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We propose a fiber-wise deformation of the Sasaki metric on slashed
and unit tangent bundles over the Kilerian manifold based on the Berger
deformation of metric on a unit sphere. The geodesics of this metric have
different projections on a base manifold for the slashed and unit tangent
bundles in contrast to usual Sasaki metric. Nevertheless, the projections of
geodesics of the unit tangent bundle over the locally symmetric K&hlerian
manifold still preserve the property to have all geodesic curvatures constant.
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Introduction

Let (M, g) be a Riemannian manifold. Denote by TM and 71 M the tangent
bundle and the unit tangent bundle of (M, g) with the Sasaki metric. It is easy
to prove that if 7 is a bundle projection 7 : TM — M and I'(0) is a non-vertical
geodesic on T'M or Ty M, then the projected curve y(o) = (moT')(o) on M is the
same. In other words, the non-vertical geodesic lines on T'M or T1 M are generated
by different vector fields along the same set of the curves on the base manifold.
For the case of the base manifold of constant curvature, S. Sasaki [1] and K. Sato
[2] gave a complete description of the curves and vector fields along them which
generated non-vertical geodesics on T1M"™ and TM™", respectively. They proved
that the projected curves have constant (possibly zero) first and second geodesic
curvatures while the others vanish. P. Nagy [3| generalized these results to the
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case of locally symmetric base manifold and proved that the projected curves have
all geodesic curvatures constant.

The Sasaki metric weakly inherits the base manifold properties. Under most
considerations it behaves just as a general Riemannian metric. That is why a
number of authors proposed to deform the Sasaki metric in order to get some
kind of "flexibility" of its properties (see [4-8] and others).

Using the concept of natural transformation of the Riemannian metric on the
manifold to its tangent bundle, M. T.K. Abbassi and M. Sarih [6] proposed a much
more general metric on the tangent and the unit tangent bundles which includes
the Sasaki metric, the Cheeger-Gromoll metric and some others as partial cases.
This metric uses some kind of "deformation" of the Sasaki metric in the direction
of the "tangent bundle point".

In present paper we propose another natural way of deforming the Sasaki
metric in the presence of almost complex structure J. If the base manifold (M, g)
of dimension 2n is endowed with almost complex structure J, then the unit sphere
S2n=1in the tangent space T, M carries the Hopf vector field J¢, where & is a,
unit normal vector field on the sphere. Applying the Berger metric deformation
to each tangent sphere, we get the unit tangent bundle over M with the Berger
metric spheres as fibers. In a wider scope, one can deform the Sasaki metric on the
slashed manifold T'My := T'M\ M in the direction of J¢ such that the restriction of
the deformed metric on the unit tangent bundle gives the construction described.
The main result of the paper is the following.

Theorem 2.1.Let I be a geodesic on the unit tangent bundle with the Berger-
type deformed Sasaki metric over Kdhlerian locally symmetric manifold M and
v = mol be its projection to the base. Then all geodesic curvatures of v are
constant.

If I is a geodesic on the slashed tangent bundle T'Mj, then the projected curve
v =m ol does not possess this property.

For the specific case of the Kdhlerian manifold of constant holomorphic cur-
vature, Theorem 2.1 can be improved.

Theorem 2.2.Let ' be a geodesic of the unit tangent bundle with the Berger-
type deformed Sasaki metric over Kihlerian manifold M>*" (n > 3) of constant
holomorphic curvature. Then the geodesic curvatures of v = wol' are all constant
and kg = =k,_1 = 0.

1. Basic Properties of the Berger-Type Deformed Sasaki Metric

Let (M, g) be an n-dimensional Riemannian manifold with metric g. Denote
by <~, > a scalar product with respect to g.
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It is well known that at each point Q = (q,&) € T'M the tangent space ToT M
splits into vertical and horizontal parts:

TQTM = HoTM & VT M.

The vertical part VoT'M is tangent to the fiber, while the horizontal part is
transversal to it. Denote by (z',..., 2™ ¢, ... &™) the natural induced local
coordinate system on TM. Denote 8; = 8/9z", Opyi = 0/OE'. Then for X €
ToTM™ we have

Denote by m : TM — M the tangent bundle projection. The mapping .
defines a point-wise linear isomorphism between HoT'M and T, M. Notice that
ker m,|g = Vo.

