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1. Introduction

An increasing interest in studying the flow of small solid particles in fluids
and gases is stimulated by numerous applications of these processes in a wide
range of engineering problems as well as by ecological needs. For example, we
refer here to the problem of transport of fine-dispersed suspensions by aerial or
liquid flows, the work of hydraulic or pneumatic transport devices, dust—collecting
units, etc. There is an extensive literature on the motion of such suspensions.
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We will not attempt a review of the literature here but merely mention [1, 2],
and the references therein. One of the models often used in the simulation of
such processes is a two phase flow model. The main feature of this model is that
the system of small solid particles is considered as a continuous matter. Then,
the motion of a fluid with particles suspended therein is described as a motion of
two miscible continuous phases — the carrying fluid and the “fluid of particles”.
However, this model is applicable only in the case when the size and the specific
density of the particles are identical or slightly different.

There is another model, which is known as Navier—Stokes—Vlasov system.
This model describes the motion of a fluid with small solid particles in the case
when the sizes of the particles are strongly different. In the framework of this
model the solid phase of the mixture is assumed to be a system of spherical par-
ticles of high specific density described by a distribution function of the particles
depending on their location, velocities and radii. This model is based on the ho-
mogenized Navier—Stokes system describing the perturbation of the fluid by the
solid particles (see [3, 4]). This system involves an unknown distribution function
of the particles f(x,v,r,t). The distribution function satisfies the Vlasov equa-
tion where the Stokes forces are taking into account. Combining this equation
and the perturbated Navier—Stokes system, we obtain a closed system of equa-
tions. Namely, the Navier—Stokes—Vlasov system. The existence of a global weak
solution of the corresponding boundary value problem as well as the existence
and uniqueness of a smooth solution in a small time interval was proved in [5-7].

In the present paper we consider a similar model which describes the motion
of small solid charged particles with high dispersion of radii in a viscous incom-
pressible and non-conducting fluid. We assume that the charges of all particles
are of the same sign and proportional to their electric capacities. This means
that the charge of a particle of radius " is equal to g7’. In this case our model
is described by the following system of equations:

ou

b
N + (uVy)u — vAu + « //r(u(a:, t) —v)f(z,v,r,t)dvdr —Vp=g, (1.1)

aR3

dive = 0, (1.2)

b
—Ap = q// rf(x,v,r t)dvdr, (1.3)

aR3
g{ + (0Va)f + dive [G(u, v, Vo, 1) f] = 0, (1.4)
G = pr*[u(z,t) —v] =y *Ve + g, (1.5)
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where u = u(x,t) and p = p(z,t) are the velocity and the pressure of the fluid,
respectively; ¢ = ¢(z,t) is the potential of the electric field, generated by the
charged particles; f(x,v,r,t) is a normalized distribution function related to the
initial distribution function f.(z, v, t) as

,,,_/

1
") == —.1).
fa(l',’U,T,) 8f(x70787)

Here z = (21, %2, x3), v = (v1,v2,v3) denote the velocities of the particles, ' = er
(0 < a<r<b< o) are the radii, ¢ is the mean radius of particles (small
parameter), «, # and 7 are positive constants:

IYsv 3q

2ppe?’ = 47Tpp52;

a=6ry; (=

v is the kinematic viscosity of the fluid; p;y and p, are the specific densities of the
fluid and the particles, respectively; g = g(x) denotes the gravity forces.

We consider system (1.1)—(1.5) in a bounded convex domain  C R? with
a sufficiently smooth boundary 9€2. We assume the following boundary conditions
on 0€:

u(z,t) =0 on Sy =00 x [0,T], (1.6)
o(x,t) =0 on Sp, (1.7)
f(z,v,m,t)(v,n) >0 on dQ x R? x [a,b] x [0,T], (1.8)

where n = n(z) is the outward unit normal vector to 92 at the point z; (-, -) in
(1.8) denotes the scalar product in R3. Condition (1.6) corresponds to the adhe-
sion of the fluid to 9Q. Condition (1.7) means that the boundary is a perfectly
conducting one. Finally, condition (1.8) means that a particle, which reaches the
boundary 02 will rest on the 0f2.

The system (1.1)—(1.5) has to be completed by the initial conditions:

u(z,0) = ug(z) in (1.9)

f(z,v,7,0) = fo(z,v,7) in Qx R3 x [a,b]. (1.10)

We call system (1.1)—(1.5) the Navier—Stokes—Vlasov—Poisson system. It is a
union of the Navier—Stokes and the Vlasov—Poisson systems. The existence and
uniqueness results for both of these systems were studied separately by many
authors and by various methods (see, e.g., [8-18]).

The goal of the paper is to prove the existence of a global weak solution to
problem (1.1)—(1.10). The approach which is used here is a generalization of the
methods developed in [9, 10].

The outline of the paper is the following. In Section 2 we introduce the defi-
nition of the weak solution of (1.1)—(1.10) and formulate the main result of the
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paper. We begin Section 3 by regularizing problem (1.1)—(1.10) and defining its
weak solution. Then we construct finite-dimensional approximations (u", f™, ¢™)
of the solution. To this end, we use the modification of Galerkin’s method de-
veloped in [9]. Following [10], we use an explicit construction for the solution of
the Vlasov equation (1.4). The compactness of the approximations (u", ™, ¢™)
is proved in Section 4. Finally, in Section 5 we pass to the limit in the integral
identities, which define the weak solution of the regularized problem, and obtain
the corresponding identities for the weak solution of the initial problem.

2. Definition of Weak Solution and Formulation
of the Main Result

Let Q be a bounded convex domain in R? with a sufficiently smooth boundary.
We introduce the following notation: Qp = Qx[0,T], Q = QxR3, Qr = Qx[0, 77,
RS = R3 x R3, RS = R® x [0,7]. We also introduce the Hilbert spaces Ly () and
Lo(R%) with the scalar products

3
(F9ha = [ 3 F@gla)de. (FG)ypo = [ Fla,vr)Gla,o,r)dado,
Q =1

R6
and the spaces J(Q2), J(2) that are the closures of divergent-free C°°({2) func-

tions with compact support in Lo(Q) and W4 (2), respectively. We denote by P
an extension operator from Ly(£2) to Lo (IR?) such that for any u € Lo(Q2), Pu = u
in Q and Pu = 0 in R?\ , and by S a restriction operator from La(R?) to La()
such that for any u € Lo(R3) Su = xqu, where q is the characteristic function
of Q.

We assume that the initial functions wug(z) and fo(z,v,7) in (1.9), (1.10)
satisfy the following conditions:

divug = 0,2 € Q, wup(x) =0,z € 99,

0 < fo(z,v,7) < A1 < o0, (z,v,7) € Q X [a,b], (2.1)
b b
//fo(m,v,r)dmdvdr = Ay < 00, //U2f0(:ﬂ,v,r)d$dvdr = A3 < o0.
a Q a Q
We consider the triple of functions (u(z,t), p(x,t), f(z,v,r,t)), where u(x,t)

is a vector function, and ¢(z,t), f(z,v,r,t) are functions such that

u € Loo(0,T; J(Q)) N Ly(0,T; JHQ)), (2.2a)
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and u(z,t) is a continuous function in ¢ in the weak topology of Lo (€2)

o € La(0,Ts W (), (2.20)
flx,v,rt) = Sf(x,v, r,t). (2.2¢)

Here f € Loo(RS x [a,0]), f € Li(R® x [a,b]) uniformly in ¢ € [0,T], and f is
continuous in time in the weak topology of Li(R® x [a, b]).

Definition 1. The triple of the functions (u(x,t), o(x,t), f(x,v,r,t)) is a weak
solution of problem (1.1)-(1.10) if the following integral identities hold:

T
/{ u, G + (uVa)C)2,0 — v(u, ) j1(q)
0

b
~a| [[ rtutast) - v)sfavar.¢ +<g,<>2,9}dt+<uo,c<o>>2,g—o, (2.3)

aR3 2,0
T
/ (Vp,VP)20 —q // rS fdvdr, ® dt =0, (2.4)
0 aR3 2.0

b
/ (F, Wy + (09T + (PG, )0), godrdt +/ (Pfo, W(0))pmodr =0 (2.5)

for any ¢, ® and ¥ such that:

C € Loo(0,T;J(Q) N Ly(0,T; JHQ)), & € Lo(Qp), C(x,T)=0; (2.6a)

® € Ly(0,T; I/I;%(Q)), (2.6b)

U(z,v,7,t) is a function with compact support in the space RS x [a,b] in x and
v?

