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Let H be a separable Hilbert space, A be a positive-definite selfadjoint ope-
rator in H. The domain of definition of the operator A7, v > 0, becomes a
Hilbert space H., with respect to the scalar product (z, y)7 = (AVz, AVy), z,y €
H,(Hy=H).

By Lo (R4; Hy) we denote a Hilbert space of the vector functions f (¢) with
values in H,, determined almost everywhere in Ry = (0,00), measurable by
Bochner, for which

1/2

sy = | [ 170 d) <o
0

Further, by L (X,Y’) denote a space of linear bounded operators acting from
the space X to the space Y, o (+) is a spectrum of the operator (-), p(+) is a regular

set of the operator (), E is a unique operator in H.

2 . .
In the sequel, everywhere ‘é—lt‘ =, ‘273 = u” are derivatives of the vector

function u (¢) in the sense of distribution theory [1].
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Let us introduce the following spaces:

W2 (Ry; H) = {u:ue Ly(Ry;Ha),u" € Ly (Ry; H)

W3 (Ry; H;0,1) = {u:ue W3 (Ry; H) ,u(0) = (0) = 0},
W3 (Ry; H;T) = {u:u € W3 (R H),u(0) = T (0), T € L (Hys; Hyp)},
W3 (Ry; H; K) = {u:ue W3 (Ry; H) ,u' (0) = Ku(0), K € L (Hs; Hyjo)}

(in these denotation the spaces W2 (Ry; H; T) and W2 (Ry; H; K) depend on the
choice of the letters T' and K, but it does not lead to misunderstandings in the
text).

Each of these linear sets becomes a Gilbert space with respect of the norm
[1, p. 23-29]

1/2
bl = (1o any + 10N gryoany)

For T'= 0 we get the space

W3 (Ry; H;0) = {u:u e Wy (Ry; H),u(0) =0},

and for K = 0 we have
W22(R+;H;1):{u:uewg(R+;H),u'(0):0}.

Notice that it follows from the theorem on traces [1, Sect. 1, Th. 3.2] that
u(0) € Hzjp, u' (0) € Hya.

The space W2 (R; H), where R = (—o0, 00) [1], is defined in the similar way.

By the theorem on intermediate derivatives [1, Sect. 1, Th. 2.3], the operator

12

y7 : W2 (Ry; H) — Ly (Ry; H)

is bounded.

In this paper we will find the exact values of the norm of intermediate deriva-
tive operators acting from the indicated spaces to the space Lo (R4; H). Notice
that for the scalar functions (H = R, A = FE) the exact values of the operator

d
S WE(Ry) = La (Ry)

were found in [2-5]. Similar problems were considered in [6, 7] for some abstract
spaces.
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Denote
/ —1
Noo = OSUP HA“ HLQ(R+ H) ||u||W22(R+;H)’ (1)
0£ueWZ(R4;H;0,1)
N=  sup A 7 (2)
OueWE (R H) H HL2(1~2+,H) W3 (Ry;H)
Np = sup A/ ) HUH_lz Y (3)
o;éuew;(m;ﬂ;m“ oo 1w cry i)
/ —1
Nk = Sup HA“ HLQ(R_,_;H) ||u||W22(R+;H) ' (4)

0£ueW2(Ry;H;K)

In particular, for T' = 0 and K = 0 we denote the norms by Ny and Ny,
respectively. Find the exact values of these norms.
First, we prove the following statement.

Lemma 1. For any u € W2 (Ry; H) and (3 € (0,2) there exists the identity

lallfvz s — 5 HA“/HZ(R%H) = ||® (d/dt: B : A)ul? + (R (3) @, @)HQ

Ly(Ry:H)

(5)
where

O (d/dt:(: A u—@ﬁL\/ Adt+Au (6)

