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1. Introduction

We study a class of random matrix ensembles known as unitary matrix models.
These models are defined by the probability law

Pn (U) dpn (U) = Z,, 3 exp {—nTrV <U2U> } dpn, (U), (1.1)

where U = {Uji}},—; is an n x n unitary matrix, p, (U) is the Haar measure
on the group U(n), Z, 2 is the normalization constant, and V' : [-1,1] - R is a
continuous function called the potential of the model. Denote ¢ the eigenvalues
of the unitary matrix U. The joint probability density of A;, corresponding to
(1.1), is given by (see [1])

N _ ik

1 2 -
=7 e exp —nZV(cosAj) . (1.2)

" 1<j<k<n j=1

Pn ()\1,...,)\n)

Normalized Counting Measure of eigenvalues (NCM) is given by
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JWAA):nfw{AW>eA,L=1V“,n}, A C [~ ).

The random matrix theory deals with several asymptotic regimes of the eigen-
value distribution. The global regime is centred around the weak convergence of
NCM. It is well known (see e.g. [2]) that for some smooth conditions for the
potential V' there exists a measure N € M;j ([—m,7]) with a compact support o
such that N,, converges to /N in probability .

Let

ﬁmmwwmz/muh”WAmWmemwnﬁn

be the [ -th marginal density of p,. The local regime of eigenvalue distribution
describes the asymptotic behaviour of marginal densities when their arguments
are on the distances of order of the typical distance between eigenvalues. The
universality conjecture of marginal densities was suggested by Dyson (see [3]) in
the early 60s. He supposed that their asymptotic behaviour depends only on the
ensemble symmetry group and does not depend on other ensemble parameters.
First rigorous proofs for the hermitian matrix models with non-quadratic V' ap-
peared only in the 90s. The case of general V which is locally C? function was
studied in [4]. The case of real analytic V' was studied in [5], where the asymp-
totic behaviour of orthogonal polynomials was obtained. For the unitary matrix
models the bulk universality was proved for V = 0 (see [3]), and for the locally
C3 functions (see [6]). The edge universality was proved only in the case of the
linear V' (see [7]). In the present paper we prove the universality conjecture for
UMM with a smooth potential V' in the case of one-interval support ¢ of the
limiting NCM.

It was proved in [2] that the limiting measure can be obtained as a unique
minimizer of the functional

™ ™

ﬂm:/vmummm_/m

—T —T

€Z>\ _ et

m(dX\)m(du)

in the class of unit measures on the interval [—m, 7] (see [8] for the existence and
properties of the solution). It is well known, in particular, that for smooth V” the
equilibrium measure has a density p which is uniquely defined by the condition
that the function

ei)\ _ ei/,L

u(A) =V (cos ) — 2/log p(p)du (1.3)

g
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takes its minimum value if A € ¢ = supp p. From this condition in the case of
differentiable V' one can obtain the following integral equation for the equilibrium
density p:

up(,u) du, for\ € o. (1.4)

(V (cos \)) = v.p. / cot

[

We also use the weak convergence of the first marginal density p, (\) = pgn)
proved in [2].

Proposition 1.1. For any ¢ € H' (—7,7),

] Jomm ar- om0 dA] < Ol Y2 0P 2, (15)

where ||-||, denotes Ly norm on [—m, 7).

We consider here the case of one interval ¢. Our main conditions on the
potential V are

Condition C1. The support o of the equilibrium measure is a single sym-
metric subinterval of the interval [—7, 7], i.e.,

o=1[-0,0], with 6<m.

Remark 1.2. In fact, there is one more possibility to have one-interval o.
Another case is some left symmetric arc of the circle, i.e., [r — 6,7 + 6]. In this
case we replace V (cosz) in (1.2) by V (cos (m — x)). This replacement will rotate
all eigenvalues on the angle m and we will have the support from condition C1.

Condition C2. The equilibrium density p has no zeros in (—0,0) and
p(A) ~CINFOM2, for X — +6,
and the function u () of (1.3) attains its minimum if and only if X belongs to o.

R em ark 1.3. From this condition we obtain the necessary scaling for
marginal densities at the edge of o

/p(/\) A\ ~n" = A |~ 28, (1.6)
A
hence the typical distance between eigenvalues is of order n=2/3.
Condition C3. V (cos \) possesses four bounded derivatives on o, =
[0 —e,0+¢].

The following simple representation of p plays an important role in our asymp-
totic analysis (see [9])
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Proposition 1.4. Under conditions C1-C3 the density p has the form
1
A)=-—xNP(\)1,,
P = X (V) P ()

where
0

X (A) = /|cos X\ — cos b, (\) :/

—0

(V(cosp)) — (V (cos\) du
sin (= A) /2 X (1)

The main result of the paper is the following theorem

Theorem 1.5. Consider the unitary matriz ensemble of the form (1.1), sa-
tisfying conditions C1-C3 above. Then

e for the endpoints 0L = £0 and any positive integer | the rescaled marginal
density

=t nl n
(%) " ot (0 = 0?0 i) (1)

with the sign + corresponding to 0+ and

2/3
v = tan'/3 0/2 <P4(9)>

7

converges weakly, as n — oo, to det {Qa4; (tj,tk)}é. k1> Where Qa; (x,y) is
the Airy kernel
Ai(x) At (y) — Ad’ () Ai (y)

Qai ($, y) = Py ) (1'9)

o if A C R is a finite union of disjoint bounded intervals and
E, (A,) =P (A, does not contain eigenvalues of U)
is the hole probability for A, = 0+ + A/’ynQ/?’, then

00 l
lim B, (An) =1+ (_,1)
I=1 )

n—oo l

/ dty ...dtydet {K (t5,t1)}; _y,  (1.10)
A

i.e., the limit is the Fredholm determinant of the integral operator Ka de-
fined by the kernel IC on the set A.

