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where A,, and B,, are random Hermitian (real symmetric) matrices, having
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1. Results and Discussions
The paper deals with the Hermitian (real symmetric) n X n random matrices
H, = A, +UB,U,, (1.1)

where A,, and B,, are Hermitian (real symmetric) random matrices such that if
{)\f” }e, and {)\ZB "}, are eigenvalues of A, and B, and N4, and Np, are their
Normalized Counting Measures (NCM), defined as

Na,(A)=#{N"eA 1=1,...,n}n"},

Np, (A)=#{\re A 1=1,...,n}n"" (1.2)
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for any interval A C R, then there exist nonrandom probability measures N4
and Np and for any € > 0

lim P{|Na,(A) — Na(A)| >} =0,

lim P{|Np,(A) — Ng(A)| > ¢} =0, YA C R. (1.3)

We assume further that U, in (1.1) is the random unitary (orthogonal) matrix,
whose probability law is given by the normalized to unity Haar measure on the
unitary (orthogonal) group U(n), and all three random matrices A,, B, and U,
are independent. We will confine ourselves to the technically simplest case of the
Hermitian A,, and B,, and unitary U, in (1.1).

Our goal in this paper is to study the eigenvalue distribution of H,, of (1.1),
given that of A, and B,,. The simplest but important for practically any random
matrix problem is the weak convergence of the Normalized Counting Measures
of eigenvalues {\/"}" | of H,

No(A) =#{N e 1=1,...,n}n" (1.4)

to a nonrandom measure as n — oo. Following general ideas of spectral theory,
we study N, via the resolvent

Ga(2) = (Hy — )7, Tm 2 £0, (15)
of H, and its normalized trace
gn(2) =0 Tr Gu(2), (1.6)

related to the Normalized Counting Measures of eigenvalues of H, by spectral
theorem

gn(2) = / ]\j\nﬁdi\), Imz # 0. (1.7)

Here and below the integrals without limits denote integrals over R. To study the
asymptotic behavior of g, we use an approach, based on certain differentiation
formulas (matrix analogs of the integration by parts), leading to certain identities
for the moments of g, and to bounds for the variance of g,, allowing one to
convert the identities into functional equations, determining uniquely g,, hence
the limiting measure.

In [12] the following theorem was proved.

Theorem 1.1. Consider the random matrices (1.1) and assume (1.3). Then
there exists a nonrandom probability measure N such that

lim P{|No(A) — N(A)| >} =0, VA C R (1.8)

n—oo
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Moreover, the Stieltjes transform

s = [T s 20,

of N is a unique solution of the system

flz) = fa(hp(2)),
flz) = fB(ha(?)), (1.9)
(f(z)™" = z—ha(z) - hp(2),
where
fan(x) = [HAE@) (1.10)

f(2) is a Nevanlinna function, ha p(z) are analytic in C\R and

f(z)=—2z"1+0(zY), hap(z)=2+0(2), z— . (1.11)

In [13] the following theorem was proved for the nonrandom matrices A4,, and
B,.

Theorem 1.2. Consider random matrices (1.1), assume that Na, and Np,
converge weakly to the probability measures Na and Np, respectively, and that

sup/ IA*Na, B, (d\) < M < . (1.12)
Then we have for gy of (1.5)-(1.7) and n-independent z; 2 € C\R
Cov{gn(21), gn(22)} = %Sn(z'h@) + Un(21, 22), (1.13)
where
_ o (ha,(21) — ha,(22))(hB, (21) — hp,(22))
Sulz1,2) = 5o 1o (21 — 22)(rn(21) — n(22)) o (L)
1
Tn(Z) = —m7 (115)
_ - T
b (2) = 7 — E{n 'Tr Gn(z)An}7 b (2) = 7 — E{n 'Tr G,(2)U.B,Uy,}

E{gn(2)}
and ¥ (21, z2) admits the bound

|9 (21, 22)| < C/n?,

where C' is independent of n and finite if min{|Im z;|, |Im 22|} > 0.

E{gn(2)}
(1.16)
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Remark 1.3. It follows from Theorem 1.1 that for z1 2 € C\R we have

, _ _ o (ha(z1) = ha(z2))(hp(z1) = hp(22))
nh—{go Sn(ZLZQ) - S(Zl,ZQ) - 821832 IOg (21 — ZQ)(T(Zl) — T(ZQ)) )
(1.17)
where r(z) = —f71(2) and S(z1,22) is defined also for z1 = 2z as well as

Sn(z1, 22). Indeed, using (1.9) and (1.10), we obtain

r(z1) —r(z2) = L@)IA(Zl,ZQ)IB(Zl,ZQ) (1.18)

Flz1)f (2
-1
(1t - M)

ha(z1) —ha(z2) = Ig'(z1,22)f(21) f(22)(r(z1) — r(22)),
hp(z1) —hp(z) = I;'(21,22)f(21)f(22)(r(21) — r(22)),

where we denote

IA(21,22)

_/ Na(d\)
) (A =hp(21)(A - hp(z2))
Np(dA)

Ip(21,22) :/()\_hA(zl))()\—hA(Zz))'

Note that for z1 = zy the term in the parentheses in the r.h.s. (1.18) coincides up
to a factor with with the determinant of linear system on the triple of derivatives
(f', 14, By), which is nonzero. Using (1.18) we can rewrite Sy(z1, z2) in the form,
which has no singularity at z3 = 2

82
B 821 822

S(Zl,ZQ) = IA(ZlazQ)IB(ZhZQ))

fn(zl)fn(ZQ)

Moreover, because of (1.17) and Theorem 1.2, Sy, (21, z2) is also defined at z1 = 2o
for sufficiently large n.

log <IA(2'17 z2) + Ip(z1,22) —

In this paper we study the asymptotic behaviour of the covariance
Cov{gn(z1),gn(22)} of the normalized traces of resolvents (1.6) for random A,
and B, of (1.1). An analogous problem for the normalized traces of moments of
(1.1) was considered in the recent paper [17] under the condition that A,, and B,
have the second order distribution in the following sense.

Definition 1.4. [17]. Let M, be a Hermitian random matriz. Then, we say
that it has a second order limit distribution if for any p, ¢ > 1 the limits

m®) = lim E{n "Tr M}

n—oo

Journal of Mathematical Physics, Analysis, Geometry, 2010, vol. 6, No. 1 99



V. Vasilchuk

and
miy? = lim Cov{Tr M, Tr M}

exist and if for all r > 3 and all p(1),...,p(r) > 1,

lim k,(Te MPD . Tr MPM)) = 0

n—oo
where k, denotes the r'" classical multivariate cumulant.

