv Y3, Ya]T> =0. (25)

288 Journal of Mathematical Physics, Analysis, Geometry, 2008, vol. 4, No. 2



Submanifolds with the Harmonic Gauss Map in Lie Groups

Note that (24) and (25) can also be obtained directly from (22) using the fact
that T, M is a Lie triple system and the expression for the invariant Riemannian
connection.

The ideal W is semisimple, hence W = [W, W] and
W = [Wa W] = [Wa [Wa W]] - [Wa [W,W]] = [TeMa [TeMa TBM]] - TEM'

This implies that we can choose a frame of TeM such that Y; = X; € W for
1 gz'_g ni, where 0 < nqy <n,and Y; = X; + Z; with X; € W =WnNYV and
Z € Zforny+1<i<n. For 1 <j < ng the equations in (24) become

> ([Y;an]Lv[naYa]L> = > ([Y;aij]Lv[YiaYa]L> =
1<i<n 1<i<m
because [Y;,Y;] € T.M for 1 < i < ny. This yields that for to show a harmonicity
or non-harmonicity of the Gauss map at the point it suffices to check (24) or (25)
forni +1<j<n._

The subspace W is a Lie > triple system in a semisimple Lie algebra V, and
V=W+ [W W] Moreover, WN [W W] = 0 because V is a direct complement to
WN[W,W]. For each 1 <1 < m the restriction of the inner product to S; is equal
to the Killing form multiplied by a negative constant: (X,Y) = A\; Tr(ad X cad Y’)
for X,Y € §;, A\; <0 (See |7, Lem. 7.6]). Here by ad X we mean the restriction of

the adjoint representation operator to the corresponding simple ideal. Denote by
P, the orthogonal projection to &, then (X,Y) = > X\ Tr(ad P(X)oad P(Y))
1<I<m
for X, Y € V.
For each 1 <1 < m the operator P, is a Lie algebra homomorphism, therefore

P(IW, W) = [R(W), B(W)] and
S = P(V) = BW + W, W) = BOW) + [B(W), B(W)).

The intersection P,(W) N [P, (W),PZ(W)] is an ideal in simple ;. Hence either
PW)N[P(W), P(W)] = 0 or S = Pi(W) = [P(W), P;(W)]. In the first case the
operators ad X for X € P,(W) map B,(W) to [Pl(W) P,(W)] and [P, (W), B(W)]
to Pl(W) The operators adY for Y € [P, (W), P,(W)] map the subspaces P(W)
and [B;(W), P,(W)] to themselves. It follows that (P,(W), [P, (W), P,(W)]) = 0.

If the restriction of the metric to V is a negative multiple of the Killing form
(the case of (7)), then the same argument shows that W, W, W]) =0.

Consider the case Pl(W) [B(W), P(W)] =0 for all 1 <1 < m. We proved
that (P,(W),[P(W),BWV)]) = 0 for all I, thus (W,[W,W]) = 0. For each
1 < 1 < m denote P,(W) by W,. Then (W, W, W]) = W, W, W) = 0
hence W is contained in the orthogonal complement of [)7\7, W], i.e., in W; and
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W = @ W,. Subspaces W, are Lie triple systems, W, # 0 because in the
1<Ii<m

opposite case [W;, W;] = 0 and §; = 0. It contradicts the fact that & is simple.

If Wy = &, then W, = W, W] because S; is simple, that is a contradiction.

It follows that W, # &;. This is the case of (i). It is easy to see also that the

condition in (ii) implies P,(W) N [P(W), B(W)] = 0 for all 1 < I < m. In fact,
itW= @ W with W, C 8, then B(W) = W, [A(W), BW)] = [Wz,Wz]
1<I<m

therefore the case S, = B(W) = [B(W), B(W)] is excluded by the condition
Wi £ S,

Assume that (W [W W]) = Take any ny +1 < j < n. For 1 <i<ny
[Y;,Y]—Oandforn1+1<z<
1<k<n nl-l—lgkgn

because X; € W for ny1 + 1 < i < n. This yields that (25) is satisfied. We proved
(i) and (7).