The paper is organized as follows. In Section 2 we give a brief outline of the
orthogonal polynomials method. In Section 3 we prove the main Theorem 1.5
using some technical results. These results are proved in Section 4.
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2. Orthogonal Polynomials

We prove Theorem 1.5, using the orthogonal polynomials technique. This
method is based on a simple observation. Joint eigenvalue distribution (1.2) is
expressed in terms of the Vandermonde determinant of powers of e***, and there-
fore by the properties of determinants, can be written in terms of the determinant
of any system of linearly independent trigonometric polynomials. We consider
a system of polynomials orthogonal on the unit circle(OPUC) with a varying
weight. Let

W ()\) _ e—nV(cos/\)

be the weight function for the system of polynomials. Then the system can
be obtained from {eik/\}:i() if we use the Gram-Schmidt procedure in L™ :=
Lo ([—m, 7] ,wy, (A)) with the inner product

(f.9), = / £ (@) 7 @wn (2) da.

o0
Hence, for any n we get the system of trigonometric polynomials {P,g") (N }k .

which are orthonormal in L(™. One can see from the Szegd’s condition that the
(o)

system {P,gn) ()\)}k . is not complete in L(™. To construct the complete system

one should also include polynomials with respect to e~**. Thus, following [10],

we introduce the Laurent polynomials

G () = @R (N, 1)
X2712+1 A = efzk)\P2Z+1 (A)-

It is easy to check (see, e.g., [10, 11]) that the system {X,in) (A)}OO is an

orthonormal basis in L(™. Moreover, it was proved in [10] that the functions Xi
satisfy some five term recurrent relations. Let a,(;n) and p,(gn) be the Verblunsky
coefficients of the system {Xén) (N }:O . (for the definition and properties see [9]).
Denote by
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From the properties of the Verblunsky coefficients one can see that the semi-
infinite matrices M and L(™ are symmetric, three diagonal and unitary. C'(™
is also a unitary five diagonal matrix. Finally, using the above notations, we can
write the recurrence relations as

— —
NI ONG)

Hence, C"™ is a matrix presentation of the multiplication operator by e* in the

o0
basis {X,(Cn) (/\)}k .
The main advantage of the orthogonal polynomials technique is the determi-
nant formulas which can be obtained in the same way as in [1],

) _ ™ (. A
it (Ats- s Ar) = det { K QWA“}M:y (2.3)
where .
K Ovm) = S ) (w2 () wl/? (u) (2.4)
k=0

[o¢]
is the reproducing kernel of the system {X’gn) ()\)}k o Similarly to [12], the weak

convergence of the kernel KT(Ln) to K as n — oo will prove Theorem 1.5.

3. Proof of Theorem 1.5

To prove the weak convergence of the reproducing kernel (2.4), we use the
lemma (see [12])

Lemma 3.1. Consider the sequence of functions K : R x R — C and define
Jor 3¢, € # 0,

26o=[[a 1 S K )] dody (3.1)

Assume that there exists F (¢, &) of the form
— C\LOL 2
P68 = [[ o3 K @) dody (3:2)

with K bounded uniformly in each compact in R? and such that for any fived
A > 0 uniformly on the set

Q4 ={¢,§: 1 <3¢ B¢ < ARG RE| < A} (3.3)

we have

|Fn ((,8) — F(C,8)| <éen, enp—0,a8n— oo. (3.4)
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Then for any intervals I1,1s C R

lim dx/dyUCn (:C,y)|2 :/dx/dyUC (x,y)IQ.
Ip)

I I I

The lemma helps to prove the convergence of \ICn|2 to |IC|2. Similarly, we
can check the convergence of IC,, (t1,t2) KCp, (t2,t3) ... Ky (£, 1) for any I € N. To
prove the second part of Theorem 1.5, we use another proposition from [12].

Proposition 3.2. Let A C R be a system of disjoint intervals as in Theo-
rem 1.5 and let IC,, : Lo (A) — Lo (A) be a sequence of positive definite integral
operators with kernels K, (x,y) and K : Ly (A) — Lo (A) a positive definite inte-
gral operator with kernel K (x,y), such that for anyl € N, det {IC,, (¢, tk)}é.’kzl —

det {K (tj,tk)}é. w1 weakly as m — oo. Assume also that for any A there exists
Ca such that

/ K, (5,5) ds < Ca. (3.5)
A

Then, for the Fredholm determinants of IKC,, and IC we have

lim det (1 — ) =det (1 -K).

n—oo

We are going to use Lemma 3.1 for the scaled reproducing kernel of the system
of OPUC. Let

Kn (x7 y) = n72/3K7(Ln) <0 + SCTLiQ/S, 0 + yn72/3> 1|m,y|§09n2/3 (36)

for some small enough #-dependent constant cy. This will be sufficient in view of
the following lemma (the analogue of Theorem 11.1.4, [13])

Lemma 3.3. Let the model (1.1) satisfy conditions C1-C3. Then, for any
n-independent € > 0, there exists a constant d. > 0 such that

/ KM (A A)dx < Ce e,

€

Since the polynomials x,(gn) are functions of **, it is more convenient to define

a little bit different from (3.1) transformation and estimate the difference between
it and (3.1). Hence, we consider the following transformation:

Fy (z,w) = n~4/3 // G(z— NG (w—p) ‘Kfl") (A, u)r dAdy, (3.7)
[

—7,7]
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with ,
1 1z
G (2) =Ry (=), and g () = 1 (3.8)

being the analogues of the Poisson and the Herglotz transformations.

