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1. Introduction

Let |z| = max{|z;| : 1 < j < n} be the polydisc norm in C",n € N. Denote
by U" = {z € C" : |z| < 1} the unit polydisc with the distinguished boundary
T" = {2z € C": |z =1,1 <j <n}. ForzeU" z =rje¥i, w = e,

n
1 < j <n we write P(z,w) = [[ Po(zj,w;), where
j=1
Py (5, wj) = Re 2T — ’

wj —zj  1—2r;jcos(p; —0;) +r3

is the Poisson kernel for the unit disc.
The function in U™ defined by the equality

Pld](2) = / Pz, w)dpu(w) (1)
p)
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is called the Poisson—Stieltjes integral of a finite (signed) Borel measure, provided
that the total variation of the measure p is finite, ie. |u[(T™) < +oo. The
function Pldp] is n-harmonic in U™, i.e. harmonic in each variable.

For a function u defined in U™ and 0 < r < 1 we denote u,(w) = u(rw),
w € T™. Let [|-||,, p > 1 denote the LP-norm relatively to the normalized Lebesgue
measure m, on 1", m, (T") = 1.

The next theorem is known [1].

Theorem A. If u is n-harmonic in U™ and ||u,||1 is bounded as v — 1, then
there exists a unique measure p on T™ such that w = P[dp].

Moreover, there exists a sequence pr, T 1 (kK — +00) such that p is a weak
limit of the sequence of measures p,, (dpp, (W) = u (prw) dm, (w)) as k — +oo.

If u is nonnegative, then u is nonnegative.

Note that under the assumptions of Theorem A the function u cannot be
represented as the Poisson integral of a function from L'(T™), i.e. p can be
singular, in general. Moreover, some other theorems, which are valid if |lu,|[, is
bounded for p > 1, fail to hold when p =1 (see [2, Ch. 6]).

Let Up (0) ={z € [0; 27] : |x — 0| < d}, 6 > 0. For ¢ : [0; 27r] — R, define the
modulus of continuity

w (0, 0; ¥)=sup {|[v (z) =¥ ()| : =, y €Up(8)},w (6; 111):9;(1)11; “ (0, 6; ).

Given v € (0;1], we say that ¢ € A, if w (§; ) =0 (67) (6] 0).

We are interested in the interplay between the growth of the Poisson—Stieltjes
integral (1) and the properties of the measure p. A background of results of this
type is a classical theorem of G. Hardy and J. Littlewood [3], [4, Ch. 5] which
states that for an analytic function in U the conditions | f(z)| = O((1 — |z|)Y~1),
z €U, and f(e) € A, A f € C(U) are equivalent for v € (0, 1].

Let Moo(r1,...70,v) = max{|v(z1,...,2,)| : |2;] <7;},0 <rj; <1, where

V(21 2n) = /P(z,w)du(w).
T

The question on the growth of the value My (71, .. .7y, v) in terms of the modulus
of continuity of p arises naturally. In [5] the following theorem is proved.

Theorem B. Let u be a harmonic function in U, 0 < v < 1. Then u has

the form
2

u(re®) = [ Plrei?,etaue)
0
where 1 is of bounded variation on [0;27] and ¢ € A if and only if
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My (ryu) =0((1 =771, 11

and

sup ||url1 < +oo. (2)
0<r<1

The aim of the present paper is to generalize Theorem B on n-harmonic
functions.
We write

Toebn = f(ei1 | ey € T™ : a; < 60; < bj}.

Qal,...,an

We say that € Ay, (T"),71, .-, 7n € (0;1) if

sup |l (T 254+ ) = 067" a0, 0 < 4y < 1. (3)

a€[—m;m]™
Given j € {1,...,n}, we say that u € A(Wj)(T") if

sup |yl (G267 ) = 0.(87), 0 < d < 1. (4)
a€[—m;m]™
It is clear that Ay, ., C ﬂ?:l A%).

Theorem 1. Let y1 be a finite Borel measure on T", n € Nyvy1,..., 7, € (0;1).
Then for the inequality

/P(z,w) dp (w)| < C(’yl,...,’yn)(l—Tl)“_l...(l—rn)%_l, (5)
T

where 0 < r; < 1,1 < 5 < n, to hold, it is necessary that p € ﬂ;”:l A%), and

sufficient that pn € Ay, . ~, (T7).
The theorem is the best possible in the following sense.

