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1. Introduction

The first Radon—Nikodym theorems for multimeasures go back to the 1970’s
where pioneering results were established amongst others by Debreu and Schmei-
dler [9], Artstein [1], and Costé and Pallu de la Barriere [8]; whereas the first two
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papers deal with multimeasures with values in finite dimensional spaces the last
one deals with multimeasures with values in Souslin infinite dimensional spaces.
As presented in the introduction of [1] these original results in finite dimensional
spaces were motivated for their applications to mathematical economics, control
theory and other mathematical fields: Chapter 20 in [19] is a good reading for the
origins and applicability of these results.

We are here interested about the mathematical ideas behind Radon—Nidodym
theorem for multimeasures and our starting point is the remarkable result that
follows:

Theorem 1.1 (Costé and Pallu de la Barriere [8], Thm. 3.1). Let (E,Y) be
a dual pair such that (E,o(E,Y)) is a Souslin space, M be a weak multimeasure
defined on a complete finite measure space (2,3, u). Let M take o(E,Y)-locally
compact closed conver values, and let there be a o(FE, F)-locally compact set Q
such that M(A) C p(A)Q for all A € ¥. Then there is a weakly integrable
multifunction F' whose indefinite weak integral is M.

Note that the theorem above is applicable for instance when X is a separable
Banach space and Q C X is a weakly compact set, because in this case the weak
topology o(X, X*) is Souslin. The aim of this article is to show that in reality
in the case of @ being compact any topological restriction about @ or about
the pair (E,Y) is unnecessary. Our proof is completely different from that of
[8, Theorem 3.1] and yields a widely applicable technique that allows us to obtain
Radon—Nikodym type results, amongst other, for multimeasures in Banach and
dual Banach spaces without separability assumptions.

Note, that there is a number of papers (see, e.g., [7, 16, 15] and the references
therein) devoted to the Radon-Nikodym theorem for multimeasures searching for
a Radon—Nikodym derivative in separable Banach spaces, where the integral of
the corresponding multifunction is defined as (the closure of) the set of all Bochner
integrable selectors. Our method of constructing Radon-Nikodym derivatives
enables us to get rid of the separability restriction in that type of results as well.

2. Definitions and Terminology

Throughout this paper (2, %, u) is a complete finite measure space. The in-
dicator function of A € ¥ is denoted by 14. By X we denote a (real) locally
convex space. X* stands for the topological dual space of X. By 2% we denote
the family of all non-empty subsets of X. We consider the following subfamilies
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of 2X:
bee(X) = {A€2¥: Ais bounded, convex and closed};
ck(X) = {Ae€2¥: Ais convex and compact};
cwk(X) := {A€2%: Ais convex and weakly compact}.

For any set C' C X and any z* € X*, we write
§*(x*,C) :==sup{z*(z): 2 € C} and C|* :={zxeC: z*(x)=0("C)}
Definition 2.1. A multifunction F : Q — bee(X) is called Pettis integrable if
(i) 0*(z*, F) is integrable for every x* € X*;

(i) for each A €%, there is [, F du € bee(X) such that

6" 96*,/qu 2/5*(95*,F)du for every x* € X*.
A
A

Here the function §*(z*, F) : Q — R is defined by 6*(z*, F)(t) := §*(a*, F(t)).

The Pettis integral for multifunctions was first considered by Castaing and
Valadier [6, Chapter V, §4| and has been widely studied in recent years, see, e.g.,
3, 4, 12, 23].

Given a sequence (A,,) of subsets of X, we write ) A,, to denote the set of all
elements of X which can be written as the sum of an unconditionally convergent
series ), where x, € A, for every n € N.

Definition 2.2. A multifunction M : ¥ — 2% is called a strong multimea-
sure if :

(i) M) ={0};
(i1) for each disjoint sequence (E,) in ¥, we have M(J,, Eyn) =), M(E,).