Proposition 3.4. It follows from the definition of g (z) that

€Z>\ + eiz

. z
g(Z):ZCOtg, g(Z—A):w

isinx + sinhy
————~ hence

For z = x + iy we have g (x + iy) = coshy —cos

for G (z) we get

9(z) = —9(3). And

inh A—
G(x—i—iy):sm—y, G(z— ) =SJcot &
coshy — cosx
Moreover, G (z) is a Nevanlinna function and
19 (2)]> = =1+ 2cothSz- G (2). (3.9)

The difference between the new transformation and the old one can be esti-
mated in the following way:

Proposition 3.5. Let z = 0 + (n~2/3 and w = 0 + £n~2/3 with |¢|,|¢] <
con™2% and ¢, € > 1. Then,

|E, (z,w) — 4F (€, €)] < Cn YO (|E, (z,w)| + 1). (3.10)

The next step is to prove the convergence of F), (z,w) to the transformation
F (3.2) of the Airy kernel Q4; (1.9). F can be calculated in terms of the Airy
functions, thus we are concentrated on the calculations of F},. First, using the
properties of CMV matrices, we present F, (z,w) in terms of the "resolvent” of
C™ . After that we use the asymptotic behaviour of the Verblunsky coefficients,
obtained in [9], to get an approximation of the "resolvent”. The approximation
will be given in terms of the Airy functions. Then we will estimate the error of
the ”resolvent” approximation and prove the uniform bound (3.4).

We start with a simple corollary from the spectral theorem and Proposi-
tion 3.4.

Proposition 3.6. Let

g™ (2) = (C(") + eiz) (C(”) - eiz>_1 ,

374 Journal of Mathematical Physics, Analysis, Geometry, 2012, vol. 8, No. 4
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be the "resolvent” of the CMV matriz C™. Then,

(1" @) =" ), 6™ )= (87 () - @),
g™ (2) <g(") (z))T = —I+2cot 3z -G (2)
and .
Fo(z,w) =03 3" GV (2) 6 (w) . (3.11)
4,k=0

First of all, we would like to restrict the summation above by j,k < M =
[C’nl/2 log n] with some constant C.

Lemma 3.7. There exists V-depended constants C' such that under the con-
ditions of Theorem 1.5 uniformly in Q4 of (3.3) we have

n=2/3 Z Gg@j,nfj (2) < Cn~1/12 log n.
J=M+1

(n)

n—jn—k*

Now we present the approximation for the matrix elements G Using
the three-diagonal matrices expansion (2.2) of the C™), we can write the matrix

g™ (2) = (M(n)e—iz/Q i L(n)eiz/Q) <M(n)e—iz/2 _ L(n)eiz/Q) ‘1'

From the definitions of M and L™ one can find their matrix elements
(n) _ (n) (n) _ (n) (n)
Mnrjrk,nJrkfl - dn‘*‘kpnik’ ]\{n;lk,n+k - dn"‘kanrzrk - dn+k+1()zn7§kk+1’
n n

_ (n) _ (n)
Lnik:,nJrkfl - dn+k+1pn1k’ Ln+k,n+k - dn+k+1anrjrk - dn+kan+k+1’
where d = (14 sz) /2 and s, = (—1)*. Denote
C(in) (2) = MM e=iz/2 4 [(n)iz/2

At the first step we derive the representation for the matrix elements of the
inverse matrix of C'"™ (z). Note that ™ i three-diagonal and symmetric, and
its entries are

(—r:z)+k,n+k71 (Z) = S”+kp$z72ken+k (Z) )
n (n) (n)
—ntkntk (2) = Stk Entk (z) + Sntk Q4 fp+16n+k41 (2)

with

= - — in —.
er (2 cos2 1Sk S 5

For the Verblunsky coefficients we use the result of [9].
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Lemma 3.8. Consider the system of orthogonal polynomials and the Verblun-
sky coefficients defined above. Let the potential V' satisfy conditions C1-C3 above.
Then, for any k,

0
afﬁgk = (—1)k s <cos 5 paﬂ?/(gn)n_g/?)) + O (Enk) ;
n 0 0 n) —
piLJzk = sin 5 + cot 5]?9.7}](6 )n 2/3 + Q (Sn,k’) )
where s =1 or s = —1 and

2
x,(cn) =kn 3, epp=n""log"n (1 + (xl(cn)> ) Ligj<n + Ljgi>n,

2
with pg = IV and P defined in (1.7).