It was proved in [17, 18] by a rather involved and nontrivial combinatorial
analysis that under these conditions on A,, and B,, the random matrix (1.1) has
also the second order limit distribution. Moreover, if

mff) = lim E{n"'Tr A%}, mg) = lim E{n"'Tr B?},

n—00 n—00

mg) = limy, oo E{n~1Tr HA}, mff’Q) = lim Cov{Tr AP, Tr A%},

n—00

mg’q) := lim,, oo Cov{Tr BS, Tr B} }, mg’q) := lim Cov{Tr H?, Tr H!},
n—oo

(1.19)
and
o (p) o (p)
- Mma - Mmp
fa(z) = _Zﬁ’ fB(2) '__Zﬁa
p=1 p=1
o (p) 0 (r.9)
. My - ma
f(Z) T _Zﬁv CA(ZlaZZ) . Z “p+1_g+10
p=1 pa=17°1 *#2
0 mg,q) 0 m%ﬁq)
Cp(a1,22) = D i Clnzm) =) it
pa=1°1 2 pa=171 2

are the correspondent formal power series then the second order R-transforms
Ra(wi,ws2), Rp(wy,ws) and Ry (wy,ws) defined in [17] as

Ca(z1,22)

- (RA<fA<zl>, Falea)) + fA(ZQ))z) FAe) G -
Cp(z1, 22)

- (RBUB(ZI),fB(zQ)) n ! ) Fip(ea) Fy(z2) — ——

(fB(21) — fB(22))? (21 — 22)?

C(z1,22)

- (R(f(21),f(22)) T ) P ) - — o)

(f(z1) = f(22))? (21 — 22)?
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satisfy
R(wl, wz) = RA(wl,wg) + RB(wl,wg). (1.21)

We will prove an asymptotic relation between the covariance of g,(z) for
2z = 21,2 and those of n™1Tr (A, — 2)7!, 2 = 21,22 and n~'Tr (B, — 2)7 !,
z = z1, 29. The relation can be viewed as a version of the second order asymptotic
distribution in the terms of traces of resolvents rather than of traces of powers
of the corresponding matrices as in Definition 1.4. This requires the existence
(in fact boundedness in n) of expectations of traces of several first powers of
corresponding random matrices rather than all moments as in (1.19). If, in
addition, the limits of covariances of Tr (A, — 2)~!, 2 = 21, 20 and Tr (B, — 2) !,
z = 21,29 exist, then we obtain a formula relating the limit of covariance of
ngn(z) for z = 21, 29 and those of Tr (A,, — 2)~! and Tr (B,, — 2)~!. The formula
is a version of equality (1.21), but is valid as the equality of analytic functions
rather than the formal power series.

Thus our goal is to express

Cn(z1,22) = Cov{gn(z1), gn(z2)} (1.22)

via the covariances of the normalized traces of resolvent of the summands of (1.1)

Ca,(21,22) = Cov{ga,(21),94,(22)}, Cp,(21,22) = Covigg,(21),98,(22)},

(1.23)
where
ga, (z) = / w =n"1Tr Ga,(2), gB,(2) = w =n 'Tr G, (2)
(1.24)
and
Ga,(2) = (A, —2)7Y, Gp,(2) = (B, —2)7!, Imz #0. (1.25)

Note that because of (1.3) the covariances (1.23) tend to zero as n — oo as well
as the variances

ua, (z) = Var{ga, ()}, up, (z) = Var{gg, (2)}. (1.26)

The second question is: are the rates of convergence to zero of the covariance
(1.22) and the variance

uy, = Var{g,(2)}

the same as for uy, and up,?
The main result of this paper is

Theorem 1.5. Consider the random matrices of the form (1.1). Assume
(1.3) and the following asymptotic relations:
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(i) for any n-independent z with Im z # 0

ia, = E{lga,(2) —E{ga,(2)}|"} = o(ua,(2)), (1.27)
ip, = E{lgn.(2) —E{gn,(2)}'} = o(up,(2)) '
(iz)
supE {/XLNA%Bn(dA)} <M< oo, M>1; (1.28)

(iii) for any z € K-compact, K C C\ R

Var { [ [A[Na,(dN)} = O (ua,(2)), (1.29)

Var { [ |\|Np,(d\)} = O(ug,(2)), '
E{[[ [ANa, (@) —E{[\N4, (@)}'} = o(ua,(2), w0
E{|[ AN, (d)) —E{[|\INg, (d\)}' 0 (u, (%)) ‘

Then we have for any z1 2 € K-compact, K C I'y g

Ca,(hp,(21), hp,(22))h (21)h'p (22)
CB, (ha,(21), ha,(22))ly, (21)0)y (22) (1.31)
n"28 (21, 22) + Un(21, 22),

Ch(z1, 22)

+ + |

where
I'anp={2€C:|Rez| <allmz|, Imz|> G}, a>0, > (1la+15)M, (1.32)

Un(21,22) = o (max{n~2,Ca,(21,22),Cp,(21,22)}) , n — <. (1.33)

In the proof of the theorem the techniques of [12] are used and it is given in
the next section. Here we discuss the theorem and its applications.

(i) Conditions on absolute moments (1.29), (1.30) are technical. For example,
they can be omitted in the case of uniformly in n bounded matrices,
sup ||An|| < 00, sup ||By|| < co. They can be replaced by the following conditions

n n

on the moments

Var {f )\QNA,L(CD\)} = O(ua,),
Var { [ AN, (d\)} = O(ug,), (1.34)
and
E{ | XN, (dN) = B{[ XNa, @)}'} = o(ua,), (1.35)
E{|[XNg, (d\) —E{[ A2Ng,(dN}|'} = o(ug,). '
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(ii) Conditions (1.27), (1.34), (1.35) can be verified directly for Gaussian
ensembles via Poincaré-Nash inequality [3, 10] (e.g., Gaussian unitary ensemble
or Marchenko—Pastur ensemble with Gaussian entry). It can be also verified
for the general matrix models. Indeed, it was proved in [14] that if we have
probability distribution of Hermitian random matrix M,

1
pn(My)dM,, = Z—exp{—nTr V(My,) yd M, (1.36)

where . .
dM, =[] dM;; [ (dReMji)(dIm M;y,)
j=1 1<j<k<n

obeying conditions
V(A) > (2+¢e)In|}A|, e >0, A — oo,

and
VA = V()| <CL)A—pl?, v>0, Al |ul <L,

then for any smooth bounded function ¢ : R — C with bounded derivative we
have the bound for r-th classical cumulant of n~'Tr ¢ (M)

[P
Cyrla

n?"

[k (0™ Tr (M) <

,a>0,7r>2 (1.37)

where constant C, depends only of L*-norm of ¢ and ¢'. Since we have

o) = (=2, |w<A>\s‘Imlz|,

ko(a) = Var{a},E{|a—E{a}|4}:k4(a)+3k§(a),

1
/
‘80 ()‘)‘ < W7

then condition (1.27) follows directly from (1.37). The rest of the conditions also
follow from (1.37) and the fact that the support of the limiting NCM of (1.36)
is compact and that NCM of (1.36) decays exponentially apart of this compact
(see, e.g., [11]).

(iii) Theorem 1.5 is related with the result of recent paper [17] as follows. First,
fixing in addition to the conditions of Theorem 1.5, the order of covariances of
Stieltjes transforms by n~2 and supposing the convergence of their asymptotics
we have

lim n?Ca,(21,20) = Ca(z1, 22), JLHQOHQCBH(Zl,Zz) = Cp(21, 22),

n—oo

lim nQCn(Zl,ZQ) = C(z1, 22).
n—oo
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Then, multiplying (1.31) by n? and passing to the limit n — oo, we obtain

= Ca(hp(21), hp(22))hp(21)hp(22)
+ Cg(ha(z1), ha(z2))hy(21)Wy(22) (1.38)
+  S(z1,22).

