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1. Introduction

In kinetic theory the state of rarefied gas is described by the distribution
function f(t,v,z), where t € R! is time, v = (01,02,03) € R3 is the velocity of
molecule, and z = (xl,xQ,:v?’) € R3 is its position in the space. This function is

a solution of non-linear integro-differential Boltzmann equation [1-3]

D(f) = Q(f, f): (1)
(=L 10dl, ©)
2
Q(f, f) = d /dvl/da|v—vl, a)|
x[f (t,v1,2) f(t,0,2) — f(t,01,2) f (t,0,2)], (3)

© V.D. Gordevskyy and N.V. Andriyasheva, 2009



Interaction between ” Accelerating-Packing” Flows in a Low-Temperature Gas

where % (or simply f') denotes the spatial gradient of distribution f, d is the

diameter of particles, v, vy, v, v’l are velocities of two molecules before and after
collision, respectively; the vector a belongs to the unit sphere ¥ C R3.

The most general form of the local-equilibrium Maxwell solutions of Boltz-
mann equation (in short, local Maxwellians M = M (t,v,)), i.e., the exact solu-
tions of the system

D(M) = Q(M, M) =0, (4)

was studied in [2, 4, 5]. A rather full description of the solutions mentioned
above and a particular analysis of their physical sense can be found, for example,
in [1-3]. The geometrical structure and the physical sense of local Maxwellians
were studied in detail in [6] and the complete analysis of corresponding possible
motions of gas was carried out.

One of these motions was called ”accelerating-packing” as it can be described
by the following Maxwellian:

3/2 N
w=p(5) e )
where .
p=p-fT+2u) (6)
is the density of the flow; p = const; 8 = % is its inverse temperature (T is the
absolute temperature);
U="T—Tt (7)

is its mass velocity (here w, 7 € R? - arbitrary constant vectors). It is easy to see
from (6), (7) that the vector @ has a role of "mass acceleration", and the density p
changes from 0 to 400, besides for any fixed 2 € R? its minimum value is reached

when ¢t = tg, where
L _
lo = —_Z(U?v)7 (8)
U
but for any fixed ¢t € R! it increases only along the vector .
For the approximate description of interaction between two flows of ”accele-
rating-packing” type, which have sufficiently small temperatures, let us consider,

by the analogy with |6-8|, the following bimodal distribution:

[ = @1 My + p2 Mo, (9)

where the Maxwellians M;, i = 1,2, have the form (5)—(7) but with different
hydrodynamical parameters p;, 5i, p;, Ui, Ui, G, ¢ = 1,2, and the coefficient
functions

Pi = ‘pi(tax)a 1 =1,2, (10)
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are nonnegative and smooth. The purpose is to find such a form of functions (10)
and such a behaviour of parameters v;,u;, ¢ = 1,2, and so on that together with
the "low-temperature limiting transition"

Bi — 400, 1= 1a27 (11)

make the error, i.e., some norm of difference between the sides of Boltzmann
equation (1)—(3), arbitrary small.

In Section 2 the rigorous statement of the problem is formulated and several
possible variants of its solution are presented.

2. Main Results

Following [6-8]|, consider the "mixed" or "uniform-integral” error between the
values D and @ (see (1)—(3)):

A= sup / D(f) = QU /)] do. (12)

(t,x €R4

The problem is to find any possible sufficient conditions for the infinitesimality
of the value (12) if the distribution f has a bimodal form (9), (10) with the modes
M;, i = 1,2, of the type (5)—(7) with the limiting restriction (11).

Now we will prove a number of theorems and corollaries which give various
possibilities for solving this problem.

First, it is convenient to adopt the definition.

Definition 1. Denote as P(R") a class of nonnegative functions from C*(R™)
which have finite supports (in short, finite functions) or fast decrease at infinity.