P(0)

To introduce the approximation for the resolvent, we define two ”rotation”
matrices which help to present the matrix CﬁT_L) in the form, similar to the discrete
Laplacian matrix. Let U™ and V(") be two semi-infinite matrices with the entries

Untsmin = (is(”)fnkikfl(%ka Vol = (iS(”))W% Ojk

and

-1
C () =u™cPy ™ RO () = (q{’j) (z)) , where z = 0 + (n~2/3.

T4
Then the entries of the new matrix are

(n) N (D)
<C“ >n+k,n+k—1 (2) Pr+kCntk (2),

(et

>n+k ek (Z> = _is(n)sn (Oé?(q:zken‘i’k (Z) + aiﬁgk+1en+k+l (Z)) :
Using the above definitions, we write

g™ (2) = T+ 2Ly RM (¢) ™) eiz/2, (3.12)

Now we prove that the matrix elements of R(") (¢) can be expressed in terms
of the Airy functions. For this aim we present an approximation matrix R* and
find the difference between R* and R™. Note that

o212 — ei9/2+iei0/2Cn_2/3—{—Q(K|2n_4/3),

entk (2) = enir (0) = isninenir (0) Cn_2/3 +0 <K‘2 ”_4/3) )

376 Journal of Mathematical Physics, Analysis, Geometry, 2012, vol. 8, No. 4
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Let y,(gn) = $,(€n) - n_1/3/2 and r,i”g = n_4/35n,k + |C|2- Then

) 0 n) _
() = sin §€n+k‘ (0) — cot §€n+k (9)1061/1(@ )”

2/3

. .0 _ 1 0 _
—iSn+ S S entk (0) (n 25— 5 cot Senr (0) pon !

+n 430 (r,ﬁ”g) , (3.13)

0
(n) o wnf — 9ain LM —2/3
(Cr_ )n—k,n—k €) sin @ — 2sin 5PoYy 1
b, , 0 _ 4 (n)
— 2 cos? §Cn 2/3 _ 1Sp1 kDo COS in Ly =430 (Tk,c> . (3.14)

The matrix elements of ngrf) are similar to the matrix elements of the discrete

Laplace operator with some potential in the n=1/3 scale, but off-diagonal ele-

. : : . o0 :
ments contain alternating terms s, sin? —. Hence, we define the approximate

resolvent in terms of the Airy function with some shift. Set

5;(;) = iSpyk+10, 0= ltan Q, h=n"1/3
2 2
and
iy () = W Re (3 + 0 R,y +00n) (3.15)

where R¢ (z,w) , defined by
_ V- (2,Q) sy (w, ), RNz < Rw,
Reteo) =o' { LHTEN G, R S

with ¢+ defined in the Appendix, is the extension of the resolvent of the operator £
Lf)(x) =a’f" (x) = b’ f (x) (3.17)

to the complex plane, where a® = sin § and b = 2pgsin~! (6/2). For the proper-
ties, asymptotic behaviour, and the integral representation of R; see Appendix.
Denote by D™ the error of the approximation

(3.16)

D™ (¢) =™ (¢)R*(¢) — I. (3.18)
(n)

n—k,n—j

To present the bounds for D , we introduce the notations

(») _ ﬁ
d 0zP

n—kn—j — sup

5| <61 J

Re (s + sh.y™ +50"n) ‘ |
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One can see from the definition of R that ;RC is not defined for z = w. In
z

0

this case, by 5, e denote the half of the sum of the left and the right derivatives
z

1 /04 O

— [ == + == ). Then D™ satisfies the following bound.
2\ 0z 0z

Lemma 3.9. There exists constants Cy,Cy such that uniformly in k,j and
CE€Qy

D, i (¢) < C1h?logn
m]* 0 n)
<<1+h2‘yk )dn)k’nj+ (I

Now we are ready to analyse the r.h.s of (3.11). From (3.15), (3.12), and
Lemma 3.9 one can see that G ~ h_1%R< (y,in),y(-n)), and if we could

cel) ) G9)

n—k,n—j J
neglect the remainder, then

Fo (€)= h2 Y SRe (™ ™) SRe (")

On the other hand, changing a double sum by the double integral and using
(5.4), we obtain F [@Q a;]. Hence, our main goal now is to estimate the remainder

that appears after replacement of the ”resolvent” of C’r@ by the resolvent of the
differential operator. We will do these calculations in several steps.
We start from the proof of the bound for

M
=023 G0 (2) (3.20)
§=0
with M = [an1/2 log n] It follows from (3.12) and the definition of G(™) that
G0 (2) = LY ® ( R™ (¢)e*/2 — RM (¢) eiz/z) )

Using the definition of D™, we can write R(™ as
R™ (¢) = R = R™ (¢) D™ (¢).