We say that the strong multimeasure M : ¥ — 2% is p-continuous (shortly
M < p) if M(A) = {0} whenever A € ¥ satisfies u(A4) = 0. A selector m of M
is a vector-valued function m : ¥ — X such that m(A) € M(A) for every A € X.

For the concept of multimeasure and historical references we refer to [15,
Chapter 7| and the references therein. For the terminology of vector measure and
integration theory, in particular for definition and properties of Bochner integral
and Banach spaces with the Radon-Nikodym Property (RNP) we refer to [11].
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3. Radon—Nikodym Theorem for Dominated Multimeasures

This section is devoted to proving the following Radon—Nikodym theorem for
strong multimeasures. To be able to provide a proof for this result we will have
to establish first a few preliminary results.

Theorem 3.1. Let M : ¥ — ck(X) be a strong multimeasure for which there
is a set Q € ck(X) such that M(A) C p(A)Q for all A € . Then there is a
Pettis integrable multifunction F : Q — ck(X) such that:

(i) For every countably additive selector m of M there is a Pettis integrable
selector f of F such that m(A) = [, fdu for all A€ X.

(7i) For every A € X the following equalities hold:

M(A) = /qu = /fdu : [ is a Pettis integrable selector of F
A A

Any strong multimeasure as in Theorem 3.1 has bounded variation, in the
sense of the following definition. Given a continuous seminorm pon X and A C X,
we write

|A]lp := sup{p(z) : = € A}.

Definition 3.2. Let M : ¥ — 2X be a strong multimeasure. For each contin-
wous seminorm p on X and each E € X, we define

[MIy(E) = sup 3~ [M(E)],.

where the supremum is taken over all finite partitions (E;) of E in 3.
We say that M has bounded variation if |M|,(Q2) < oo for every continuous
seminorm p on X.

We start by recalling the following result that is part of the folklore.

Proposition 3.3. Let M : ¥ — 2% be a strong multimeasure of bounded
variation. Then:

(2) for every continuous seminorm p on X, |M|, is a countably additive finite
measure;

(ii) every finitely additive selector m : ¥ — X of M is countably additive.
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Proof  Statement (i) can be proved in the same way that the case
of signed (single-valued) measures; its validity for Banach space-valued strong
multimeasures was already pointed out in [16, Proposition 1.1].

To prove statement (ii), take a disjoint sequence (E,) in ¥ and fix a continuous
seminorm p on X. Then

(o () ) o (= (Y )
M (ng> < |M|, (U E) —0 ask — oo,

n>k
because | M|, is a countably additive finite measure (by (i)). Since p is arbitrary,
the series ) m(E,) converges to m(lJ,, En) in X. [

<

p

The following result on countably additive selectors of multimeasures can be
extracted from |24, Theorem 3|; cf. [16, Proposition 2.1] for an analogous result
dealing with exposed points and Banach spaces: the proof is included here because
it might be difficult for some readers to get a copy of the original paper [24].

Lemma 3.4 (Pallu de la Barriere). Let M : X — 2% be a convex valued strong
multimeasure of bounded variation.

(1) If v € ext(M(R)), then there is a countably additive selector m of M such
that m(Q2) = x.

(13) If M takes values in ck(X), then for every x € M(Q) there is a countably
additive selector m of M such that m(Q) = x.

Proof. (i) Observe first that if C1,Cy C X are convex and x € ext(C;+Cy),
then there exist unique x; € C; such that x = x1 4+ z2; moreover, x; € ext(C}).

For each A € %, we have z € ext(M(Q2)) = ext(M(A) + M(Q\ A)) and
so there exist unique m(A) € M(A) and m(Q2\ A) € M(Q2\ A) such that x =
m(A) +m(Q\ A).

