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Introduction

Almost periodic (with respect to real shifts) sets were first regarded by
M.G. Krein and B.Ya. Levin [1] (see also monograph [2]) when studying the zero
distribution of entire almost periodic functions.

Definition. A discrete set {a,} C {z : |[Imz| < M < oo} is called almost
periodic if for each € > 0 there exists L < oo such that every real interval of the
length L contains at least one number 7 such that for some bijection p : Z — 7Z

l(an +7) —a,my| <e forall neZ

There were M.G. Krein and B.Ya. Levin who showed that the zero set
of an almost periodic function from some special class (the class [A], see [1]) is
an almost periodic set.

As shown in [3], any almost periodic set in a strip can be completely described
as the zero set of some analytic function with almost periodic modulus.

In the present paper we study the sets in RF which are almost
periodic with respect to arbitrary shifts. These sets arise in the models describing
quasicrystallic structures (see, for example, [4]).
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Using a special metric in the space of sequences, we give a geometric descrip-
tion of almost periodic sets. We prove the completeness of the space of almost
periodic sets and some analogue of the Bochner criterion of almost periodicity.
In addition, we determine the method allowing to construct various examples
of these sets. Further, following [5], we introduce a notion of almost periodic
measure in R*. We show that a set is almost periodic if and only if the discrete
measure with unit masses at the points of this set is almost periodic. In con-
clusion we calculate the Fourier transform for a wide class of almost periodic
sets.

Throughout the paper we denote i-coordinate of a point € R¥ by z¢, an open
k-dimensional ball of radius R with center z € R¥ by B(z, R), a k-dimensional
cube {y e R¥ | 2 —~L/2 <y’ < 2'+L/2,i = 1,k} by Q(z,L). For any set A C R¥
and for any p > 0 we write A, = U B(z,p) and A_, = {z € R¥ | B(z,p) C A}.

z€A
We denote the interior of A by IntA, the k-dimensional Lebesgue measure of

A by m(A), the inner product of the elements z,y € R* by (x,y), the usual
Euclidean norm by |z|. For the mapping g(z) : R¥ — R™ and 7 € R* we put
g™ = g(xz — 7), for the measure p on R* we put p™(E) = u(E + 7) for any Borel
set £ C RF.

1. Almost Periodic Mappings

Call to mind some definitions concerning almost periodicity.
Let g be a continuous mapping from R* to R™. A vector 7 € RF is called
an e-almost period of g if

g7 (x) — g(x)| <& for all z € R¥.

A set E C R” is called relatively dense if there exists L < oo such that every
k-dimensional ball of the radius L has a nonempty intersection with E. It is
obvious that we can replace a ball with a cube in this definition.

A continuous mapping g from R¥ to R™ is called almost periodic if for every
e > 0 the set of e-almost periods of g is relatively dense in R¥. In the same
way one can define the almost periodicity of mappings from Z¥ to R™, of course,
considering the shifts on vectors from Z*.

Point out some properties of almost periodic mappings. First of all, the almost
periodicity of a mapping from RF to R™ is equivalent to the almost periodicity
of its coordinates, therefore, it is sufficient to consider almost periodic functions
on R,

The following assertions are well known for almost periodic functions on the
real axis (see, for example, [6, 7]). Their proofs do not change much for those in
the case of higher dimension (see, for example, [5]).
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Proposition 1. a) An almost periodic function on RF is bounded and uni-
formly continuous;

b) if for an almost periodic function g the sequence (™) converges uniformly
on R, then its limit § is an almost periodic function as well. In addition,
g Z const if and only if g # const.

Proposition 2. For a continuous mapping g(x) on R¥ the following condi-
tions are equivalent:

a) g(x) is almost periodic;

b) for each sequence (hy,) C R¥ there exists a subsequence (hy) such that

lg(z + hy) — g(x + hpy )| y 0 uniformly on R¥;

c) there is a sequence of finite exponential sums

(n)
Sp(z) = Z cme()‘iv”’:"’> (1)
i=1

that converges to g(x) uniformly on R¥.