Then,

M
— 23 )y (n) * _ p(n) p(n) (n) _y% _ yD™
Sy =n ;<L 1% (Re (¢) — R™D (g))U >nfj,nfj s1, - nbe

378 Journal of Mathematical Physics, Analysis, Geometry, 2012, vol. 8, No. 4
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where R* () = R* (¢) ¢'*/> — R* (€) ¢?/2 and the same with R® and R, Here
¥}, can be estimated immediately by using Proposition 5.5, and Z]\%(n) can be
estimated by multiplying E}V/IQ by some small factor which we get using the Cauchy
inequality and the bounds (3.19) for p . Thus we obtain the quadratic

n—k,n—j

inequality (3.23). Solving this inequality, we will obtain (3.20). Indeed,

M
il < €Y > n|SRe (y + 0y +6n)| (3.21)

320 [kj<1
3 ‘Rg (y,@ + 8 h, i+ 5§">h) ) . (3.22)

Using Proposition 5.5, we can estimate ¥}, as follows:
Xy < C.
To estimate Eﬁ(n), we start with the relation
LMy @ RE pry) — [y g () (U(n))i1 D™

= (9 (z) = g (2)) DI,

—

where D(™) entries have the same bounds as D™, and we will write below D™
to simplify notations. Note that

= D(")>n,j = (4D De 0 s) = < DWe, . (g<n>>Ten_j>

<9("))Ten—j =<(D(”))TD )1/2 ((g("))Tg(n)>l/2 ;

TL—j,?’L—j n_.jvn_]
and by the Cauchy inequality and (3.9),

—

n)

< o |

1/2

D)
=5

M
< Cn~23 Z((D(”))TD(”)>

§=0 n—jn—j

1
Mo /2

X | M + 2coth Sz Z Gfmn_)jm_j
Jj=Mi+1

= s (Q (n—5/6 log n) + 2723 coth (SCn_Z/?’) 5 M) .
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Using Lemma 3.9, the Cauchy inequality, and Proposition 5.4, we estimate
Spm) as follows:

M

Sp = 2 ()" D)

7=0

< Cyn~ Y3 logC2 nzz <’y
§=0 k=0
et ([l 4) |

< Cin~'log®® nz ( ‘yj(n)

n—jn—j

))2

n—k,n—j

_l’_

nk:n]‘

)

)3/2 +nt (14 ’yj(”)

)5/2

5/2
< Cn~23 log“2 n (Mn*1/3> <O log®2 n.

.. .. . . . D(n)
Combining this inequality with the above estimate of Xy

inequality for ¥,

, we obtain the

1/2
Sl € G+ Con ¥ 10g% n (0 (n™/logn) + [T (3.23)
which gives (3.20).

Now we are ready to find the limit of the r.h.s. of (3.11). Combining
Lemma 3.7 with (3.21), we get

n2/3 Z G i< (3.24)

Using the definition of G, the sum in (3.11) can be splitted into four parts

with different products of ¢ and ﬁ For each sum, the Cauchy inequality
yields

74/3 Zgn —jn— k g7(z )kn j(w)

< n4/32<9(n) (9("))T> ®

n—_j,n—j

(™)) W)
J

n—j,n—j

380 Journal of Mathematical Physics, Analysis, Geometry, 2012, vol. 8, No. 4
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where each of the brackets is bounded because of (3.9) and (3.24). Changing the
summation limits in the previous bound to j € [M,n]| and using Lemma 3.7, we
obtain that under the conditions of Lemma 3.1

M
F, (z,w) =n~*3 Z Ggﬁ)k’nij (2) G, (w) +0 (n_1/24 log n) :

n—jn—k
J,k=0

Now we use once more the identity

—

G = g — g pn).
Repeating the above arguments, we obtain
F, (va) = F; (va) +FD(”) (va)a

and
Fpm (z,w) < Cyn~ /3 logCQ n.

Since G* = LMV R*U™ with R’ defined above, we have

iy = SR (o ) 418

where rg; contains terms with some derivatives of the R multiplied by A in some
non-negative power. Thus, from the boundness of the corresponded integrals (see

proof of Proposition 5.4 for the arguments)

Mn—1/3 Mn_1/3
hp+q ap-i-q
daragr ¢ (:Y)

we obtain that we can neglect terms from rkG; and

2
dxdy g Cp7Q7T7S ?

Mn~1/3 Mn~—1/3
Fr(z,w) = / / SR¢ (z,y) SRe (y, ) dzdy + O <h1/2> :
0 0
Finally we note that by (5.7) and (5.8),

/ dx/dy IR¢ (z,y)* < / SR¢ (z, ) dr < Cn~ 12 10gn,
Mn—1/3 Mn—1/3

and
o

// SR¢ (2,y) SRe (y, x) dedy < C.
0 0
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Hence,

o0

:// SR¢ (z,y) SRe (v, )dxdy+Q(Cn_1/24logcn). (3.25)
0 0

Estimate (3.25), integral representation (5.4), and the following relation (see [14])

[e.9]

QAi(a:,y):/Ai(x—i—t)Ai(y—l—t)dt
0

imply (3.4) with
K(z,y)=a?b""Qa (a0 %z,a b7 %).

Proposition 3.2 implies that it is sufficient to check (3.5) to finish the proof
of Theorem 1.5. We use an evident relation

d t—
G(t+ic—s)= @2 arctan <tan (25> cot ;)

that implies the inequality valid for any s € [a,b] C R

b+1
/ G ((t—i—i— s) n_2/3) dt > Cn?/3,

a—1

with some absolute constant C. The last inequality, the positiveness of X,, and
G, and definition of G(™ imply

b b b+1
/ICn (s,s)ds < C’n_2/3/d5 / atic, (s,s)G((t+i—s) n_2/3>
a a a—1
b+1
<C/ZG£L"M » (H—i-(t—l—z) 2/3>dt.
1

a—1 1=

Hence, by (3.24) for any finite A C [-A + 1, A — 1] we obtain (3.5).

