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The Boltzmann equation for the model of hard spheres is considered.
Approximate bimodal solutions for the Boltzmann equation are built for the
case when the Maxwellian modes are screws with different degrees of in-
finitesimality of angular velocities. Some sufficient conditions for the mini-
mization of the uniform-integral remainder between the sides of the Boltz-
mann equation are obtained.
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1. Introduction

To describe the interaction between flows of a gas of hard spheres, the kinetic
integro-differential Boltzmann equation [1 — 3] is used

D(f)=Q(f. f), (1)
() =40, &)
2
Q(f,f):dz/dvl daB(v — vy, a)[f(t,v],z) f(t, 0, x)
FAR 3)

- f(t,vl,l')f(t,ﬂ,l')],

where f(t,v,z) is the distribution to be found, 0f/0z is its spatial gradient,
t € R! is the time, x = (2!, 22, 2%) € R3 is the position; v = (v!,v%,0%) € R3 is
the velocity of a molecule, d > 0 is its diameter, v and vy are the velocities of the
molecules before the collision, v' and v} are the velocities of particles after the
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collision, a € ¥, where ¥ is the unit sphere in R?. The velocities of the particles
after the collision are defined by the formulae

V=v—a(-v,a), v =v+alv-v,a). (4)

There are the well-known exact solutions of (1)—(4) in the form of global and
local Maxwellians [1-3]. Much progress has been made but only in the special
case of Maxwell molecules and some generalizations.

In [4-8], the bimodal distributions, i.e. the linear combinations of two Max-
wellians, in particular, the local Maxwellians of special form describing the screw-
shaped stationary equilibrium states of a gas (in short-screws or spirals), were
considered. They have the form [1,8]:

3
R G I )

Physically, distribution (5) corresponds to the situation when the gas has an
inverse temperature § = 1/2T and rotates in whole as a solid body with the
angular velocity w € R3 around its axis on which the point zo € R? lies,

o = [wc:; 7] (6)
The square of the distance from the axis of rotation is
r? = %[w x (z — z0)]%, (7)
and the density of the gas has the form
p=poc™ (8)

(po is the density on the axis, that is with 7 = 0), ¥ € R? is the linear mass
velocity for  for which x||w, and U+ [w X x| is the mass velocity in the arbitrary
point z. It is easy to see that formula (5) gives not only a rotational, but also a
translational movement along the axis with the linear velocity

(w,v)
2

w

Thus, it really describes a spiral movement of the gas in general, moreover, (5)
is stationary (independent of ¢) but inhomogeneous.
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As, for instance, in [8], we will also consider an inhomogeneous, non-stationary
linear combination of two Maxwellians, i.e. a distribution

2
f=@1My+ g2 My = Z%(tw)Mi(U,ﬂC), )
Biw?r? ﬁl —B v—=0;)?
M;(v,x) = pie”“i AT, (10)
@:@(x):vﬁ—i—[wixx],z:l,z (11)

It is assumed that the coefficient functions ¢;,7 = 1,2, are non-negative and
belong to C!(R*). It is required to find ¢; and the behavior of all parameters so
that the mixed remainder [4-8], i.e. the functional of the form

= sup /!D , f)|dv, (12)

(¢ w)€R4

becomes vanishingly small.
We will find the coefficient functions ¢;,

wi(t,x) = zﬁi(t,w)e_ﬁiwgrg, 1=1,2, (13)

and suppose that the angular velocities have the following form:
wi= 20— 2, (14)
B

where s; > 0 are any constants, wg; are arbitrary fixed vectors, k; > 0,7 = 1,2
(the other parameters are also arbitrary and fixed so far).

Some approximate solutions of a given kind, for which the Maxwellians with
i =1 and ¢ = 2 behave in the same way, were obtained in [8]. The two angular
velocities wy and wy were supposed to tend to zero equally fast with 31, o — +00
(the speeds of tending to zero are different and are equal to the selected degrees
of 3; in (14), namely 1, £ or 7).