We claim that m : 3 — X is finitely additive. Indeed, take disjoint A1, Ao € X
and set A := A; U Ay. Since m(A) € M(A) = M(A;1) + M(Az), we can write
m(A) = x1 + x4 for some z; € M(A;). Since

z=m(A)+m(Q\ A) =z1 + (2 + m(Q\ A4))

and g + m(Q\ A) € M(Az) + M(Q\ A) = M(Q\ A1), we obtain 1 = m(A4;).
In a similar manner, xo = m(Az). Hence m(A) = m(A41) + m(Az). Now we use
(ii) in Proposition 3.3 to conclude that m is countably additive.
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(ii) Let S be the set of all finitely additive selectors of M and consider

R:= {(m(A))AGZ : mES} C H M(A) c X*
AeX¥

equipped with the product topology . Since R is T-closed and [] o5, M(A) is
T-compact, R is T-compact as well. Since the mapping

p:R—X, p(m):=m(Q)

is T-continuous, the set (R) C M () is compact. By (i) and the convexity
of ¢(R) we have
cofext(M(8))  ¢(R)

and an appeal to the Krein-Milman theorem [20, §25.1.(4)] ensures us that p(R) =

Hence for every x € M () there is a finitely additive selector m of M such
that m(Q) = z. Again, statement (ii) in Proposition 3.3 can be used to conclude
that m is countably additive. ]

Given a set B C X, we denote by att(B) the set of those * € X* that attain
their supremum on B (i.e. B|*" # (). The result isolated in Lemma 3.5 below was
proved in [8, Proposition 5.1] under the assumption that X is finite-dimensional,
but in fact that assumption was not used in the proof.

Lemma 3.5 (Coste and Pallu de la Barriere). Let M : ¥ — 2% be a strong
multimeasure. If x* € att(M () then:

(i) o* € att(M(A)) for all A € 3;

(i1) the mapping M|* = % — 2X M|[* (A) := (M(A))[*", is a strong multimea-
sure.

Proof (i)Fix A€ X. Pickz e M[*(Q) C M(Q) = M(A)+ M(Q\ A)
and write x = y + z for some y € M(A) and z € M(Q2\ A). Suppose if possible
that y & (M(A))|*". Then z*(v) > 2*(y) for some v € M(A) and so the vector
vt+z€ MA) +M(Q\A) = M(Q) satisfies *(v+ 2) > x*(y + z) = z*(x), which
contradicts the choice of x. Thus y € (M (A))[*" and so z* € att(M(A)).

(ii) Clearly M|*" () = {0}. Now let (A,) be a disjoint sequence in ¥ and set
A=, An. To prove M|* (A) C > M|*" (Ay), pick z € M|* (A) C M(A) =
> M(A,) and write x = ) xy,, where x, € M(A,). By the argument used in
the proof of (i), we have z,, € M|*" (A,,) for every n € N, hence x € >, M|* (A,).
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To prove Y., M|* (A,) C M|* (A), take any x € Y., M|* (A,) and write
=) Tn, where x, € M|* (A,). Each y € M(A) can be written as y = >_, yn
for some y, € M(A,), so that

= 2 (yn) <D _a%(an) = 2" ().

It follows that € M|* (A) and the proof is over. [

Let p: ¥ — X be a lifting on (2, X, u) (see, e.g., [17, p. 46, Theorem 3| or [14
341K]). Note that p satisfies the following properties:

1. If A,B € ¥ and u(AAB) = 0 then p(A) = p(B).
2. u(p(A)AA) =0 for every A € X.

3. p(ANB) = p(A) N p(B) for every A, B € X.

(
4. p(0) =0, p() = Q.
5. p(Q\A) = Q\p(A) for every A € .
6. p(AUB) = p(A) U p(B) for every A, B € ¥.

Then p(X) is a subalgebra of ¥ such that u(A) > 0 whenever A € p(X) \ {0}.

We consider the collection U of all finite partitions of ) into elements of
p(2)\ {0}, equipped with the natural ordering (defined by saying that I'y > 'y if
and only if 'y is finer than I'g). Then (U, ) is a directed set.

The notion of Pettis integrable vector-valued function f : 2 — X as can be
found in the literature (see, e.g., [11, I1.3| for the Banach space case) corresponds
to Definition 2.1 for F(t) := {f(t)} when the integral [, F'dyu is a singleton.