V.U € Li(RY x [a,b]), V¥ € Loo(RY x [a,b]), (2.6¢)
U, € Ly (RS x [a,b]), ¥(z,v,7,T)=0.

Remark 1. The operators P and S are introduced for the following reason.
First, we will construct the solution of (1.4) in R?F and then restrict this solution
to Qr. The convexity of the domain § implies condition (1.8).

The main result of the paper is the following
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Theorem 1. Let g € Lo (0,T;CHQ)), ug € J(Q) and fo(z,v,r) satisfy (2.1).
Then there exists a weak solution of problem (1.1)-(1.10), such that

max
0<t<T

/ / oA fdrdvdr + / Ju(t) 31 oyt + s V(O3

< O HUOHQ,Q + / /(1 =+ 'U2)f0(£[,‘,1}77“)d$dvd7ﬂ + ||g||%oo(0,T;Cl(Q)) 5
a Q

where C' is a constant that depends on € only.

The proof of Theorem 1 is given in Sections 3-5.

3. Regularized Model

In this section we introduce the regularization of problem (1.1)-(1.10).
The regularized model allows us to prove the existence and uniqueness of finite-
dimensional approximations of its solution. The Section is organized as follows.
In Section 3.1 we introduce the regularization of problem (1.1)-1.10) and define its
weak solution. In Section 3.2 we construct the finite-dimensional approximations
of the solution for the regularized problem. The a priori estimates for these
approximations are obtained in Section 3.3. Finally, in Section 3.4 we prove the
existence of the desired approximations.

3.1. Regularization of problem (1.1)—(1.10)

The regularized problem has the form:

% + (uVy)u — vAu + a// rOr((u —v)}) (u(z,t) —v) fdvdr — Vp =g, (3.1)
aR3
dive = 0, (3.2)
eA%p — Ap =¢q rf(z,v,r, t)dvdr, (3.3)
I
of :
B T W0Va)f +dive[Gre(u,v, Vi, 9) f] =0, (3-4)
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Gre(u,0,Vp,9) = Son((u—vPlu =0l - L9+ .00, (39

Here € > 0 is a sufficiently small parameter; g € C*°(R) such that 0 < fp(z) <1
if |z < R, Or(z) = 0if |2| > 2R and 0% < 0 if 2 > 0; g-(z,t) = g(z,t)x(x),
where x. € C2(Q), xe(r) = 1 if z € Q. C Q(dist(9Q.,00Q) = ¢) and x. = 0 if
x € 0f.
We complete the problem (3.1)—(3.5) by boundary conditions (1.6)—(1.8) along
with the following one:
Iy
on
and also by initial conditions (1.9), (1.10).

=0, (x,t)€ 8y, (3.6)

Remark 2. In contrast to (1.1), (1.3), (1.4) in (3.1), (3.3), (3.4), we observe
the cut-off function Or and the regqularization term eA%@. These modifications
will allow us to prove the existence and uniqueness of the global solution of the
characteristic system to Vlasov’s equation and then obtain its solution explicitly.

Suppose that the triple of functions (u(x,t), ¢(z,t), f(x,v,r,t)) satisfies con-
ditions (2.2a), (2.2¢) and

@ € Ly(0,T; V[c}f(Q)). (3.7)

The triple of functions is called a weak solution of (3.1)—(3.5), (1.6)—(1.8), (3.6),
(1.9), (1.10) if

T
/{ u, Gt + (uVz)()2.0 — v(u, ) jio) + (9, )20
0

b
o // PO (1 — 0)2) (1 — v)S Fdvdr, ¢ }dt (w0, C(0))a0 = 0, (3.8)

aRr3 2.0
T
/ e(Ap, A®)o o + (Vo,VP)a g — //rSfdvdr P dt =0, (3.9)
0 a R3 2,0
T b b
/ (f, ¥y + (W)U + PGR Vo) V), gedrdt + /(Pfo, W(0))gmedr =0, (3.10)
0 a a

for any ¢, ¥ satisfying (2.6a), (2.6c) and ® € L2(0,T; W(Q)).
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3.2. Construction of approximations

In what follows we make use of the lemma.

Lemma 1. Suppose that fo(z,v,r) satisfies condition (2.1). Then there exists
a sequence of nonnegative functions fi'(xz,v,r) defined in Q X [a,b] such that
for any fixed n € N and r € [a,b], fil(z,v,r) is infinitely-differentiable in x,
v, f§(z,v,r) has a compact support in Q x [a,b] and fi(xz,v,r) satisfies the
inequalities

b b

sup fy < Ai, //f(’f(x,v,r)dmdvdr < Ao, //v%{f(w,v,r)dwdvdr < As.
Qx[a,b]
a Q a Q

Moreover, fi' — fo in La(Q X [a,b]) as n — oo.

The prove of the lemma make use of the standard averaging technique.

We construct the approximations by the method developed in [9] which is
a modification of Galerkin’s method. We are looking for the approximations of
(3.1), (3.2) in the form

u'(z,t) =Y Co(t)¥(2), (3.11)
=1

where C,; € C(0,T) are unknown coefficients and ¥'(z), [ = 1,2,..., is the
orthonormal basis in Ly(2) consisting of the eigenfunctions of the problem

AV (z) — Vg = ¥l(z), diveli(z)=0, z€Q, U (z)=0 zecdQ.

The corresponding approximations ¢"(z,t), f™(x,v,r,t) for the solutions of
equations (3.3), (3.4) turn out to be the solutions of

b
eNZp" — Ap" = q//rSf"(a:,U, r, t)dvdr, (3.12)
a R3

)= 20 0 @pes (3.13)

¥ ) = on =Y, ) T, .

afn £n : B n_ ,\2 n __ v n m _
o0 + (vVo) " + div, { [ﬂQR((Pu v)?)(Pu U)T—ZPVQO + Pg:| [y =0,
(3.14)
Fi=o = Pf, (3.15)

where the functions f}' are given in Lemma 1.
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We define the functions X" (x,v,r,t,7) and V" (z,v,r,t,T) as the solutions of
the following system of equations:

dxm
dr ’
avn 3 )
= Lo - vpeecen v |
/-y n n n
— T—zPV@ (X", 1)+ Pge(X", 1),
X"zt = 2z, V'rmp=v, 0<7<t, te]0,T].

7
The properties of the function ¥’ (see [8]) imply that sup |Vu™(z,t)| < oo,
Q

T
u"|s, = 0. If, for any ¢t € [0,T], the function ¢"(x,t) belongs to C?(£2) and
condition (3.13) is valid, then the right-hand side of system (3.16) satisfies the
Lipschitz condition in X™ and V™. Thus, we obtain the local solvability of (3.16).
For any 7 € [0,¢] and n € N the functions X", V" are bounded (see Lem. 2) and,
therefore, we can extend them at 7 = 0.
The solution of problem (3.14), (3.15) is given by

r2

t
Pra ) =en {5 [ (80P (X0 7) = V7202 (P, 7) = V)
0

X (Pu™(X", 1) — V”)Q]dT}PfgL(X”(:U, v,7,t,0), V™ (z,0,1r,t0),7). (3.17)

Lemma 2. If Pfj(z,v,r) has a compact support with respect to x and v in
RS, then the solution of problem (3.14), (3.15) also has a compact support for
any t € [0,T7.