Besides, (1.9) and (1.20) imply

Calhp(21), hp(22)) = (RAU(zl%f ) f(Zz))2>

1
(hp(21) — hp(22))*

Using this relation, an analogous relation for Cp(ha(z1),ha(z2)) and the
equalities

X falhp(21))fa(hp(z2)) —

/ . f/(z) I () = f/(z)
") = g ey ") = Py
we obtain from (1.38)
1
Clar) = (Ralf), S + Re(I(a0): ) + o=
!/ ! 1
x f'(z1) f'(22) — CErSE

This leads to

R(f(21), f(22)) = Ra(f(21), f(22)) + Rp(f(21), f(22))-

Thus, because of Nevanlinnianess of f(z) and one-to-one correspondence
f :,C1— C4 (see [4]) we have obtained for w2 € C\R the analytic functions
equality

R(wy,we) = Ra(wy,ws) + Rp(w, ws).

Moreover, supposing the existence of k +1-th moments of the measures N4 p and
using k + 1 first terms of the asymptotic expansion oin z; % of analytic functions
in (1.38), we can obtain the relations for moment covariances, moments and free
cumulants up to the k-th order correspondent with the relations obtained in [17].

(iv) Conditions (1.27)—(1.30) are verified for the second order distributions,
having convergent resolvent asymptotic power series. Indeed, since the orders of
all variances of moments and Stieltjes transforms are fixed by n =2

lim n?us, = Ca(2,%), lim n*up, = Cp(z,%),

n—oo n—oo
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and due to the correspondence between moments and cumulants
E{a°0°c°d’} = kyq(a®,0° c°,d°) + ka(a®,b°)ka(c®,d°)
+ka(a®, c®)ka(b,d°) + ka(a®, d®)ka(b°, %),
where
a’=a—E{a}, b°=0—-E{b},
¢ =c—E{c}, d°=d—-E{d}, (1.39)
we obtain, in view of convergence of the correspondent series,
E{|ga,(2) — E{ga,(2)}|"}

_4 i E{(Tr AR")° (Tr AR?)° (Tr AD?)° (Tr AD)°}
2P1tp2+27P3+pat2

=n""(3C%(2,2) +o(1)) = O(u},) = 0 (ua,),
E{|g5,(2) = B{gp,(2)}I'} = n*(3Ch(2,2) + o(1)) = O(up,) = 0 (us,).

Thus, the condition (1.27) is verified. The rest of conditions follow directly from
the behavior in n of k9 and k4 and the existence of all moments of the measures
Na.B.

2. Proofs

We denote (...) the conditional expectation with respect to the normalized
Haar measure of U(n). We are going to use often the following fact on this
expectation.

Proposition 2.1. Let H, be the space of n x n Hermitian matrices, and
® : H, — C be a continuously differentiable function. Then we have for any
X € Hy:

<¢>’(UTMU) X, UTMU]> —0,

where
[My, Ms] = My My — My Ms.

The proof of the proposition is given in [12].

We will use the resolvent identity for resolvents G; and Go of two Hermitian
matrices M7 and Ms:

GQ(Z) — Gl(Z) = Gl(z)(Ml - MQ)GQ(Z) = GQ(Z)(Ml - MQ)Gl(Z), (21)
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the formula for the derivative of the resolvent of a Hermitian matrix M:
G- X=-GXG, VX € H, (2.2)

and the bounds valid for any matrices M7 and My and Hermitian matrix Q:

| Te My Ms| < (TeM; M])Y2(TeMyM])Y2, (2.3)
[TeML Q| < |[Mi||Tr|Q), |Q = V@QTQ = VQQT. (2.4)

We will also need the notion of the Nevanlinna functions (see, e.g., [1]).
Namely, an analytic in C\R function f is a Nevanlinna function if

f(z)=fZ), Im f(2)Imz > 0, Imz # 0. (2.5)
Any Nevanlinna function admits the representation

14 pz

m(dp), (2.6)

f(z):az—l—b—l-/

where a > 0, b € R, m is a finite nonnegative measure and we write here and
below the integrals without limits for the integrals over R. The representation

takes the form ()
1) = [ 2, (27)

with a finite nonnegative m if and only if sup,~; [yf(iy)| < oo, and in this case

lim [yf(iy)| = m(R) < oo.

Lemma 2.2. Assume (1.28) and denote

F(z1,22) + = Y(gn(21), 9n(22)),
Fa(z1,22) + =v(04,(21),04,(22)),
6a,(z1) @ =n"1TrGnL(2)A,
0B, (1) =n"'TrG,(2)U] B,U,,

where ¢ : C x C — C is a smooth enough function. Then for z12 € I'o g (1.32)
we have

Cov{F(z1,22),9n(22)} = Cov{F(z1,22),94,(hs,(22))}

1 [¢]
+ m(Cov{F(21,22),gn(zQ)kAn(Z2)}

—  Cov{F(z1,22),0%, (22)pa,(22)})

1
+ E’YA,LB”(ZI, 22),
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and

Cov{Fa(z1,22),04,(22)} = Cov{F(z1,22),94,(hB,, A,(22))}hB, (22)
1 o
m (COV{FA(Zl’ZQ)ugn(Zz)kAn(ZQ)}

— COV{FA(zl,zz),éan(ZQ)ﬁAn(zg)})

1
+ E'YAan(Zly 22),

where
ka,(2) = n TGy, (hp, (2))UlB,U,Gn(2),
ka,(z) = n 'TeGy, (hp,(2) AUl BaU,Ga(2), (2.8)
pa, (2) = n TG, (hp, (2))Gn(2),
pa,(2) = nITeGa, (hp, (2))AnGn(2),
and
YA, B, (21, 22)
_ E{Yi(gn(21), gn(22))n ' TrGa, (hB, (2) UL BuUn, G2(21)|Gn(22)}
E{gn(22)}
L E{95(gn(z1), gn(z2))n “'TrGa, (hp, (2)) UL BulUn, G2 (22)]Gn(22)}
E{gn(22)} 7

YA, B, (21, 22)
_ E{¢](04,(21),04,(21))n " T2G 4, (g, (2)) UL BuUn, G (21) AnGi(21)] G (22)}
B E{gn(22)}
+E{¢é(5An (21), 04, (20))n " TxG 4, (h,, (2))[U BuUn, G (22) AnGin(22)] G (22)}
E{gn(22)} .

Proof. We omit the subscript n in A,, B, and G,(z) in the cases where
there will be no confusion.

