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The inverse problem for the Sturm-Liouville operator with complex pe-
riodic potential and positive discontinuous coefficients on the axis is studied.
The main characteristics of the fundamental solutions and the spectrum of
the operator are studied. The formulation of the inverse problem and a

constructive procedure for its solution are given. The uniqueness theorem
of the inverse problem is proven.
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Introduction
We consider the differential equation

—y" (2) + q(2)y (x) = Np () y (2) (1)

in the space Ly (—00,4+00), where the prime denotes the derivative with respect
to the space coordinate. We assume that the potential ¢ (x) is of the form

qg(x) =) qne’™, (2)
n=1
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the condition Y > | lgn|? = ¢ < oo is satisfied, A is a complex number, and

1 for x>0,
pw:{ B for 2<0,841,8>0. (3)

In the frequency domain this equation describes the wave propagation in
an inhomogeneous medium, where ¢(z) is the restoring force and 1//) (2) is the
wave speed. The discontinuity in p (z) usually expresses an abrupt change in the
propagation medium of a wave, for example, the tension or the mass density of
string, or the refractive index in a wave propagation medium.

In regard to the problems with discontinuous coefficients, we remark that
Sabatier and his co-writers [1-4] studied the scattering for the impedance-potential
equation and the similar problems were intensively studied by many authors in
different statements [5, 6], but for the periodic complex potential they are con-
sidered for the first time.

Firstly potential (2) was considered by M.G. Gasymov [7]. Later, in 1990,
the results obtained in [7] were extended by L.A. Pastur, V.A. Tkachenko [8].
As a final remark we mention some works of V. Guillemin, A. Uribe [9] and
[10-12].

In the paper, our primary aim is to study the spectrum and to solve the
inverse problem for singular nonself-adjoint operator by transmitting the coeffi-
cient and normalizing the numbers corresponding to quasieigenfunctions of the
Sturm-Liouville operator with complex periodic potential and positive discon-
tinuous coefficients on the axis. As the coefficient allows a bounded analytic
continuation to the upper half-plane of the complex plane z = x + it, we can
analyze the problem (1)—(3) in detail.

The paper consists of three sections. In Section 1 we study the properties
of fundamental system of solutions of equation (1). The spectrum of problem
(1)—(3) is studied in Section 2. In Section 3 we give a formulation of the inverse
problem, prove the uniqueness theorem and provide a constructive procedure for
the solution of the inverse problem.

1. Representation of Fundamental Solutions

Here we study the solutions of the main equation

—y" (2) + q(2)y (x) = Np(x) y ()
that will be needed later.
We can prove the existence of these solutions if the condition Y2°° |g.|* =
q < oo is fulfilled for the potential. This will be unique restriction on the potential
and later on we will consider it to be fulfilled.
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Theorem 1. Let q(z) be of the form (2) and p (x) satisfy condition (3). Then
equation (1) has special solutions of the form

. ° 1 ° .
fif(z,\) = e (1 + Z o Z Vnaemx> for x>0, (4)
n=1 a=n

' S 1 0o .
+ — ,—iABT - iox
fo(z,A) =e (1 - ;:1 PV }:n Viae ) for x <0, (5)

where the numbers Vi, are determined from the following recurrent relations:

a—1
ala—n)Vpa + Z Go—sVns = 0, 1<n<a, (6)
ad Vo +ga =0, (7)
n=1
and the series
[oe) 1 oo
Z - Z o |Vna‘ (8)
n=1 n a=n

CONMVETgE.

The proof of the theorem is similar to that of [8] and therefore we do not cite
it here.

Remark 1. IfA# -5, A # % and ImA > 0, then f;" (z,)\) € L (0, +00),
I3 (@, \) € Ly (—00,0).