The aim of the present paper is to consider other possible values of k;, i = 1, 2,
and asymmetrical (i.e. for different degrees with different i) behavior of the
angular velocities.
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2. Main Results

Before formulating and proving the results, we recall some denotations intro-
duced in [8] to be used below:

d? 2
Ai(u,t,z) = ¢ﬂ/’jﬂjﬁ /dwew \/UF
R3

w

() (i ) ) — ] (15)
VB
Bi(u,t,x) = %ﬁi (;g + 07— [w; w) + 205/ Bif (u, [wi % 7))
— Jwi X u][w; x x]}. (16)
Due to the above it is possible to formulate the first theorem.
Theorem 1. Let conditions (13), (14) be valid. Let the functions
TRAL L T <[w0i « al, %ﬁﬁ =12 (17)

be bounded with respect to t,z on R*.
Then the remainder A in (12) is correctly defined, and there is a value A’
that

A <A (18)
If
1 .
§<k2§17 221)2) (19)
or
1 1 )
Z<k2357 221727 (20)
and
[woi XT3 =0, 1=1,2, (21)
then there is the finite limit
L= lim A= Z pi  sup wl +v; O +pj7rd YTy — U5
ﬁ¢31+2<>o ij=1 (ta)eRt O
i=1, oy (22)
+27d%p1pofvr — B3| sup ($1¢ha).
(t,x)eR4
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To prove Theorem 1 we need the following lemma [8], which gives a sufficient
condition for the continuity of supremum of the function of special kind of many
variables. The supremum is taken respectively to a part of variables.

L e m m a. Suppose the following conditions:
1) Vz € Z, the function g(y, z) is bounded on'Y;
2) g(y, z) is continuous by z uniformly with respect to y,i.e.,

V2o € Z,V¥e > 0,30 > 0,Vy € Y.Vz € Z,

|z = 20| <6 =1]g(y,2) — g(y, 20)| < ¢
are valid for the function g(y,z):Y x Z — R;Y € RP; Z € RY.
Then the function

I(z) = sup |g(y, 2)|
yey

18 continuous on the variable z € Z.

Proof of Theorem 1. According to (15) and (16), we write the inequality
obtained in [§]

/\D( Q(f, f)|dv <Z/H8%+B (u,t,z) + A;(u, t,z)
=

(23)

Pi 2
Ai(u,tyz)| - “du.
+ A;(u a:)} —52¢ u

From (12), (15)—(17), (23) and the properties of supremum, there follows the
existence of the remainder A, and the following holds:

A<A = /
x-St | |7

4+ sup Ai(u,t,m)]e“Qdu.
(t,x)eR*

i(u,t, ) + Ai(u, t, x)

If we substitute (14) into (15), (16) and introduce the new denotation

1 1
Y= (y1.72) = <ﬁﬁ) , (25)

then

d? .
Ai(u,t,x) = %’%‘Pjﬁ /dwe_w2 lviu + (7 — v5) + Si%% [woi X ]
R3

2k;
= 557 wos x ] = yjwl,
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oY, .
Bt ) = Gt (474 50 o 1)) @)
+ 2¢i5i'}’i2ki_1 {(U, [woi X 73]) — Swizki [woi X u)[wo; % 96]} ;

where 1 = 1,2, 1 # j.

Apply the aforesaid lemma to every supremum contained in (24), where y =
(t,2),Y = R, 2z = (u,7),Z = R? x R? . Fulfillment of the first condition follows
from (17), (26), (27), and the second condition of the lemma can be verified with
the help of (17), polynomial structure of (27) with respect to variables u and ~,
and uniform convergence of the integral (26) by u and v at any compact, and
with respect to t,x — on the whole space R*.

Then we can see that every integral in (24) is taken from the function which
is continuous by u, v and converges uniformly with respect to the variables v at
any compact, because there is an integrating majorant. Hence, in general, the
value A’ is continuous by v on Ra_. So, in (24) we can pass to the limit with
B1, B2 — o0, that is equivalent to the tending of v;, ¢ = 1,2 to zero in (26),

(27).
Thus,
- 3@/) w d’ L
lim A’ = /[ ¢ +Uz 1 ahithipi—— 12T — T
Blzjf_goo S 7.‘-5/2 €R4 Vi wJpJ \/77_ | ]’
- i#j (28)

+ sup higppjmd?fo; — Uj@ ™" du.
(t,z)ER*
From (28), as a result of integration by wu, there follows (22). The theorem is
proved.
In this theorem the behavior of the angular velocity with ¢ = 1 is identical to

that with ¢ = 2. Now we will obtain possible results for the case of asymmetrical
behavior of w; and ws.