(i) Denote {G;i(2)}])_; the matrix of G(z). Taking in Proposition 2.1 ® =
F°(z1,22)Gac(22), a,c =1,...,n and using (2.2), we obtain

(F*(21,) (Glz0) X, UTBUY) )
( ) Gacl2))
(¥h(9n(21).90(22)) (n 7" Tr C(e2) [ X, UTBU| G(22)) Glele2) ) = 0
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n
Take here X = E(@ and then apply the operation n~! " . This yields the
a=1
matrix relation

(F (21, 22)38, ()G (22)) = (F°(21, 22)gn(22)U' BUG(2,))
oy ((Bgn(e1), 90(22)) [UTBU, G (o1)] Gea)
+ (Uh(9n(21), 9n(z2)) [UTBU, G2 (20) | G(=2) ))
Writing (cf (1.39))
0B,(22) = 0p, (22) + E{0B,(22)}, gn(22) = gp(22) + E{gn(22)}
and regrouping terms, we obtain
E{0p, (22)} (F° (21, 22)G(22)) — B{gu(z2)} (F° (21, 22)U' BUG )
- < F°(z, ZQ)g;(ZQ)UTBUG(22)> — (F°(z1,22)8% (20)G(22))
+ =5 (v, 0n(2) [U1BU. G )] Gaw)
+ (Uh(9n(21) 90 (=) [U'BU, G2 (20)| G(=2) ))
Now the resolvent identity
—UTBUG(z) = AG(22) — 22G(22) — I
allows us to write
E{gn(22) HA = hp, (22)) (F° (21, 22)G22)) = E{gn ()} (F°(21, 22)) I (2:9)
+ <F°(z1, ZQ)gfL(ZQ)UTBUG(Zg)> — (F°(21,22)0% (22)G(22))
toy ({94090 (21), 90(22)) [UTBU, G (21)] G(e)
+ (Vh(gn(20), gu(z2)) |U'BU, G* ()| G(2) ) )

Besides, in view of (1.28) and relations

Blon(z)} = (1~ B{oa,(2)} - B{op, (2)})
E{d4,,5,(2)} )
1—E{0a,(2)} — E{dp,(2)}
. 1-E{0B, a,(2)}
1—E{04,(2)} — E{dp,(2)}

ha,.B,(2) = =z (1 +

(2.10)
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where

(1)
1 m
90(2)] < (s 194, ()] < N =:]/|A|kALL“Bn<dA>, (2.11)

|Tm =z = |Imz|’

we have for any z € I'y, 3 (1.32)

|m%@H21Q_”@>13

A\ ) 2
1+M
3 16
|ha,.B,(2)] < |Z|WS|Z|E’
122
B
M
|Z|ﬁ
mha p(2) > 81— —D5 | >12m (2.12)
’ | M

Hence, the matrix A — hp,(#2) is invertible uniformly in n for any z €€ I'y g
(1.32) and

1

Ga,(hp,(22)) = (A= hp,(22))"", [|Ga,(hp,(22))|] < oM

Thus, multiplying (2.9) from the left by Ga, (hp,(22)), then applying n~'Tr,
and taking the expectation E{...} of the result, we obtain the first identity.
The second identity can be proved analogously by using Proposition 2.1 with
¢ = Fj(21,22) (G(22)A),, and taking into account that the traces of resolvents
of the matrices

ac

A, +U!B,U, and U, AU} + B,

coincide. n

Lemma 2.3. Under conditions (1.28)-(1.27) we have for z € K-compact,
K CcTypg (1.32) as n — oo

(i)
u, = Var{gy(2)} = O (max{n~? ua,,up,})
Uy = Var{ds,(2)} =0 (max{n_Q,uAn,UBn}) )
wy = Var{dp,(2)} =0 (max{n_2,uAn,UBn}) ;
(ii)

Var{p,(z)} = O (max{n 2, ua,,ug,});
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(iii)
Var{ka, (2)} = O (max{n 2, ua,,up,});
(i)
i = E{lgn(2) — B{gn(2)}|"} = 0 (max{n~> ua,, up,}),
Uy 1= E{|d4,(2) — E{&An(z)}|4} =0 (max{n_z,uAn,uBn}) ,
Wy, 1= E{|dB, () — E{éBn(z)}]4} =0 (max{an, UA, , UBn}) .

Proof. (i) Note that we have

wn = Var{g,(2)} = Cov{ga(2). gu(2)}-

On the other hand, the resolvent identity implies that

2Gn(2) + I = ApGn(2) + Ul BuU,Go(2). (2.13)
We obtain )
9n(2) = ~(04,(2) + 0B, (2) — 1), (2.14)
hence
Cov{gn(z), gn(2)} = % (Cov{gn(2),04,(2)} + Cov{gn(2),0B,(2)}). (2.15)

This and the Schwarz inequalities
|Cov{gn(2),64,(2)} < u/*v/?, |Cov{gn(2), 65, (2)} < u)/*w/?,

yield that for z € I'y g (1.32)

1
Up < m (u,ll/Qv,ll/Q + u}z/QleL/2> < algu}/%}zﬂ + algu,l/Qw}/Q, (2.16)
where 1
Q13 = Q2 = T (2.17)

Taking into account that
v, = Var{da, (z)} = Cov{da,(2),04,(2)}

and the second identity of Lemma 2.2 with F4(z1,22) = d4, (21), we obtain for
21 =2,29=2%2

L -1 YA, B, (2, Z)

"B 2
(2.18)

Var{da,(2)} = Cov{da,(2),94,(h5.(2))}thp,(2)
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where

I = E{63,(2)g7(2)ka, (2)}, I» = {0}, (2)05, (2)a, (2)}.
Furthermore, (2.14) and the resolvent identity G4, (z)A, = 2G4, (2) + I imply

9n(2) = % (0%,(2) + 6%, (2)) , ka,(2) = hp,(2)ka,(2) + 0B, (2),
hence -
I = hBZ(Z) (13 + 14) + % (I5 + IG) ,
where

N

I3 = E{0},(2)0%,(2)ka, (2)}, Is=E{0},(2)0p,(2)ka,(2)},
Iy = E{03,(2)03,(2)08,(2)}, Is = E{53,(2)0p,(2)d5,(2)}-
According to (2.4), we have for pa, and kg4, of (2.8)
(1) mtD

o A z B
< 2 k S n '

Thus, using the centered quantities of absolute moments (2.11)

() =mi) ~B{mD}. (m5) =mb) ~B{m})}
and (2.4), we obtain
B {my) VE{[53, ()03, (2)]} + E{ |65, (2)I195, (2)] (m1)) "}
|Im z||Im hp, (2)|

Ml E {04, ()Y E{ |05, (2)] (m{)) }
Im z|[Im hp, (2)| Im z|[Imhp, (z)]

E{[04,(2)1133,(2)] (m)) "}

| 12|

+ [Im z|[Im hpg, ()]
a2 2ME{jsy () |(mD) [}
[Im z|[Im h g, (2)| |Im z|2|Im hp, (2)|

2ME{‘5§’BH(2)| ‘(m(AIDO‘} —|—E{‘5%n(5)‘ ‘(m§2>0)2}
+

|Im z|2|Im hp, (2)]

Journal of Mathematical Physics, Analysis, Geometry, 2010, vol. 6, No. 1 111



V. Vasilchuk

]\ijlL/?leL/2 2M Var'/? {m(A}i } w711/2

Tm2|[mhp (=) | [im 2]2[lm b, ()]

