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All Banach spaces we consider in this paper are infinite-dimensional and real.
A Banach space is called polyhedral if the unit ball of each its finite-dimensional
subspace is a polytope [7]. If a Banach space admits an equivalent norm in which
it is polyhedral then we say that it is isomorphically polyhedral. In [8] is proved
that polyhedral space cannot be isometric to a dual space.

In [9] is proved that if extBx- is countable then X is not reflexive. In [6]
this result is strengthen, namely it is proved that if ext Bx+ can be covered by a
countable union of compact sets then X is not reflexive.

A subset B C Sx+ of the unit sphere Sy« of a Banach space X* is called
a boundary (for X) if for any v € X there is f € B such that f(x) = ||z|].
An important example of a boundary is extBx+ (the Krein-Milman theorem).
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A subset B of the dual unit ball Bx~ has property (*) if, given any w*-limit point
fo of B (i.e. any w*-neighborhood of fy contains infinitely many elements of B),
we have fy(x) < 1 whenever z is in the unit sphere Sx. Note that if B is a set
such that |||z||| = sup{f(z) : € B} defines a norm, and B has (*) for this norm,
then B is a boundary for the norm |[||.]||.

Any separable polyhedral space has a countable boundary, and if a Banach
space has a countable boundary then it is isomorphically polyhedral space [2].
Any (isomorphically) polyhedral space saturated by spaces isomorphic to ¢, that
is any (infinite-dimensional) subspace of a polyhedral space contains an isomor-
phic copy of ¢ [4].

In this paper we prove two theorems giving sufficient conditions for a Banach
space to be isomorphically polyhedral.

Theorem 1. Let X be a Banach space. Then (a), (b) and (c¢) are equivalent
and imply (d).

(a) There are a sequence of subsets of Sx, {Sk}io,, Sx = USk, and an in-
creasing sequence of norm-compact subsets of Sx«, {Fp}32,, Fr = —F} ,
with the following properties:

by := inf 0,k=1,2,... d limb, = 1.
k zlélsk?é%‘}:{f(z)}> ) b an 11?1 k

(b) There are a sequence {t;} C Sx= and a sequence of positive numbers e, > 0,
k=1,2,..., such that

(i) the set B = {£(1 + eg)tx}r is a boundary with property (*) for the
equivalent norm

2l = sup (1 + ex)t(2)], = € X,

(ii) B(X,|||H|) C int Bx.

(¢) There are a sequence {ty}, C Sx+ and a sequence of positive numbers {cu, },
lim,, o, = 0, such that

Sx < | JS(tn, an),

where S(tn,an) are the slices defined as S(t,,an) = {x € Bx : tp(x) >
1—ap}.

(d) X is a separable isomorphically polyhedral space.
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Proof
(a) = (b). Fix a sequence §,, > 0 such that 0 < 30,, < b, and lim, é, = 0.
Choose 7, defined by the equation (1 + v,) = (b, — 35,)~* and observe that
Yn >0,
liTan’yn =0 and (14 ,)(bp—26,) >1,n=1,2,...

(notice that here we use that 1 > b, > 0, for any n and that lim, b, = 1).

Since each set F;, is compact, for each n there is a §,-net N,, = {h;‘ 1 j =
1,2,...,pn} C I, such that ||k} — h}|| > 0,7 # j and for each f € F), there is
some A with ||f — R} < 6p.

Clearly, we can write the set & J,, (1 +7,) Ny in the form B = {£(1 + )ty :
k=1,2,...} for suitable t;’s and €;’s, limy €, = 0. Define

Il = sup{|(1 + ex)tr(2)] - k = 1,2,.. .}

For z € Sx there is some n such that z € S, and some f € F,, such that
f(x) > by, — 0y, and some h} € N, such that || f — hl|| < d,. Then we have

] = (14 m)hj (2) = (1 +30) (f(2) = 0n) > (14 ) (bn = 205) > 1 = [|2].
On the other hand we have |||z||| < maxi{(1 + ¢)||z||}. Therefore

[l < 2]l = max{(1 + ex)}|z[l, € X,z # 0.

This proves (ii) in (b).

Finally we prove that B is a boundary of (X, |||.|||]) with (*). Assume the
contrary and choose f a w* limit point of (1 + %)h? such that there is x with
l||z||] = 1 and f(x) = 1. Since lim, 7, = 0, we have that ||f|| < 1, and then

|z|| > 1 in contradiction with (ii) we have already proof.
(b) = (a). Put

A ={ve X :||lulll =1, 1 4+ e)tp(u) =1}, k=1,2,...