Theorem 1. Let the functions @;, i = 1,2, in distribution (9) have the form

D; 7 —uit)?\ .
1

@i(tax) = (1+

where the constants x;, D; are as follows:
1

and the functions C; belong to P(R?),i = 1,2. Let the conditions be fulfilled:

Ui

Uy = ol 19 15
1 /8277«1 ( )
_ Voi .
Vi = —F, 1= 1a27 (16)
B
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where

1

l\.’JIn—\

and Ty, To; € R® are arbitrary fized vectors.
Then the error A in (12) is correctly defined, and there exists such a value A’
that
A<A, (18)

besides it has the limit

2
Bi—>—|}g0ni—12A K(x1, X2 EZ: zxseug {pi(@)Ci(z + ai)}, (19)

where K(x1,x2) is some constant, the functions u;(z) are as follows:

1; n; > 1;k; > %,
pi(x) = | exp{2uyiz}; n; = Ly k; > %, (20)
exp{V% + 2Ugz}; ni=Lik; = %,

and the vector constants a;, 1 = 1,2, are equal to u;%‘j” if ki = %nz and they are
equal to zero if k; # %nz

P r oo f. The substitution of (9) into equations (1)-(3), by taking into
account (5)—(7) (with indexes ¢ = 1,2 for all values, respectively, see after (9))
and the fact that for each of M;, i = 1,2, the relation (4) is valid after some
evident estimations, the changes of variables and transformations analogous to
those done in [7,8] with the utilization of the technique developed in [6], leads to
the following inequality:

/ 0 0p;
A<A = sup / ‘ LA ( + 7 —mt) a%
(t CE)ER Z] 1 Z#] z

d2 a2 _ _ 2
+901902pj(t,w)\/—7—r/ﬂje “dw| py(t, ) e du
R3

t t 2,
+ 901902—p1( ,x7)£2( ’x)dQ/e_wz_uzFijdwdu , (21)
R3

where

+0; =05 + (U — )t — , 1F ], (22)

u
(2

v
VBi
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and
pi(t,z) = p; exp{B;i((v; — Uit)Q +2u;z)}, 1 =1,2. (23)
From (21)-(23) it can be easily seen that for verification of the existence of

values A, A" it is sufficient to check that the products of functions (23) on the
values

0p; |0y; _ Oyp; .
i 8;; ‘ axl ; @its t <uz &UZ , i=1,2, (24)
are bounded with respect to ¢,z on R* for any fixed 3;, i = 1,2, if the functions
vi, © = 1,2, have the form (13). Let us consider every one of the mentioned above
products separately. The first one, ;p;(t,z), as a result of denotation

(v; — u;t)?

— 25
o (2)

Yy=z+u
evidently, will have the form

pieXp{ZBiﬂiy}'( - -Cily). (26)

1 4 2)X

It follows from (26) that not only this expression itself, but also its product

on t is bounded with respect to ¢,y on R* because of (14) and the properties of

functions Cj(y), # = 1,2. The analogous conclusion is also true for other three
products because it follows from (13) that (once more after changing (25))

8(,02' B D; 2x;t . _ A (ﬂi,ﬁo) — tﬂ?
T el e R G ’ (27)
; D; /
dp; _ %C,(y), i=1,2. (28)

Oz (L)X
Further, the suppositions (15)-(17), as it can be seen from (23), guarantee
that for any (t,x) € R* there exists the limit
li i(t,x) = ;i , =1,2 2
ﬂﬁ+£lz’=1,2p’( o) = pipix), =12, (29)
with functions p;(x) of the form (20). Expressions (22) for every fixed u, ¢, w (and
on every compact in R*, even uniformly) tend to zero
li F;; = , # 7.
,Bi—>+i>ror,li:1,2 ij =0, 1 #J (30)
Besides, from (25) it follows that the value y — z due to (15), (16) has the

form
2

Ui Voi ﬂoit
2u?, ki—ini  Lin (31)
o \ B B
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and, consequently, by conditions (17) has the following finite limit:

- 1
. ( ) 0, Zf ki > U

m Yy—x)= ﬂoﬁgi . 1
ﬂi—)+00,i:1,2 2@2 ) Zf kl = inl

o1

—a;, i=1,2 (32)

Thus, because of the supposition of smoothness (see Def.1), the functions C;(y)
and C; (y) with 8; — 400, i = 1,2, tend to their values at point x + a;,i = 1,2.
At the same time the factor near C; in (27) obviously tends to zero, therefore in
(27) the second summand vanishes. Since the parentheses near % in (21) also
tend to zero, we can, applying Lem. 1 from |7] (its conditions can be easily checked
from (27)—(32)) and using the boundness and continuity of all expressions as well
as good convergence of all integrals in (21), pass to the limit under the signs of
supremums and integrals entering into (21). Finally, the trivial integration with
respect to w and u yields (19), where the constant K(x1, x2) is as follows:

i
K =2 sup —————— | .
(X1, x2) = 2 max (Xz iy STemras (33)

The theorem is proved.