B s, ()} Ve {m)} {135, 2| () | |

|Im z|2|Im hp, (2)] [Im z|2|Im hp, (2)]
MU}L/QUJ}P 2M Var!/2 {m(AlT)L} w}/Q 2M Var {mgi}
|Im z|[Im hp, (2)] + |Im z|]2[Im hp, (2)| |Im z]3[Im hp, (2)|

Analogously, we have

B
= JImz[|lm hg, ()] |Tm 2[2[Tm hg, (2)]
Var!/? {m%}l} Var!/? {mgi} <2M + Var!/? {mfji})

+ Tm 2[3[Tm A, ()] !
L ]\41)71/21071/2 . 2M Var!/? {mgi} w711/2
il = Im z[|Im A, (2)] Im z[2[Im o, (2)]
Var!/? {m%ﬁb} Var!/? {mgi} (2M + Var!/? {mgz})
+ Tm 2%[Tm A, ()] !
Mo 2M Var!/? {mg) } v}lm
I;| < L -
- mz mz
| 55| I Im z|2
Var!/2 {m(AlZ} Var!/2 {mgi} <2M + Var'/? {mfji})
+ Im 2|3 ’
L Mol 2MVart” {m§) }wn®
el < |Im z| |Im z|?
Var!/2 {m%}l} Var!/? {mgi} (2M + Var'/2 {mgn})
+ [Tm z|3 '

Substituting the above bounds into (2.18), we obtain

v < a(z)vn + ()0 2w/ + e(2)ol/? + d(2)wy? + [k, (2) vy *uly (hs, (2))

194, B,

+ 2 + s,
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and in view of (1.29), (2.11) and (2.12) we have for z € K-compact, K C I'y g
(1.32)

az) = M ( /15, (2) ! )<1
|E{gn(2)}|Im 2| \ |2|[Imhp,(2)| [Imz|/ = 5
M 2|hp, (2)] 1 ) 3
b(z) = — n + <=,
®) = B <\zulmh3n<z>r fmz]) <5
() QMVar1/2{mgi}< \th(é)] N 1 )
C\Z2 =
[E{gn(2)}[Im z> \ |z[[Imhp, (z)]  |[Imz|
1/2 1)
. Var {mBn} :O( }3/2)
36
oM
d(z) = —
G = B @) mP
|hp, (Z)] (Varl/2 {m(Al)} + Var!/? {mg) }) Var!/? {mg)}
X n n + n
2| Tm hp,, (2)]| |Tm 2|
1/2 1) 1/2 (1)
. Var {mAn}—i-Var {mBn}:O<u1/2>
= 12 Bn )
22
Faumal < o U < g0 DAl 0
T mef [E{gn(2)}Imhp, (2)] T 32" n? ’

b, )20, (2)) = O (wf?).

Var'/? {mfji} Var!/? {mgi}
IE{gn(Z)}IIImZ!?’
x (4M + Var!/2 { } +Var1/2{ Z})

2|hpg, (%) 1
% (\zylmhgn(z)! i Hmz\)
= O(max{ua,,un,})-

Thus, we obtained the bound (cf (2.16))

My =

Uy < 05237)71/210,11/2 + 5227)711/2 + 52310711/2 + Yon, (2.19)
where
3 _
28 =] P22 = 23 = O (maX {Ui;/ 7ug2}> , Y2n = O (max {n 27UAn,UBn}) .
(2.20)
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Similarly, using the second identity of Lemma 2.2 with interchanged A, and
By, and Fp(z1,22) = 6p,(21), 21 = Z2 = z and Schwarz inequality, we obtain
an analog of (2.16) and (2.19)
wy < agawl/*vy? + Bsavy/? + Beswl/* + 3n, (2.21)
where
_3 _ _ 1/2 _ -2

asg =, Pi2=P33=0 (UA") ; 3 = O (max {n™>,ua,,up,}).  (2.22)

Now, introducing new variables
S1 = u}/Z, SS9 = 2)71/2, 83 = w,l/2

and the quantities

Bn = max{fa2, (23,32, 333},
Yo = max{V2n, V3n}, (2.23)

we rewrite (2.16), (2.19) and (2.21) as the system of quadratic inequalities
3
$T< ) ugsisy+ Bulsy+83) +Ym, i =1,2,3.
J=Ljti

Let ig be defined as s;, = max;—123u;. Then we have for 5 = s;,

3
3
52 < 52 Z ij + 2805+ yn < 152 + 2605 + Vn, (2.24)
j=Li#i
where we took into account that Z?Zl’j# a;j < 3/4 (see (2.17), (2.20) and

(2.22)). This implies that s = O(3,), and, in view of (2.17), (2.20), (2.22) and
(2.23), assertion (i) of the lemma.
(ii) Note that we have

Var{pa, (=)} = Cov{pa, (2),pa, (2)}.

Taking in Proposition 2.1 ® = p} (2)Gac(2) and using (2.2), we obtain for any
ac=1,...,n:

<p2n(2> (G(/?) [X, UTBU} G(z))ac>
+ <(n_1TrG(z) [X, UTBU] G(z)GAn(th(z))) Gac(g)> o
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n
We take X = E(@b) and apply the operation n=! 3 to the result. This yields
a=1
the matrix relation

<p31n(2)53n(5)G(2)> = <p?4n(2)gn(Z)UTBUG(Z)>
+oz ([VBU.GEIG A b, (2)6()] 6(2)).

Then, applying the same procedure as in the proof of Lemma 2.2, i.e., regrouping
the terms, using the centered quantities g,,(2) and 0% (2), multiplying from the
left by the G% (hp, (%)), then applying n~'Tr and taking the expectation E{...},
we obtain

Var{pa,(2)} = Cov{pa,(2) ga,(hs,(2))} (2.25)

+W ({5, (2)95(2)ka, ()}

B, (05, (D) + 12,

g, (hp,(2)) = n'TeGY (hp,(2))
ka,(2) = n'TrGY (hg, (2)UlBaUnGyr(Z),
Pa,(2) = n TG (hp,(2))Gn(2),
_ E{n'TvG% (hp,(2)) [UTBU,G(2)G 4, (hp,(2))G(2)] G(2)}
! E{g.(2)} '

Besides, we have for z € K-compact, K C I', 3 (1.32)

B, (gn(2ka, ()} E{mp)}Var'pa, (2)un”
E{.()Y] = [, (=) Pim 2[[B{ga(2))]
2Var/?{p4 (z)}Var!'/? {mgi }
+ -
[T s, (2)[2 ] 22 [E{ga ()}

Var'/2{p,, (=) b
- 10
Var!/2 {pa, (z)}Varl/2 {mg}l }
+ 10 ’
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B, (2055, @Pa (2 _ Var{pa,(2)}w’
E{g.(2)}] = Timhg, (2)P2[im 2] [E{ga(3)}]
Var/2{p4 (2)}wy'>
—_— 10 b
R 2E{m';)} 1
ol S i, () Pl = PB{gn(2)]] = 10

and then the analyticity of g4, (z) for z € C\R and Cauchy theorem imply that

Var{g;ln(th (2))} = O(ua, (hp,(2))), n — oco. (2.26)

Thus, we obtain from (2.25) by using Schwarz inequality

Var(pa,(:)} < Var'*{pa, (=)} (Var'/*{g}, (s, (=)}
+0,1 (u,ll/Q +wl/? 4+ Var!/? {m%i})) +0,1n72.
This, assertion (i) and (2.26) yield (ii).
(iii) It follows from (2.13) and 2G4, (2) + I = G4, (2)A, that

Ga,(hB, (Z))U;EBnUnGn(Z) = Ga,(hB,(2)) — Gn(2)
+(2 = B, (2))Ga, (hB,(2))Gn(2),

hence
ka,(2) = 9a,(hB,(2)) — gn(2) + (z — b, (2))pa, (2).
Using this relation and the Schwarz inequality, we obtain
Var{ka,(2)} < Var{ga,(hp,(2))} + un + |2 — hp, (2)]*Var{pa,(2)}
+ 2]z = g, () [Var'2{pa, (2)} (Var'2{ga, (hp, (2))} + ui/?)
+2Var'/?{g, (hp, () ul/2.