The so-called connection mapping K : ToT'M — T, M acts on X by

KX = (X" 4+ 1%, X%)0;

and defines a point-wise linear isomorphism between VoT'M and T; M. Here Fék
are the Christoffel symbols of g. Notice that ker K|g = Hg. 3

The images . X and KX are called horizontal and vertical projections of X,
respectively. The operations inverse to the projections are called lifts. Namely, if
X € T,M", then ‘ o

XM= X0 - T8 X504
is in HQT' M and is called the horizontal lift of X, and
X = X0,

is in VoT'M and is called the vertical lift of X.
Let X,Y € ToT M. The standard Sasaki metric on T'M is defined at each
point Q = (¢,&) € TM by the scalar product

(X V))|g = (m X, mY)| + (KX, KY)|

"
The horizontal and vertical subspaces are mutually orthogonal with respect to the

Sasaki metric. The Sasaki metric can be completely defined by a scalar product
of various combinations of lifts by

((XY1) = (X,7), ((X"Y7) =0, ((X".Y")) = (X.Y).

Let (M, g, J) be a Hermitian manifold of dimension 2n with an almost complex
structure J, i.e. the (1,1)-tensor field satisfying J?> = —id. Denote by T'M,
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a slashed tangent bundle, i.e. the tangent bundle with zero section deleted. Define
a fiber-wise Berger-type deformation of the Sasaki metric on T'My by

(X1 Y1) = (X.Y),
(X" yv) =0, (1)
(X7 Y")) = (XY) + 54X, JEY. JE),

where ¢ is some constant.

In what follows we restrict the considerations to the case of the Kdhlerian base
manifold. In this case J has no torsion and V.J = 0.

The following formulas are independent from the choice of the tangent bundle
metric and are known as Dombrowski formulas.

Lemma 1.1. At each point (q,€) € TM the brackets of lifts of vector fields
from M to TM are

(X" v = [X, Y]h - (R(X,Y)9)", [x"Y']=(VxY)", [X"Y"]=0,
where V is the connection on M and R is its curvature tensor.

Denote by V the Levi-Civita connection of metric (1). The following lemma
contains the Kowalski-type formulas [9] and it is the main tool for further consid-
erations.

Lemma 1.2. Let (M, g,J) be a Kidhlerian manifold. The Levi-Civita connec-
tion of the Berger-type deformed Sasaki metric (1) on the slashed tangent bundle
T My is completely defined by

V¥ = (VxY)" = $(R(X, V)E)",
VY = 5(R(EY)X + 6% (Y, JE) R, Jg)X)h +(vxv),
VoY = %(R(g, X)Y + 62 (X, JE) R(E, J§)Y>h
VoYV = 52( (X, JE)JY + (Y, JE) JX —
i (V) (X,J6) +(X,€) (v,.J6) ) J¢)
where V is the Levi-Civita connection on M and R is its curvature tensor.

P roof. The proof is based on the following rules of differentiations:

XM((Yh, ZM)) = (VxY, Z) + (Y, VxZ),

" zn)) = (((VxY)', 27)) + (Y (VX 2)")),
XY, ZM) =0, (2)
XU((v, 20)) = (Y, IX)(Z, ) + (Y, JE) (2, TX) ).
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(2)1: Indeed, keeping in mind (1), we have
XM{(y" zMy = X"Y, Z) = (VxY,Z) + (Y, VxZ).
(2)2: Tn a similar way,
XM(Y?,20)) = X (v, 2) + 6%(Y, JE)( 2, J¢) )
= (VXY Z) + (Y, Vx Z) + 62 X" (Y, JE)(Z, J€) ).
As M is Kéhlerian and hence VxJ = 0, we have
XMV, JE) = —X"(JY, &) = =X'0:(JY, ) + T3, X 01 (JY, £)
= —XUJV,Y, &) — X" {(TY,T5,0) + T5,6" X (JY, 05) = (VxY, JE).
Therefore,
XM(YY,27)) =(VxY,Z) + (Y,VxZ) + 6*(VxY, JE)(Z, JE)
§(Y, JENVXZ,JE) = +{({(VxY)", Z°)) + (Y, (VxZ)")).