The assertion b) is called the Bochner criterion for almost periodic mappings.
A limit

M{g(w)} = Jim [ s@am)
y+[=T,T]*

is called the mean value of the almost periodic function g(z) on R¥. This limit
exists uniformly with respect to y € R* and it is independent of y. The Fourier
coefficient of g(x) corresponding to A € R¥ is calculated by the formula

a(X, g) = M{g(z)e "N},

Aset {Nc RF: a()\g) # 0} is called the spectrum of the function g(z);
the spectrum is at most countable. Notice that the spectrum of exponential
polynomial (1) is the set of exponents {\;,} and the Fourier coefficient corre-
sponding to the exponent \; , is just ¢; ..

The same theorems with evident modifications hold for almost periodic func-
tions on ZF as well. A limit

1 y'+T
My = M{g(n)} = TIEEOW g(n),
ni=yi-T
i=1,k

where y € ZF, T takes only integers, is called the mean value of an almost periodic
function g(x) on Z*. This limit exists uniformly with respect to y € Z¥ and is it
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independent of y. The Fourier coefficient of g(x) corresponding to the exponent
A € [0,27) is calculated by the formula

a(\,g) = M{g(n)e™ "™},

A set {\ € [0,27) : a()\, g) # 0} is called the spectrum of a function g(n); this
set is at most countable.

2. Almost Periodic Discrete Multiple Sets

As it was introduced in [8], we call a value set of a sequence (a,)2; C RF
a discrete multiple set (we write {a,}nen) if this sequence does not possess any
finite limit points. In other words, a discrete multiple set is a discrete set where
each point has a finite multiplicity.

For any two discrete multiple sets {a, }nen and {by, }neny we define a distance
between them by the formula

dist({an }nen, {bntnen) = inf sup | an — byl
9 neN
where infimum is taken over all bijections o0 : N — N. As shown in [8], this
function satisfies all the axioms of metric except finiteness.

Definition 1. A wvector 7 € R* is called an e-almost period of a discrete
multiple set {ay }nen C RF if

dist({an nen, {an + Tnen) < €.

Definition 2. A discrete multiple set {ap }nen C RF is called almost periodic
if for each € > 0 the set of its e-almost periods is relatively dense in RF.

Notice that the sum and the difference of any two e-almost periods
are 2e-almost periods.

We will indicate the construction method of almost periodic multiple sets.
Let F(z) = (fi(x),..., fu(x)) be a mapping from R¥ to R* with almost periodic
components fj(z). Then the restriction of F(z) to Z* C R is the almost periodic
mapping from Z* to R¥. (This is evident for f;(x) that is similar to (1), the
general case follows from Prop. 2 ¢).) Thus, for each € > 0 there exists a relatively
dense set of e-almost periods of mapping F'(m). Therefore, for each § > 0
a discrete multiple set

{Bm + F(m)} ez (2)

is almost periodic.

_ B
2sup |F(m)|
a corresponding almost periodic multiple set is uniformly discrete, i.e., for some

Notice that if we replace F'(m) with aF(m), where a < , then
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k > 0 every ball of the radius x contains at most one element of this multiple set.
Thus, in this case we deal with the almost periodic Delone set (see [4]).

Next, by Theorem 6 of [8], any almost periodic multiple set has the form of
(2) with a bounded mapping F(m) from Z* to R¥.

Theorem 1. The limit of almost periodic multiple sets is almost periodic
as well.

Proof. Let ({a,({’)}neN) be a sequence of almost periodic sets. Let {b,, }nen
be such a set that dist ({a%p)}neN, {bn}n€N> — 0. Let us take any € > 0. Let
p—00

po be such a number that

. 9
dist ({{a }nen, {babnen) < <.