~ - E E ~

R(B) = —R(B)®E,

E V2 j3E
-3 1 ] E 0
1 V2-75 0 E

Proof. By D(R4;Hs2) we denote a set of all infinitely differentiable in
H vector functions with values in Hy that have compact supports in R;. Then
by the theorem on density [1, Sect. 1 Th 2.1] this set is everywhere dense in
W3 (Ry; H). Since the operators A7 4 dt2 -, 7 =0,2, are bounded from W (Ry; H)
to Ly (R4; H), then it follows from the theorem on traces that it suffices to prove
validity of equality (5) for the functions from the class D (Ry; H2). Obviously,
for uw € D (Ry; Hy) there holds the equality
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2
1@ (d/dt : 5 A)ull? e = = ||u" + V2= BAY + AP oy = || )
_ 12 2,112 11 A2
+(2 - 0) [|Au ”L2(R+;H) + A “HLQ(RJr;H) +2Re (u", A u)LQ(R+;H)
+ 2v/2 — BRe (u”", A“/)LQ(R+;H) +2/2 — BRe (Au’, AQU)LQ(RJr;H)' .
7
Integrating by parts, we get the validity of the following equalities:
Re (u”, AQU)LQ(R+;H) = / (u”,AQU)Hdt = Re | — (¢1,%0) — / (Au’,Au’)Hdt
0 0
2
= —Re (p1,¢0) — ||AU/HL2(R+;H)' (8)
In a similar way we obtain
(u", Au') (s ) / " AU — (p1,01) — / (Au' "), dt
0 0
= - H‘P1H2 - (Au/7u”) ) Y1 = A1/2ul (0)7
Ly(Ry;H)
ie.,
2Re (", AW') 1,y = = e )
Similarly, we get
2Re (Au/,AZU)LQ(RJF;H) =—leol®, o= A%%u(0). (10)

Taking into account (8)—(10) in equality (7), we get

1@ (d/dt: B: A)ull}, g,y = 10T,y — BIAY T, g,y — [2Re (90, 01)

+v2=Blleol® + V2= Blleal®| + 14%l7, 5, .-
(11)
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On the other hand, there hold the equalities:

E 0 ) 20
2Re (9007 Qol) - P )
0 E o1 o1 12
) 00 ©0 ©0
leoll” = ; ,
E 0 o1 ®1 2
, 0 FE ©0 20
leall” = ,
0 0 ©1 ©1 H2

Thus, the equality
2 2 2 ~ -~
I @/t : 8 Al i = 0 gy~ B 14 [y, — (R(9)8.8) ,,
holds. The lemma is proved.

Hence we get the following corollaries.

Corollary 1. Foru € W} (R,; H;0,1) and 8 € (0,2) there holds the equality

2 2 2
o dfat: 6 Aul? =l = B4 - (12)

Corollary 2. For u € W2 (Ry; H;T) and for 8 € (0,2) there holds the
equality

2
lllfvz ey ory = BIAY N, oy = 12 (d/dt 2 B A)ullL, g, gy + (Br (B) @, 9)
(13)
where

(Rr (8)¢,¢) = 2Re (Cp,0) + V2= B (ICol” + ¢]”) "
14

C = A3PTA-Y2 = AV (0) € H.

In particular, when T'= 0 (C = 0), for u € I/?/'% (R4+; H;0) and for g € (0,2)

we have

2
Vel oy — B 1A | oy = 10 (@/dt 2 B A)ul2, gy + V2~ B ]2,
(15)
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Corollary 3. For u € W3 (Ry; H; K) and for 8 € (0,2) there holds the
equality

2
Hu”%/VQQ(RJr;H) - 5 HAUIHL2(3+;H) = H(I) (d/dt : 6 : A)u"%z(R+;H) + (RK (ﬂ) 90790) )
(16)
where

(B (8) ¢, 0) = 2Re (S, ) + V2= B (IISel” + l¢l?) .
17

S =AYVPKA32 o= A3/%4(0) € H.

In particular, when K = 0(S = 0), for u € W3 (Ry; H;1) and for 3 € (0,2)
we have

2 /
||u||%/V22(R+;H) — B HAU/HLQ(R-s-;H) =@ (d/dt: 5 A)UH%2(R+§H) tv2-p HQPHQ
(18)

Obviously, the lemma below holds
Lemma 2. ¢ (]:Z (ﬁ)) = o (R(B)) as a geometrical set, where R (B) and

R (B) are determined in Lemma 1.

Hence it follows that ]:1’(6) may have only eigenvalues that coincide with

R(B).
Now we find the exact values of the norms of intermediate derivative operators
No,o, N7, Nk, No, N1 and N, defined by formulae (1)—(4).

Theorem 1. The norm Nogo = %

Proof For ue WZ(Ry;H;0,1) and 3 € (0,2) equality (12) holds.
In this equality passing to the limit as § — 2 we can find that for any

u € W2 (Ry; H;0,1) the inequality

1
HA“/HLQ(RJr;H) < NG lullwezr,m)

holds, i.e., Noo < % Prove that Nog = % Show that for any € > 0 there
exists such a vector function w. (t) that

2
E (ue (t) = ||ug||§v22(R;H) — @+ [|[Aul|}, gy <O (19)

Find w. (t) in the form u. (t) = g (t) 1., where ¥ € Hy (||[¢c|l, = 1), but g (¢)
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is a scalar function from W2 (R). Then by the Plancharel theorem

E(9 (1)) = 9" (O Vel + |9 (O A2 gy — 2 9) ' () Al oy

—+00

= | (E'B+ A= (2+) @4%) ve, ) [ () dé = jfooq (& e) [3 (I g,

—00

where ¢ (§,9:) = £4+HA2¢5H2—(2 +¢)€&? ]|A1p€||2, and g (§) is a Fourier transform
of the function g ().