Corollary 1. Suppose that = ®?:1 j, where (i is a finite Borel measure
onT,j€{l,...,n}, n € Nyyi,....,v € (0;1]. In order for (5) to hold, it is
necessary and sufficient to impose that p € A, ., (T").

To prove the corollary, it is sufficient to note that if y = ®§L:1 5, then

€ Ay 4, (TT) is equivalent to u; € A%), L<j<mie Ay 4, =iy A%).
Therefore, Corollary 1 follows from Theorem 1 if v; € (0,1), 1 < j < n, or from
Theorem B for the general case.
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Combining Theorem 1 and Theorem A we obtain the following result.

Theorem 2. Let u be an n-harmonic function in U™, y1,...,v, € (0,1). If

sup ||luy||1 < +o0 (6)
0<r;<1

and

My (11, .. p,u) = O(ﬁ(l —7"]‘)%71)7 r; 11,
j=1

then there is a finite Borel measure pu on T, where p € ﬂ?zl A'(YJJ , such that
w=Pldp]. If u= P [du] for a finite Borel measure p with pp € A, -, , then (6)
holds and Meo (71, ...,y u) = O([Tj=; (1 - r) T, v 7L

It is interesting to compare Theorem 2 with the results of W. Nestlerode
and M. Stoll [6] originally proved for n-subharmonic functions. Given is an n-
harmonic function u satisfying (6) Corollary 1 [6] that yields

n
T 601 z@n
};rﬁ u(rie™t, jl_Il (1—rj)
for all 6; if and only if i is continuous.

On the other hand, additional information on the continuity of 4 allows us to
state more on the growth of the n-harmonic function P[dpy].

Remark 1. The authors do not know whether Theorem 1 is valid when

v; = 1 for some j € {1,...,n}. We can state only that if u € Ay 1, then P [dy]
is bounded.

2. Preliminaries

We need the following notation. Let o; € {0;1}, 1 < j < n. If o; = 0, then
Py(zj,w;) denotes the usual Poisson kernel, and if o; = 1, then
w; + 25 27"j sin (ij — 0])

1 (25, wy) mwj—Zj 1—27‘jCOS(SOj_‘9j)+TJ2

denotes the conjugated Poisson kernel.
Besides, we denote

Voyon (2155 2n) = /Pcn (z1,w1) -+ - Py, (20, wn)dp(w),
T”l

V(21,00 2n) =Y. . o(21,- 0 20) = /P(z,w)d,u(w
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w; + 2

= Py (25, wj) +iPy (25, w5), S1(25,w;) = So (25, w;)
U}j—Zj

So (2, w;) =
1<j<n
We need some lemmas.

Lemma 1. Let |u|(T") < oo. If for some constant Cy
n
vo.0(z1, - 2)| < Co [ [ =517, zeU™,
=1

then

n
Vorom (2153 20)| S C(1, - m) H 1— |zt 2 €U, 05 €{0,1}, (7)

1 <j <mn, where C(71,...,7n) is a constant depending on 1, ..., Yn-

Proof. Toprove the lemma we use the induction in |o| = o1 + -+ + o,
i.e. the number of those o;’s equal to 1.

Let |o| = 0, then |vg._o(z1,...,2)] < Co[]j—;(1 - |z )L

We now assume that (7) holds for every n-tuple (o1, ...,0,) of indices such
that |o| <k, k € {0,...,n — 1}. It is sufficient to prove that from the estimate

|U1 BN O...O(zla cees Zn)|

k

/Pl(zl, wi) - -+ P (2, wi) Po(Zk41, Wt 1) - - Po(2n, wn)dp(w)
Tn

n
H (1—1z =t
it follows that

’U1 ] O...O(Zh ceey Zn)|

k+1

/Pl(zl, wi) -+ P21, Wit 1) Po(2k42, Wht2) - - - Po(2n, wn)dp(w)
Tn

<Gy H(l — |zt
=1
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Fix the points 29, ... ,zg,ngrQ, ...,2% € U. We write
0 0
h(zk+1) - 1)1 ...10..0 (217 ey R4l - ‘7zn) )
S~
k
7 0 0
h(2k+1) — Ul ...10..0 (Zla ooy R4y - - '?Z'n,) .
——
k+1

The function h is harmonically conjugated to h. The function Fo 0 (zkt+1) =
h(zks1) + ih(zp11) is analytic in 2z, 1. We estimate [F0,.. 20 (2k41)|. Using the
arguments of Theorem 2.30 [7], we get

1
_ t
|Fz§’,...,22 (zk+1) — Fz?,...,zg 0)] <4 / t 1(,0 <2> dt,

I=rpq1
where ¢ (t) = max |h ((1—1t) ew)‘ .