By analogy to [7], it is easy to see that equation (1) has fundamental solutions
@A) (@ 0) (f (2, 0).f5 (2, X)) for which

WS (2, A), f1 (2, A)] = 20,

w [f;_(l‘,)\),f{(l‘,)\)} = —2iA\0,

(where W [f,g] = f'g — fg’) is satisfied
Then each solution of equation (1) may be represented as a linear combination
of these solutions

f2+ (1'7)‘):011 (A)ff_ (x7)‘)+012()‘>f1_ (x7)‘) fOT’ '7}207 (9)

(@A) =Can(\) f5 (2, X) +Ca1 (N) f5 (x,)) for <0, (10)

where

Journal of Mathematical Physics, Analysis, Geometry, 2010, v. 6, No. 3 257



R.F. Efendiev and H.D. Orudzhev

fl_,2 (,A) = fl-t_2 (z,=A),

o (= WU @07 O] )

a3 = WU O 5 0]

Chs (\) = —;cn (=A), Co1 (A) = ;012 ). (12)

According to physical sense of the solutions fli (z,N), f;E (x,\) , it is natural to

1 . .. . Cll(>\) . .
say that ooy s a transmission coefficient to the left and Ty s a reflection

coefficient from the left for equation (1).
Let

) = hm (nj:2/\ fiE (2, ) Zvnaem —i3T, (13)

It follows from relation (6) that fF(z) # 0 is valid for V,,, # 0. From this
we obtained that W[fZ (z), fiF (z,F%)] = 0, and consequently the functions
fE(z), f (z, %) are linear dependent.

Therefore,

£ (x) = Vi ff (x,q:g) ) (14)

2. Spectrum of Operator L

Let L be an operator generated by the differential expression p(lx) {— % +q (1:)}
in the space Ly (—00, 400, p (2)).

Divide the plane A into sectors

Sp={km <argA < (k+1)m}, k=0,1.

By means of general method for the kernel of the resolvent of operator (L — NI )
we get

1 i (x, A) foF (£, 0) fort<zx
B (w8, 4) = Cr2(N) { f}r (t, ) f;r (z, ) fort>zx A€ So (15)

and
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B 1 fi (@, A) fy (L, M) fort<zx
RN = L TN G Joiss A€Se )

Remark 2. Ry = (L— A\2I)7! exists and is bounded for all A\? out of
positive half-line and C1a () # 0.

Lemma 2. The coefficient C12 () is an analytic function in the ImA > 0
and has a finite number of zeros, moreover, if Cia (Ay) = 0, then

+oo
O Whos, = =i [ p@)FF (w0 £ (00 da

—00

The proof of Lemma 2 is similar to that of [14, p. 173] and therefore we do
not cite it here.
For the solutions fli (x,\) and f;E (z,\) we can obtain the asymptotic equal-
ities:
SV 0.0 = £ +0(1)  for [A = oc, j=0,1,
90,0 = F (A8 +0(1) for [A] — o0, j=0,1.

For simplicity we prove the first equality.
Since

O =1+Y 3 e

n=1a=n

then

oo o0 ‘Vna’ oo o0 |Vna|
fi(o,A)§1+§ § §1+§ §
| ' ‘ n=1a=n ’n + 2)\‘ n=1a=n \/(n —+ 2R6A)2 + 4Im?2)\

<1+;§:iarvmr'
- [ImA| = = n
Therefore, as |A| — oo, we obtain f (0,A) =1+ o(1).
Analogously, we can prove the rest of asymptotic equalities as |A\| — oo for
the solutions f3 (z, \).
Then for the coefficients C12(A), Cia(—A), we get the following asymptotic
equalities:
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agu):5%(M5+Ln+ouy:@§1+ou% (17)
n (-3 =" 100,

These asymptotic equalities and analytical properties of the coefficients Ci2(\),
C12(—A) make valid the following statement.

Lemma 3. The eigenvalues of the operator L are finite and coincide with the
square of zeros of the functions C12()\), Ci2(—M\) from the sectors Sk, k = 0,1,
respectively.