Recall that a function f : @ — X is strongly measurable if it is the p-a.e.
limit of a sequence of simple functions. A celebrated Pettis’ result establishes
that, when X is a Banach space, a function f: ) — X is strongly measurable if,
and only if, f is weakly measurable (i.e., 2* o f is measurable for every z* € X)
and f(Q\ A) is separable for some A € ¥ with p(A) = 0, see [11, Theorem 2,
p. 42].

Definition 3.6. For every Pettis integrable function f : Q — X and every
I' € U, we define fr: Q — X by

fi= /fu

AGF
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The following lemma can be deduced from a result by Kupka, see [21, Lemma 4.3].
For the readers convenience we prefer to give a direct proof.

Lemma 3.7. Suppose X is a Banach space and f : Q — X is strongly mea-
surable and Pettis integrable. Then imr fr = f p-a.e. Moreover, for every e >0
there is U € ¥ with p(Q\ U) < € such that limp fr = f uniformly on U.

P roof. Without loss of generality we may assume that f(2) is separable.
Fix € > 0 and a sequence (&;,) of positive real numbers converging to 0.

Fix n € N. We can find a disjoint covering {D,, ;. }ren of f(€2) by Borel sets
with diam(D,, 1) < €p. Since {f~1(Dnx)}ren is a partition of  into measurable
sets, we can choose j, € N large enough such that

(7 (U o) <5

Define By, = f1(Dpyx) and A, := p(Bpnyg) for all k = 1,2,...,4,. Observe
that V;, .= UJ"; (Ank () Bnk) € X satisfies

p(Vn) = ZH:M(An,k N Bnk) = iu(Bn,k) = u(f‘l( O Dn,;g» > u(Q) — 2%
k=1 k=1 k=1

A,Jn+1—Q\UA k:—P( (Uan>)

k>jn
and let I';, € U be the partition of {2 consisting of all non-empty A, ’s.
We claim that ||fr(t) — f(t)|| < en for every T' € U with T = T, and every
t € V,. Indeed, let k € {1,...,j,} be such that t € A, , N By, . Then A, €T,
and there is A € I" such that t € A C A, so that pu(A\ By ;) =0 and

fot) = = [ #an- M(A;Bk) | fduew(f(an Buw) < oo(Du)
A

ANB, &

thanks to the Hahn—-Banach separation theorem. Since f(t) € f(Bnx) C Dnk
and diam(co(D,, 1)) = diam(D,, ;) < en, we get || fr(t) — f(t)|| < en, as claimed.

The previous claim ensures us that limr fr = f uniformly on U := (0, oy Vas
which belongs to ¥ and satisfies

P\ U) = (UQ\V) gzu(Q\Vn)<Z2%:5.
neN neN neN

Since € > 0 is arbitrary, a standard argument now implies that limp fr = f p-a.e.
|
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We stress that, in particular, Lemma 3.7 is applicable to ordinary real-valued
Lebesgue integrable functions.

Remark 3.8. The conclusion of Lemma 3.7 can fail without the strong mea-
surability assumption. In fact, for a Banach space X, a Pettis integrable function
f:Q — X is strongly measurable if, and only if, we have

(a) limp fr = f p-a.e. and
(b) the set R(f) ={[, fdu: A e X} is separable.

Such separability condition is fulfilled automatically for any Pettis integrable func-
tion f : Q — X under mild assumptions on either u or X, see, e.g., [22,
Sections 9 and 10| and |25, Chapters 4 and 5]. Also, if f : Q@ — X is Birkhoff or
McShane integrable then R(f) is relatively norm compact |2, 13], hence R(f) is
separable and therefore for such an f if imrp fr = f p-a.e. then f is neccesarily
strongly measurable.

From now on we work with a fixed ultrafilter & on U containing all subsets of
U of the form {I" € G : IV > T'} where I' € U.