Corollary 1. Let all suppositions of Theorem 1 be fulfilled. Then

Ve >0, 40 >0, VD1,Do: 0 < Dy, Dy < 0;
3Bo >0, VB; > B, t=1,2, (34)
A <e.

Proof isevident because of (18), (19) and the fact that C;(z +a;) € P(R?),
i = 1,2, for any a; from (32), so the products p;(z)C;(z + a;) are bounded on R?.

Under the conditions of Th. 1, as it can be seen from (13), (23), the explicit
dependence of the flows on the temperatures (i.e. on f3;, i = 1,2) is present at the
densities p;(t, z), but not at the desired coefficient functions @;(¢, z) (they depend
on f; only through (15), (16), and this dependence does not play an essential role
(see (19)).

Let us now consider a result based on some other assumptions which give the
possibility to compensate the increase of p;(t,z) with 8; — 400, i = 1,2.

Theorem 2. Let
ei(t,z) = Pi(t, z) exp { = Bi((T; —w;t)* + 2uz) }, i = 1,2, (35)

where the smooth functions 1p; > 0 are such that the values (24) with the substi-
tution of ; for ¢;, i = 1,2, are bounded with respect to t,z on R*, and (15) is
valid but now for

ng > —. (36)

DN | =
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Then the inequality (18) holds true, besides for n; > L

2
2 o Oy
A=N"7n : d? -
o, ;Pz(tyil)lsm ot + . Uig, + Pripamd p;lo1 — 2
+21d*p1py|U1 — D2 sup (rye) = L, (37)
(t,x)ER*

and for n; = 3 in addition to (37) a new summand arises

li AN=L+—— . 38
N *

Proof. From (35) instead of (27), (28) we have

‘969?' = exp {~Bi((T — wt)? + 2uiw)} { (;pl + 2B4hi (T3, ) — 103 )} (39)
0p; i

9 = exp { Bi((v; — ﬂit)Z + 2@:10)} {

The formulas (21), (22) evidently remain true. Thus the substitution of (35),
(39), (40) in (21), taking into account (23), yields (18) with

- 2521/%}, i=1,2 (40)

op;
ot

!

A = sup
(G)ERY; j=1i

2
‘ + 2B (T4, ;) — taiz)
R3

+v; — Uit) { i 2511/%'“1}

d2
+¢11/J2ﬁj\/—%/Fije“’2dw ﬁi7r*3/267u2du
3

(v

d2
+¢1¢2Fﬁ1ﬁ2/e_wZ_U2FidedU ; (41)
R6

(the existence of the values A and A’ follows from the conditions of Th. 2) or, in
short, after some obvious simplifications,

2 81,[1
AI:’]T_3/2 sup Zﬁz/[ l+Az+B’L
R3

+ Ai] e~ du, (42)
(t,I)ER4 =1 8t
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where

d2
_ pj
e J

IP; _ _
61[:; ( uﬂz +7; — Uit) — 240/ Bi (u, ;). (44)

The limiting transition in (42) can be done in the same way as in the proof of
Th. 1, but the result will be different. Indeed it follows from (22) and (15) that

A = Ai(u, t) = ey e Fyydw, i# j, (43)

Bi = Bi(u,t) =

[3'—>—|}ioron’i=1 2F7,j = |6i - Uj|7 i # j7 (45)

whence, from (43) after trivial integration with respect to w,

lim A = 1omd’p; U — Vs, i # j. (46)

Bi—+00,1=1,2

The limit of B; depends on the quantity of parameter n;

) 0; .
| B; =v;— + 2v; H; =12 4
,Bi—>+i>£>r,li:1,2 T, + 20, 0 T (47)
where .
0 n; > 5
H=|", _ ? 48
! — (U, Uoi), M= % (48)

Passing to the limit in (42) with the use of (46)-(48), after integration with
respect to u (in the second case from (48) the value (42) must be bounded from
above once more when one chooses a "supplementary" summand 2;|(u, Ty;)|
whose integration together with the factor e “* yields the second term in (38)),
we obtain (37), (38). The theorem is proved.