Remark 3. Taking into account (17), we can obtain the useful relation

=2 lim Ci2(\)—1 (18)

ImA\—oo

Theorem 2. The continuous spectrum of the operator L fills out the semi
azis [0,00) and on the continuous spectrum may be spectral singularities at the

2
points of the form (%)2 and ( ﬁ) ,neEN.

Proof. First, we will prove that the operator L has no positive eigenvalues.
We recall that equation (1) has fundamental solutions f;™ (z,\), f; (z,\) .

Then for the case A2 > 0 the solution of equation (1) can be written in the
form

_ i|A|z = 1 = [fe%is
y(z, A) = Cretl <1 + Z b aE Viat )
+C2e_i‘)\|x <1 + Z 2\>\| Z Vna®®

So, y(x,\) ¢ La(—o00,+00) since the principle parts of the solutions are
periodic.
Taking into account Remark 2, we will study the function

- RH(IL‘,t,)\), A E So
R@JJ“‘{RH@JA% reS

in the neighborhood of poles A\g from [0,00). Then the number Ay coincides
with one of the numbers 5-,n,a € N. From (15)—(16) it follows that the limit

20

)\lin)} (A—=Xo)R (x,t,\) = Ro (z,t) exists and Ry (z,t) is a bounded function with
—A0

respect to all the variables. Let 6(x) be an arbitrary finite function. Then ¢ () =
+o0

J Ro(x,t)6 (t)dt is a bounded solution of equation (1) for A = A\g. Therefore,
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¢ (z) = Cof{ (z,)0). Comparison of the last relation with formulae (15)—(16)
shows that if Ao # §,n € N, then Cy = 0 and so the kernel of the resolvent
has removable singularity at the point Ag. Thus, there is a case Ao = §,n € N,
where the kernel of resolvent has the poles of first order. Since f;™ (x,\g) ¢
Ly (—00,+00), then A3 = (%)? is a spectral singularity of the operator L in the
sense of M.N. Naimark [13]. (Analogously, we can show that the resolvent has
the poles of first order at the points Ay = %, n € N and (%)2 are spectral
singularities of the operator L.)

In order all numbers A2 > 0 belong to the continuous spectra, it suffices
to show that the domain of value R;_,2; of the operator (L —\2I ) is dense
in Ly (—00,4+00), so that the orthogonal complement of the set R;_\2; consists
of only zero element. However, the orthogonal complement of the set R;_,2;
coincide with the space of the solutions of equation L*f = A\2f. It is easy to see
that the operator L* is adjoint to the operator L.

Let ¢ (x) € Ly (—o0,400) , ¢ () # 0, and

+oo

/ (Lf = Xf) ¢ (z)dz =0 (19)

—00

be satisfied for any f (z) € D (L).

From (19) it follows that ¢ (x) € D (L*), and 9 (x) is an eigenfunction of the
operator L* corresponding to eigenvalues A\. More exactly, ¢ (x) is the solution
of the equation

—2"+q(2) 2= Np(x)z (20)

belonging to Ly (—00, +00). We obtained that 1 (z) = 0, since the operator gen-
erated by the expression in the left-hand side of (20) is an operator of type L. This
contradiction shows that the domain of value R;_,2; of the operator (L - X\I )
is everywhere dense in Ly (—00,400). The theorem is proved.

Now, taking (9)-(10) and (14) into account, we calculate

li -2V R t,A) = li —2)) 5k A WIS fy ]
Q%(n ) R (2,8, ) Air;;@(n ) 5 A[fl (2.0 £ (8.2) G gt

HA (@A) T (EN] = L Va1 (2,5) /i (6 3)

+Van i (2. 5) £7 (8, %) :%Vnn (@ 3) A (6 5)
) (21)
Analogously, taking into account that f5 (z,\) = f5 (z,)) (n — 2A3) has no
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poles at the points A = %, n € N, we get

o L Wt (07p) 47 (07 0p) | 5
i 00 R0 = g g ()

+W{f1+ (o,n/gﬁizl,fz ( n/25)] < n/2ﬁ>]f2 < ’n/2ﬂ> =F (x,t7n/2ﬁ>

3. Eigenfunction Expansions

To define the natural spectral data of the operator L, it is necessary to obtain
the eigenfunction expansion for the same operator. For this we consider the
following lemma.