Definition 3.9. Let {Vr : ' € U} be a collection of subsets of X. We denote
by LIMp Vr the set (maybe empty) of all x € X for which there exist vp € Vp,
I' € U, such that U — limp vr = x.

Proof of Theorem 3.1. For every I' € U, define Myt : Q — ck(X) by

N~ M4
My .—AZEF (A) 1,4.

Given any t € Q, we have Mrp(t) C @ for all I' € U and so the compactness of Q
yields () # LIMp Mp(t) C Q. We can define a multifunction F': Q — ck(X) by

F(t) := LIMp Mp(%). (1)

Let us check that F' satisfies the required properties.

In order to prove (i), let m be a countably additive selector of M. For each
I' € U, define mp : Q@ — Q C X by mp := > 4cr %1,4. Then we can define a
function f : Q — X by f(t) := U — limpr mp(t). Observe that f is a selector of F,
because mr is a selector of Mr for every I' € U.

Fix o* € X*. Clearly, z* om is countably additive. Moreover, the inequalities

min(z*(Q))p(4) < 2*(m(A4)) < max(z*(Q))u(A) forall Ae X
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imply that * o m has bounded variation and x* o m < u. Let h be the Radon—
Nikodym derivative of x* o m with respect to u. Note that for each I' € U we

have
1 x*om)(A .

Ael’ Ael

By Lemma 3.7 applied to h, we have limp 2* o mpr = h p-a.e. On the other hand,
by the definition of f we have U — limp(x* o mp)(t) = (x* o f)(¢) for every t € Q.
It follows that * o f = h p-a.e. Hence x* o f is integrable and satisfies

/x*ofd,u—/hdu—:r*(m(A)) for all A € X.
A A

As x* € X* is arbitrary, f is a Pettis integrable Radon—Nikodym derivative of m.
We now turn to the proof of (ii). Fix 2* € X*. The finitely additive measure
v : 3 — R defined by the formula v(A) := 0*(z*, M (A)) satisfies

min(z*(Q))p(A) < v(A) < max(z*(Q))u(A) forall A€ X.

Hence v is countably additive, it has bounded variation and v < p. Let g be the
Radon—Nikodym derivative of v with respect to p. For every I' € U we have

gr = Z (M(lA)/gdu)lA = Z Wh = 6"(z", Mr).
A

AeTl Ael

Lemma 3.7 applied to g ensures us that limp §*(x*, Mp) = ¢ p-a.e; bearing in
mind now the equality (1) it follows that

(2", F) < U - li%né*(x*,Mp) =g pae. (2)

& Claim. The function 6*(x*, F) is integrable.

Indeed, observe first that the mapping M|*" : ¥ — ck(X) is a strong multimeasure
(by Lemma 3.5) and has bounded variation because M|*" (A) C u(A)Q for every
A € ¥. Lemma 3.4 provides us with a countably additive selector m of M|*",
that is also a selector of M that satisfies

7 (m(A)) = 5 (", M(A)) = /gd,u for all A € 3.
A

By (ii), there is a Pettis integrable selector f of F' such that for every A € X
we have [, fdu = m(A) and so [, 2* o fdu = x*(m(A)) = [, gdu. Therefore
x* o f = g p-a.e. On the other hand, in view of (2) we also have z* o f <

16 Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 1
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3 (x*, F) < g p-a.e. It follows that 0*(z*, F') = 2* o f p-a.e., hence 0*(z*, F') is
integrable, as claimed.
Moreover, for every A € 3. we have

/5*(x*,F) dy = /w o fdu = z*(m(A)) = 6*(z*, M(A)).
A A

Since z* € X* is arbitrary, F' is Pettis integrable and M(A) = [, Fdu for all
Ael.