4. Auxiliary Results
P r o o f of Proposition 3.5. Using Lemma 3.3 with € = 2¢g and inequality

2
‘KT(L”) (A,u)’ <K (AN KLY (), (4.1)
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we obtain

2
/ G(z—A) (KT(L”) (/\,u)‘ d\ < Ce ) Sup G (2= A\ KM (1, 1)
A€og c

Due to the restrictions on A and z we get G (z — \) < C’ when X € of. Thus,

2
/ / G (2= N G (w =) |[K ()| dddp =0 (372 + 57 Mw).

Changing the variables by the scaled ones in (3.7), we get

_—4/3 C_x f_y 2 —cn
E,(z,w)=n ///%cothQ/Sgcothg/g\ICn(ac,y)| dzdy + O (e=").

Finally we estimate the difference between F;, and 4.F,

AF0 (C,6) = Fu(zw) = n P (1(GE) + 12 (¢,€) + 1 (6,Q) + O (e7)
with I; and I of (4.2) and (4.3). It is easy to see that

2n2/3 _ 2n2/3 —
n (g,g)|:'//%<<”_$ _ cot Cn2/fg>g< ot §n2/§>|/<;n (o, )2 dedy

<c / / K (2,9)[2 dady < O, (4.2)

where we have used that for 0 < |z| < 2¢y

1
cotz — —| < C.

z

2
In addition, since the kernel ‘qun) (A, u)‘ is positive definite, we can use the

Cauchy inequality to get

112 (6,6)] = '//S(

. 1/2 ,
< IL GO [ B (zw)|[ < OO By (2 w)] 2. (4.3)

2n?/3 -z -y
s cot ;n2/3> S cot 572/3 Ko (2, ) dady

Finally, collecting the above bounds, we obtain
[F (2,0) = Fu (¢,€)] < Cn VOB (z,w)[ 2 4+ O,

and using the Cauchy inequality, we get (3.10). ]
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P r o o f of Lemma 3.9. The proof is based on the direct calculations of the
We start with the case j # k. Then all derivatives

of R are well defined and the points y](ﬁ)l, y§n), ](.1)1
of y’(g”)_ Now we are going to calculate Dnn_ jn—k Using the Taylor expansion and

matrix elements D;n_) ik

are laying on the same side

definition of the C’T(il). These calculations are a little bit involved, so we present

. . N
them in several steps. First, we calculate R} _ k1 n—j

iy = DR (W £ b= oh, "™ + 50n)

R (o + 80 + (21 7) L (7 + 6

N2, 02 n) (n n *
+ (:l:l - (5,(C )> h@Rg (y,ﬁ ),yj(- it 53(' )h> + 120 (rh ey (6+1))

with the remainder

3

9 (n) (n) | <(n)
@RC (yk +s,y; 0 +9; h)

Tr—kn—j (d) = |S|u<pd
S

9

where the last bound follows from differential equation (5.1) valid for the functions
4. To simplify calculations for CE@, we use the following notations:

REal CLO NS C O NI

D = (C’(?)>n_k,n—k—1 B (Cﬁ?))n—k,n—k—&-l.

Then, combining the above expansion with (3.13)—(3.14), we obtain
(n) _ -1 (n) () | 5(n) n
Dy =W R (" + ) <Sk + (qé))nk,nlj

9 (n)  (n) , <(n) (n) ) ( ~(n)
+5-Re (5 + 80n) Dy = 878 + o (C“)nfk,nfk

0 ) ), )\ (1 (n) 52 (n)
+hs5Re (yk RN h) (2Sk—5k D’“‘z(‘g”(q“—)n_k,n_k))

+O(rh i (0+1)), (4.4)

where for the last term we have used the uniform bound for elements (Cﬁf))n_j ke
Now it is sufficient to calculate every expression in the brackets. We start
with S; and Dy,

S, = sinf — 2 cos g cot gpgy,gn)h2 — 2sin? gChQ + 1Sp+kDg COS gh?’ + h*o (r,(!?) ,
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0 0
Dy = —2is, 1k sin? 3 + 2484+ COS §pgy,£n)h2 — 1Sp4k SN 0Ch?

0 0 3 a( (n)
—cosicot §p9h + h*0 (rM“) .

Therefore, with an error of order h*O (r,(:g ) we can write

Sy + (qﬁf)) ~ —2h° (pg sin~! (0/2) y,(cn) + C) )

n—kn—k

Dy = o8, + o ()

r—

2 —26,(€n)h2 <p9 sin~! (6/2) y,gn) -

+ i8p4 kg cos (0/2) sin ™2 (/2) h).