This and the assertions (i) and (ii) yield (iii).
(iv) Note that in view of assertion (i) and (1.29) we already have for
z € K-compact, K C 'y g (1.32)

Upy, Upy, Wy, = O (max{n_2, UA,,UB, }) . (2.27)

To prove (iv) we apply the procedure analogous to that of the proof of assertion
(i) and obtain the system of inequalities, now not a quadratic one, but of the
degree four. We have

iy = Cov{(g(2))* g (2), 9(2)}-
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Using (2.14), we get

Cov{(g;(2)* 9n(2),9(2)} = %COV{(QZ(Z))QQZ(EL5Bn(5)}

1 o 2 o/= _
+ - Cov{(gn(2))" 9n(2),04,(2)}-
Thus, using the Schwarz inequality, we obtain for z € K-compact, K C I'y g

1 . .
i S (@ ay + @i/ t) < anni/ oyt + ngil g/,
z
where a2 and a3 are given in (2.17). Besides, using the assertion of Lemma 2.2
with Fa(z1,22) = ((5Zn(zl))262n(22), z1 = z, 23 = Z, we obtain

E{[0%,(2)["} = Cov{(03,(2))*63,(2), 94,(h5, (%) }hp,,(2)
N L—L | Aa.B.(2%)
E{gn(2)} n?

(2.28)

where

~ o 2 o — O /= 7. ~

Il = COV{ (6An (2)) 5An (Z)vgn(z)kAn (Z)},

- o 20 /N g0 fn~ /o

_[2 = COV{ ((514“ (Z)) 5An (Z)) 6Bn (Z)pAn (Z)}
On the other hand, the Schwarz inequality, (1.30), (2.11), (2.12) and (2.27) yield
for z € K-compact, K C I'y g

1Cov{ (63, (2))° 69, (2), 9a, (hp, 2} < /%" (hp,(2))

= 0 (max{n_2, uAna uBn }) )

5 M%v, |hp, (2)] 1
Ll < y
Il < g (z| g, ()] [z
Mo ot (e, (2)] 1
|Tm 2| |2 [Im hp,(2)]  [Imz|
+o (max{n_Q, UA,;UB,})
_ Mo
L] < o (max{n 2 ua,. u, })

|Im z||Im hp, (2)|
8E1/2{m§32) }E1/2{mff) }ng/2
T z[* E{gn (2) }|Im g, ()|

B = o (max{n_2, uA,,, UBn}) :

Journal of Mathematical Physics, Analysis, Geometry, 2010, vol. 6, No. 1 117



V. Vasilchuk

These inequalities and (2.28) imply
Uy < 0423'[)7%/411)71/4 + Yon,

where ag3 = 3/4 and A9, = 0 (max{n_Q,uAn,uBn}) , n — 00. Analogously, the
version of assertion of Lemma 2.2 in which A, and B, are interchanged and
Fp(z1,22) = (5?371 (zl))2 op, (22), 21 = z, 22 = Z, we obtain the inequality

~ ~3/4~1/4 ~
Wy, < ozszwn/ vn/ + ¥3n,

where asgy = 3/4, and 33, = o (max{n~2,ua,,up,}), n — co. Now, introducing
again the new variables

s ~1/4 s 1/4 ~1/4

S1 = n/,SQZ’Un/,ngwn/,

we obtain the system of inequalities of the degree four
3
§< > iElE 4 A, i =1,2,3, v = max{Jaon, Jan}-
=L

Solving this system by the same arguments as in the case of (2.24), we obtain
that s; = O(’y}/ 4) uniformly in n for z € K-compact, K C I, g, which completes
the proof of (iv). [

Proof of Theorem 1.5. Using the assertion of Lemma 2.2 with
F(z1,22) = gn(21), we obtain

Cn(21,22) = Cov{gn(21),9a,(hp,(22))}
(E{gn(21)gn(22)ka, (22)}

VA, B, (21, 22)
n2

1
TE{ga(=))
— E{g;(21)0p, (22)pa,(22)}) + -
Then, substituting in this relation

ka,(z2) = k3, (22) + E{ka, (22)}, pa,(22) =0}, (22) + E{pa,(22)}

and regrouping the terms, we obtain

Cn(21,22) = aa(22)Cn(z1,22) — Ba(22)Covi{gn(21),0p,(22)} (2.29)
+ Cov{gn(21),9a,(hp,(22)} + n 4,8, (21, 22) + Ta, B,
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where
_ Bl 4 Elpau()
wal2) = Bty T R
_ E{nT'TrGa, (hs,(2)) Ul BuUn, G3(21)]Gn(20)}
VanBa (21, 22) = E{gn(22)] ’
. E{g3(21)92 (22)k% (22)} — B{g2(21)0%, (22)p% (22)}
Ao E{gu(22)} '

In [13] the following relations were proved for the case of nonrandom A4,, and B,

ap(z) = %T;‘n(h]gn(zz)) +o(1), n — oo, (2.30)
Balz) = rn(lzﬂrgn(th(ZQ)) +o(1), n— oo,
0 1 1
YAnB, (21,22) = o (Zl il ey PO Ry gy P (2.31)

— 7y, (hB,(22))

+ o(l), n — oo.

hp,(21) — hp,(22) — 21 + Zz)
(21 = 22) (rn(21) —r(22)) )~

where

1 E{glAn,Bn(z)}

S o P S 2 Py ) S

They can be easy generalized for the case of random A4,, and B,,. We also have

/2 \/Var{ka, (z2)} + i @5/ *\/Var{pa, (22)]

[E{gn(22)}

This and Lemma 2.3 yield for z; 5 € K~compact, K C 'y, 5 (1.32)

1Ta,,B,| <

Ta,B, =0 (max{nd,uAn,uBn}) , M — 00.