Let E: be a relatively dense set of 5-almost periods of {a%po)}neN. For 7 € E:

we have .
dist ({a*) bneri: {a™ + Thnen) < =

Therefore,

dist ({bn}nENa {bn + T}nEN) < dist ({bn}nEN, {a%po)}n€N>

tdist ({a0) Yner, {a0) + Then ) + dist ({0%°) + Thaer, {bn + Thien ) < e

Hence, 7 is an e-almost period of {b,}nen, and the set of almost periods is
relatively dense. [

Remark. Asitwasshown in [8, Th. 2], a space (X, dist) of all discrete
multiple sets is complete *. Hence, almost periodic multiple sets form a complete
closed subspace in (X, dist).

The following theorem is an analogue of the Bochner criterion for almost
periodic multiple sets.

Theorem 2. A discrete multiple set {an}nen is almost periodic if and only if
for every sequence (hp)p2, C R* there is a subsequence (hy,)py such that ({an +
hybnen)pey has a limit.

The proof of this theorem is based on the following lemma:

*Precisely, a metric space of all discrete multiple sets lying at a finite distance from some
fixed discrete multiple set is complete.
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Lemma 1. Let D = {ay}nen be an almost periodic multiple set. Then every
sequence (hp)py C R* has a subsequence (hy,)pey such that for each e > 0 and
arbitrary numbers l,m > N = N(e) one can find an e-almost period T of D
satisfying the inequality

|hy — h,, — 7| < e.

Proof First, put e = 1. Let E1 be the relatively dense set of %—almost
2
periods of D. Consider the sets

A= | By +7,1/2), peN

TEE 1
2

There exists L < oo such that for all p = 1,2,... the ball B(—hy, L) contains
a Z-almost period 7, of D. Since 7, + h, € B(0, L), we have 4, B(0,L) # O
forallp=1,2,....

Let us show that there exists a point z € B(0, L) belonging to an infinite
number of the sets A,. Cover the ball B(0,L) by a finite number of mutually

disjoint k-dimensional cubes with edges of length i The Dirichlet principle
implies that there is a cube containing infinite number of points h, + 7.

1
2k
the balls B(h, + T, %) and, consequently, in the infinite number of the sets A,.
Thereby, there exists a subsequence (Aj(gl))g‘;l C (Ap)py such that

The diagonal of such a cube is less than , hence this cube is contained in

AV = ) BV +7,1/2), peN,

TEE
2

and

AV # 0.
p=1

Take a number h € Agl) N Agl) with some 4, j. There exists 7/ € E% such that
|h — (hz(»l) +7)| < % and 7" € E: such that |h — (hg»l) + 7")| < 3. Therefore we

have

O @) (1) (1)
b = hy? = (" = < b= (b + 7+ | = (B + 7)< 1.

Thus, for each i, j there exists a 1-almost period 7 = 7"/ — 7/ of D such that
the inequality
Y — D — 7 <1

holds.
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Now put € = % Similarly, construct the sets

= |J B0 +7,1/4), peN,
TEE%

and (h(Q))p 1 C (h( ))p . such that for all 4, j the inequality

@ _ @ 1
|h;” = hy7 —7| < 5
holds for some %—almost period T of D.
Repeating this construction for ¢ = %,5 = %,... and choosing a diagonal
subsequence (h;,)72, we can obtain the assertion of the lemma. ]

Proof of Teorem2. Suppose that for every sequence (h, )p L CRF
there is a subsequence (h;,)52; such that a sequence ({an+hy,}nen)pZ has a limit,
If {ay,}nen is not almost perlodlc then for some €y > 0 there exists a sequence
of k-dimensional balls (B,)52, with infinitely increasing diameters [,, such that
no ball contains any eg-almost period of {ay, }nen.