Finally, in the case (i7) there is 1 < lp < m such that S, = PZO(W) =
[P, (W), P,,(W)]. Consider the new metric (-,-)’ such that it is equal to (-,-) on
the orthogonal complement to V and

(X,Y) = ¥ (=Tr(ad A(X) o ad B(Y))) — X2 Tr(ad Py (X) 0 ad Py (Y))

1<I<m
for X,Y €V, where A # 0. It is a biinvariant metric. Denote — Tr(ad P, (X) o
ad P, (Y)) by (X,Y)".

The ideal Slo is not contained in W because in the opposite case it is contained
also in W [W W] = 0, that is a contradiction. It follows that there is a vector Y’
orthogonal to W such that P (Y) # 0. Then S, = P, (W) implies that there is
a vector X € W such that P, (X) = P,(Y). Note that Y is orthogonal to T M.
We can consider that the norm of Y equals 1. Choose the orthonormal frames of
TeM and N.M such that Y;; = X + Z;; for some n; +1 < jo <nand Yy, =Y
for some n + 1 < a9 < n+ ¢q. Then the discussion above implies that for any
ni1 +1 <7 < n in the new metric

Vi Yl = > (Vi YalYo'Ye= D (X XLX)'Ys

1<k<n n1+1<k<n

= )‘2 Z ([Plo(Xi)aF)lo(X)]’Bo(Xk)>”Yk

n1+1<k<n

=X Y (R (X0, Py (X)), Py (X)) Y

n1+1<k<n
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There is some n1 + 1 <1 < n such that this expression does not vanish because
Slo = [I)lo (W)af)lo (W)] Similarl}’a

[Yi’YOAO]T = -\ E ([Plo(Xi)aBO(X/C)]’BO(Y»”YIC'
n1+1<k<n

The expression in (25) for j = jp and o = «p thus becomes

MY ([Po(X0), Py (Xi)), Py (X))")? # 0.
n1+1<i,k<n

Therefore the Gauss map is not harmonic. [

A Lie triple system U is reducible if U = Uy U5, where Uy and Us are nonzero
Lie triple systems such that [Uy,Us] = 0, and is irreducible otherwise (see, for
example, App. 1 of [3]). Theorem 3 then implies that if W is irreducible and V is
not simple, then there is a biinvariant metric on N such that the Gauss map of
M is not harmonic.

Consider an example. Let N be s0(3) ® s0(3) with the orthogonal basis con-
sisting of the vectors ey, eo, €3, f1, f2, f3 with the nonzero brackets

le1,e2] = —[ea, e1] = e3, [ea, €3] = —[e3, e2] = e, [e3,e1] = —[e1, e3] = e,

[f1, fo] = =[f2, f1] = f3,[f2, f3] = =[f3, fo] = f1.f3, f1] = —[f1, f3] = fo.

Let W be the subspace spanned by e; + f1, ea — f2, and e3 + f3. Let M be
exp(W), hence T.M = W. The bracket W, W] is spanned by e; — fi, e2 + fa,
and e3 — f3. It is easy to see that W is a Lie triple system. In our notation,
N=N=N =V =W+ [W,W]. The intersection W = W N [W, W] vanishes,
therefore W = W. Choose a metric such that (eiyej) = 6;; and (fi, f;) = 6ija?,
where 0 < a # 1, then W and [W, W] are not orthogonal. The orthonormal
frames of the tangent and the normal spaces of M can be chosen in the following
way:
Yi= e+ f1), Y2 = 22 — f2), Y3 = == (e3 + f3),
Y, = Yitd (e1 — 5f1),Ys = Vite? (e24 25 fo) , Yo = Yita? (e3 — 2= f3) -

a - a a

Compute (25), e.g., for j =1 and a = 4:
> (vi,]", Vi, Ya]")
1<i<3
T T
= m«—% + )7, (—es— X f3)" ) + m«@ +f)7, (e2— 25 f2) )

—2(—1+4a> 2(1—a?
a((1+a2)2) + a((l—l—a2))2 7# 0.

