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1. Introduction

In this work, we treat the two spectra inverse problem for Jacobi operators
in [3(N). The Jacobi operators considered here are obtained from each other by
a particular kind of rank-two perturbation. The special form of the perturbation
has a physical motivation; it is the extension to the semi-infinite case of an inverse
problem for the finite mass-spring systems studied in [7| and [20].
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The Jacobi operator J in the Hilbert space l3(N) is the operator whose matrix
representation with respect to the canonical basis in lo(N) is a semi-infinite Jacobi
matrix of the form

@ b1 0 0
by q@ by 0
0 b2 g3 b3 , (1.1)

0 0 b3

where ¢, € R and b, > 0 for any n € N (see the definition of the matrix repre-
sentation of an unbounded symmetric operator in [2]). J is closed by definition
and it may be self-adjoint or have deficiency indices (1,1). In this work, we deal
with self-adjoint operators, so, if J # J*, we consider its self-adjoint extensions
denoted J@, where g € R U {oo} (see Definition 1 a)). If J = J*, we assume
J@ = Jfor all g € RU {oc} (see Definition 1 b)).

The two spectra inverse problem for Jacobi operators J(@) takes as input data
the spectra of two operators in an operator family obtained by perturbing J )
in a certain way. The solution of the problem is the finding of the matrix (1.1)
and the “boundary condition at infinity” g if necessary. The case of the operator
family consisting of rank-one perturbations of a self-adjoint Jacobi operator has
been amply studied in |8, 12, 13| and, in the more general setting of the rank-one
perturbations of J¢) in [22, 26]. The rank-one perturbations can be viewed as a
change of the “boundary condition at the origin” for the corresponding difference
equation (see [22, Appendix]). We remark that the case of finite Jacobi matrices
has also been thoroughly studied (see [5, 6, 9, 11, 14]).

It is known that the dynamics of a finite mass-spring system is characterized
by the spectral properties of a finite Jacobi matrix [11]. Accordingly, in solving the
inverse problem for mass-spring systems mentioned above, [20] provides necessary
and sufficient conditions for two point sets to be the spectra of two finite Jacobi
matrices corresponding to two mass-spring systems, one of which has a mass and
a spring modified. The results of [20] are related to the study of microcantilevers
[24, 25], which are modeled by a spring-mass system whose masses and springs
constants correspond to the mechanical parameters of the system. The inverse
problem treated in [20] could be used as a theoretical framework for the problem
of measuring micromasses with a help of microcantilevers [24, 25].

Let us consider a semi-infinite spring-mass system with masses {m;}32, and
spring constants {k;}72, as in Fig. 1. By a standard reasoning (see [11, 17, 18]),
one verifies that the infinite system of Fig. 1 is modeled by the spectral properties
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Fig. 1. Semi-infinite mass-spring system

of the Jacobi operator J with

gy = - ER oy i

m; VG
We remark that in [11, 17, 18] the obtained matrix corresponds to —J. An alter-
native physical interpretation is provided by a one-dimensional harmonic crystal
[27, Sec. 1.5].

In this work, we consider the spectrum of J) to be discrete (if J # J* this
is always the case). Below, in Remarks 3 and 4 we comment on matrices of the
form (1.1) whose corresponding operator J@ has discrete spectrum.

The discreteness of o(.J(9)) implies that the movement of our mechanical sys-
tem is a superposition of harmonic oscillations whose frequencies are the square
roots of the modules of the eigenvalues.

Along with the self-adjoint operator J@, we consider the family of operators
J@)(0) (6 > 0) being self-adjoint extensions of the Jacobi operator whose matrix
representation with respect to the canonical basis in [3(N) is

jeN. (1.2)

02, 6b, 0 0

0by g2 be

0 b2 g3 b3 : (1.3)
0 0 b3 q

Here J9)(#) (6 > 0) is the family of perturbed Jacobi operators. Note that the op-
erators of the family are not obtained from each other by a rank-one perturbation
(see (2.4) below).

Going from J@) to J) (0) corresponds to changing the first mass by Am =
m1(6~2 — 1). In other words, 02 is the ratio of the original mass m; to the new
mass m; + Am. This is illustrated in Fig. 2. It is worth mentioning that we
also consider here the cases when Am < 0, equivalently, 6 > 1, although physical
applications correspond to 6 < 1 [24, 25].

The problem of reconstructing the initial and the perturbed matrices by their
spectra can be then interpreted from the physical point of view as the problem of
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Fig. 2. Perturbed semi-infinite mass-spring system

finding the mechanical parameters of the spring-mass system from the frequencies
of its oscillations before and after the modification.

We emphasize that, although the operators and the particular kind of pertur-
bation considered here were motivated by a physical system, the general mathe-
matical setting is considered throughout the work. Thus, the entries in (1.1) have
no restriction other than J being a Jacobi operator (¢, € R, b, > 0) and J
having discrete spectrum (see Remarks 3, 4). Note that J is then not necessarily
semibounded though it actually is when J corresponds to a mass-spring system.