Using the assumption of the induction, we have

A < Ci(1 = [z )7 T (1= 129D

J#k+1
Then
’Fz?7-..,z2 (szrl) - FZ10,---7ZnO (O)‘
1
. 01 t 7k+171
<4 / o IT a-19ne (5 dt
17 JF#k+1
= [ =D (1 = )07t = 1),
J#k+1
Hence,

[Fa a0 (ee) < Cs [T (=190 1 =) B0 4 [
j#k+1

Since Py(0,w;) =1, P1(0,w;) =0, we get

20 (0)]-

P O] = Ol 0 TT 0=z
JFk+1

Then

Fip.g ()| £ Co [T (1= 2007771 (1 =m0
k1
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Therefore, h(zj41) admits the same estimate. Thus, the induction step is
proved. Thereby,

n
[Voyom (2153 20)| < C (Y1, s H 1—z]) it 0<|z]<1,1<5<n.

This finishes the proof of the lemma.

Lemma 2.

Z Soy (z1,w1) ++Se,, (Zmy W) = 2" Py (21, w1) - -+ Po (2m, W), m € N.
0=(01,,0m),
o;€{0;1}
The lemma can be proved by induction.

3. Proof of Theorem 1

Sufficien cy. Forsimplicity we assume that n = 2. We also need the
next notation [1].

Let a= (a1, ag) € Zi. The Cartesian product I x Iy of the semiopen intervals
Ij = (s5,t5] C [0;2m], j € {1, 2} with (t; —s1)27% = (t2 — s2) 272 is called an
a-block.

We fix the numbers 71 and r9, 0 < rq, 79 < 1. Then we can find the numbers
C(r1) and C(rg), 1 < C(r;) <2, j = 1,2, such that W: 2%, where p; is
an integer number.

Denote

Ly,

’j:2k_1(1—rj)0(rj) .I‘k] 2z 5, kEN, x(jfj—O Jje{1,2}.

Let B, be an a-block with the center at the point w = (ewl,ei‘m) and the
lengthes of its sides 2xa1 L 2:035272. Denote s; = 0; — ¢;. Assume @, to be a set
of all points ( is1 6”2) when (s1, s2) belongs to the a-block B, for which either
z, <s;< :1:+ orr, ;< —8; < xl‘j’j, 7 =1,2, holds.

a;j,j aj,j
Each @, is a union of 4 blocks, and T2 = |J Qg by the definitions of Dj
0<a; <p;
and Qq.

Using (3), we have

1 (Qa) < |ul ({w € T?: 105 — ¢j] <2% (1 —15) C(r5)})
< (20‘1le (1-r)C (7”1))71 (2a2+1 (1—79)C (7“2))’y2

— olar+)m+(az+1)v2 o (r1) C72 (rg) (1 — 7)) (1 — 1) 2.
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As in [1] (proof of Theorem 3.1), we have

2 —
/Po Tle“Dl 6101>P0 (7“26“"2 6“92) du(e 10) < |l (Qq) - H ( %173',1),

Qo -

0< ry < 1.
The following estimate of the Poisson kernel is known [1]:

Py (Tei%a’ei@) < <¢7i 0>2 (1—7).

Applying this estimate to our case, we get

7.[.2
. ¥
o (T] ’ 1> T AT (L =) CF ()

Thus,

/ P (21, w1) Py (29, ws) dys (w)| < 200103+ @241% 0 (1) 07 ()
Qa
7T2 7T2

40a=1(1— 1) C2 (ry) 421 (1 = 19) C2 (rg)
< C (v, 72)- 91 (1—2) | gaz(12—2) (1— rl)’)’l—l (1-— 7“2)72_1 )

X (1 — Tl)’h (1 — TQ)’YQ

Summing up over all o, we deduce

/Pzwd,u Z/Pzwdu w)

= Z C (s 12)- 9a1(11-2)9gaz(12-2)

X (L=r) (1= 72) 71 <4C (y1,792) (1= 7)1 —r2) ™7

Necessity. By Theorem A, we have that p,, (du,, (w) = u (prw) dm, (w))
converges weakly to p as functionals on C (1), i.e.,

lim [ P (z,w)dp,, (w /Pzwd,u w) .

k—o0
T2
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Using Lemma 1, we can see that for the analytic function