To finish the proof of (ii), fix A € ¥ and note that the Hahn-Banach separation
theorem implies

M(A) D /fdp : f is a Pettis integrable selector of F' » =: S(A).
A

In order to prove the converse inclusion, take any x € M (A). Lemma 3.4 applied
to the restriction of M to the trace o-algebra ¥4 := {BN A : B € ¥} guarantees
the existence of a countably additive selector m; : ¥4 — X of M|y, such that
x =mq1(A). Now let m : ¥ — X be any countably additive selector of M. Then

the formula
mi(B) :=mi(BNA)+m(B\ A)

defines a countably additive selector m; : ¥ — X of M extending m;. By
part (i) applied to mi, there is a Pettis integrable selector f of F' such that
mi(B) = [z fdu for all B € X. So, v = my(A) = [, fdu € S(A). We have
finally established that M (A) = S(A). The proof is over. ]

In the last result of this section cw*k(X™) denotes the family of all non-empty
convex w*-compact subsets of the dual X™* of a Banach space X; w* is the weak®
topology of X* and By~ stands for the closed dual unit ball. For the concept and
properties of Gel'fand integral for multifunctions we refer to the paper [5].

Proposition 3.10. Let X be a Banach space and let M : ¥ — cw*k(X™*) be a
w-continuous strong multimeasure for the dual norm with bounded norm variation
|M|. Then there exists a Gel’fand integrable multifunction F : Q — cw*k(X™)
such that for every A € ¥ we have

M(A) = /Fd,u = { /fd,u : [ is a Gel’fand integrable selector of F}.
A A

Proof. Letgbe the Radon-Nikodym derivative of | M| with respect to p.
For each n € N let us define A, :=={t € Q:n -1 < g(t) < n} € ¥ and write

Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 1 17
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Y, ={ANA, : A € ¥}. The restriction M|y, : ¥,, — cw*k(X*) satisfies that for
every A € ¥,, we have M (A) C p(A) (nBX*). According to Theorem 3.1 applied

to the locally convex space (X*, w*) there is a Gel’fand integrable multifunction
F, : A, — cw*k(X™) such that

M(A) = /Fn dp  for every A € X,,. (3)
A
Note that {Ay }nen is a partition of Q in X, therefore the multifunction

F:Q— cw'k(X"), F(t):= F,(t) whenever t € A,,

clearly satisfies that 6*(z, F') is measurable for every x € X. On the other hand
for every n € N, every A € ¥, and every x € X, we have that

/5*($,F) dp = /5*(m,Fn) dp = 0" (z, M(A))
A A

< lalllM(A)] <l M1(4) = ] [ g d
A

Therefore, for every x € X we have 6*(z, F'(t)) < ||z||g(t) for p-a.e. t € Q. Hence,
for every x € X we also have

—0%(z, F(t)) = inf{—27(z) : 2" € F(t)} < 6" (=, F(t)) < || —«llg(t) = [l=]lg(t)

for p-a.e. t € Q and consequently 6*(z, F) is integrable. So F' is Gel’fand inte-
grable.

To finish we will establish that for every A € ¥ we have M(A) = [, Fdp,
which is equivalent to proving that 6*(x, M(A)) = 6*(z, [, F dp) for every z € X,
because both sets are convex and w*-compact (see [5, Theorem 4.5] for the
latter). On one hand, for each x € X the measure v, : ¥ — R given by
vz(A) == 0*(x, M(A)) is countably additive. On the other hand, since F' is
Gel’fand integrable, for each € X the measure o, : ¥ — R defined by 0,(A) :=
0 (x, [y Fdp) = [, 0" (2, F)dp is also countably additive. The formula (3) im-
plies in particular that vy|xn, = og|s, for every n € N, and finally the countable
additivity of v, and o, leads to vy = 05 in . The proof is over. [ |

4. Set-Valued Derivatives in Banach Spaces with the RNP
Throughout this section X is assumed to be a Banach space. Our aim here is
to demonstrate the following statement:

Theorem 4.1. Suppose X has the RNP. Let M : ¥ — bee(X) be a strong
multimeasure of bounded variation with M < . Then there is a Pettis integrable
multifunction F : Q — bee(X) such that:
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(i) For every countably additive selector m of M there is a Bochner integrable
selector of F' such that m(A) = [, fdu for all A€ X.