Theorem 2. Let condition (14) be valid with

1
k=1 k= (29)
Thereby, if conditions (17) are valid, then inequality (18) holds true. More-

over,

4
lim A'=L+ ——=pasa|lwoz x U3]| sup s. (30)
’Blffrfo VT (t,x)ER4
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P r oo f. Let us use estimation (24) without introducing the denotation for
its right-hand side yet. Using again the denotations of (25), we will substitute
(14) into (15) and (16).

Then, instead of (26), (27) we will obtain

d? _
A(u,t,x) = ¢1¢2p2ﬁ /dwe w2|’y1u + (71 — 1) + 5173 wor X ]
R3
— $973 [woz X 2] — Yawl, (31)
_ o — 2
Bi(u,t,x) = e (w471 + 5177 [wor X x])
+ 2¢15171 { (u, [wor x 1)) — s17¢[wor X ullwor x 2]}, (32)

P2 » -
As(u,t,x) = ¢11/12P1ﬁ /dw@ “lyou + (U7 — T7) + s972lwon X 7
RS

— s171[wor x x| — nw, (33)

o

Ba(u,t,x) = B (72u + T3 + s2y2[wo2 X )

+ 29952 {(u, [woz X V2]) — say2lwoe X ullwoz x x|}, (34)

By substituting (31)—(34) into (24), we can obtain the estimation

A<A = % /[ sup
(t,x)eR*
R3

+ 2 { (s oo x 7)) = 5197 ot > el x ]}

+ sup Al(u,t,x)] GUQdu+7£32/L sup
3

o

9 (w477 + 5171 [wor x 2])

Oy
— + A
ot + 1(U,t,l‘) +

% + AZ(ua t7 :U)

(t,x)ER* t,z)ER* ot
Oy _ 2

+ 87(’7210 + 02 + s272wo2 X z]) — 2928572 w02 X ul[woz X ]

+ sup As(u,t,x)+ sup 2vasa|ul|woz X ’U2]|:| e~ du. (35)
(t,z)ER* (t,z)ER*

The application of the lemma to each of the supremums in (35) (similarly
as in the proof of Theorem 1, where the last summand under integral in (35)
does not depend on (33, namely 2 at all) allows to pass to the limit in (35) with
Bi — 400, i = 1,2. Then the result will differ from (22) by the only mentioned
last addendum calculation of which leads to the following integral:

I:/|u\e_“2du.

R3
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The integral can be easily calculated by passing to spherical system of coordinates.
All the above leads to (30). The theorem is proved.

by = & (36)

Theorem 3. Let conditions (14) and (17) of Theorem 1 be valid with
1
2’ 4

k1 =

Moreover,
[WQQ X @] =0. (37)

Then the analogue of (22) below holds true

4
lim A'=L+ —pisi|[wor x 01]] sup
Bi—+o0 ﬁ (t,z)eR*

7,:1,2 (38)

4 2
+ —=p2s3lwoz| sup  (|[woz x ][th2).
ﬁ 2 (t,x)eER*

Proof. Let usagain use estimation (24) without introducing the denotation
A’ for its right-hand side, and in (15), (16), using the denotations from (25),
substitute (14) with ki = 3, ko =
Then we obtain:

Wl

d2
A(u,t,x) = 1/111#2/32% dwe7w2|’hu + (o1 — 12) + s1m[wor X z]

R3
— s972[wo2 X ] — Youw), (39)
5]
Bi(u,t,x) = % (mu+ 01 + s171[wor X x])
+ 29151 {(u, [wor X 1)) — s171{wor X ul{wor % z]}, (40)

d2
As(u,t,x) = ¢1¢2P1% / dwe™"" |ypu + (V3 — 1) + 52v/72|wo2 X 7]
R3

— s1y/Mlwor X ] — ), (41)
Bsy(u,t,x) = %1/; (V2u + T3 + s24/72[wo2 X z])
— 2¢23§[u)02 X u] [wog X .CE] (42)

By substituting (39)-(42) into (24,) we will obtain the following estimation:
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0 0
% + Ay (u,t, ) + %(%u + 01 + s171[wor X )

AgA’—Wg}Q/[ sup

28 (t,x)ER*

— 2¢18%[W01 X ul[wor X $]‘ + sup Ai(u,t,x)
(t,x)eR*

0o

ot

il w2 2
+ sup 21/1131]u\‘[w01 xvl]‘]e u du—l—/;ﬂ/[ sup
(t,z)eR? ™ s (t,z)ER?