F(Zl, 2’2) _/So (zl,wl) SO (Zz,’u}g)d,u, (w)
T2

there is valid the inequality
|F (21, 22)| < C (m, 72) (1= [2a)" 7 (1= |z 27

From the notation in the previous section we have ReF' (21, z2) = voo (21, 22)—
v11 (21, 22) . We denote

01 02 . . . .
), (01, 62) :/ / (voo (pre™®, pre’??) — vi1 (pre'?*, pre’?))dpidps.  (8)
o Jo

In the sequel we will use the same notation for a function of the bounded variation
defined on the [0, 27]™ and the (signed) Stieltjes measure on 7™ generated by the
function.
21 [/ 22
Define the analytic function ® (21, z2) = [ <f F(s,m) dn) ds, z € U2
0

0
For the arbitrary fixed 1,92 and 0 <7} <r{ < 1,0 <rh <rj <1 we have

‘<I> (r’l'ewl,rgew?) - & (r’lei‘pl,réei‘”)‘

! /1! 1!

ry T2 71 T2
S/ /}F (p1e'?*, p2e'??) dps|dps +/ /‘F(Plewl,meim) dpa|dp1
o \o 0\
" ,
C 1— pa)2 |
< / (717?2_) (I —=p2) dpy
(I=p1) ™" 72 o
™
Ti’ 11
C (i, 1= )|
N / (m 'zz_)71 (1 =p2) dp:
(1 - pl) 72 rh
1
<C(y,72) — ((L=r)" + (1 —15)7).

Y172
Therefore, by Cauchy’s criterion, there exists

711111% d (rlei“"l,rgeiw) =& (ewl, ei%))
roTl
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uniformly in @1, @a. Set ® (o1, o) ) (e"1,€e#2). Let us prove that P e Agll) N

2
AP
Note that
01+h 02
f, (O1+h, 02) — o (61, 62) = Re / /F (pre™, pre'#?) diprdps.
0 0

Let h; € (0;1). We write
G = eism; G = (1 N hl) ewl; G = (1 _ hl) ei(cpl—&-hl); G = ei(cp1+h1)_

Fixing zo and using Cauchy’s theorem, we get

3 22 S0 22

® (3, 22) — P (<0, 22) =//F(cm)dcdn—//F(g,n)tkdn
0 0 0 0

22

:0/ /F(g,n)dg dn:/ (/] +/+ >F(c,n)d< dn,

) 0 [so351 1 [e2;63]
S3
‘(I) <6z‘(s01+h1)7z2> -2 (62'@1’32)‘ < / /F(g,n) ds| |dn]| . 9)
[0,22] Iso

For sufficiently small hy > 0, we have

1
/ F(s,n)ds|= / F (ei(¢1+h1)t7,’7) il1+h1) gy
—h1

[c2;53] 1

1
< / ‘F (6i(¢1+h1)t,77) ‘ dt
1—h1

1

< C(7,72) / L=t Q=) dt < C(y, ) B (L — )™t (10)
1—hy

Analogously,

F(s,n)ds| < C(y1,72) h]* (1 — |n[)> . (11)

[so361]
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Finally,
G h
/F (s,n)ds| = /F ((1 — hy) ei(¢1+h1),n> (1— hl)iei(@1+h1)d¢1
S1 0

< C(y1,72) (1= [n) 2~ R

Then from (9)—(11) and the last inequality we obtain

‘fb (e“@ﬁhl),zz) ~ 3 (e“"l,zQ)‘ < / C (y1,72)h" (1= |n))= ™" |dn|
[0522]

|2
=C(y72) b / (1—s)”2"tds < Mh}l _

Y2
0

In a similar way, one can deduce the following estimate:

’@ (zl, ei(“"2+h2)) —® (zl, er) < C(y1,72) ha?, ha € (0;1).

Thus, ® € A%) N A'(y22)- Consequently, ® (1, ©2) e (e"¥1,€"%2) is a continu-
ous function on [0; 27]?.
For pj, € (0;1) we denote

01 02

A0 (61,02) % / / F (pre', pre?)dprdips

0 0

01 62

. . ip ip
://F(pkeup17pkeup2)d(pke 1)'d(pk€ 2)'
0 0

ipgePt  ipgete?

Firstly, we calculate the internal integral

01 )
. . d (pkewl) 1 0P ; ;
F i1 1p2 : — . ( 101 ’ 2502)
/ (pre™?", pre'??) i T ipnc Dy PR PR
0
) To d
——  — (pg, pr€'??) + | =— (ppe't, ppe'??) ——.
ipp Oz (Pk Pk ) /8;:2 (Pk Pk ) P
0
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Then a routine computation yields

01 02 ‘ ' d (pkeisol) d (pkeisaz)
191 P2 .
/ / F{pne'™, pie'®?) ippetippe’s?