(13) For every A € 3 the following equalities hold:

M(A) = /Fdﬂ = /fdu : f is a Bochner integrable selector of F
A A

This result generalizes Theorem 2 of [7| proved for separable spaces. The
anonymous referee kindly communicated to us that in the case of strongly compact
values the theorem reduces to the separable case, but already for weakly compact
values there is no such a reduction. Before offering a proof for Theorem 4.1 we
need a lemma:

Lemma 4.2. Suppose X has the RNP. Let M : ¥ — bce(X) be a strong
multimeasure of bounded variation. Then there exist a norm dense set W C X*
and a family {my~}z+cw of countably additive selectors of M such that

¥ (mg+(A)) = 8% (2™, M(A)) for every z* € W and every A € X.

Proof By the Bishop—Phelps theorem (see, e.g., [10, p. 3]), the set
W := att(M(€2)) is norm dense in X*. Fix z* € W. Then Lemma 3.5 ensures
that M|*" : ¥ — bce(X) is a strong multimeasure. Since M|*" (A) C M(A) for
all A € ¥ and M has bounded variation, M|*" has bounded variation as well.
Since M|*" (Q) € bee(X) and X has the RNP, we have ext(M|*"(Q)) # 0 (see,
e.g., [10, Theorem 1, p. 231]). Therefore, Lemma 3.4 applied to M|*" guarantees
the existence of a countably additive selector mg+ of M|*". Of course, my+ is a
selector of M and we have x*(mg+(A)) = 6*(z*, M(A)) for all A € %. |

Proof of Theorem 4.1. As in the proof of Theorem 3.1, for each I € U we
consider the multifunction Mr : Q — bce(X) given by

o M(A)
M= AZF (A A

and, for each t € €2, we define
G(t) = LIMF Mr(t)
(with respect to the norm topology). We shall prove first that

0 # G(t) € bee(X) for p-a.e. t € Q. (4)
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Obviously, G(t) is convex for all t € Q. To check that G(t) # 0 for u-a.e. t € Q,
let m be any countably additive selector of M (apply Lemma 4.2). Observe that
m has bounded variation and m < . Since X has the RNP, there is a Bochner
integrable function f : @ — X such that m(A) = [, fdu for all A € . In
particular, for every I' € U and every t € 2 we have

ﬁ@z?ﬁ&w/ﬂﬂhwzzz&ﬁMKMW)
€ A

Ael

According to Lemma 3.7, we have limp fpr = f p-a.e., hence f(t) € G(t) # 0
for pra.e. t € Q. On the other hand, |M| is a countably additive finite mea-
sure (Proposition 3.3) with |M| < p and we can consider its Radon-Nikodym
derivative g with respect to pu. For every I' € U and every t € €2 we have

et = 3 I ) < 52 BED

Ael Ael
1
_ ; (MA)A/ng)lA(t) = gr(t).

Bearing in mind that limp gr = g p-a.e. (by Lemma 3.7), it follows from the
equality above that ||G(t)|| < g(t) < oo for p-a.e. t € Q. This finishes the proof
of (4).

Now let F' : © — bee(X) be any multifunction such that F(t) = G(t) for
p-a.e. t € €. We shall check that F' satisfies the required properties. Observe
that (i) has already been obtained in the proof of (4).

By Lemma 4.2, there exist a norm dense set W C X* and a family {mg« },«ew
of countably additive selectors of M such that

¥ (mgx(A)) = 8" (2™, M(A)) for every z* € W and every A € ¥.