It follows from the assertion of Lemma 2.2 that we also have the symmetric to
(2.29) with respect to A,, and B, relation:

Cn(z1,22) = ap(z2)Ch(z1,22) — Bp(22)Cov{gn(z1),04, (22)} (2.33)
+ Cov{gn(21), 9B, (ha,(22))} + 1 *vB,4,(21,22) + T, A,
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where ap(z2), Op(z2) and ~vp,a,(%1,22) are given by (2.30) and (2.31)
with interchanged A, and B, and by the same arguments

TB, A, =0 (max{nfz,uAn,uBn}) , n — 00.
This and the identity (2.14), implying

22Cn (21, 22) = Cov{gn(21),04,(22)} + Cov{gn(z1),0p,(22)},

lead to the system

(1 —aa(22)) Cn(z1, 22) + Ba(22)Cs,(21,22) = Cov{gn(z1),94,(hB,(22))}
+n"2yap(21,22) + Ta, B,
(1 —ap(22)) Cn(z1,22) + BB(22)Cs,(21,22) = Cov{gn(z1),9B,(ha,(22))}
+n"2ypa(21,22) + T, A, ,
29Cn(21,22) — Cs, (21, 22) — Cs5(21,22) = 0,
(2.34)

where

(Cn(Zl,ZQ);C(;A(Zl,ZQ) = Cov{gn(z1),04,(22) };
Csp(21,22) = Cov{gn(zl),égn(ZQ)}).

It was shown in [13] that the determinant D(z2) of the system satisfies the fol-
lowing relation:

D(z2) =

J(z2) +o(1), n — oo,

1
r(22)

where
J(2) = ria(hp(2)) +7p(ha(2)) = ra(hp(2))rp(ha(z)) = 1+0(1), 2 — co. (2.35)
Thus, (2.34) is uniquely solvable for sufficiently large n and z3 and its solution is

_ Cov{gn(z1),94,(hB,(22))}6B(22)
D(z2)
_ Cov{gn(z1), 9B, (ha,(22))}Ba(22)
D(z2)
1 ya,8,(21,22)88(22) + VB,4, (21, 22) Ba(22)
n? D(29)
= Covign(21), 94, (hp,(22)) g, (22) (2.36)

+Cov{gn(21),9B, (ha, (22)) }h, (22)

1
ta (Van B, (21, 22) Ml (22) + VB, A, (21, 22)Wy, (22)) + T,

Cn(z1,22) =

+ T
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where
T, = o (max{n 2, ua,,ug,}), n — oo.

To find Cov{g,(21),94,,B, (hB..A,(22))} we use a simpler version of the above
scheme. It follows from Proposition 2.1 with ® = G,.(21) and (2.2) that

<(G(zl) [X, UTBU} G(zl)>ac> —0.

n
Choosing here X = E@b) and applying the operation n=! 3" to the result, we

a=1

(65 (21)G(21)) = <gn(z1)UfBUG(z1>>.

Then the same procedure as in the proof of Lemma 2.2, i.e.,the regrouping of the
terms, the using of the centered quantities g;(21) and 3 (21), the multiplying
from the left by G4, (hp,(22)) and then the applying of n~'Tr, yields

(gn(21)ka, (21)) — (05, (21)pa, (21))
E{gn(zl)} '

Multiplying this relation by g3 (hp,(22)) and taking the expectation E{...}, we
obtain (cf (2.29))

obtain

(gn(21)) = g4, (hB,(21)) +

Cov{gn(21),94,(hB,(22))} = aa(z1)Cov{gn(21),94,(hp,(22))}
= Bal21)Covidp, (21), 94, (hp,(22))}
+ Ca,(hB,(21),hB,(22)) +Ta,B,,

where a4(z) and B4(z) are the same as in the (2.29) and

Ta, B,
_ E{gh, (hB,(22))gn(21)k3, (1)} — E{g}, (hp,(22))0p, (21)p4, (21)}
E{gn(zl)} ’

T4, 5, |

_ i (h, ()i /Var(ka, (20)] + il (hi, (z2))in*/Var{pa, (21)]
- B{ga ()] |

This and Lemma 2.3 yield for for z; 2 € K-compact, K C I'y g (1.32)

Ta,B, =0 (max{n_Q,uAn,uBn}) , M — 00.
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Next, it can be shown that the covariance triple

Cga = Cov{gn(z1),94,(hp,(22))},
Cyrsa = Cov{da,(z1),94,(hp,(22))},
Cyasp = Cov{dg,(21),94,(hp,(22))}

satisfies the uniquely solvable system (cf. (2.34))

(1—aa(21) Cou + Ba(21)Cas5 = Ca,(hp,(21),h,(22)) + Ta, B,
(1 —-ap(z1))Cy, +BB(21)Cq,5. = TB,a,
21Cg, = Cgus4 — Cgasp =0

and that its solution is

Covign(e1).ga, (hs () = —BaCa B 4 7, 37

= Cu,(hg,(21),hp, (22))s, (21) + Tn,

where R
T, = o (max{n~2,ua,,up,}), n — oo.

Analogously, we obtain the relation with interchanged A,, and B,

Cov{gn(#1), 98, (ha,(22))} = Cp,(ha,(21), ha, (22) iy, (21) + T, (2.38)

where B
T,=o0 (max{n_Q,uAn,uBn}) , m — 00.

Substituting (2.37) and (2.38) in (2.36) and using (2.31), we obtain (1.31). m

3. Central Limit Theorem

In Theorem 1.5 we did not suppose any convergence of n~'-asymptotics lead-
ing term of the covariances C4, (21, 22) and Cp, (21, 22). This makes Theorem 1.5
applicable to the general case of matrix models having limiting NCMs supported
on more than one interval. In this case n~'-asymptotics leading terms of the
covariances of Stieltjes transforms of its NCMs do not have fixed limits. Now
we will study the case of compactly supported measures Ny, p, and N, which
allows us to prove the central limit theorems for the linear eigenvalue statistics of
ensemble (1.1). Consider now the linear eigenvalues statistics of H,, (1.1), defined
by a test (measurable and bounded) function ¢ : R — C as follows:

Nolg] = Tro(Hn) =3 o) = n / SN Na(d).
=1
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Theorem 3.1. Consider the random matrices of the form (1.1). Assume
(1.3) for nonrandom uniformly bounded A, and By, supp Na, g, C [=T,T],
and the function ¢ : R — C to be analytic in the domain D such that

(27,27 C C\ Dy C D, Dp ={z € C: p =mindist(z, [—2T,2T]) > 4T’}
and Ny [g] to be corresponding linear statistics. Then the random variable
Nylpl = Naule] = E{Na[el}

converges in distribution to the Gaussian random variable with zero mean and

the variance .
- 7r2//90(21)90(22)5(21,Zg)dzldzg,

C1C2

where C12 C D are closed contours encircluing [—2T,2T| and

_ 0 (ha(z1) — ha(22))(hB(21) — hp(22))
Senzm) = e e T ) - f)

Proof. Since supp Na, p, C [-T,T], we have supp Ny, C [-2T,2T].
Note that due to the Cauchy theorem

Al = 3 (w08 — B fei)})
72T 2T

=n / O(A) N, (dX) —nE /@(A)Nn(d)\)
57 —2T

2T
- 3w ( -

—2T
n /
21 n

r

where I' C D is any closed contour in the complex plane encircling the segment
[-2T,2T] in the real axis. Define the characteristic function

Zn(z) = E{en(x)}, z € R,

where

nx

enf) = 51 —oxp § <02 [ o(a)gi (2)d:
T
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Since Z,,(0) =1 and

T x

en) =1+ [ )y, Zo(o) =1+ [ Zwy (3.1)
0 0

it is suffices to prove that there exist subsequences {Z, (z)} and {Z], (2)} that
converge uniformly on any finite interval and

lim Z, (r)=Z(z), lim Z;L], (x) = —aV[p|Z(z).