(2)3: We have XV((Y", Z")) = XY, Z) = X'0,1:(Y, Z) = 0.
(2)4: Finally,
XYY, JE) = X'0p4i(Y, JE) = (Y, JX),

and therefore
XU, 2%)) = X*((Y, 2) + 8%V, J€)(Z, J¢) )
= (Y, JX)(Z,JE) + (Y, JE)(2, X))

Now we can prove the lemma relatively easy by applying Lemma 1.1 and the
Kozsul formula for the Levi-Civita connection

2(VaB,C) = A(B,C) + B(A,C) — C(A, B)
+([A,B],C) +{[C, A], B) — {[B,C], A).
e Take A= X" B=Y" C =Z" Then
2((Vxn Y, ZM)) = 2(VxY, Z) = 2(((VxY)", Z")).
Take A= X" B=Y" C =Z". Then
2((Txn V", 2%)) = =2 (X YR)) + (X", V"), 27))
= —(((R(X,Y)&)",Z")).

Hence 1
VY = (VxY)" = S(R(XYV)E)".
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e Take A= X" B=Y",C = Z". Then

<<VXhY“ Z’“‘>> (12" x",7")
= ({(R(X,2)6)".Y")) = (R(X, 2),Y) + 6*(R(X, 2)¢, JE)(Y, J€)
=(R(&Y)X,Z) + 6*(Y, JE)(R(E, JEX, Z)

— (((R(&,Y)X + 62(Y, JOR(E, JOYX)", ZM)).
Take A= X" B=Y",C = Z". Then by (2), we have
2((VxnY", 2%)) = XM((Y", 2%)) + (([X",Y"], 2"))

+ (12", X", YY) = (((VxY)", 2°)) + ({Y",(Vx 2)"))
+{(((VxY)", 2%)) = {(((Vx2)",Y")) = 2{((VxY)", Z")).

So, we see that
~ 1 9 h v
VY = 5(R(g,Y)X + 02 (Y, JE) R(E, JOX) + (VY ).
e Take A= X", B=Y" C =Z". Then

2((Vxo Y, ZM)) = X ((Yh, Z"M)) + ({[x°, Y™, Z")) + ({[2", x*],Y"))
— (Y™, 2", X)) = (((R(Y, 2)€)", X")) = (R(Y, Z)&, X)
+ 63 (R(Y, 2)€, JEN(X, JE) = (R(&, XY, Z) + 6*(X, JEY(R(E, JE)Y, Z)
= ({(R(&, X)Y + 6%(X, JE)R(&, JE)Y )", ZM)).
Take A= X", B=Y" C = Z". Then
2((Txe Y™, Z27)) = V(27 X7)) + (X7, V"), 2°)) = ({[¥", 2], X7))
= (((Vy2)", X")) +((2", (V¥ X)"))
—{(VyX)", Z")) = (((VyZ)",X")) = 0.

So, we have
~ h 1 9 h
VeV = 5(R(g,X)Y+5 (X, JE) R(f,Jg)Y) .
e Take A= X", B=Y",C = Z". Then we have

2((VxoY", ZM)) = 2" (X", Y")) + (([Z2", X"],Y"))
—(([Y", 2", X)) = ~(((V2X)", Y")) = ((X",(V2Y)"))
+ {(V2X)",Y")) + (((V2Y)", X¥)) = 0.
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Finally, take A = XV, B =Y",C' = Z*. Then
2((VaeY", 27)) = XU((Y", 27)) + Y (X", 2%)) = 2°({X",Y"))
= (Y, IXNZ,J€) + (V. JENZ,TX) + (X, JY )(Z, JE)
(X, JENZ,TY) = (X, JZ)(Y, JE) = (X, JENY, I Z))
=202 (Y, JEWIX, Z) + (X, JEWIY, Z) ).

Thus, we see that

(VxoY",27)) = 82 ((V, JEN(IX, Z) + (X, JENJIY, 7).
On the other hand,

{(JY)",2°)) = (JY, Z) + 6*(Y,£)(Z, JE)

and

(((J&)",Z2Y))y = (JE, Z) + 6*(Z, JE)|E)* = (1 + 8°|¢1*)(Z, J€).

Therefore, )
(2,7¢) = W« 2

and, as a consequence,

(7.2) = ((1V)".2°)) = (¥ €) g {((99.2)

— ({(JY)" - 1;;2§|2<Y7£><J£>”72”>>-

So, we have

(Fey . 2%)) = 8 (X6 (37 - 1 (Vi) )

2

5 v
Finally,

VoV = 82 ((X, JE)TY + (Y, JE)IX
(52

e (X IE) + (X.)(v,7)) 7€)

The lemma is proved. [
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2. Geodesics of the Berger-Type Deformed Sasaki Metric

Consider a non-vertical curve I' on the tangent bundle with metric (1). Geometri-
cally, I' = {z(0),&(0)}, where (o) is a curve on M and £(o) is a vector field along

this curve. Let o be an arc length parameter on I'. Then IV = (%)h +(Va§)".
do

Introduce the notations ' = % and £ = V& Then
do

1—\/ _ (:E/)h + (5/)1;‘
Now we can easily derive the differential equations of geodesic lines of metric (1).