Proof Suppose that suppPf]! C Q x Kg, x [a,b], where Kpg, =
{v € R?: |v| < Ro}. Let us show that for any z € R3, r € [a,b], t € [0,T] and
any 7 € [0, 7] the inequality

B Y m
lv| > Ro+ 5TV2R+ g”@ I L1020 YT + 19l Lo 07010 T = R, (3.18)

implies that |[V"| > Ry.
To this end, we consider the following system of integral equations equivalent
o (3.16):

.
X"(z,v,rt,7) —x :/ V™ (x,v,r,t,s)ds, (3.19)
t
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Viz, 0.t ) —v = g [0R((Pu™(X™,5) —v)2)(Pu™(X"™,s) — V™)) ds
t
—:;/PVSOn(X",s)ds—i—/ng(X”,s)ds. (3.20)
t t

From (3.18), (3.20) we obtain

T

Ve 1) 2 ol - / Or((Pu"(X", ) — 0)2) (Pu" (X", 5) — V")ds
t
—% /Pch"(X",s)ds - /PgE(X",s)ds > Ry.
t t

On the other hand, it follows from (3.20) that
sup V"] < Jol + STVIR + L1 sorcxon VT + gl woricr @y T:
From this estimate and (3.19) we conclude that
| X" —2| <T <|U| + Q%T‘/ﬁﬂL %”SOHHLQ(O,T;CQ(Q))\/T+ ||g||Loo(0,T;Cl(Q))T> :

Hence, (3.17) implies that suppf™ C Q x K, forany t € [0,T], 7 € [a,0]. =

Let us show that the convexity of € implies the following boundary condition
for the function f"(z,v,r t) = Sf™(z,v,7,t):

f(x,v,r t)(v,n(z)) >0, xe€ . (3.21)

In fact, since f"(x,v,r,t) > 0, condition (3.21) is equivalent to the follow-
ing statement: if there exists a point z¢p € 9 such that (v,n(zp)) < 0, then
f™(xo,v,r,t) = 0. From the convexity of the domain €2 it follows that for 7 < ¢
the particle is ”out of 2”7 and its motion is described by the equations

dX”_ n dV”__ﬁ
dr 7 dr  r2

X"y =2, V' =v, 070

Or((V)HV™,

Thus, the trajectory of the particle is a straight line if 7 € [0,¢]. Therefore,
Pfo(X™(x0,v,t,0), V™ (z0,v,t,0),r) = 0 and, due to (3.17), the desired boundary
condition (3.21) holds.
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Now we find the coefficients Cy;(t) in (3.11). To this end, we assume that
identity (3.1.) holds for any ((x,t) = H(t)¥/(x), j = 1,2,...,n. Here H €
C*(0,T) with H(T) = 0. This assumption implies that

b
(851 + (u"Vy)u" + a// rOg((u™ — v)Q)(u” . U)Sf”dvdr, \II’“)

aR3 2,2

(U™, O%) ) = (9,920, k=1,2,...,n. (3.22)

One can represent (3.22) as a system of differential functional equations

ank + Z ﬁlm nl +Z€l nl

I,m=1

2 n
+a // rog ( Ch( t)\I/l — v) (Z Cnl(t)\I/l — v) Sfrdvdr, U* | = g% k=1, n,
=1

aR3 - 2,Q
(3.23)

where
ﬁlkm = ((\IJIV)\I/m7 \Ijk)ZQ’ 8? - V(lpl7 \I}k)Jl(Q)v gk - (gv \Ijk)ZQ

Now (3.23) defines the coefficient C,,;(t). This system has to be completed by the
initial conditions for C,,;(t). Expanding the function ug(z) into a series in the
basis U*(z), i.e., up(z) = > 5o, CxV*(z), we obtain the initial conditions

Cox(0) =Ch, k=1,2,...,n. (3.24)

3.3. A priori estimates of approximations

Lemma 3. The following estimates hold:

sup  f* < A, (3.25a)
RS, x [a,b]
// Yz, 0,7, t)dedvdr < // fo(x,v,r)dxdvdr, (3.25b)

aR6

max ||u"(t) ||QQ—|— max // 2f”dmdvdr+/||u ||J1

0<t<T 0<t<
a R3
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///GR Pu" —v)?)(Pu" — v)? f"dzdvdrdt

a R3
A 50 <A 2
te max [|A¢" ()20 + max [IVe" (Dl20 < (3-25¢)

Here A is a constant that depends on ug, fo, g, o, B, v, and T only.

Proof. Using the boundedness of the functions f{'(z, v, r) and the definition
of Or(z), one obtains inequality (3.25a) from (3.17).

Let us prove (3.25b). To this end, we integrate equation (3.14) over RS x [a, b].
Since f” has a compact support in (z,v) € R® then we get

b
d m
dt//f dxdvdr = 0,

a R6

and inequality (3.25b) is proved.

Now we prove (3.25c). We multiply the k-th equation of system (3.22) by
Cri(t) and summarize over k = 1,2,...,n. Then we extend the vector-functions
u™ and g by zero to the whole R3. This leads to the following equation:

1d n
NP s + VP
+a //THR((PU” —0)2)(Pu™ — v) f*dvdr, Pu™ = (Pg, Pu")yps. (3.26)
a R3 2,R3

We multiply (3.14) by C";é’g and integrate over RS x [a,b]. We add this equation
to (3.26) and get

5 dtHPu”HQRG + yHPu”HJl R3) T a// rOp((Pu™ — v)?)(Pu" — v)? fdxdvdr
aR6

b
+ =2 // v frdzdodr + aﬂy/ r(VP"™,v) fdzdvdr

26 dt
aR6 aR6
f% // 3 (v, Pg.)dzdvdr = (Pg, Pu")g gs. (3.27)
aR6
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Now we differentiate (3.12) with respect to the time variable, multiply it by
©"(z, t) and integrate over ). Then, taking into account the boundary conditions
(3.13), we obtain

ed

2 2z = 97

Qd/ " dx+2dt/]Vg0\da: q//rap a;tS da:dvdr
Q

We extend the function ¢"(x,t) by zero outside of Q2 and due to (3.14) we may
deduce that

d

dt (APp™) dac+/|VPg0 | d:U—q/ (VPe", v) frdzdvdr.

aR6

We multiply this equation by %—g and insert it into (3.27). Then we have

HPunH2R3 + VHPUnHjl(Rg + a// rOp((Pu™ — v)?)(Pu" — v)? ftdxdvdr

2dt
aR6
+ff // andmdvdr—}— oy d /(Ang”)Zdaz
203 dt 203q dt
aR6
+O‘7d/‘vp 24z = (Pg, Pu™)y g + o // Pg.) frdzdudr.  (3.28)
28q dt v SN AR g e ‘

aR6
Let us estimate the right-hand side of (3.28). From Cauchy’s inequality we get

(Pg, Pu™)a s + % // 3 (v, Pg.) ftdzdvdr
aR6

b
J n rm « mn
5HPu \|2R3+ 55 |g\|m+ // v f dxdvdr+w//r3f (Pg.)?dzdvdr,

aR6 aR6
where J is an arbitrary positive constant.
Let us integrate (3.28) with respect to t. Taking into account the previous
bound, we have

1 n n
SIP O g+ v [ 1P (7) B d
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t b
—}—a///THR((Pu”—v) )(Pu"—v)? f”d:cdvdrdT—i— 23 // V2 f(x, v, r,t)dzdvdr
0 aR6 aR6
+ (AP ", t))? dw—i—— \vp (a,1)%d
25 7 " (x x
t
1 2 0 n 2 1 2
< Slwlze + 5 [ I1Pu™(@, 7l padr + o5 ||9||2,Qd7
0
5 &8 5
+2a///r3v2f"(x,v,r,7)dxdvdrd7'—i—ZIi, (3.29)
0 a RS =1
where

=~
Il
‘SZ\ o
@
o\W
a\@

/ 3 (v, 7, 7)(Pg.) dedvdrdr,
R6

b
L= % // r3v2Pf6L(x,U,r)dxdvdr,
aR6

I3 = ;%Y (APp™(x, O))Qdaz—i-/\VP(p z,0)|*dz.
q
R3

Now we estimate I;, 1 = 1,2, 3.
From (3.25b) and the definition of g.(z,t) we get

I < C||9||%OO(O,T;01(Q))'

According to Lemma 1, I5 is uniformly bounded in n by the constant C.
To estimate I3, we consider equation (3.12) for ¢t = 0:

eA2p"(x,0) — Ap™(z,0) = q// r o (x, v, r)dvudr. (3.30)
aR3

It follows from Lemma 1 that the right-hand side of (3.30) belongs to the space
Ly() with p € (1, 5). In fact

///rfo (x,v,r)dvdr dm<bp/ // 1+021/p +U)1/pf0(:vvr)dvdr dz.