Since B is boundary it follows that Six ) = Uy Ak Define S = {u/||u|| : u €
Ak} and Fj = {:l:tj 3 =1,2,.. .,k}. Clearly S(X7||||) = Uk Sy, and

by = inf{max{f(z): f € Fy} : x € Sk}
= inf{max{t;(u/||ul|) : 1 =1,2,...,k} :u € A}
1

> 0.
(1 + ék)

> inf{tg(u/||ul]) : u € A} = inf{1/[ul| : u € Ax} >

1
(1 + Gk)

and clearly limy by, = 1.
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(b) = (¢). Put V = B(X|H - Clearly V = ﬂk{l‘ € X (14 ep)tp(x)] <1}
From (ii) follows that Sy C U,{z € X : |(1 + ex)ti(x)| > 1}. Put oy, =
k=1,2... and finish the proof

(c) = (b). Put ey = 555, 2, cand V= {z € X |(1+ep)ti(x)] <
1}. Since Sx C U, {z € X |t (x )| > 1— ay}, it follows that

€k
1+€k ?

m{x € X :|tg(z)| < 1—ax} Cint(Bx),

and an easy verification shows that V' C int(Bx). Now (i) easily follows from

limk €L = 0.
(b) = (d). Is clear, since X has an equivalent norm with a countable boundary
with (*). |

Remark. In[3]is proved that if X satisfies (c) (in the given norm) then X
is isomorphically polyhedral, and if X is isomorphically polyhedral then there is
an equivalent norm on X in which it satisfies (c¢). However, the following question
remains open: if X is isomorphically polyhedral then does it satisfy (c) in any
equivalent norm? There is a partial answer changing a, = o > 0 with « arbitrary
[1]. Finally, let us mention that the implication (a) = (d) is a particular case of
one of the results in [5].

Theorem 2. Let X be a Banach space. Assume that Sx = |J, Sk such
that each Sy has an e-approzimative countable boundary, for any € > 0, in the
following sense
(P) for any k € N and & > 0 there is a sequence {h¥} C (1 + ¢)Bx~ such that if

Vit = w* — cl co{ Bx+, {£h¥}ien}, Vi = {z: maxz(Vy) < 1},

then
(D) Ve Sk =10
(i1)y, for any x € OV}, \ Sx there is h¥ with h¥(x) = 1.
Then X is isomorphically polyhedral.

Proof. Fixee€ (0,1) and a sequence {ex}, ex € (0,¢€),limg e = 0. Next by
using property (P) for every k € N find {hf}i,kzlz,... C (1 + €x)Bx~, V}*, Vi, such
that (i) and (ii); are satisfied. Put

V* = w* — cleo{£hf}ipen, V = {z € X : maxa(V*) < 1},
and introduce in X a new norm |||.||| with the unit ball V. By using Sx = U Sk

and (i), k=1,2,..., we get
V CintBx. (1)
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Indeed, let x € X with ||z|| > 1 and take z = z/||z|| € Sx, then z € Sy
for some k£ and z ¢ V). By the definition of V}, it is possible to find ] € Bx+,
x5 € co{EhF}eny and A € [0, 1) such that Az} (2)+(1-N)ab(2) > 1, (1-N)aj(2) >
1 — X and z3(x) > ||z|| > 1. Thus we have that = ¢ V. Note that by (1) and its
definition we have that V' =, Vj.

From ¢; € (0,¢),k = 1,2,..., it follows that V O (1 + €)' Bx. So the norm
|[]-]]] is (14-€)-equivalent to the original one. We show that the set B = {£h¥}; ren
is a (countable) boundary for the space (X,|||.|||), and then by [2] we conclude
that (X, ||].]||) is isomorphically polyhedral. Fix xy € 0V. From (1) follows that
xg € intBx. Assume to the contrary that for any h € B we have h(zg) < 1. Since
xo € AV there is a sequence {hf:}?le with lim,, hf:(a;o) = 1. We consider two
cases.

Case 1. limsup,, k, = co. WLOG we can assume that lim,, k, = oc. Let hg €
X* be a w*-limit point of {hf"}2,. Since k™ € (1 + €,)Bx~ and limy e, = 0,
it follows that ho € Bx. However ho(zg) = 1, and hence ||zg|| > 1, contradicting

xg €V CintBx.

Case 2. sup, k, < co. WLOG we can assume that k, = [, for any n € N.
Since zg € V} (recall that g € V = NiVj), and lim, hﬁn (zg) = 1, it follows that
xo € OV}. By (i1); there is h! with hl(z) = 1, which proves that B is a (countable)
boundary for (X, |||.|||)-

The proof of the theorem is complete.
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