Besides, due to the Cauchy theorem

Lenla) = —geenls) [ ol
T
= —% e(z1)en(w) gy (21)dz1,
INT
Zl(z) = _217r/go(zl)E{nefl(:E)gn(Zﬂ}le, (3.2)
1N

where we choose the contour I'y C Dy N D. To find E{ney(z)gn(z1)}, we apply
the same procedure as in the previous section and obtain for the triple

(E{nep(2)gn(21)}, E {ney, (v)d4, (21) } E{nep, (2)dp, (21)})

the uniquely solvable system

(1 —aa(z1)) E{ne;(2)gn(21)} + Ba(z1)E{ne; (z)0p, (1)} = Cap
(1 —ap(z1)) E{ne;(x)gn(21)} + B(21)E{ne; (v)da,(21)} = Cpa
z1E{nep, (2)gn(21)} — E{nep(2)da,(21)} — E{nep (2)dp,(21)} = 0,
(3.3)

where

Cap = —xZ;;x) / ©(22)vaB(22, 21)dzo + nTa, B, (21) — TA, B, (21, 22),

Iy
Tap(z1) = E{ep () gy (21)k5, (21)} — E{en (2)dp, (21)p%, (1)}
AnBnl A E{ga(21)) ’

TA, B, (%1, %2)

Ff 2p(22)Cov{en (), n 1 TrG 4, (hp, (1)U} BuUp, G2 (22)]Gn(21) 22

2rE{gn(21)} ’
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contour I'y C Dy N D, and Cp4 is defined analogously to the Cxp with inter-
changed A and B. Besides, in view of (2.10) we have for z € Dr the following
bounds:

1 1
() < 70 l9a()| 2 i, mindist(ha,,p, (2), [-T.T)) 2 2T,
z
1 1
< < — < 1.
1Ga) < g0 G anp.(hBa (] < 550 len(@)] <1

Moreover, by using the procedure from the previous section it can be shown that
uniformly for 212 € K, K-compact, K C Dr

Var {nflTrGAn(th(zl))[U:LBnUn, G%L(ZQ)]Gn(zl)} <0(n™2).
Thus, using these bounds, the bounds for variances of k4, and pa,,
Var {k4, (2)} = O(n™?), Var{pa,(2)} =0(n~?), z€ K

analogously to those obtained in Lemma 2.3 and Schwarz inequality, we obtain
uniformly in z on any finite interval and in 212 € K, K-compact, K C Dr

nTa,p,(z1) =0(Mn™"), 74,8,(21,22) =0(n™").

Then, solving (3.3), we obtain uniformly in  on any finite interval

E {ne; ()gn(21)}
:xZ2n7r(x) /@(22) (%43(22,21)53(2%2;17)BA(Z2,Zl)ﬁA(«Zl)

) dzo +O(n™ 1)

1)

/@(22)Sn(z1, z9)dzy + O(n™1).

1)

w2y ()
27

Substituting this into (3.2), we obtain uniformly in x on any finite interval in
view of finiteness of the contours I'; o

7 (T _
Zuw) = =220 [ [ o(a)ote)siar,z)dandzn + 007,
Iy T2
which completes the proof, due to the analyticity of ¢(z1)p(22)Sn (21, 22) in 212
for Z1,2 € C\[—2T, 2T]. |

Acknowledgement. This work was supported by Franco-Ukrainian pro-
gramme PICS (2009-2011) of NAS of Ukraine and CNRS. The author is thankful
to Prof L. Pastur for helpful discussions.

Journal of Mathematical Physics, Analysis, Geometry, 2010, vol. 6, No. 1 125



V. Vasilchuk

1]

126

References

N.I. Akhiezer and I.M. Glazman, Theory of Linear Operators in Hilbert Space.
Dover, New York, 1993.

L.H.Y. Chen, An Inequality Involving Normal Distribution. — J. Multivariate
Anal. 50 (1982) 213-223, 585-604.

S. Chatterjee and A. Bose, A New Method for Bounding Rates of Convergence of
Empirical Spectral Distributions. — J. Theoret. Probab. 17 (2004) 1003-1019.

G. Chistyakov and F. Gétze, The Arithmetic of Distributions in Free Probability
Theory. Preprint ArXiv:mathOA/0508245.

A. Khorunzhy, B. Khoruzhenko, and L. Pastur, 1/n-Corrections to the Green Func-
tions of Random Matrices with Independent Entries. — J. Phys. A. Math. and
General 28 (1995) L31-L35.

M. Ledouz, Concentration of Measure Phenomenon. AMS, Providence, RI, 2001.

V. Marchenko and L. Pastur, The Eigenvalue Distribution in Some Ensembles of
Random Matrices. — Math. USSR Sb. 1 (1967) 457-483.

M.L. Mehta, Random Matrices. Acad. Press, Boston, 1991.

L. Pastur, A Simple Approach to the Global Regime of the Random Matrix The-
ory. Mathematical Results in Statistical Mechanics. (S. Miracle-Sole, J. Ruiz, V.
Zagrebnov, Eds.). World Sci., Singapore 1999.

L. Pastur, A Simple Approach to the Global Regime of Gaussian Ensembles of
Random Matrices. — Ukr. Math. J. 57 (2005) 936—966.

L. Pastur and M. Shcherbina, Bulk Universality and Related Properties of Hermitian
Matrix Models. — J. Stat. Phys. 130 (2008) 205-250.

L. Pastur and V. Vasilchuk, On the Law of Addition of Random Matrices. — Comm.
Math. Phys. 47 (2000) 1-30.

L. Pastur and V. Vasilchuk, On the Law of Addition of Random Matrices: Covari-
ance and the Central Limit Theorem for Traces of Resolvent. — CRM Proc. Lect.
Notes 42 (2007) 399-416.

A. Stojanovic, Une Majoration des Cumulants de la Statistique Linéaire des Valeura
Propres d’une Classe de Matrices Aléatoires. — C.R. Acad. Sci. Paris Sér. 1. 326
(1998) 99-104.

D. Voiculescu (Ed.), Free Probability Theory. Fields Institute Communications.
12. AMS, Providence, RI, 1997.

Journal of Mathematical Physics, Analysis, Geometry, 2010, vol. 6, No. 1



On the Law of Addition of Random Matrices...

[16] D. Voiculescu, Lectures on Free Probability Theory. — Lect. Notes Math. 1738
(2000) 279-349.

[17) B. Collins, J. Mingo, P. Sniady, and R. Speicher, Second Order Freeness and
Fluctuations of Random Matrices. I1I. Higher Order Freeness and Free Cumulants.
— Doc. Math. 12 (2007), 1-70.

[18] J. Mingo, P. Sniady, and R. Speicher, Second Order Freeness and Fluctuations

of Random Matrices: II. Unitary Random Matrices. — Adv. Math. 209 (2007),
212-240.

Journal of Mathematical Physics, Analysis, Geometry, 2010, vol. 6, No. 1 127