Q \aR3 aRr3
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From Holder’s inequality we conclude

p/q
dvdr
/ //rfo (x,v,r)dvdr dx<bp/ // 1+v2q/p
aR3 aR3
b
J[a+ i | da
aR3
p/a
dvdr ot em )
=V L+ 02l (1 + ) [ (z,v,7)Pdedvdr < Cy.
aR3 a Q

dvd
The factor / / ver is bounded for p € (1, %) Hence, C7 is a constant
1+ v2)a/p

that does not depend on n.
We multiply (3.30) by ¢™(x,0) and integrate the resulting equation over (2.
We have

/(Acp (z,0)) dx+/\w (z,0)| Qda:—q///rfo (z,v,7)¢" (x,0)dvdrdz.

Q a R3

From Holder’s inequality we get

///rfo x,v,7)"(z,0)dvdrdr < //rfo x,v,r)dvdr ™ (,0)|| L, ()

9R? aR? Ly()

As it was shown above, the first term on the right-hand side of this inequality
is uniformly bounded in n. To estimate the second term we make use of the
embedding theorem and Friedrich’s inequality

c / (A (x,0))2dz + / V" (,0) Pdir < O™ (,0) .o
Q
< Coll@™(,0)[[wy ) < CslIVe" (2, 0)[| Ly 0)-
Thus, |Ve"(2,0)]7,q) < C3llVe"(2,0)lL,) or [V¢™(2,0)||,@) < C3, and

we obtain

L<Y¢ cz2=¢C
3_25 y

where C is a constant that does not depend on n.

Journal of Mathematical Physics, Analysis, Geometry, 2010, vol. 6, No. 2 157



O. Anoshchenko, E. Khruslov, and H. Stephan

Thus, from (3.29), for any t € [0,7], we conclude
1 n 2 n 2
SNPu" Olloms +v [ 1Pu” () gadr

t

+a / /b / rOR((Pu™ — v)2)(Pu” — v)2 [ daduvdrdr

0 aRé6
b
—1—% // 2f"dmdvdr+/ (AP"(x,t)) dx—i—ﬁ |VP"(z,t)*dz
aR6
oT
Sl + - o P4 O3+ 519100 0y
b36T /
o 2 in 2 SIS
25 OréltaSXT//v [ (@, v, r,t)dzdvdr + Cllglly o 1.01) +C +C-
a R6
Therefore,

b
//GR Pu™ — )} (Pu™ — v)% ftdedvdrdt

T
— max ||Pu"(t Hsz +aa/
0 a R6

2 0<t<T

T
n|2 2 n
—H// ([ Pu" || rsydt + 2501382%// [ (z,v, 7, t)drdvdr
0 aR6

EQJ n i n 2
+ max /(AP@ (z,t))*dx + 254 Orgtz?;T/\VPcp (x,t)|"dz

1 6T
”u0||29 +t 5 max | Pu”(t )H;R?’ + %HQH%M(O,T;C“(Q))

2 o<t<
b36T /
@ 2 fn 2 A LA
% org%}%//v [ (@, v, r t)dzdvdr + Cllgll7 o101 0) +C +C-
aR6

Now the desired inequality (3.25¢) immediately

We take 6 such that § < 2T ( )
| ]

follows from the last bound and Lemma 3 is proved.
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3.4. Existence result for the approximations (u", ", f*)

Lemma 4. For anyn =1,2,... and any R >0, £ > 0 there exists a unique
solution (u™, @™, f*) of problem (3.11)-(3.15), (3.23), (3.24).

Proof. Let C(0,T) be the space of vector functions e(t) = (e1(t), ..., en(t))
1/2

0<t<T

n
continuous on [0, 7']. This space is equipped with a norm |e| = max [Z e2(t)

We take ¢ € Ly(0,T;C?(2)) and denote by w = (e1(t), . .., en(t), go(xjt)) Then
w € C(0,T) @ Ly(0,T;C?(2)). The norm in this space is given by |w| =

T
el + | [ eIt
0
Let K be a bounded closed convex set in C(0,7) @ L2(0,T;C%(Q)):

K= (] € Creei(0) = Cri = 1.2, .omip(et) = 22000 o (o) € 7).

Here Cr. is a constant which will be specified later and C; are the coefficients

defined in (3.24).
Let w® = (e(t),€5(t), ..., e (t), ¢°(x,t)) be an arbitrary element of K.
We set

n
P (z,t) =) W
i=1
and consider the problem

G+ eV + v | Gon(P - 0P~ )

- SV(P) + Pg.(a,t)] 7} =0, (3.31)

f’t:() = Pfé’(:c,v,r).

The existence and uniqueness of the solution f to this problem follows from
the regular properties of the functions ¢°, ¢° and g.. More precisely,
q" € C(0,T;CH(Q)), ¢ € C*(Q) N CH(Q), g- € Loo(0,T;CHN)).
n
Define the vector ¢' = Z e% U’ as a solution of the system of ordinary differ-

i=1
ential equations

b
dq" 0 1 0 2v/ 0 3 k)
— 4+ (¢ V)¢ +« rOr((¢" —v)*)(q¢" — v)Sfdvdr, ¥
(% [ .

aR3 )
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+V(q17 \Ilk)Jl(Q) = (gv \Ilk)2,Qa k= 17 2a sy (332)

This system is a linearization of system (3.23) and can be rewritten as

2

der

ditk Z eoe}+25,el—g —a //7“93 <Zez¢}l—v>
4l

aR3

n
X (Z e?\Ill — v) S fdvdr, \I/k> , k=1,2,...,n. (3.33)
=1 2,0
We complete (3.33) by the following initial data:

et (0) = Cy = (ug, ¥¥)oq, k=1,2,...,n. (3.34)

The linear problem (3.33), (3.34) has a unique solution {ej(t),k =1,...,n}.
Define o!(z,t) as a solution of the problem:

A%l — Apl = q// rSf(xz,v,r, t)dvdr, (3.35)
aR3
1
o' (x,t) = &pa(s’t) =0, (z,t)€Sr. (3.36)

As in the case of equation (3.30), one can conclude that the right-hand side of
equation (3.35) belongs to the space L,(Q) with p € (1; 2), uniformly on ¢ € [0, T].
Therefore, there exists a unique generalized solution of problem (3.35), (3.36) (see
[19]) satisfying the inequality

b
! lwa) < Ce Jnax, //rSf x,v, 7, t)dvdr < CRre. (3.37)
¢ R Lp(2)
Taking p from the interval (%, %) and using the embedding theorem, we con-
clude that !(z,t) € C%(Q) and

le' Ollcaey < Clle' ®)lwae) < Ch. (3.38)

Thus, the vector w! = (¢*, p!) may be defined as w! = Aw®, where w® € K
and A is an operator from K to C(0,T) ® Lo(0,T;C%(Q)). The fixed points of
this operator together with the corresponding functions f give the solution of
problem (3.11)~(3.15), (3.23), (3.24).
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Now we prove that the operator A maps the set K into itself. To this end,
we have to prove that |w!| < Cr. or

1/2

<
s ') j/Hw Moot | < e (339)

Let us prove (3.39). We multiply the k-th equation in (3.32) by ei(t) and
summarize over k = 1,n. We get

1d i
thHq 30t+vla 7 = (94")20—a //THR((QO —0)*)(¢° — v)Sfdvdr, q'

aR3 2,0

To estimate the second term in the right-hand side of this equation we make
use of (3.37), the definition of #r(z) and the embedding of the space Ls(2) with
s € [2,6] into JY(Q2). We have

//WM@—wa—wﬁwwf

a R3 2,Q

<av2Rb/\q (z,t)] /S’fx v, t)dvdrdz

aR3
1/s
< abV2R / // Sfdvdr| dz /\ql(x,t)lsdx < C(R7g|’q1HJ1(Q),
aR3 Q

where p € (3,2), s €(5,3), and 2 5+ 1=1
As in the case of the proof of (3.25c), one can obtain

v 1
1 O<t<T”q B30 + §qu|’%2(o,T;Jl(Q)) = §||U0H§,Q

[CRL.