00
T o1 o0 d(pe®) 1 o0 d (prei#?)
_/A. <pkei91 pkei902> L / (pk pker) L
ipre®t  Ozy ’ ippei2 ipe Oz ippei2
b2 01 P d d( i§02)
. , e
] 22 s iy ol
029 PLEYPL  ippetr?
00
. . 02
O (ke ppe™®) @ (pre™, pr) 1 0 iy 42
== 2 il oif 210 o | ek pee™? )
prerer? pet 1p,e1 err2
d (pk pkew?) 1 1 7 oo o
4T ) b (i) — —5 | D (o pre?) S
pzez% pz (Pk> PE) sz/ (pk Pk )6“102
01 ) 0 01 .
1 D (ppe’®, ppe®?) dpr 1 [ @ (pre, pr) dipr
ip?eifz i1 Cip? i1
0
01 02
® (pre’, pke“"z)dwldm
61901674902

Since ® (21, 22) is continuous in U? and, consequently, uniformly continuous,
we have
P (pkei%’pkeitpz) — (ei¢17ei<ﬂ2)
P1,$2
as pr T 1.
Therefore, we have

. . ) 0 4 ‘
P 0 6 d i0 1 & i i
)\gk(gl’H?) = - (6 Le 2) (e g ) . / (6 e 2) dpa

ei91 ei92 ei91 + Z'eiel eigoz
0
. (2 61
n ) (1, 6292) 1 1 6“‘72 dg02 el 192 d901
eif2 1 eiP2 26192 2!
0 0
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el el eW’Z

01
1 q) el 1 d el wz dord
_‘/ 901 // Prdp2 _ o (01, 62)

as pr T 1.

Since ® € Agll) N A%), the last equality yields that A\ € Agll) N A%).

On the other hand, u° (61, 6s) :,Bfﬁ ugk (01,02), ,ugk (61,02) = Re)\gk (01,02).
Thus, u° € Agll) N A%).

We now consider the function

Fy (21,22) = / So (z1,w1) S1 (22, w2)du (w)
T2

which is analytic in z; and antianalytic in zo in U?2.
Note that ReFy (21, 22) = voo (21, 22) + v11 (21, 22).

Denote
61 05

“;1)1@ (61,62) :/ (voo (pke™®", pre'®?) + vi1 (pre™, pre??))dprdps.  (12)
0 0

Z1 z2
Define the function K (z1,22) = [ <f Fi(s,n) dn> ds, z € U?. Obviously, K (21, z2)
0

is analytic in z; and antianalytic as a function of zs.
Note that
01 62+h
M,l)k (01, 02+h) — M,l;k (01,62) = Re/ / By (pre'™, ppe'®?) drdips.
0 0

Let hg € (0;1), we write
¥ =€, 9 = (1 — h3)e¥2, ¥y = (1 — hs) eileaths) 9. — cilpaths)

Fixing z; and using the counterpart of Cauchy’s theorem for antianalytic
functions, we get

21 U3 Yo
K(zl,ﬁ?,)—K(zl,ﬁo):/ /F1 <c,n>dﬁ—/m (c,m) dif | ds
AN 0
21 V3 21
—/ / (s,m)dn dg—/ / / / Fy(s,m)dn |ds,
0 0 0 [190,191 ’191 192,’(93]
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93
K (21, 03) — K (21,00)] < / /Fl (¢, ) dif| |de]
[0521] | Po

The rest of the proof of the relation K € Agll) N A(,YQQ), where K (01,05)
K (e, ¢2) is similar to that of P e A%) N A(722), S0 we omit it.
For pj, € (0;1) we denote

01 02

A (91,92)(1:ef//F1 (pre*, pre’#?)diprdeps.
00

As above, we have

101 ¢i02 - 101 b

. . . 02 . . .
K(e’gl,er) K(e’gl, 1) 1 K(ewl,e“??) dp2 K(l, ew?)
)\;k (91, 02) = / eiQOQ - €i92
0

elp2  eif2 el

0

02 61 . .
1/ 1 6“92 dcpg 1 /K(ewl,er) dyr
1

0

01
1 K( ip1 1 d<,01 Zcpl Z(pg d901d902 X
+i/ etp1 // elp1 plp2 =\ (01792)
0

as pr T 1.
On the other hand, pu' (61,62) = liIT]rl1 u}]k (01,02), ,ull)k (01,02) = Re)\;k (61,02).
Pk

Thus, u! € A%) N A%). Using (8) and (12), we obtain

1
p=5 (u+nt) € AV NAL.