Corollary 2. Let the requirements (35), (15), (36) be fulfilled and the func-
tions ¥; be of the form

where D; > 0, and smooth, nonnegative functions C; are such that the expressions
tCy and tC; are bounded on R!.
Then:

a) For C1, Co, U1, Uy which satisfy the following conditions:
suppCh N suppCsy = O (50)

or

(51)

|
S
I

<
[\o}

the statement (34) holds true.
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b) For arbitrary Cy, Co, U1, Ug the statement

Ve >0, 36 >0, VD1,D9,d: 0< D1,Dy,d < 6;

350 > 07 VBI?BQ > /60 (52)
A<e

is valid.

P roof Requirement (49) under the mentioned conditions imposed on
functions Cy(t) ensures the fulfillment of suppositions of Th. 2. Further, by virtue
of (49) and (50) or (51), or with

d—0 (53)

(the last condition is the only new fact in (52) in comparison with (34)), the
nonzero terms retained in (37) or (38), will be only

D; sup |Cj(8)], Djsup|Ci(t)], i=1,2. (54)
teR! teR!

These two supremums due to the smoothness of functions C;(¢) are finite. So, we
have (34) and (52) for situations a), b) of Corollary 2, respectively. The corollary
is proved.

There also exist two possible variants when the exponent in (35) contains not

two summands but only one. Now we will describe these variants representing
the following statements.

Theorem 3. Let the conditions of Theorem 2 be wvalid, but now instead of
(35) and (36) it is supposed that

@it ) = it z) exp{—f; (T —wt)?}, i=1,2, (55)
ng>1, i=1,2, (56)

and the functions 1;, i = 1,2, are such that the products of the values (24) (with
Y instead of ;) on the factors exp{2B;u;xz}, i = 1,2, are bounded with respect to
t,z on R*. Then the inequality (18) holds true, where for n; > 1

o | _ O
il )<3t +vi@x>

(t,x)ER*

2
lim = Z sup
Bi—+00,i=1, 2 —

Fprpap () o () wd D, |01 — Ty|| + 2md?p U1 — s

x sup [p1(@)pa(@)hi(t, 2)ip2(t, x)] = N (57)
(t,z)ER*
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with pi(z), i = 1,2, which correspond to the first and second cases from (20), and
forn; =1

2

oA = N 23Tl s @b 9

P roof. By differentiating (55), we obtain

aaii = exp {—ﬂi(ﬁi — ﬂit)Q} . {81/)2 + 2B, ((Eiaﬂi) - tﬂ?)} ’ (59)

Op; O
01 OV e {~fi(ms — i)’} (60)

Thus, remembering (23), from (21) and the conditions of Th. 3 we will have the
value A’ for (18)

2
’ ‘877[]1 + 2B:1; ((Uu ) - tﬂf)

A = sup

4 .. ..
(GR)ER i j1,izj | fs

u _ _ 81/) _ T d2 w2
+ (ﬁ +7; — Uit) 8—; +¢1¢2pj€26]u]x\/—7_r/Fij€ Y dw
R3

2
Xﬁie2ﬂimx7r—3/26—u2du + h1ho <§) ﬁlﬁQeQw(ﬂlﬁﬁ-[bﬂz) . /e_w2_u2Fijdwdu :
T g
(61)
where Fj; again has the form (22) but now (42)-(44) will be somewhat compli-
cated:

AIZ’]T 3/2 sup Z_ Q/Bzuzl’/Hawz‘i‘A +B

+ Ai] e du, (62)

t:v cRr? 8
R3
A = iy f LT R/ ¢V Fjdw, i# ), (63)
_ i [ u s
B; = o <\/E+ >+2ﬂzz/)z (@, v;) — tw;) (64)
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It is easy to see that (45) is preserved, but in (46) the factor u;(x) arises and it
is equal to 1 if n; > 1 and to exp{2T,jz} if n; = 1. As for (47), only the value
(48) will be changed

0, n; > 1

H: =
’ (ﬂoiavl)a n; = 1.