Let us take an arbitrary h; € R and a number v; such that l,, > L
For some hs € R* the difference ha — hy belongs to B,,. Let vy be the first
number such that 1,, > max{2,|hs—hi|}. Take h3 € R¥ such that the differences
hs—h1, hs—hg belong to B,, (it is possible, since the latter condition is equivalent
to |he — hi| < l,,). Then take a number v, such that [, > max{n,|hy —
hil,|h3 — hal,...,|hn — hal,|hn — 1|} and h,y1 € R¥ such that the differences
hn+1 — hl, hn+1 — hz, ey hn+1 — hn belong to Byn

Take arbitrary p,m (p > m). By construction hy, — hy, € B,,_,, hence B,,_,
does not contain any eg-almost period of {ay,},en. We have

diSt({an + hp}nENv {an + hm}nEN) = diSt({an + (hp - hm)}nENa {an}neN) > €0-

Thus, there are no convergent subsequences in the sequence ({an + hp}nen)pes-
Conversely, let a discrete multiple set {a;,}nen be almost periodic. Consider
an arbitrary sequence (hp)g‘;l C R*. By Lemma 1 there exists a subsequence
(hy,)pey such that for every ¢ > 0 and arbitrary I,m > N = N(g) one can find
an ¢/2-almost period 7 of {a, }nen with the property
€
We get

dist({an + M }nen, {an + Wiy dnen) = inf  supla, +h) —a, hl |
bij o:N—N ;N

/ /
< bis gl%LNsup | an — ag(ny + 7|+ [hy — hyy — 7|

< dist({an}nen, {0o(n) — Thnen) +€/2 < e.
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Since € is arbitrary, we see that the sequence ({an + hj,}nen)p2; is fundamental.
Using the remark following Theorem 1, we finish the proof. ]

Definition 3. ([8]) A discrete multiple set {an }nen C R¥ possesses S-property
if there exists L < oo such that for any T € RF there is a bijection 0 : N — N
with the property
sup|(an + 7) — agn)| < L.
neN
In other words, a discrete multiple set {a,}nen C R possesses S-property
if there exists L < oo such that the inequality dist({an}nen, {an + Tlnen) < L
holds for any 7 € R¥.
Next, by [8], any almost periodic discrete multiple set possesses S-property.
Therefore Theorem 4 and Proposition 4 of [8] imply the following statements:

Theorem 3. Let D be an almost periodic multiple set. Then there exists
M < oo such that

card (DN B(c,1)) < M for all ¢ € R, (3)

Theorem 4. For any almost periodic multiple set D there exists C < 0o such
that for any convex bounded set E C RF and t € R* the inequality

|card (DN E) — card (DN (E 4 t))| < C((diam E)*~1 +1)
is fulfilled.

Following [8], the density of a discrete multiple set is the value

A= lim card (DN Q(0,7))
T—o0 Tk

From Theorem 5 of [8] we get

Theorem 5. Any almost periodic multiple set possesses finite nonzero shift
invariant density.

3. The Connection Between Almost Periodic Measures and
Almost Periodic Discrete Multiple Sets

Definition 4. ([5]) A locally finite complex-valued Radon measure p on R¥ is
called almost periodic if for each compactly supported continuous function ¢ on
R* the convolution

o * p(z) = /s@(y — 2)du(y)
Rk

is almost periodic on R¥.
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In other words, a locally finite complex-valued Radon measure p is almost
periodic if for each compactly supported continuous function ¢ on R¥ and any
e > 0 there exists a relatively dense set E; , (the set of (e, p)-almost periods of
the measure p) with the property

lp*u(z) —pxu(z—71) <e V7€ E., VzecRF

Notice that the sum and the difference of any two (e, p)-almost periods are
2e-almost periods.

We will say that the measures u,, converge weakly uniformly to some measure
w if

@ pn(x) — @ p(r)
n—oo

uniformly on R* for every continuous compactly supported function ¢.

Note some properties of almost periodic measures.

Theorem 6. If almost periodic measures converge weakly uniformly to some
measure , then p is almost periodic as well.

The proof follows immediately from the definition of an almost periodic mea-
sure and Proposition 1 of the present paper.]