>n—hn—k

Finally, combining the above relations and the equation for R¢ in the form

0L g () ) L s
sinf5 R (yk Ly 4 6! h)
— (2p0sin™ 0/25" + ) Re (0 + 6770 =0,
we obtain the remainder in (4.4) with all terms of order less than h%. Gathering
all these remainders and the remainder h*O (r,gng ) , we get (3.19). For j =k, the

calculations can be performed similarly if we take into account jump condition
(5.2). [

Proofof Lemma 3.7. We start with estimate of
X, (€)= 078 [ Ko (0,0 G ((¢ ~ )2 da,

where KC,, is defined as in (3.6) but without any restriction. Let ( = s + ic.
Changing variables to z = 6 + (n~2/3 and using (3.6) with (3.8), we obtain

X, (€) = n'PRh, (2),

where
i

()= [ 9= X) pu (V) d

—Tr

For further estimates we use the ”quadratic” equation obtained in [6],

hZ (2) — 2V’ (R2) hp (2) — 2iQn (2) — 1 = —ﬁ% (2),
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with

Qn(z) = /g (z—N) (V’ ) =V’ (§Rz)) Pn (N) dA,

—T

@)= [[ K0 ] (0 =2 = 9= ) dra

Solving the ”quadratic” equation, we get

X, () = n'BRfn (s,€) — 20725, (2),

where the function

fn(s,6) = —Vv"? (9 + sn_2/3> + 2iQn (9 + (s +ig) n—2/3> +1

is twice differentiable in both variables. Using the symmetry of the kernel KT(L")
and (4.1), we can estimate 4, (2) as

(026, (2)| < 4n™? / K™ (A2 [g (= — N)[2 dA.

—T

Then the identity (3.9) yields
‘n726n (z)| < an~ 420743 coth (6%72/3) X, (¢) < Cn™?3 (nil/?’ +e71X, (C)),

as € = O (1). Now we continue the estimation of @y (2). For the density p,, we
use the bound (see [6])
2
#1).

where gb,(gn) = P,En)w}l/ % are orthonormal functions. Hence, the density p, is
uniformly bounded and therefore, similarly to (2.17) of [6], we have

2
a0 < € ([u [+ g

|Qn (2) — Qn (R2)| < CSz|log 2| .
The weak convergence (1.5) with

A —0—s/yn?/3
2

6 (N) = (V’ () = V' (9 + 3/7712/3)) cot

implies

0+ s/yn/3) — 0+ s/m?3)| < On~210g"?n
‘Qn( /Y )Q( /Y )‘_ g
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if |s| < cgn®/3. Hence, combining the above relations, we obtain
fa(5:) = £ ()] < Cn=**1og (Jlog | +n'/°)

with f(s) := f(s,0). The properties of the Herglotz transformation yield (see
[6]) ,
p(A) = o lim Rh (X + ie).

T e—+0

Therefore, at the edge point § we obtain f(0) = 0 and f’(0) < 0. Hence, by
the differentiability of f (s), we obtain

= R,/0 (s + 71X (¢) +n¥/Slogn). (4.5)
Solving the quadratic inequality, we estimate X () as follows:
X)) <C (571 + 512 4 nl/1210g1/2 n) .

Now we write (4.5) more precisely

X(Q)= §R\/_CS +e720 (1 + es1/2 + enl/12]0g!/? n)

Below we need the estimate of X (¢) for s > Cn'/%logn and e = O (1). Hence
we obtain
1/ —1/2
X ()< ‘s — Cont/ logn‘ . (4.6)
Note that all constants in the above estimates depend only on V and can be
bounded by some combination of sup [V, sup |V"”| and sup |V"’|. Now we return
to the estimate of the sum in Lemma 3.7. By the spectral theorem,

n—M-—1

(M) =n"2/3 Z Gn Zin—j ( z) =n"2/3 Z /G -z ‘Xj ‘wn (A) dA.

j=M+1

Let us consider the analogue of the joint eigenvalue distribution of model (1.1)
in the form

n—M
n 1 ~
Pgl ]\Af) (Al,---,AnfM)Zi(n_M) H e — ”‘k exp —nE V(cos \j)
Zn 1<j<k<n—M j=1

Then, by the same argument as above for model (1.1), we define the first
marginal density

n—M
Pgl M)O‘)_

S o .
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On the other hand, this density can be considered as the first marginal density

for model (1.1) with the potential V = nMV. Hence,
n—

[(M) =n~2/3 / GO—2) K" M) 5y da= XV, (0).

But it follows from the result of [15] that the support of the equilibrium density
for V is [Oar,00s] with Oy = 6 — ¢y (Mn_l) +6(Mn_1) with some ¢y > 0.
Hence, by (4.6),

XYy < COn7V12

and Lemma 3.7 is proved. [

5. Appendix

In this section we present the properties and the asymptotic analysis of the
resolvent of the Airy operator. Denote by £ the second order differential operator
on the set of twice continuously differentiable functions on R,

LIf](z) =a’f" () = Paf ().

Let R¢ (z,y) be the kernel of the resolvent (£ — ¢I)7! for ¢ # 0. By the
general principles (for example see [16], Section 72)

Proposition 5.1. Let Ai(z) and Bi(z) be the standard Airy functions. De-
note by Y4 the following functions:

1/}— ((E, C) =Ci (Xx,C) ’ 1/1+ (LU, C) = Ai (X:B,C) P

with
Ci(X)=iAi(X) - Bi(X) and X,¢=a ‘ba+a b2

Then these functions are the unique solutions of the differential equation

82
a3@¢i (‘T’ C) - (b3CL‘ + C) 1/& (33, C) =0, (51)
that are square integrable on the right (left) half axis and fized by jump condition
d d -1y -1
wf (.T, C) %¢+ (:Ua C) - ¢+ ($, C) @1?7 (x7 C) =a br . (52)
And the resolvent R¢ has two representations

V- (2, Qs (4,¢), z <y, (5.3)

_ —1
Re (@y) = ab ”{w+<x,<w<y,<), v>y

1
Re(z,y) =a 2! / QAZ' (a_lba: + a_lb_Qt) Ai (a_lby + a_lb_Qt) dt. (5.4)
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The following asymptotic behaviour of the Airy functions can be found in [17].