)

|

+C [TSHQH%M(QT;Cl(Q)) +CR.T?| =

Hence, we get

(2)
< .
01<11ta<XT lg* (t)l|2,0 < Che
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An estimate for the second term in (3.39) follows from (3.38). Namely,
1/2

T

1
/mﬂm@mw < cVT,
0

)

and, hence, |w!| < Cgl\/f—i— CI(%Z)E = CRe.
Now we show that A, A: K — K, is a compact operator and estimate the
1 1

d
derivative 7212 Multiplying the k-th equation in (3.32) by % and summarizing

over k =1,n, we get

102 0 1 1 vd, 9
g lz.0 + ((@"V)q ,Qt)2,9+§£Hq 151 @)

b
ta // r@R((qo — U)z)(qo - v)Sfdvdr, qtl = (g, Qtl)279‘
aR3 2,Q

)

Then we obtain p
v
gz 13,0 + 5&”‘11”31(9)

< ||Qt1H2,Q [HQOHC(Q)quHﬂ(Q) + HQHLOO(O,T;Cl(Q))(meSQ)l/2 +ol,

where C' = abvV2RA(b — a)%ﬂR?(meSQ)l/Q, A is the constant defined in (3.25a),
and R 7 is defined in Lemma 2. We observe that the functions U* are smooth and

HqO”C(Q) < Cy. Then, applying Young’s inequality and integrating with respect
to t, we get

T
/mﬂ%ﬁSQ.
0

This gives H61||12/V1(0 ) < Cp. Therefore, the function e! € W} (0,T). Moreover,
2 i
W3(0,T) is compactly embedded in C(0,T) [20].

To complete the proof of the compactness of the operator A we make use of
the following Lemma (see [21]):

Lemma. Let By, B and By be Banach spaces such that By C B C Bj.
By and By are reflexive, and the embedding of By in By is compact. Consider
the Banach space

d
W= {v :v € Ly (0,T; Bo), v/ = d—: c Lpl(O,T;Bl)},
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where 0 < T < +00 s fixzed and 1 < p; < 00, ©t = 0,1. The norm in the space W

is defined by ||v| L, (0.7:80) + 1V'l|L,, 0.7:8:)-
Then the embedding of W in Ly, (0,T; B) is compact.

This lemma implies that the Banach space
W = {g(x,t) : o(x,t) € Ly(0, T; W, (), ¢} € La(0,T; La(2))}
with the norm ||(p||L2(0’T;WIZ}1(Q)) + |0t La(0,7:L0(0)) 1 compactly embedded in
1

d
Therefore, it remains to prove that (% € Ly(0,T; La(52)).

By differentiating equations (3.35) and (3.36) with respect to ¢, we obtain the
following problem for ¢}:

eAZpl — A g_q// PG, t)d dr, (z,t) € Qr, (3.40)
aR3
O}
e A t . 41
Pt on 07 (I‘, ) € ST (3 )

Using equation (3.31) for the function f, we can rewrite (3.40) in the form

b
eA2pl — Apl = —¢ / / r(vV,)S fdvdr.

aR3

Multiplying this equation by ¢}, integrating it over € and taking into account
(3.41), we obtain

/(A‘Pt 2d$+/|v<,0 | dw—q/// v Vgot S fdvdrdz.

Q a R3

Let us estimate the right-hand side of this equation. Using Lemmas 2, 3, we get

/// r(v, cht S fdvdrdax

aR3

1/2

/// 2Sfdvdrdx // SfIVl|2dvdrd:

aR3 aR3
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1/2

4 1/2
< g4 <A(b - a)37er’;> / V! 2da
Q

1/2
_ 1 1 -
= Cre /]VapHde < 2/|chtl]2d:v+ 50%%75.
Q Q

Then,
1 1_
 [@aebian s [(velPan <) [ (VelPdn+ 5Ch.
Q Q Q
and, therefore

ax / VipiPdz < Ch..
Q
Taking into account (3.41), we conclude that p; € Lo(0,T;WJ(Q)). Thus,
it is proved that the image A[K] of the set K is a compact set in C(0,7T) &
Ly(0,T;C?(2)). The continuity of the operator A follows from the continuous
dependence of the solutions of (3.33) on the initial data, the coefficients and the
right-hand sides; the continuous dependence of the solution of (3.14) on the coef-
ficients that follows from (3.16) and (3.17); the a priori estimate of the right-hand
side of (3.12) and the embedding theorem of W;l(Q)) (pe (3 %)) in C2%(Q).
Schauder’s theorem implies that the operator A has a fixed point in K.
We denote it by w = (e1(t), ..., en(t), p(x,t)).
The proof of the uniqueness of the solution of (3.11)-(3.14), (3.23), (3.24) is
carried out in a standard way. Lemma 4 is proved. ]

4. Convergence Properties of the Approximations (u", ¢", f”)

Due to the a priori estimates (3.25a), (3.25¢) one can extract subsequences
{um}, {¢"}, and {f"} (still denoted by n) such that:

u™ — u *-weakly in Lo (0,7T;J()) and weakly in Lo(0,T; J1(2));

f* — f x-weakly in Lo (RS, x [a, b]);

©" — @ *weakly in Lo (0, T; W4(Q)).

These types of convergence are not sufficient to pass to the limit as n — oc.
Therefore, in Lemmas 5, 7, and 9 the additional properties of sequences { f"}
and {u"} will be obtained. In Lemmas 6 and 8 we show that the limit functions
f(z,v,7,t) and u(x,t) satisfy the conditions from the definition of weak solution
and Theorem 1. The additional properties of the solutions of problems (1.3),
(1.7) and (3.3), (1.7), (3.6) are established in Lemma 10 proved in [22].

Lemma 5. There exists a subsequence {f"} that converges uniformly with
respect to t € [0,T] in the weak topology of L2(RS x [a,b]).
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Proof Wedenote by {gi(z,v,r)} an orthonormal total sequence of smooth
functions with compact support in La(R® x [a, b]). Let us consider the sequence

am;(t / Y@, v,7 t)gi(z, v, r)dedodr, i=1,2,.

aR6

Due to estimates (3.25a), (3.25b) this sequence is bounded for any fixed ¢ uni-
formly in n. Moreover, from (3.14), (3.25a) and (3.25b) after simple rearrange-
ments we get

dam

Q)

’ //gza:vr ——dzdvdr| < C; (1 + ||u

This estimate, along with (3.25c), implies that the sequence {ay;(t)} is equicon-
tinuous for any ¢, ¢ = 1,2,.... One can extract a subsequence that converges
uniformly in ¢ from any fixed interval (0,7] and for any i. We keep the same
notation for this subsequence.

Let b(z, v, 7) be an arbitrary function from Lo(R® x [a,b]) and 3; be its Fourier
coefficients with respect to {g;(x,v,r)}. Then, we have

sup // z, v, ) [ (z, 0,1, t) — fm(x,v,r,t)]d:):dvdr
0<t<T

a R6
N ~ ~
= a/[{( z,v,7) _;ﬁigi(x7va)> "= ™
N R~ _ N
+ ;ﬁigz’(iﬁavﬂ“)[fn - fm]} drdvdr| < S ;ﬁi(am(t) - Oéim(t))‘

N|=

s

a R6

x,v,T) igi(z,v,7)| dedudr
Zﬁg :

where A is the constant defined in Lemma 3.
For sufficiently large N, n and m, the right-hand side of this inequality is
arbitrarily small. This proves the lemma. [

Lemma 6. The limit function f(z,v,r,t) is such that:

f z,v,7,t) > 0 almost everywhere in RS x [a, b]; 4.1
T

Journal of Mathematical Physics, Analysis, Geometry, 2010, vol. 6, No. 2 165



O. Anoshchenko, E. Khruslov, and H. Stephan

//f z,v,7,1) dazdvdr_//fo z,v,r)dzdvdr; (4.2)

a R6

sup // V2 f(x, 0,7, t)dedudr < co. (4.3)

o<t<T

Proof We denote by B an arbitrary measurable set in R® x [a,b] with
mesB < co. According to Lemma 5, we have

/f z,v,r, t)dedvdr = lim | f*(x,v,r,t)dzdvdr.

n—oo

B

Due to (3.17), f™(x,v,r,t) > 0, and (4.1) is proved.
One can easily see that

//(1 + 222 7 (2, 0,7, t)dedodr < 5At + A, (4.4)
a R6

where A is a constant such that A = A( fo), A is the constant defined in Lemma
3, and § € (0,1). In fact, from equation (3.14), we have

b b
C;lt//(l + 2202 f7 (2, v, 7, t)dadudr| = //(1 + 222 (V) frdadvdr

a R6 a R6

b b
— s / / (v,2)(1 + 22) 3L frdadvdr| < 6 / / (1402 frdadvdr < 5A.

a R6 a R6

Here we used the boundedness of the support of f”(m,v,r, t), and (3.25¢).
Inequality (4.4) immediately follows from the last bound.