0
+A2(U,t,l’) + %(72“ + U2 + 82\/’%[(&02 X l‘])‘

+ sup Ao(u,t, )+ sup |2¢es5[wos X ullwor x x]’]e‘“Qdu,
(t,z)eR* (t,x)ER4
(43)

From (39) and (41) we can see that the limit of the value As(u, ¢, x) withy — 0
is the same as the limit of the value A;(u, ¢, z), and the estimation for the modulus
having B;(u,t,z), contained in (23), leads to the separation of two summands
independent of 7 (i.e of f;,7 = 1,2), in which there appear the expressions

_ 1 2
231/ sup [wl\uH[wm X vl]ug—me du, (44)
" (tx)ER* T
R3
2 P2 2
232/ sup |:1/12’(A)()2H’U,H[W()2 X x]‘] —72¢ du. (45)
8 (t,x)ER* ™

Further calculation of (44) and (45), analogously as in the proof of Theorem
2, leads to (38). The theorem is proved.

Theorem 4. Let condition (14) be valid with
ki =1, ko = —. (46)

Thereby, if conditions (17) and (37) are valid, then inequality (18) holds true,
where

. 4
lim A’ =L+ —pysi|woe| sup (|[woz X x]|1h2). (47)
5221-1-200 VT (t,x)ER4

P roof is the same as that of Theorem 2. But now, owing to (14) with
ki =1, ko = } and (37), instead of (33), (34), we get (41), (42) from (15), (16).
Thus, Ai(u,t,x), B1(u,t,z) have the form of (31), (32). From (41), (42) we can
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see that the limit of the value As(u,t,x) with v — 0 is the same as the limit
in Theorem 3 and similarly to Aj(u,t,x) from Theorem 2. Furthermore, the
estimation for the modulus having Bs(u,t,z), contained in (23), was obtained
in the proof of Theorem 3. So, the result will differ from (22) only by the last
addendum defined in (45). Further calculation leads to (47). The theorem is
proved.

Now, by means of the expressions obtained for the limits with 8; — +oo,
1 = 1,2, we can find the sufficient conditions under which the remainder A tends
to zero. For more convenience, the conditions are formulated in the form of
corollaries of Theorems 1-4. In what follows it is assumed that the passage to
the limit 5y, B2 — +oo is performed.

Corollary 1. Let all the assumptions of Theorem 1 be valid. Then the state-
ment
A—=0 (48)

holds true if at least one of the conditions fulfils the following:

Y = ¢z(1’)72 =12, (49)

where i () are any functions satisfying the requirement (17);
2) 1 =3 # 0, condition (21) is valid, and

wz:CZ([xXE])v 1=1,2, (50)

where C; > 0 are any smooth and finite (i.e. with finite support) or fast decreasing
functions on its vector arguments;
3) U1 =3 # 0, condition (21) is valid, and

where C; > 0 are the same as in item 2);
4) v1 = 0, the vectors U3, wo1, wo2 are collinear,

U1 =hi(t,x) = h([z x v2)) {A+ C ([x x v2])

X [—ﬂd2|v2|h ([z x v2]) <‘z; <f + p;) - ftﬂ } : (52)

o = ta(t.) = (k[ x 72) = M (., (53)
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where A, i > 0 are any constants, the functions h and C have the same properties
as Cyi, i = 1,2 in (50), and, in addition,

d— 0 (54)

5) U1 # 0,Tg # 0 are arbitrary, equality (21) is valid, the functions ;, i = 1,2,
have the form of (50) or (51), and

suppiby N suppps = ; (55)

6) U1 # 0,02 # 0 are arbitrary, the functions v;, i = 1,2, have the form of
(50) or (51) under the condition of (21), and (54) is valid.