Proposition 5.2. For any § > 0, the following asymptotics are uniform in
the corresponding domains:

Ai(z) = 12,1 /452 (1+0 (2_3/2)) , largz| < ™ — 0,
Ai(—z) = n Y2z V4gin (§z3/2 + Z) (1+0(27%32)), |argz| < %77 — 4,
Ci(z) = rl/2,m1/4e520 (140 (2737)), largz| < %7‘( — 4,
z‘2z3/2+iE 2
Ci(—z2) = /274 ? 4 (1+0((:7%?%), largz| < 37 J.

The main term for the derivatives can be obtained by direct differentiation
of the asymptotics. The last proposition and the definition of the functions 4
yield the asymptotic behaviour of them

Proposition 5.3. The functions 1Y+ are entire in x and ¢ and have the fol-
lowing asymptotic behaviour in x for S =¢ > 0:

¢y (2, Q)| =

2 3/2
exp{—]?ﬁXx,d }, r — 00
71'_1/2 ‘Xx,(‘_1/4 (1 +0 (’Xx,d_?’/Q)) 3
exp {a_lb_25 |§RX:E’§\1/2} , T — —00

[ (z,0)| =

2 3/2
eXp{WX%d }, x — 00
(4m) 2 X (14 0 (1% 7)) i
exp {—a_lb_2€ \?RXL<|1/2} , T — —00

Proposition 5.4. For any non-negative integers s,q and any A € Ry there
exists a constant Ca s 4 such that for any x > —A and ¢ € Q4

I(s;q) = ?Iyls

—00

2
dy < Caeq(1+ |z])*T173/2, (5.5)

o4
GT/QRC (fl‘,y)

P r o o f of Proposition 5.4. In view of equation (5.1), two extra derivatives
in (5.4) give the extra factor of order |y|* + [¢|* to the integrand. Therefore, we
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start with I (s;0). Since |R¢ (z,y)| < C’Ae_cf“‘gc_yp/2 forz > —A and ¢ € Qg4, we
split the integral from (5.5) into two parts

T O e I
ly—z|<2]z|  |y—z[>2|z]
ey / (t+2)° e—eat gt (5.6)
t>2|z]

For the first integral we note that by the spectral theorem and the resolvent
identity,

/ Re ()2 dy = SR (@22), 5.7)

3¢
The asymptotic behaviour of ¥ from Proposition 5.3 implies
Re(@,2)] < Ca(l+[2)) ™7, and SR (0,0)] < Ca (1 + o). (5.8)

Combining (5.6) with (5.7) and (5.8), we obtain (5.5) with ¢ = 0. In view of
equation (5.1), it is sufficient to prove (5.4) only for ¢ = 0,1. If ¢ = 1, similarly
to the above argument, we split the integral into two parts. In the first term,
integrating by parts, we have

[e'e) a 2 oo
/ ‘aﬁ )| dr= [ (e + a0 Re ol a

The r.h.s satisfies the necessary bound for ¢ = 1, hence the proposition is
proved. [

Proposition 5.5. Let h =n"1/3 M = [C’Onl/2 logn]. Also, denote by x; =
jh the equidistant set and P T; +5](.1’2)h two shifted sets, with complex shifts

J
‘(5](-1’2) < C for some absolute constant C. Then,

hf: ‘%RC <zj(.1), z](.z))’ <C, (5.9)
=0
h% )RC (z](-l), zf))( < O (M2, (5.10)
=0

and for any non-negative integer p, d =0 or 1 and k < M

[e'e) ad 2 .
Ryl o (z§1>,z,<f>) < C (1 + |ag|)Pra3/2. (5.11)
=0
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P r o o f of Proposition 5.5. Since ‘%1,2) —xj’ = O (h), ISR¢(z,2)] <

C (1+ |z|)™*/? and derivatives of R¢ are bounded near the real line, we obtain
that
3R (5747 )| <20 (Lt |ay) 72

for n > ng with some integer ng. Hence,
M M
Ry ‘%RC (z](l),zj(-Q))‘ <ChY (4] ¥ <C
=0 §=0

The second statement can be checked in a similar way. The proof of the third
statement consists of several steps. First, we change z; by z; in (5.11). The error
of this change is a combination of sums of higher derivatives with extra factors
h. These sums are small, because for z; far from z; these derivatives admit the
exponential bound, and for z; ~ zj, in view of equation (5.1) and restriction
|z1] < Cn'/6logn, every two extra derivatives will give us the sum as in (5.11)
with the factor of order n=/2logn. After the change of zj by x;, we obtain the
sum which can be estimated by the integral

C’/mp

0

;;RC (:c, z,(f)) ‘2 dzx,

because of the smoothness and exponential decreasing of R¢. And finally, the
identity (5.7) and Proposition 5.4 yield (5.11). We used the identity (5.7) which
is valid for real z, but it remains valid for complex x because the l.h.s and r.h.s
of the (5.7) are entire functions equal at the real line. ]
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