Thus, (i) applied to each m,« ensures us of the existence of a family { fy+}orew
of Bochner integrable selectors of F' such that

/u%nmmzﬁ /mmizﬁmwwm> (5)
A A

for every z* € W and every A € ¥.
Fix 2* € W. Given I' € U and t € §2, we have

teA el sup {x*(x) tx €

(E)L ¥ 0 fox = (%o f«
‘mmZ( fer)dp = (" 0 fr ) (t).
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Last equality and Lemma 3.7 (applied to z* o f;«) yield §*(z*, F') < x* o fu« p-a.e.
Since f+ is a selector of F' we have §*(z*, F) = z* o fy« p-a.e. Hence 6*(z*, F) is
integrable and (5) says that

/5*(x*,F) dp = 6*(z*, M(A)) forall A€ X. (6)
A

Let us consider now an arbitrary z* € X*. Since W is norm dense in X*, we
can find a sequence (x) in W such that ||z} — z*|| — 0. Since F' takes bounded
values, we have §*(z}, F) — §*(«*, F) pointwise. Moreover, for each n € N we
have

0% (27, F())| < [z [IF@)]] < Cgt) for prace. t €,

where C' := supy¢y ||z} || and g is the Radon-Nikodym derivative of |M| with re-
spect to p (see the proof of (4) above). An appeal to the Dominated Convergence
Theorem assures that 0*(z*, F') is integrable and that

/5*(;;:*,1?) dp= lim | 6%, F)dp Y lim 6 (2%, M(A)) = §*(z*, M(A))
A

A

for every A € . This proves that F' is Pettis integrable and

M(A):/Fd,u for every A € 3.
A

Fix A € ¥. Observe that the inclusion

M(A) = /qu D /fdu : f is a Bochner integrable selector of F' 3 =: S(A)
A A

follows directly from the Hahn—Banach separation theorem. To prove the converse
inclusion, take any x € ext(M(A)). By Lemma 3.4 applied to M|y, there is
a countably additive selector m; : ¥4 — X of M|y, such that x = m;(A).
Let my; : ¥ — X be any countably additive selector of M extending m; (see
the proof of (ii) in Theorem 3.1). By (i) applied to mj, there is a Bochner
integrable selector f of F' such that mi(B) = [ fdu for all B € ¥. Thus,
x =mi(A) = [, fdu € S(A). This shows that ext(M(A)) C S(A) and so we
have co(ext(M(A))) C S(A) (because S(A) is convex). Since

M(A) = co(ext(M(A))

thanks to the RNP (see, e.g., [10, Theorem 1, p. 231]), we conclude that M(A) =
S(A). The proof is over. [

Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 1 21



B. Cascales, V. Kadets, and J. Rodriguez

Remark 4.3. If we additionally assume that X* has the RNP and M takes
values in cwk(X) in Theorem 4.1, then

Sp:={f:Q — X : f is Bochner integrable selector of F'}
is relatively weakly compact in L'(u, X).

Proof Torany f € Sp,let my: X — X be the countably additive selector
of M defined by ms(A) := [, f du. Observe that

/‘f“ dp = |mys|(A) < |M|(A) forall AeX.
A

From the previous inequality and the fact that |M]| is a u-continuous countably
additive finite measure (Proposition 3.3) it follows that Sr is uniformly integrable.
Moreover, for each A € X, the set

/fdu:feSF c M(A)
A

is relatively weakly compact in X. Since X* has the RNP, we infer that Sg is
relatively weakly compact in L!(u, X) (see, e.g., [11, Theorem 1, p. 101]). ]

If X is separable and F : Q — 2% is an Effros measurable multifunction taking
closed non-empty values, then the relative weak compactness of Sr in L!(u, X)
implies that F'(t) is weakly compact in X for p-a.e. t € Q, see [18, Theorem 3.6].
So the answer to the following natural question is affirmative when X is separable
[7, Theorem 3]:

Question. Under the agsumptions of Theorem 4.1, suppose further that X*
has the RNP and M takes values in cwk(X). Is it possible to construct F' in such
a way that F(t) € cwk(X) for p-a.e. t € Q7 Does our construction give F' with
this additional property?

Acknowledgement. We express our gratitude to the referee for several useful
comments, in particular for telling us about Kupka’s paper [21| where a similar
idea of constructing Radon—Nikodym derivatives was introduced for single-valued
vector measures and Bochner integrable Radon-Nikodym derivatives.
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