Now we prove the following statement. For any e; > 0, there exists
Ri(e1) < oo such that for any n and ¢ € [0, 7]

// / f(z,v, rt)d:cdvdr+/ / /f”xv r,t)drdvdr < €.

a R3 |$‘>R1(€1 a |’U|>R1 81 RS
(4.5)
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In fact,
b b
// / fndxdvdr+/ / /f”da;dvdr
a R3 |z|>R a |v|>RR3
1 / .7
- 2 5/2 ~TL - 2 ~’I’L
< T [ [ at2 prasdvir v s [ [ o) Frsdvar
a R6 a RS
SAT + A, A

~ (1+ R2)9/2 * 1+ R?
As it follows from (4.1), (4.5) and Lemma 1

/ f x,v,7,t)drdvdr = hm lim / / / f”dmdvdr

R—o00 n—00
a R6 a |v|<R|z|<R

b
= lim //f x,v,r t)dzdvdr = lim //f"(x,v,r,())dxdvdr

a R6 a R6

n—oo

Q a Q
Equation (4.2) is proved.
It remains to prove (4.3). Let br(x,v) be a function such that |br(z,v)] <1
and bg(x,v) = 0if |z| > R and |v| > R, where R is a positive parameter. We have

// v2bp(x,v) f(z,v,r, t)dedudr =

a R6

b b
://v2bR(:U,v)(f—f")da:dvdr—}—//UQbR(x,v)f"dxdvdr.

a [R6 a R6

b
= lim fé’(w,v,r)d:cdvdr://fo(m,v,r)dxdvdr.

According to Lemma 5, the first term on the right-hand side tends to zero as
n — oo for any fixed R. It also follows from the definition of the function
br(z,v) and (3.25c) that the second term is bounded uniformly in n and R by
the constant A defined in Lemma 3. Lemma 6 is proved. ]

Lemma 7. The sequence {f“} converges (up to a subsequence) to f in the
weak topology of L1 (RS x [a,b]) uniformly in t € [0,T).
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Proof. Letg(x,v,7) € Loo(RS x [a,b]). Then, we have

b
//g(m,v,r)[f"(m,v,r, t) —fm(a;,v,r,t)]dxdvdr (4.6)

a R6

< /b/ /g(a:,v,r)[f”(x,v,r,t)—fm(x,v,r,t)]dxdvdr

@ [v|<Ry |z|<Ry

+ /b/ / (f”+fm)da:dvdr+/b / /(f"+fm)da:dvdr 191l £ oo (RS x[a,8))

a R3 |z|>Ry a |v)>Ry R3

Due to inequality (4.5) and the choice of Ry, the second term on the right-hand
side of (4.6) is sufficiently small, uniformly in n, m and ¢. According to Lemma
5, the first term on the right-hand side of (4.6) is smaller than any e; > 0 for any
fixed Ry and n,m > N(e1). Thus, the sequence {f"} is weakly fundamental in
L1 (RS x [a, b]) uniformly in ¢. Therefore, it is weakly convergent in L; (RS x [a, b])
uniformly in ¢t. Lemma 7 is proved. ]

Corollary 1. The limit function f(x,v,r,t) is continuous in t € [0,T] in the
weak topology of L1(R® x [a,b]).

Lemma 8. The vector function u(x,t) is weakly continuous in t in the norm

Of LQ(Q)

P roof.  First, we show that for any fixed £ and n > k, the functions
Cri(t) in (3.11) represent a uniformly bounded and equicontinuous set of func-
tions on [0,7]. The uniform boundedness of C,(t) is a consequence of the a
priori estimate (3.25¢). One can obtain the corresponding equicontinuity from
(3.22). Indeed, integrating (3.22) with respect to 7 € (t,t + At), estimating the
right-hand side and using Cauchy’s inequality, we have

|Crure(t + At) — Co ()] < V19| y1 () 10" || o 0701 (0 VAL

+ max |‘I’k(fc)’HunHLoo(o,T;J(Q)) VAU || Ly 0,751 ()

t+AL t+At b 1/2
+ / Hg(7')||2,gd7'+abma§}2<|\llk(a:)] ////Sf"(x,v,r,T)dvdrdxdT
xe
t t Q a R3
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////91% (z,7) —v)H) " (z,7) — o> Sf"(2,v, 7, 7)dvdrdzdr

a R3

From (3.25b), (3.25¢) and the properties of the functions ¥*(x), we get

1/2

t+At

(Co(t -+ At) — Co(8)] < A(k) VAT + / l9(7) o0dr.

t

It is clear that for any fixed k and n > k the right-hand side of this inequality
tends to zero uniformly in ¢ as At — 0. By the usual diagonal process we extract
a subsequence n;. For any fixed k, the functions C,,;(t) converge uniformly to
a continuous function Cy(t) as [ — oo. For this subsequence we keep the same
notation Cp(t).

Now we prove that the sequence of functions u"(z, t) converges to the function
u(z,t) in the weak topology of La(§2) uniformly with respect to ¢ € [0, T].

We denote by g(z) an arbitrary vector function from Lo(€2) and by g the
Fourier coefficients of this function with respect to the system {U¥(x)}. Then,

sup /(u”(a?,t) —u™(z,t), g(x))dx

[0,7] 5

N
= su ) — k), u™(z,t) — u™(z
= sup Q/[(g( ) ;gkﬁf (), u™(z, ) — u™( J))
N
<o/

g(x) => _ gp ¥ (2)
1/2

k=1
/\u"(x,t)\2da: + /\um(x,t)\2da: + sup
o o [0,7]

2 1/2

dx

N
+ ) gr(WF (), u (2, t) — m(x,t))]da:
k=1

N
> gk nku)—cmk(t))‘
k=1

2 1/2
< ("l o 0,1:52)) + 10" | Lo (0,135 92))) / g(x) — dx
Q

N
PN AES
k=1

+ sup
(0,77 |

N
ng (Cn(t) — cmk<t>>| .
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It is clear that the right-hand side of this inequality, for IV, n, m sufficiently large,
is arbitrary small.

It follows from the convergence of the sequence {u"(x,t)} to the function
u(x,t) that this limit is continuous in ¢ in the weak topology of L2(2). Lemma 8
is proved. [

Lemma 9. Galerkin’s approzimations {u™} satisfy the following inequality:

S

—p
[ (t + p) — u™ (1) |5 dt < Cp'/?,

o

where p is an arbitrary constant from (0,T), and C is a constant that does not
depend on n.

Proof We will obtain this inequality by the arguments similar to those
used in [8, 9]. For any fixed p € (0,T),t € [0,T — p] and 7 € [t,t + p| from (3.22)
we have

b
8; + (u"Vy)u" + a// rOr((u" — )3 (u" — v)Sfdvdr, ®
.
aR3 2,Q
+v(u”, @) o) = (9, ®)2,0, (4.7)

where ® is an arbitrary function from J!(Q) such that ® = >"}_, dp Uk, We set
¢ = u"(x,t + p) — u"(x,t). Integrating (4.7) with respect to 7 in the interval
[t,t+ p], we get

t+p

0= / {(U"(T% (u*(M)V)[u"(t + p) = u"(D)])2.0

[ (¢ + p) — u"(1)]

—v(u"(7), u"(t + p) —u"(t))yr) + (9(7), u"(t + p) — u"(t))2.0

— (/b/ rOr((u™ (1) —v)?) (W™ (1) — v)S (v, a, 7)dvdr, u™ (t + p) — u"(t))2 Q}d’i‘.