Proof of all items is based on (21) and (22).

1) All summands of the expressions having v;,7 = 1,2 become equal to zero,
and 8{;? is equal to zero too as 1; = ¥;(x), i = 1,2. Consequently, the whole
expression (22) is equal to zero.

2) The summands having the difference [v; — v, 7,7 = 1,2, ¢ # j, become
equal to zero due to the given conditions. Let us consider the addendum having

!/
%ﬁi. Since (C([CL‘ X a])) = [ax C'], where a is an arbitrary constant vector, then
x

(m, [m,Cg]) =0.

The condition (21) means that wp;||v;. So in (50) we can write wp; instead
of 7;. Thus we obtain the boundedness in (17). The same is true for all the
following items of this corollary.

3) In (22) all summands but one instantly become equal to zero due to the
given conditions. However, this summand also disappears, because the function
of the form of (51) satisfies the following system of equations:

oy O

5 FTig =0, (56)
4) Under the conditions mentioned above, the functions (52) and (53) are the

solutions of the following system of differential equations (as shown in [6]):

oY Oy
ot T Vias

All other summands tend to zero due to condition (54).

5) Under condition (55), every function v¢; # 0,i = 1,2, but the product
¢1¢2 =0 identically.

The function of the form of (50) or (51) satisfies the system of equations (56).
Thus, expression (22) is evidently equal to zero.

= —pjnd*P1pelDa|, 0,7 =1,2,i # j. (57)
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6) Conditions (54) and (55) lead to the fact that the following summands are
equal or tend to zero:

pimd* Pl — 05, 4,5 =1,2,0 # j,

27rd2p1p2|61 — @2| sup (1/)1¢2)
(t,z)eR*
For the function ¢); of the form of (50) or (51), the statement (56) is fulfilled.
So, the equality of the expression (22) to zero is proved.

Corollary 2. Let all the assumptions of Theorem 2 be valid. Then the state-
ment (48) holds true if one of the conditions of Corollary 1 takes place and, in
addition, at least one of the following requirements is fulfilled :

1. s9 — 0y

2. Condition (21) with i = 2.

Proof isevident and leans on (30).

Corollary 3. Let all the assumptions of Theorem 3 be valid. Then the state-
ment (48) holds true if one of the conditions of Corollary 1 takes place and, in
addition, at least one of the following requirements is fulfilled:

l.s;—0, i1=1,2;

2. s9 — 0, condition (21) with i = 1.

Proof isevident and leans on (38).

Corollary 4. Let all the assumptions of Theorem 4 be valid. Then (48) holds
true if at least one of the conditions of Corollary 1 takes place and, in addition,
the first requirement of Corollary 2 is satisfied.

Proof can be easily done by means of (47).

Remark 1. It should be noted that the exact solutions of the Boltz-
man equation, which have the well-known physical sense, are the spiral Maxwell
distributions (10), (11) themselves. However, the bimodal distributions (9), con-
sidered in the paper, give only an approximate description of interaction of such
spirals in the sense of minimization of the remainder A. Nevertheless, they can
be reasonably interpreted physically. In fact, the common property of all ob-
tained distributions is that they describe the non-uniform cooling gas (3; — +o0,
i = 1,2). Besides, the rotation of both spirals decelerates (w; — 0, i = 1,2),
although in different degrees in accordance with (14) and under the conditions
of (19), (20), (29), (36), and (46) (in some cases, condition 1) of Corollary 3 is
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also assumed). At the same time, the distribution f itself does not tend to any
of Maxwellians (i.e. to the known exact solution of the Boltzmann equations).

R emark 2 Theorem 1 is devoted to the case of equal degrees of
infinitesimality of both angular velocities w; in the most general case, namely,
when k; € (i, 1]. It is worth being noted that, as we can see from Theorems
2—4, the consideration of different degrees of 3; with ¢ = 1 and 7 = 2 leads to the
appearance of "mixed” expressions of the limiting values for the estimation A’.
These expressions include various summands mentioned in the paper.
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