Lemma 2.1. Let (M,g,J) be a Kdihlerian manifold and T My be its slashed
tangent bundle with the Berger-type deformed Sasaki metric. The curve I' =
{z(0),&(0)} is a geodesic on T My if and only if x(o) and &(o) satisfy

2"+ R(E ) =0

2 3
& +20%(¢', JE) (I — b (€, €)7€) =0, @

where R(E, &) = R(E,&) + 6%(¢, JER(E, JE), and R is the curvature operator of
the base manifold M.

Proof. Using Lemma 1.2, find the derivative I and equalize it to zero

h
I = V(e (@) + (€)°) = (2 + RE€)a' + (€, JEOR(E, T

2 v
T g €€ 0) )

_ (:r” + (R({, &)+ 62(¢ JER(E, J§))x’>h

+ (& + 202, 76) (I - 1;(5;{’2<£’,£>)J£)v — 0.

+ (5” + 262 (<§’, Je) e —

The lemma, is proved. u

Consider now the unit tangent bundle 77 M.

Lemma 2.2. Let (M?",g,J) be a Kdihlerian manifold and TyM be its unit
tangent bundle with the Berger-type deformed Sasaki metric. Set ¢ = [¢/|, p =
(¢,J€). The curve I' = {x(0),&(0)} is a geodesic on Ty M if and only if
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(a) ¢ = const,u = const;
(b) z(0) and &(o) satisfy the equations

P+ RN =0

4
g+ €+ 20°u(JE + pg) =0, @

where R(€,&) = R(E,€') + 62uR(€, JE) and R is the curvature operator of
the base manifold M.

Proof. Ateach point (¢,§) € T1 M, the unit normal to 71 M is £. Indeed,
with respect to metric (1), we have

<<Xh,£”>> =0 for all X tangent to M,
((Xv,6%)) =0 foral X €&t .

As T1 M is a hypersurface in T M, the curve on T1 M is geodesic iff its second
covariant derivative in T'M is collinear to the unit normal, i.e. to €Y. That is why,
to find the equations of geodesics on T1 M, it is sufficient to set || = 1 in (3) and
to suppose the left-hand side of (3), to be collinear . Thus, we get

z + R(f,f’)x’ -0

5
" +26%(¢, JE)JE = pg, ©)

where p is some function.

Put ¢ = |¢/|. Then ¢ = const, since (¢”,&') = 0 directly from (5),. Put
p={¢,JE). Then p = const, since ' = (¢”,J&) = 0 . Multiplying (5), by &,
we find

—p =+ 2821 = const.

After substituting it into (5), we get what was claimed. ]

The difference in the description of solutions of (3) and (4) follows from dif-
ferent behavior of the operator R(¢, ) along woT.

Proposition 2.1. Let T' be a geodesic of the slashed or unit tangent bundle
over Kdhlerian locally symmetric manifold M and v = w o . Then R(&, ) is
parallel along v for the case of T1 M and non-parallel for the case of T My.

P roof. First, consider the case of Ty M. Using (4), we get

R(&,€) = R(§, ") + 8 uR(E, JE) + 8°uR(E, JE)
= —20°uR(¢, JE) — 8 uR(JE ) + 0 pR(E, JE') = 0.
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Here we also used the fact that R(JX,JY) = R(X,Y).
A similar but longer calculation shows that for the of case of T'My

255(¢/, JEVE, &) (1= |€]?)
14 62[¢)?

which completes the proof. [ ]

RI(&€) = R(&, J¢),

Theorem 2.1. Let T' be a geodesic of the unit tangent bundle with the Berger-
type deformed Sasaki metric over the Kdhlerian locally symmetric manifold M,
and y=mol'. Then all geodesic curvatures of v are constant.