Theorem 7. Let i be an almost periodic measure. Then there exists M < oo
such that the condition

\u|(B(e,1)) < M for all c € R¥
is fulfilled; here |p| is the variation of measure .

This fact follows from Theorem 2.1. of [5] with S = {0}, p = 0.
The following theorem is an analogue of the Bochner criterion for almost
periodic measures.

Theorem 8. A Radon measure i is almost periodic if and only if for every
sequence (hy,) C R¥ there is a subsequence (hy) such that measures p'*»' converge
weakly uniformly to some measure .

This theorem is a corollary of Theorem 2.2. of [5] with S = {0}, p = 0.

Definition 5. For any Radon measure p the value

uQ(o.T)
A= im ME0T

is called the density of .
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Theorem 9. Any almost periodic Radon measure possesses a finite shift

mvariant density, i.e.,
T
A = lim HQla,T))
T—o0 Tk

uniformly over o € R¥.

(See [5, Th. 2.7], with S = {0}.)
We can associate with a discrete multiple set D = {a;, }nen the measure

wp = Z Nz — ap).

an€D

Notice that for every continuous function ¢

o pp(z) =Y ¢z —an), z R~
neN

Theorem 10. Let (D)) = ({agp)}neN) be a sequence of discrete multiple sets.
Let D = {ap}nen be a discrete multiple set satisfying (3). Then the following
conditions are equivalent:

a) discrete multiple sets D, converge to D;

b) measures pp, converge weakly uniformly to pp.

We need the following lemma:

Lemma 2. Let (D)) = ({aﬁf”}neN) be a sequence of discrete multiple sets,
which converges to a discrete multiple set D = {ay, }nen satisfying (3). Then for
sufficiently large p any discrete multiple set D), satisfies (3) (with the constant
4M instead of M ).

P roof. For sufficiently large p we have inf sup|a, — agp()n)| < 1. Hence,
9 neN

card (D, N B(c, 1)) < card (D N B(e,2)) < 4M for all ¢ € RF, m

Proof of Theorem10. Let the measures up, converge weakly

uniformly to pup. We will show that dist ({a%p)}neN,{an}neN) — 0, i.e., for
p—00

any € > 0 for each sufficiently large p there exists a bijection o : N — N such

that

sup | alP) — Ao(ny| < €. (4)
neN

First, notice that for any € > 0 there is > 0 such that the diameter of every
connected component of the union |J,, B(an,n) is less than €. Let us check it.
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Put € € (0, 1) and put n < ¢/(2M + 1), where M satisfies (3). Let A be an
arbitrary connected component of the union |J,, B(a,,n) and ¢ be an arbitrary
point of A. By Theorem 3, the ball B(c,1) contains at most M points of D.
Choose from them the points ay,, ..., an, (N < M) belonging to A (we suppose
that B(an,,n) N B(an,,,,n) # D, i=1,N —1). If Ais not contained in B(c, 1),
then there exists a point ' € A\ B(e,1) with the property |a’ — a,,| < 2n for
some n;, i = 1, N. Since ¢ € B(ap,,n) for some n,, p =1, N, we have

|a/ - C‘ < ’a’/ - am| + (N - 1) Ina‘ik“% - aanrl‘ + ’C - anp|
j=1,N—-1

<2np+(N-=1)2n+n=n2N +1) <1,

The latter assertion contradicts the connectivity of A. Thus A = (J,_17v B(an,;,n)
and
diamA < 2nN < e.