)

aR3

Therefore,

8
l" (¢ + p) = u" (O30 < D Ln(8), (4.8)
k=1
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where
t+p
L(t) + I(t) = //|u”(az,7‘)|2(|Dun(:L‘,t—|—p)|+|Du”(az,t)|)d:rd7’,
t Q
t+p
Ig(t)+I4(t)Eu//|Du”(x,7)|(|Du"(x,t—|—p)|+|Du"(:v,t)|)d:vd7,
t Q
t+p
I5(t) + Is(t) = //|9($7T)!(|U"(967t+ﬂ)|+|U"(ﬂ7at)\)dwdﬂ
t Q
t+p b
17(t)+18(t)za////sfn(x,v,r,T)eR((u"(x,T)—v)2>\u"(x,T)—v\
t Q a R3
x ([u™(z,t + p)| + |u" (=, t)|) dvdrdzdr,
and

X o\ 172
ou?
Du’| = Ui
=32 (52)
3,7=1
Integrating inequality (4.8) with respect to t in the interval [0,7 — p| and
estimating the terms I(t), (k = 1,2,...,8) on the right-hand side, one can show
that
T—p
/ Ik:(t)dt < nkp1/27 k= 1727"'787 (49)
0

where 7 are constants that do not depend on n.
Using Cauchy’s inequality and the embedding theorem of J!(Q) in L4(Q),
we get
P T—pttp

T—
[ nwa<c [ [ @Il ol
0 0 t

We change the order of integration supposing that u"(z,t) = 0 for ¢ > T and
t < 0. Then,

S

—p T T
L{t)dt < C / ()21 / [ (¢ + )| 1y
0 T—p

o
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T 3/2
<ovp | [l OB i =mv
0

In the same way one can obtain the estimate for I5(t)

Now we consider I3(t). Cauchy’s inequality and estimate (3.25¢) imply that

T—p T—pttp
/13 dt<y/ /||u"(7-)HJ1 ||u (t+p)||J1 ydrdt
0

t

p

T— t+p 1/2
<v / la(t + )l / ()12 dt
0
T /2 7
<vlp / (7)1 0y / e (8) 1 gy
0 0

(A2 7 [ Bt | < vATp <y
0

A similar bound can be easily proved for I4(t)
Consider now the terms I5(¢) and I(t). It is easy to see that

t+p

< = .
Ie(t) < o 0" Ol [ la(rlaadr, k=56
t

Changing the order of integration, we get

T—pttp

/ /ug Nadrdt < p / lo(7) 2t

This inequality implies bound (4.9) for I5(t), s(t).
Finally, we consider the terms Ir(¢), Ig(t). Using Cauchy’s inequality, we get
t+p

) <« //\u (x,t+ p)]| //Sf”xvervdr

a R3

1/2
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b 1/2
//Sf"(a;,v,r, T)0R((u" (2, 7) — v)2)\u”(a:,7') — v\dedr dxdr.
a R3

To estimate the integral over (), we make use of Holder’s inequality. Namely,
we have

t+p 1/6 b 82 /3
I;(t) < a/ /\u”(a:,t—i—p)ﬁdx / // Sf(x,v,r, 7)dvdr | da
t o 0 \aRgs
1/2
/// Sf(x,v,r, T)0r((W™(z,7) — v)?)|u™(x,7) — v|?dvdrdz y dr. (4.10)
a R3

Let us consider the second factor on the right-hand side of (4.10). From the
a priory estimates (3.25a), (3.25¢) we have

3/2 1/3
/ //Sf"acvervdr dx
a R3
b
</(//(1+02)[Sf"(x,v,r,7)]3/2dvdr)
Q a R3
1/2
dvdr -
// 1+ %) d$<01///1+v VS (x,v,r, T)dvdrdz < Cs.
a R3 a R3

Therefore, it follows from (4.10) that

T 1/3
t) < Csp /{/u"(m,t)ﬁdx} dt
0 Q

1/2

1/2

T b
0/ / / SF" (@, v, )0R((u"(z,t) — 0)?) (u" (x, 1) — v)*dvdzdrdt

a
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Due to (3.25¢) and the embedding of J!(2) in Lg(2), we have

T—p
/ I (t)dt < mp.
0

The term Ig(t) can be estimated in a similar way.
Thus, inequality (4.9) is obtained. The proof of Lemma 9 is completed. =

Lemma 9 and estimates (3.25a)—(3.25¢) imply that {u"} is compact set in
Lo(Q7). Then there exists a subsequence (still denoted by {u"}) which strongly
converges to u(z,t) in La(Qp).

Finally, the additional convergence properties of the sequence {¢"} are given
by the following Lemma (see [22]).

Lemma 10. Let Q be a bounded domain in R® with sufficiently smooth bound-
ary and @:(x) be a solution of

eN%p. — Ap. = F, inQ,

53%
on

e =0, =0, ondQ,

where e >0, F € Ly,(Q) (p> 2).
Then,
lin%/ Ve — Voldz =0
e—
Q

uniformly with respect to I such that ||[F[|1,q) < C.

5. Passage to the Limit in (3.1.)—(3.10)

In this section we pass to the limit in (3.1.)-(3.10) and obtain (2.3)-(2.5).

To this end, we set R =n, ¢ = %

5.1. Derivation of identity (2.3)

We multiply (3.22) by H;(t) and summarize over j. Then, integrating by parts,
we obtain (3.1.) for u™ and f™, where the test functions { are defined by

C(x,t) = Zn:Hj(t)‘lij(x), H;(t) € C*(0,T), Hi(T)=0.
j=1

Notice that the set of functions ¢ is dense in the set of functions satisfying (2.6a).
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Now, we show that the limits of the subsequences {u"} and {f"} satisfy (2.3).
Due to the strong convergence of {u"} to u in Lo(Q7), the uniform boundedness
of |u" | ry0p) in m, and (2.6a) we get

lim (u", (u"V3)()2,0, = (U, (uV2)()2,0,-

n—oo

Pass to the limit as n — oo in the term of (3.1.) containing f. Notice that
for any € > 0 there exists R;(g) > 0 such that

b
= / / P (" — 0))S " @, v, Dl — ol|C(a, )| dedvdrdt < <

a QrNn{v:|v|>R1}
(5.1)
uniformly in n. Following the lines of the derivation of the bound of I7 (see
Lem. 9), taking into account Lemma 3, and the fact that ¢ € L4(0,T;J(Q)),

we get
< VA // dvda
1+v2

a |’U‘>R1

1/6

Inequality (5.1) immediately follows from this estimate.
Next we prove that for any R > 0

b

lim / / 7, ((u"™ — v)z)Sf"(ac, v, 7, t)(u" — v, ()drdvdrdt

n—00
a Qrn{v:v|[<Ri}

—/ / rSf(x,v,rt)(u(z,t) — v,{(x,t)dzdvdrdt | = 0. (5.2)
a Qrn{v:|v|<R:}

To this end, we represent the left hand side of this equation as a sum of the
following integrals:

o

L= / / rS(f* — f)(u — v, ¢)dzdvdtdr,

a QrN{v:|lv|<R1}

b
L= / / 7S 00 (" = v)%) = 0, ((u — v)?)](u" — v, {)dxdvdtdr,

a Qrn{v:|v|<R1}
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(=

B[ S ) -6
a Qrn{v:|v|[<Ri}
b
Iy = / / Tsfn(un — u, ()dzdvudtdr. (5.3)
a QrN{v:|v|[<R1i}

We recall that f* — f x-weakly in Loo(RS x [a,b]). Moreover, it is easy to
see that (u—wv,() € L1(Qr N{v : |v| < Ry|}). Then I; — 0 as n — oo.
Let us estimate I5. First, we show that

nlln;o/ / /\9 u" —v)?) — 0,((u — v)?)Pdedvdt = 0. (5.4)

0 [w|<R;

In fact, since |0, ((u" — v)?) — O, ((u — v)?)| < C|(u™ — v)? — (u —v)?| < O(|Ju" —
ul|u™| + ul|u™ — u] + 2[v||u™ — ul), then

/T//W (U™ = )?) = On((u — v)?)|dadvdt
0

[v|<R; Q2

< é|’“” —ull2,0r (HunHLoo(QT;J(Q)) + HUHLOO(O,T;J(Q)) + 1) .