P roof. For the case of T1 M, Proposition 2.1 implies that if I" is a geodesic
on T1 M, then along each curve y =mol

2P (o) = —R(&,€) 2P (o) p>1. (6)
On the other hand, it is rather evident that
(R, €)X, Y) = —(R(& €)Y, X).
This fact and (6) imply
2P (0)| = const for all p > 1. (7)
Indeed,
i 2@ (0)]? = 2 (¥ (0),2P)(0)) = —2(R(&, &) 2P)(0),27) (0)) = 0.

/ ds

Denote by s an arc length parameter on v. Then 2/ = x and therefore

sdo’
ds |2 2 ds |2
1= 2 = | % N2 s2(¢! :‘7’ 2 52,2
2 = | 2]+ 1R + 0% a6) = | 2] + ¢ 4 6%
Hence d
s
%:\/1—02—5%2:\/1—)\2, (8)

where \? = ¢ + 6212 = const.
Denote by v1,...,v0,—1 the Frenet frame along v and by ki,...,kon—1 the
geodesic curvatures of 7. Then, keeping in mind (8), we have

' =V1- My,
2" = (1 — A2)kyvs.
Now (7) implies k1 = const. Next,
2®) = (1= N2 ky (kv + ko),

and again (7) implies ky = const. By continuing the process, we finish the proof.
|
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As proven in [10], for the case of T7C'P™ and TC' P™ with the Sasaki metric, the
curvatures of v = wol are zeroes starting from kg. It is rather remarkable that this
property is still valid for the case of the Berger-deformed Sasaki metric on the unit
tangent bundle over the Kdhlerian manifold of constant holomorphic curvature.
It is well known that the complete simply connected Kéahlerian manifold of the

constant holomorphic sectional curvature k is isometric to: the complex projective
space C'P™ for k > 0; the open ball D™ C C"™ for k < 0; C™" for k = 0.

Theorem 2.2. Let I be a geodesic of the unit tangent bundle with the Berger-
type deformed Sasaki metric over Kdihlerian manifold M*™ (n > 3) of the constant
holomorphic curvature. Then the geodesic curvatures of v = mwol' are all constant,

and k¢ = -+ = kop—1 = 0.

P roof. For the case of the Kahlerian manifold of constant holomorphic
curvature k we have

E(<Y, Z)\X — (X, 2)Y

R(X.Y)Z = ¢

+ (Y, 2)JX ~ (JX, Z)JY +2(X,JY)IZ ).

Rewrite equations (4) as follows:
k
2" = =3 ((€,a)e = (6,a)¢ + (J€ o) JE = (JE,a') IE
+2(¢, J§’>Jm’) - %52M<<J§, 2V — (€,2/)J¢E — Jx’) 9)

" = —( +20%u%)¢ - 26° ¢ (10)

Equation (9) shows that z” is a linear combination of at most &, &', J¢, J¢' and

Jz'. Therefore, Jz” is a linear combination of at most J¢&, J¢', &, &, x'. Equation

(10) shows that £” is a linear combination of at most & and J¢'. Therefore, JE”
is a linear combination of at most J¢ and ¢£’.

For the sake of brevity, denote a point-wise linear combination of the corre-

sponding vectors by l.c.(+,-,...). Then we can write
a =le(& ¢, JE JE T, T =l.c.(JE JELEE ),
€ = Le(€, JE), JE = Le.(JE, €.

Hence

$/// — l.c'(€/7§//’€]£/’ Jg//’ Jx//)
—le. (g’, Le (€, J€), JE Lo (JE,€), le(JE, TE €€, x’))
— Le(€,€, €, T 1),
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In a similar way,

e =le(€, €, J¢,J¢, Jx').

Continuing the process, we conclude that
2®) = lLe(&,€ 0!, I, I Ta)

for all p. This means that no more than the first six derivatives could be linearly
independent, and hence at least

2D =le(a a",... z®). (11)
On the other hand, the Frenet formulas yield
7 =V1-XNvy 2= (1= XN)kyva, 2" = (1= X32(=k2v + kikavs)
and, in general,

z(@m) = Le(va, ..o vam—g) + (1 = N)™ k1 ... kam—1 Vam,

z(Zm+l) — le(viy. .. vam—1) + (1 — )\2)m+1/2 ki .. kam Vam1,
where A is given by (8). For m = 3, we have
21 = le(vy,...yvs)+ (1 — )\2)7/2 ky... kevy.

Notice that for all p <6,

From (11) it follows that
(1 - )\2)7/2 k‘l cee kﬁ vy = l.C.(lll, ceey 1/6)7
and therefore, at least kg = 0. [
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