It is obvious that the function ¢ (§,1).) takes its minimal value at the points
£€==+(24¢) equal to h(e,9.) = HAQdJaHQ — 12+ )2 || Ape||*.

If the operator A has at least one eigenvector responding to eigenvalue p,
we can take this normed eigenvector as ..

Thus in this case h(g,9.) = p* — 1 (2+ e)? u* < 0. If p is a point of a con-
tinuous spectrum, we can find such a vector . (||| = 1) that Alp. = Nap. +
0(6),l =1,2,..., for 6 — 0. Obviously, for small ¢ the function A (g,1.) < 0.
Now let us fix the vector 1., for which h (g,1.) < 0, and find the function g (¢).

Since the function g (&, 1. ) is continuous with respect to the argument &, there
can be found (1 () ,m (¢)), where ¢ (§,1:) <0, i.e.,

n1(g) . 9
(g (1) ) = / G

no(e)

d¢ < 0.

Further, from the continuity of the functional &£ (-) in the space W2 (R; H)
by the theorem on density of finite infinitely differentiable vector function [1,
p. 29] there exists a vector function uy. (t) € W2 (R; H) with the support
(=N,N) C R, for which € (un,(t)) < 0. Assuming u. (t) = une (t +2N),

we get u. (t) € W2 (R4; H;0,1) and & (ue (1)) = € (une (t+2N)) < 0. Thus,
Noo = % The theorem is proved.

Since W2 (Ry;H;0,1) C W2 (Ry; H;T), then Np > % Analogously,
N > Ng > Noo = % Explain when Np = % or Ng = % The following
holds.

Theorem 2. The norm Np = % (NK = %) iff for all B € (0,2) and

peH (Rr(B)e,¢) >0 ((Rx(B)p,p)>0).
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Proof Let Np=-

75 Then for any u € W2 (Ry; H;T) and 3 € (0,2)

we have

2 2

2 2 -2
= gy (1= 8141 ) Vel i, o)

2 2 -2
> ullivzry.m <1 - 5UGW28(1;I)‘H.T) 1AWy sy \U||W22(R+;H)>
2 +3 Ll

= Hu||12/V22(R+;H) (1-p83) >0.
Then it follows from equality (13) that for any u € W2 (Ry; H;T) and 3 € (0,2)

|® (d/dt : B : A) uHiQ( + (Rr (B) ¢, ) > 0,Yo € H ((p =AY/ (0) € H) :

(20)

Ry ;:H)

Since the characteristically polynomial ® (A: 3: A) = \2E + /2 — B A + A?
is represented in the form

D(N:f:A) = (AE —wi (9) A) (AE — ws (8) A),

where wi (8) = @3 (8) = (—v/Z=F — ivZF B) /2, (Rews (8) < 0, Rews () < 0),
we get that the Cauchy problem

®(d/dt:B: A)u=0,u(0)=Tu (0),u (0)=A"2pVoec H  (21)

has a unique solution from the space W (Ry; H)

U(t,ﬂ) =

{6w1(ﬁ)tA (wg (8) TA*1/2g0 _ A*3/2<p>

w2 — w1

+ew2(B)tA <A73/2g0 — w1 (B) TAil/ng)} :

Obviously, ||u (¢, 5;¢)|| < di (B) |¢|l,di (8) > 0. Using the uniqueness of the
solution of the Cauchy problem and also using Banach’s theorem on invertible
operator, we get ||[u(t,5;¢)|| > d2(B) |l¢ll. Thus, it follows from equality (20)
that (R (6) ¢, ) > 0 for 8 € (0,2) and YV € H.

Inversely, if (R7 (3) ¢, ) > 0, then from equality (13) it follows that

H’U’HIQ/VQQ(RJF,H) - 6 “Au/“iQ(R+;H) >0 (Vﬁ € (072) ,VU € W22 (R+7H7T)) .
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By passing to the limit as § — 2, we get Np < % Consequently, Ny = %
We prove in a similar way that Ng = % iff (Ri (8) ¢, ¢) > 0 for g € (0,2) and
Vo € H.

Using this theorem we get the following statement.

Theorem 3. The norm Ny = % iff ReC >0 (see (14)).