Take a nonnegative continuous function ¢ with the support in B(0,7n/2) such
that 0 < p(z) < p(0) = 1. Put v = [ pdm. We may assume that n < 2/,/, then
v < 1. Since the measures up, converge weakly uniformly to up, for sufficiently
large p we have

lp* pup, (z) — ¢ * pp(z)| <v/2  for all z € RF, (5)

The distance between an arbitrary pair of terms a,, € A and a,, ¢ A is at least
27, therefore

/ /tp(x—y)duz)(y) dm(z) =/ /sﬁ(m—y)duz)(y) dm(z)

A R* A A

= [| [ o=@ | dunty) =v card (D 4), (6)
A RE

Furthermore, let aq(@p ) be a term of D, such that a,({’ ) € A. We have

© * qu(a%p)) > p(0) = 1. In view of (5), we get
oxpupaP)>1-v/2>1/2.

Hence, there exists a term a,,» of D such that |a,; —aq(lp )| < n/2. Then the distance
between a,,s and A is less than n/2. Therefore, a,, € A. Similarly, for any ag.p ) ¢ A
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there exists a term a; of D such that |a; —ag-p )| < n/2. Consequently, the distance
between a;; and R*\A is less than 7/2, so aj ¢ A. Thus

/ /@(fv—y)duDP(y) dm(z) =/ /@(fv—y)dqu(y) dm(z)

A Rk A A

~ [| [ o= wim@) | dun, () = veard (0,0 1), (")
A RE

Since

/((p * MDP(Q?) —@*pp(z))dm(z)| <m(A)v/2 <v/2,

A
the values from equalities (6) and (7) coincide. Therefore, card (D N A) =
card (Dp N A). The same is valid for all connected components of the union
U,, B(@n,n). On the other hand, we have just proved that each term aq(lp) of D,
belongs to B(a,s,n) for some term a,s of D. Hence, it belongs to a connected
component of | J,, B(an,n). Consequently, there is a bijection o such that (4) is
fulfilled.

Conversely, suppose that the discrete multiple sets D,, converge to a discrete
multiple set D. Let ¢ be a nonnegative continuous function with compact support
G in R¥. We will show that the convolutions ¢ * up,(z) converge to ¢ * pup(z)
as p — oo uniformly over z € R¥.

Take z € R¥ and € > 0. There is § > 0 such that the inequality |z — 22| < &
implies |p(z1) — ¢(z2)] < e. By assumption, for each sufficiently large p there
exists a bijection o such that |a, — affp&)\ < ¢ for all n € N. By Lemma 2, the set
G contains at most M’ = M'(G) < oo terms of D,. Hence,

lo* pp,(x) —@*pp(x)] < M sup  |p(z1) — p(x2)] < M'e.

‘$1—$2|<5

Now we prove the main result of this section.

Theorem 11. A discrete multiple set D is almost periodic if and only if the
corresponding measure pp s almost periodic.

Proof. By Theorem 2, a discrete multiple set D is almost periodic if

and only if for every sequence (hy)72; C R* there is a subsequence (hp)peq such
that the sequence of almost periodic multiple sets ({a,, + h;}neN)Zozl has a limit.
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By Theorem 10, it is true if and only if for every sequence (hp)f,ozl C R* there
is a subsequence (h;,)gil such that the sequence of almost periodic measures
(1 D+h’p)§°:1 converges weakly uniformly to some measure. By Theorem 8, it is
true if and only if the measure u is almost periodic. [

To complete the paper we will show the formula for calculation the Fourier
coefficients of an almost periodic multiple set D. Since the Fourier coefficients
of D are defined as the Fourier coefficients of the corresponding measure up, we
have (see [5, Sect. 4])

: 1 i
a(\, D) = Tlgrolo oT)F / e NV dup(t).

ne[-T,T1k

Furthermore, the set D has the form of (2) with a bounded function F' : Z¥ — R*.
Notice that for T' — oo

card {n: fn+ F(n) € [-T,T)*} = card {n: n € [-T/3,T/B)*} + O(T*1).

Thus, we have

1 .
a(\, D) = lim —— o i\, Bt F(m)
( ) T—o00 (2T)k ﬁn+F(1;€[T’T]k

1 . .
o —i{BAn) —i{\, F(n))
A 2BT > © ¢ '
ne[,T,T]k
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