2

For the case of n > 2 we denote

01 (2%
ug?’ ~n) (01,...,0,) = Re/ oo | Flog,on) (pkei‘pl, . ,pkei“"”) dot...dpn,
0 0

where

Flogon) (P15 -5 2n) = /So (21, w1) So, (22, w3) -+ So,, (20, W) dpt (w) .
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Using Lemma 1, we get

ReF(02 ..... on) (Zlv . ,Zn)‘ < 0(717 s ”771) (1 - |Z1|)71_1 T (1 - |zn|)"m—1 :

Lemma 2 yields

Z /So (z1,w1) Se, (22, w2) « -S4, (2n, wy) dp (w)

0=(0,02,...,0n) Tn
o;€{0;1}

:2n—1/P0 (Zlawl)"'PO (Zn,wn) d,u(w) (13)
Tn
()

To prove that ,u(az’ »on) (61,....6,) belongs to the class ();_; Ay, one can
use the arguments similar to those used in the case of n = 2.

Let
01 On
Loy, (01,...,0n) = / . /UO...O (pkewl, e ,pkew") dot ... doy.
0 0
From (13) it follows that
Loy, (015,60, Z u(” """ U") (01,...,6,)

01 On

dpi...don
“Re Y / / /So (21, 01) =S, (o) dp () | P22
0 0

0=(0,02,...,0n) Tn

Z

Since p(@2om) (0y,...,60,) = hm ,u(UQ’ »on) (01,...,0,), we have

1
o X e

(0'27"-70'71)

[

On
/ Po (21,01) -+~ Po (2 wn) dpt (w) | depy ... dipn

0 Tn

Thus, (1 € (j— A%) The theorem is proved.

Journal of Mathematical Physics, Analysis, Geometry, 2011, vol. 7, No. 2 155



I. Chyzhykov and O. Zolota

Proof of Remark 1.
Note that p € Ay if |yl (Hgizgl’aﬁ@) < (C4109. Thereby,
| (a1 + 01, a2 + d2) — p(ay + 01,a2) — (p (a1, a2 + d2) — p (a1, az))| < Cé10s.
(14)

Since p is absolutely continuous in a; and ag, we have that for any a; and
ap there exists pl, (a1,a2) almost everywhere in a; for any az, and p, (a1, as2)
almost everywhere in ay for any a;.

We divide the left-hand side of (14) by d2 and then take the limit

. p(ar +d1,a2 + 02) — p(ar + 01,a2)  p(ar,az + 92) — p(ar, az)
11m —
20 3o 02

= ,u,iu (a1 +61) — ufw (a1), Vag € E1, mesE; = 27.

Then from (14) we get |u}, (a1 + 01) — i, (a1)| < Cé1.

Consequently, py, (a1,a2) is absolutely continuous in a; for all ay € Ej.

Hence, there exists p,,,, (a1,a2),

" .
Hasaq (ala a2) = lim
61—0

Py (01 + 01) — pue, (a1)
01 ’

almost everywhere in a1, and |u,,, (a1,a2)| < C.

Conversely, there is Ey C [0; 27|, mesE9 = 2w such that for all a; € E9 there
exists 1] ,, (a1,a2) almost everywhere, and |u} ,, (a1,a2)| < C. So, the class
Ay 1 consists of functions that are integrals of bounded functions.

Thus,

/P(z,w) dp (w)| = //P(z,w)uﬂ,lm(wl,wg)dwldwg
T2 T T

§C’/73(z,w)dw:C.
T2

Example. Inthis example we show that A, .. # ﬂ?:l A%). Let n =2
and y; = 79 = 1. Define the function

0. o) = 0, 0= v;
w0, 0) = (9—g0)2cosﬁ, 0 # .

By the definition of the class A%), we have that u € Agl) if

Sup | (0 + 61,0) — 1 (0, )| < C61.
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Moreover,

2 (0 — ) cos 71— +sin ;12— 0 # ¢;
10, ) = 0= 0—p> ’
o (0¢) {0, 0=g.

Therefore, u € Agl). In a similar way, one can deduce that pu € ASQ).
On the other hand, one can show that |u| (Hﬁff’“’”) > cd. Thus, p & Ay ;1.

Hence, Ay, . 4, # ﬂ?:l A(ij)'
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