In fact, if Np = %, then (Rr (8) p,¢) > 0,8 € (0,2), ¢ € H. By passing to

the limit as 8 — 2, we get ReC' > 0. Inversely, if ReC' > 0, then (Rp (3) ¢, ¢) > 0,
for g € (0,2), i.e., Np = %

Similarly is proved
Theorem 4. The norm Ng = % iff ReS >0 (see (17)).

Notice that if ReC is not a non negative operator, then the following theorem
holds.

Theorem 5. Let inf Re (Cyp,p) <0, <inf Re(S¢, @) < 0). Then the norm
peH peH

1 Re (C 2\ 712
Np=——[1-2| inf L‘p’“’g (22)
V2 lel=1 1+ || Cp||
—1/2
1 2
Ng=—[1-2| inf m (23)
V2 lell=1 1+ || S]]
(see (14), (17)).
Proof Let inf ReC < 0. Then by Theorem 3 Ny > --. Therefore
peH V2

N;? € (0,2). Then if in equality (13) as u (t) we take the solution of the Cauchy
problem (see (21)), for g € (0,]\7772) and [|¢|| = 1 we get

2
(R (8) ¢, ) = llu(t, B D) iz ey — 144 (& 807, oy

>l (t, B D)z ry ) (1 - BNZ?) > 0.

Thus, for 8 € (0, N?) the function

m(B) = inf (R(B)g,¢)>0.

llell=1

And for g € (NT_2,2), by definition of Ny, there can be found a vector
function v (t,8) € W3 (Ry; H; T) such that

lo G B vz, — 14V & BT, r, ) < O
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Consequently, for 8 € (Nr; 2 2) it follows from equality (13) that
(Rr(B)¢p, ¢5) + |1® (d/dt : 8 A)v(t, B)|[, () <O

((pg :A*1/2v(0,ﬁ)), ie, m(B) < 0 for B € (NT_2,2). Thus, the continuous
function m (8), determined for # € (0,2), changes its sign at the point Nf2, ie.,
m (NT_ 2) = 0. Hence, it follows easily that

W =2 inf Re (Cso,@)/[l + HCSOHQ} ’

llell=1
—1/2
[ I A N\
T \/i .

Formula (23) is proved in a similar way. The theorem is proved.

It follows from Theorems 3-5 that No = N; = % (C=85=0).

i.e.,

i (Ce, 902)
leli=1 1+ ||Ce|

Now we find the norm N.
There holds the following.

Theorem 6. The norm N =1, where N is determined by formula (2).

Proof. It isobvious that N > % Show that N # % In fact, if N = %,

then it follows from equality (5) that

1© (d/dt : B : A)ul?

B(3) 5 5 2
s T (RO)8.2) 2 Tl

<(1-8 s A Bl ) 2 Belgcn,n (1 83) >0
< ueW;(RJr;H) W22(R+»H) W2(R+7H)( 2)
(24)

Then for 5 € (0,2) the Cauchy problem
O (dfdt:f: A)u=0,u(0)=A2po,u (0)=A"%p1, Voo, 01 € H, (25)

has a unique solution from W3 (R, ; H), therefore for 8 € (0,2) (R(8) @, )2
> 0. By Lemma 2 all eigenvalues of the matrix R (/) are positive. But it is seen
from the form R () (see Lem. 1) that for § € (1,2), R (/) has also the negative
eigenvalue A (R(3)) = 1— 8 < 0. Thus, N > 3, i.e, N~2 € (0,2). Then for
B e (O,N_Q) we have

|1 (d/dt : B : A)ul?

Lo(Ry;H)

+ (R(8)¢:2) = Jully (1 - 8N2) > 0.

Hence it follows that if in this inequality we replace u by the solution of
the Cauchy problem (25) for g € (O,N;), then we obtain (R (B) &, (,5) > 0.
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Consequently, all eigenvalues of the matrix R () are positive for § € (O, N _2).
In particular, A\; (8) > 0 (A1 (B) is the first eigenvalue of the matrix R (3)).

And for 3 € (N:;Q, 2) it follows from the definition of N that there exists such
v (t,3) € Wi (Ry; H) that

||U||I2/V22(R+;H) - HAU/||;(R+;H) <0.

Consequently, (R (B) &8, gﬁg) <0 (4,05,0 = A73205(0), 051 = A_l/Qv’ﬁ (0))
We again obtain that A; () is the first eigenvalue of the matrix R (3), is
negative for § € (N*Z, 2). Consequently, Ay (N*Q) = 0.

Le.,
V2 — N2 1

1 V2 — N2
Hence we find that N=2 =1, i.e., N = 1. The theorem is proved.

=0.
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