Lemma 4. Let (x) be an arbitrary twice continuously differentiable function
belonging to Lo (—o0, 400, p (z)) . Then

400 +o0
/R(m,t,A)p(t)w(t)dt:—¢)f2x)+)\12/R(m,t,)\)g(t)dt,

where

g9(t) =—¢" (2) +q ()¢ (x) € Ly (—00, +00).

Integrating the both hand sides along the circle |A| = R and passing to the
limit as R — oo, we get

w(x):—hm%Z\d)\/ R(z,t,\) p(t) v () dt.

R—o0 271
[A=R

The function fj;o R (x,t,\) p(t) ¢ (t)dt is analytical inside the contour With re-

spect to A excepting the points A = A\p,n = 1,2,..., A = 2, A = 26’ n =
1,2,.... Denote by I'y (Fa) the contour formed by segments [O, 21ﬁ d], [2% +
J, % 9], . [" + 0, % — 6] and semicircles of radius § with the centers at points
5 2”5 n=1,2 located in the upper (lower) half plane. Then

1 b

0@ =5 [ oo [ RGN i [ R
0
o0 Ty Ty
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+oo
1
= [ 206 [Rur (0.0 — R (o, i
o re
+Res Ri1 (z,t,\) +Res Ry1 (x,t,\) +Res Rq1 (x,t, \) .

Calculate separately every term.

+ +

The residues of the resolvent Ryy (x,%,A) in A; A ...\ denote by G11 (A, z,t).
Thus G11 (A, x, t) will be equal to

G11 ()\n,l‘,t) = lim ()\ - )\n) R11 (SC, t, )\) .

—An

Then for every function v (z) belonging to Ly (—oo, +00, p (x)) we get the eigen-
function expansion in the form

+00 + i
@£ )
b@) == [ v )] § AEER A
J K (22)

+G11 O ) + EVan i (2.3) ST (6.3) + F (. 75) | dt

4. Solution of the Inverse Problem

Let us study the inverse problem for the problem (1-3). From the repre-
sentation (15)—(16) it also follows that for each x and ¢ from (—oo,+00) the
kernel R(x,t,\) admits a meromorphic continuation from the sector S = {\ :

2
0 < arg\ < w} and may have poles at the points (%)2 and (%) ,n € N, out-
side of S. These poles of the resolvent are called quasi-stationary states of the

operator L.

Thus the quasistationary states of the operator L are the numbers (%)2 and

2
<%> ,n € N. In spectral expansion (22) the numbers V,,,,, n € N, play a part of

the normalizing numbers corresponding to quasieigenfunction of the operator L.
So, it makes natural the formulation of the inverse problem about reconstruction
of the potential of the equation (1) and the number £.
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Inverse Problem

Given the spectral data { Ci2 (M), Vpn}, construct 8 and the potential ¢ ().
Using the results obtained above, we arrive at the following procedure for the
solution of the inverse problem:

1. Taking into account (14), we get

=~V
mo
Vn,a—i—n = Vnn Z m+ n’
m=1
from which all the numbers V,,,,, a=1,2,..., n=1,2,...,n < «, are defined.

2. From recurrent formula (6)—(8), find all numbers g,.
3. The number (3 is defined by the formula

ﬂZQI lim Clg ()\) —1.

mA— 00

So, the inverse problem has a unique solution and the numbers 8 and ¢, are
defined constructively by spectral data.

Theorem 3. The specification of spectral data uniquely determines 3 and the
potential q (x).
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