It follows that the Gauss map is not harmonic.
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4. 2-Step Nilpotent Groups and Geodesics

Recall that a Lie group N is 2-step nilpotent if and only if its Lie algebra
N is  2-step nilpotent, i.e., [N N] # 0, [N,N],N] = 0. In other words,
0 # [N,N] C Z, where Z is the center of N'. Consider a 2-step nilpotent Lie
group N with left invariant metric induced by an inner product (-,-) on A as
above. Denote by V the orthogonal complement to Z in N. For each Z € Z
define a linear operator J(Z): V — V by (J(Z2)X,Y) = ([X,Y],Z) for all X, Y
from V. All J(Z) are skew-symmetric. The group N and the Lie algebra N are
called nonsingular if for each Z # 0 the operator J(Z) is nondegenerate.

The left invariant Riemannian connection is defined by (see [1])

VyY = 3[X,Y], X, Y eV
VxZ=VzX = -LJ(Z)X, XeV, Zez; (26)
\VA = 0, 4,7* € Z.

Let us study whether the Gauss map of a totally geodesic submanifold M
in N is harmonic. It was proved in [2, Th. (4.2)] that if N is simply connected
and nonsingular, then a totally geodesic submanifold either have the Gauss map
of maximal rank at any point or it is a left translation of some open subset
in a totally geodesic subgroup. The latter case takes place for many classes of
submanifolds, for example, for all totally geodesic M such that dim M > dim Z
in 2-step nilpotent groups N with dim N > 3 (see [2, Cor. (5.6)]). The structure
of the corresponding subgroups (or their Lie algebras) is also described in [2] (and
allows to prove, for example, that there are no totally geodesic hypersurfaces in
nonsingular 2-step nilpotent Lie groups, see [2, Cor. (5.8)]). Anyway, in this case
the Gauss map is constant, thus harmonic. Therefore it suffices to consider the
case of the Gauss map with maximal rank. For n = dim M = 1, i.e., for geodesics,
the answer can be found in the next statement:

Proposition 4. A smooth geodesic in a 2-step nilpotent group has the har-
monic Gauss map if and only if it is a left translation of some one-parameter
subgroup.

P roof. The "if" part is clear, let us prove the "only if" one. Taking if
necessary a left translation we can think that our geodesic contains the identity e
of N (similarly to the discussion in the previous section). Decompose its tangent
vector at e as X + Z, where X € V and Z € Z. The condition (22) with n = 1,
j=1 and Y71 = X + Z becomes

0= ([X + Z,—J(Z)X] + 2V x4 7 (J(Z)X)L)L

= (J(2)X,X] + [X, J(2)X] — J(Z2)*X)" = — (J(2)?X)".
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Here we used the definition of the 2-step nilpotent Lie algebra, the equations
(26), and the fact that (J(Z2)X,X + Z) = (J(Z)X,X) = 0 because J(Z) is
skew-symmetric, therefore (J(Z)X)" = J(Z)X. The conditions mean J(Z)?X =
AMX + Z), where A € R Thus AZ = 0, hence Z = 0 or A = 0, in any case

J(Z)?X = 0. This yields 0 = (J(Z)?X,X) = —|J(Z)X|?, therefore J(Z)X
vanishes. Then Proposition (3.5) of [1] implies that the geodesic is defined by the
formula exp(t(X + Z)). This gives us the desired result. ]

Actually, the proof implies that the geodesic is a left translation of one-
parameter subgroup if the Gauss map is harmonic only at some point. Anyway,
it follows that for n = 1 the Gauss maps of maximal rank are not harmonic. It is
interesting to check whether the similar statement is true for other values of n.
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