Thus, the convergence of u™ to u in Lo(Qr) (as n — oo) and the bound |6, ((u" —
v)?) —0n((u —v)?)| <2 imply (5.4).
From (3.25a) we have

L] < A(b —a/ / /yu 10— 0)2) — O (" — 0)2)|[C|ddvdt.

0 |v|<R; ©

Using Holder’s inequality, we obtain

. 1/2 1/6
|I| < A(b / / /|u" — v|?dxdv X / /|C(x,t)|6dacdv
0 [v|<Ry Q [v|<R1 Q
1/3
/ / 10, (1™ —)?) = 0p((u — v)?)Pdadv dt

[v|[<R1 Q
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1/6
< A1+ "l o) X / / ¢(a, ) Pdedu
[v|[<R1 Q

1
T /3

></ / /|0n((u”—v)2)—Qn((u—v)2)]3d1:dv dt.

0 vI<R: Q

Applying Holder’s inequality to the integral with respect to the time variable,
we get

1/3

T
1| < A / / /|0n((u" —0)?) — 0, ((u — v)?) Pdzdvdt
0 Q

[v|[<Ry
2/3
. 1/4 /
X / //|C(x,t)]6dxdv dt
0 [v[<R Q

Using (5.4) and the embedding of J!(Q) in Lg(£2), we finally obtain
lim IQ = 0.
n—oo
To estimate I3 we decompose the domain 7 into two parts. Namely, we set

Q% ={(z,t) € Qp : |u(z,t)| < B}, 0% =Qp \ Q%ﬂ,

where B is a positive constant. Since u € La(§2r), then for any 6 > 0 there exists
B such that mes QZT < §. Hence,

I3 < A(/b / / 100 ((u — v)2) — 1]|(u™ — v, O)|dzdvdrdt

a |v|<Ry QL
b
+/ / / 100 ((u — v)?) = 1|(u" — v, C)\dwdvdrdt).
a |v|<R1 Q2

The argument of the function ,, is bounded in Q% x {v : [v| < R;}. The sequence
{6,,} converges uniformly to 1 as n — oo on any compact set. Therefore, since
(u"—v,¢) € L1(QrNn{v : |v| < R;1}), then for sufficiently large n the integral over
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QL x {v: |v] € Ry x [a,b]} is arbitrary small. The second integral is arbitrary
small due to the choice of 4. This means that I3 — 0 as n — oco.
Consider now the last integral in (5.1.). We have

1/2

T
4 4
|I4] < AgwRi’//W — ul|¢|dzdt < AgwR:f / |u™ — u|*dadt
0 Q

T
/ / Cdzdt b < Alu" — ullor €] oz @)
0 0

Thus, lim Iy =0, and (5.2) is proved.

n—oo

It follows from (5.1), (5.2) that

b
/ /T’Sf]u(a:,t) —v|((x, t)dzdvdrdt < oo.
a Qr
This estimate, along with (5.1), (5.2), allows us to pass to the limit as n — oo in

the fourth term of (3.1.). The remaining terms in (3.1.) are linear with respect
to u™, and the passage to the limit as n — oo is evident. Identity (2.3) is proved.

5.2. Derivation of identity (2.4)

Multiplying (3.12) by ®(x,?) and integrating by parts, we obtain (3.9) for ¢"
and f" with ¢ = %
The first term in (3.9) tends to zero as n — oo. Indeed,

S|

T T

1
[ A0 < — / I8¢ 2l A¥ladt < VA [ |ad]aqdr,
0 0

(5.5)
where A is the constant defined in (3.25¢c).

We recall (see the beginning of Section 4) that the sequence {¢"} — ¢ *-
weakly in Lo (0,T; W3 (£2)). Taking into account the properties of the functions
®(x,t), we can pass to the limit in the second term of (3.9).

Lemma 7 and Lebesgue’s theorem allow us to pass to the limit in the third

term of (3.9) for ® € L (0,T; W2(12)). The functional space Lo (0, T; W2(Q2)) is
dense in Ly(0,T; W34 (£2)). Identity (2.4) is proved.
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5.3. Derivation of identity (2.5)

Taking into account (3.5) from identity (3.10), we get

)

T b b
[ [ (704 090+ (oo, )W), vt + [ (P 9(0))smodr
0 a

a

2,R

T b
48 [ [ 5 (Fopor oo ) VW) drae
0

a

T b
1 /2 . -
7//742 (f , (PVagp (xvt)vv)‘l’)zwj drdt =0, (5.6)
0 a

where W(x,v,r,t) is an arbitrary function satisfying conditions (2.6c¢).

Due to the x-weak convergence of the sequence f(z,v,7,t) in Loo (RS x [a, b])
(see Lem. 3) and the properties of the functions g, (x,t), ¥(x, v, r,t) we can pass to
the limit in the first integral of (5.6). According to Lemma 1 and the properties
of the functions fi'(x,v,r), we can pass to the limit in the second integral of
(5.6). Applying the arguments similar to the ones used in Section 5.1 for the
term containing f™ in (3.1.), we pass to the limit in the third integral of (5.6).

Consider the fourth integral in (5.6). Let G,(x,y) be Green’s function of
problem (3.12), (3.13) with ¢ = L and G(z,y) be Green’s function of problem
(1.3), (1.7). We introduce the following notation:

b b
Fy(z,t) :q//rf"(a:,v,r,t)dvdr, F(x,t) :q//rf(ar,v,r,t)dvdr,

a R3 a R3

o) = / G, y) Fuly, )y, () = / G(,y)F(y, t)dy,

5 () = / G, y) Fo(y, )y,
Q

where f(z,v,7,t) is the *-weak limit of the sequence {f"(x,v,7,t)} in Loo (RS x
[a,b]).

The functions F,, belong to L,(Q2) (p € (3;3)) uniformly in n and t € [0,7]
(see Lem. 4). According to Lemma 7, the sequence {F,,(z,t)} converges to F' (x, t)
in the weak topology of L;(£2) uniformly in ¢ € [0,7]. Thus, F(z,t) € L,(Q2)
(r € (3:3)
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The operator with the integral kernel VG(z,t) acting from Lq(£2) to L1(Q2) is
completely continuous (see [23]). Therefore, the sequence {V@"(x,t)} converges
to V(z,t) in Li(Q2) for any ¢ € [0,7]. Moreover, the strong convergence in
L1(Q7) follows from Lebesgue’s theorem. It is evident that the functions ¢™(z,t)
and ¢(z,t) are the solutions of the problems (3.12), (3.13) and (1.3), (1.7),
respectively.

Thus, we can rewrite the fourth integral in (5.6) as follows:

T b
= N” (n) | 4(n) | +(n)
7//7,2 I, PszO (.1‘ t)V )\I/>2’R6drdt:[1 +[2 _+_13 ,
0

a

where

T b
1 -
:’Y////rQS’f"(x,v,?“,t)(vxgo(:v,t)vv)‘ll(x,U,r,t)dvdxdrdt,
0 Q

a R3

T b
. 1. N
B = [ [ [ [ 587 @0t (9:6"(0.0) = Vop(w, 0]V.) dvdodrat,
Q

0
T
In)—fy/
3
0

The function W(x,v,7,t) satisfies conditions (2.6¢) and V¢ € L1(Qr). Then
the x-weak convergence of the sequence {f™(z,v,7,t)} to f(z,v,7,t) in Loo (RS x
[a,b]) implies that

/15 "z, 0,1, 1) (Ve (x,t) — V@™ (2, 1)|Vy) Ydodadrdt.

(n) _
lim I; // £, (PVp(z, 1)V, )\P)Q’RG drdt.

n—oo

Now taking into account the convergence of {V,@"(x,t)} to Vyp(z,t) in Li(Qr)
and the uniform boundedness of the approximations f”(az,v,r, t) (see (3.25a)),
we get

lim I, m _ .

n—oo

Finally, using Lemma 10, we obtain

lim I = 0.

n—oo

Thus, equality (2.5) is proved and the proof of the Theorem 1 is completed.
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