(65)
That is why the limiting transition in (62) leads to the expressions (57), (58).
The theorem is proved.

Corollary 3. Let the conditions of Theorem 8 be fulfilled and the functions
¥; be of the form:

D;

Wi = Wci (lz x5]), i =1,2, (66)
if
(U3, w;) =0, i=1,2, (67)
and D.
Py = ma (z), i=1,2, (68)

for arbitrary vy,vs, where (14) is valid and the functions C; belong to P(R?).
Then the statements a), b) of Cor. 2 remain true.

P roof. The expressions (68) under the indicated conditions evidently
are in concord with the requirements of Th. 3. Let us check whether the same
statement is true for the functions of the form (66) if (67) is fulfilled. Decompose
an arbitrary vector x € R by the orthogonal (because of (67)) basis

Uz, Uj, [Uz X Ui], (69)
lLe.,
€r = ivlﬂi + «’11'262' + $3[ﬂz X 67/]7 (70)
then
¢162ﬂiﬂi$ = ch([l' X Ui])eQ/Biﬂiaz
(1 + tQ)Xz
= U; X 0, ) T 7T 282102
= [y Gl X i) = asfo x [T x Bl e
D w 3l — =2\ _2B;x1T?

but with the increasing of z; when the exponent in (71) also increases, the ar-
gument of the function C; obviously increases too without any connection with
the behaviour of x3 (the component zy is not present in (71) at all) because of
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the perpendicularity of the components of this argument. Thus, the function C;
either will vanish (if it is finite) or will compensate the increasing exponent in
a view of supposition of its fast decrease. So, the expression (71) in whole turns
out to be a bounded one, whose behaviour with x3 — oo is evident. The product
of (71) by ¢ is also bounded because of (14). The derivative % behaves itself
completely in the same way (see (33)). Further, from (66) we will find

i D,

i.e., the values

o
ox

e%iuix; ¢ <m %qiﬁ) e2hitiv (73)
are bounded by the same reasons as (71), because C;([z x T;]) is finite or fast-
decreasing, too. Therefore, for the expressions (66), (68) all conditions of Th. 3
are fulfilled. Consequently, (57) or (58) holds true. If (67) is valid, then the
second summand in (58) vanishes, i.e., it is essential only when n; = 1 and (68)
is fulfilled. But in the cases a), b) of Cor. 2 the only nonzero expression in (57)

remains ” i
i _ ?
() ( a +vi%). (74)

And in (58) an ”additional” summand to the value N may remain. However, as
it can be seen from (72), under the supposition (66) we have

_ O .
= =0, i=1,2
i 0, e=12, (75)
and for (68)
— 617[]1 o DZ _ , L
T = Tr e (O®), i=12 -

that is, for all possible cases the expressions (57), (58) up to some constant factors
reduce to the values of type (19), where there are either functions C; themselves
or their derivatives C’;, i = 1,2. This fact, obviously, yields to (34) and (52) in
the same way as in the proofs of previous corollaries.

Remark1l The expressions (66) and (68) are similar but they do not
reduce to each other. Really, C;([z x 7;]) describes a function on z, which is
constant along the vector 7;, i.e. (because of (67)) in a direction perpendicular to
the direction of acceleration and packing of i-th flow, ¢+ = 1,2, and finite or fast-
decrease particularly along the vector w; that is, at the direction of the increasing
of factor p;(x)). However, (68) corresponds to some "clot" of a gas concentrated
on a bounded in R3 support, and the factors depending on ¢, which are common
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for (66) and (68), mean that the interaction between two flows is weakened with
t — do0 but not too quickly.

Theorem 4. Let us suppose that instead of (35) or (55) the following equality
18 fulfilled:

pi(t, ) = i(t, ) exp{—2f;uiz }, (77)
and the requirements (15), (16), (36) are valid with
1 .
k; 25 i=1,2, (78)

besides the smooth, nonnegative functions 1; ensure boundness on R* of the same
expressions as in the conditions of Th. 3, but with substitution of the factor
exp{B;(W; — W;t)?} for exp{2p;uiz}, i = 1,2. Then the inequality (18) holds
true once more, where:

t. If n; > %; ki > %, then

2 O
li A =N"5 an 79
N Lk i
w. If ng > 5; ki = %, then
. i
1 A = oi . 80
B Zﬂze S| o (50)
i Ifng=1:k > %, then
2 81/)
lim A = 0. su e L2 t_2 }
Bi—+00,i=1,2 ; Pi (t,a:)epR4 { z'bl

sz Tl sup {eapi}. (81)

(t,x)ER*

2 _
+2 Z pz (|u\/07ir| + |(ﬂoia 60i)|> sup {e(ﬁoi*ﬂoit)zwi} . (82)

. Ifng =k = %, then

2
. o 0
Clim A=) p; sup {e(”‘”u‘” ‘gpl + 2t
ﬂz—>+OO,l—1,2 i=1 (t,I)ER4
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Proof. Itisevident that in our situation the analogues of formulae (59)-(61)
will be the following:

8 0} 8 )

a(i = ¢ exp{—2fiu;z}, (83)
0w; _ i
8():(;3 = exp{_2ﬁiui$} : { 1/] Zﬁﬂ/huz} s (84)

A = sup /‘6% ( Uj —Uit> {31/% 25#/%%}
(t :E)ER ij= 17/#] 3

2 . . .
+ipripap;e’ i v j—/Fijewzdw et =S 2= gy
T

R3

d\? Cw?
+192 (;) P17y exp { B1(V1 — T1t)” + B (V2 — Uat)”} /6 v B dwdu
RS

(85)
Thus, instead of (62)-(64) we will have:

A = g3/2 sup Zpe ~Tit) /[ ¢Z+A1+Bi

(t,x)ER* ot

+ Ai] e~ du, (86)
R3
d2

A= 7/111/)2\/—

ﬂ](vy_uit)Z/e_w2Fijd’wa l?’é]a (87)
R3

B; = %ﬁi (\/UE +Ui—mt> +2ﬂi¢i{—\/1ﬁ_i(u,m) (@, v;) + tu; } (88)

The limit of exponents presented in A" depends on the behaviour of the parameters
n;, k; as follows:

1 1
112 if ng > ?,kz > ?,
. (i—uit)? I A if ng >3,k =3,
ﬂ_}_ggoniil Qeﬂz( 1% ) == Ol(t) == tz (zn 'Lf N _1 ks > 1 (89)
i =2 ? 1T 9221 29
. +)\2 1
e(Voi—toit) , if ni =k = 3.

Therefore, with passing the limit the analogous exponent in A; (with index j # )
always has a finite limit o7;(%), i.e., A; in whole tends to zero because of (15), (16)
which yield (30). Finally, since 7; — 0,7 = 1,2, in (47) there will be maintained
only the second summand:

ﬂ__h}icgli:l ,Bi = 2¢iH;, (90)
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where
07 Zf nz>%akzz%a
H’i = tﬂgz - (uaﬂoi)a Zf n; = %71% > %7 (91)
a2, — (U, Uoi) — (Coir Vi),  if mi=ki =3

Taking into account all these facts, the equality (86) leads to (79)-(82).
The theorem is proved.

Corollary 4. Let all conditions of Theorem 4 be fulfilled. Then the statement
(84) holds true if the functions v; have the form

Yi(t,x) = D;Ci(t)Ei(z), i=1,2, (92)

where D; > 0; C;(t) € P(R') and E;(z) > 0 are smooth and bounded together
with E;(x) functions on x € R,

P roof. The functions of the form of (92) by the conditions imposed here
ensure the boundless of all expressions mentioned in Th. 4. Moreover, directly
from (79)—(82) it can be seen that the supremums entering into these formulas
are finite for any possible values of the constants n;, k; > %, 1 = 1,2, and the
presence of factors D;, i = 1,2, in (92) leads to (34).

Remark2 It would be of interest to try to minimize the expressions (81),
(82) by solving the following differential equation (for each i =1, 2):

oP;
ot

However, it can be easily seen that its solution

+ 2up;tT2; = 0. (93)

i = e VT By(x), (94)

with E;(x) being the same as in Cor. 4, in spite of ensuring the existence of both
supremums in (81) and under the additional condition (67) also in (82), does
not satisfy the conditions of Th. 4, because it cannot guarantee the boundness of
indicated there expressions before the limiting transition £; — 400, ¢ = 1,2.
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