This work is organized as follows. In Section 2. we lay down the notation, intro-
duce the Jacobi operators and their perturbations, and present some preparatory
facts related with the inverse spectral problems of these operators. Section 3.
gives an account of the spectral properties of the family of perturbed Jacobi oper-
ators J(9)(0). The problem of reconstruction is treated in Section 4. This section
gives some necessary conditions for the spectra of J9)(8), provides an algorithm
for reconstruction of the matrix and establishes uniqueness of the reconstruction.
Finally, Section 5 gives necessary and sufficient conditions for two sequences of
real numbers to be the spectra of J(9 and its perturbation J(@)(8) (6 # 1).

2. Preliminaries

Let T be a second order symmetric difference expression such that for any
sequence f = {fr}32,

(Y= afitbif, (2.1)
(Cf)r:=bp—1fr—1+ qfe +brferr, keN\{1}, (2.2)

where, for n € N, b, is positive and ¢, is real. Let lg,(N) be the linear space
of complex sequences with a finite number of non-zero elements. In the Hilbert
space [3(N), let us consider the operator whose domain is lg,(N) and acts as
the expression Y. This operator is symmetric since it is densely defined and
Hermitian, and thus it is closable. Now, let J be the closure of this operator.
We have defined the operator J such that the semi-infinite Jacobi matrix
(1.1) is its matrix representation with respect to the canonical basis {d,}72,
in l2(N) (see [2, Sec. 47] for the definition of the matrix representation of an
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unbounded symmetric operator). Indeed, J is the minimal closed symmetric
operator satisfying

<5n’ J5n> =dqn, <5n+1’ J5n> = <5n’ J5n+1> = bna

(T, 6ngts) = (Opy JOnir) =0, neN, keN\{1}.

We shall refer to J as the Jacobi operator and to (1.1) as its associated matrix.
The operator J* turns out to be given by

dom(J*) = {f € bL(N): Tf € L(N)},  J*f=TF,

which follows directly from the definition of J [1, Chap. 4 Sec.1.1], [23, Thm. 2.7].
If one gives the complex number f, then the solution of the difference equation

Tf=¢f, (¢€C,

is uniquely determined from (2.1) and (2.2) by recurrence. For the elements of this
solution when f; = 1, the following notation is standard [1, Chap. 1, Sec. 2.1]:

Pkfl(g) ::fk’ k’GN,

where the polynomial Py(¢) (of degree k) is referred to as the k-th orthogonal
polynomial of the first kind associated with the matrix (1.1). Now, let us solve
the difference equation

(THk=Cfrs  keN\{1},

under the assumption that f; =0 and fo = bfl, and define

Qkfl(C) = fk, keN.

Qx(C) is a polynomial of degree k — 1 and it is called the k-th orthogonal polyno-
mial of the second kind associated with the matrix (1.1).
The sequence P(() := {P,—1(¢)}32 is not in lg,(N), but it may happen that

> IR < o0, (2.3)
k=0

in which case P(() € ker(J* — (). Since J is symmetric, if the series in (2.3) is
convergent for one (¢ in the upper half-plane C (the lower half-plane C_), then
it is convergent in all C; (C_). Actually, because of the reality of the coefficients
of Pr_1(¢) for all k& € N, the series in (2.3) is then convergent in all C\ R and
J has deficiency indices (1,1). When the series in (2.3) is divergent for one ¢ in
C\ R, J has deficiency indices (0,0) and the operator is self-adjoint since J is
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closed. There are known conditions on the matrix (1.1) which guarantee that .J
is self-adjoint [1, Addenda 1], [3, Chap.7, Thms.1.2-1.4].

We now introduce the operators that will be at the center of our considerations
in this work.

Definition 1. Let the operator J9) be defined as follows:
a) In case J # J*, define the sequence v(g) = {vi(9)}3>, such that Vk € N

v(9) = Pr-1(0) + gQx-1(0), g €R,

and
vg(00) = Qr—-1(0).
Let J9) be the restriction of J* to the set

{£ = Uidien < dom() i bu(on@)fin — fronsate) =0}

When g € RU{oo}, J9) runs over all self-adjoint extensions of J. Moreover,
different values of g imply different self-adjoint extensions [27, Lemma 2.20].

b) In case J = J*, define J9 :=J for all g € RU {oc}.

Alongside the operator J¥), we consider the operators Jég) (n € N) in the
Hilbert space lo(N) & span{dy,...,0,} defined by restricting J@ to Iy(N)e
span{dy,...,d,}. Thus, Jflg) is a self-adjoint extension of the Jacobi operator
whose associated matrix is (1.1) with the first n columns and n rows removed.

Finally we introduce the perturbed operators J¢)(#). They are defined as
follows. Consider J) with fixed g € RU {00} and take any 6 > 0. Then

J9(0) = J9 + g1 (0% — 1) (51,) 61 + b (0 — 1)((01,) Ga + (02,) 61),  (2.4)

where we take the inner product to be antilinear in its first argument. By this
definition, .J(9) (0) is a self-adjoint extension of the Jacobi operator whose associ-
ated matrix is (1.3). Note that .J(9)(f) is a finite-rank perturbation of J) and
thus dom(J9)) = dom(J¥)(6)).

Fix g € RU {oo} and take the resolution of the identity £ (t) of J9), so

gl _ / LB (1) .
R

Since J) is simple [1, Sec. 2.2, Chap. 4], it is particularly useful to consider the
function

P9 (1) = <51,E(9) (t)51> , teR. (2.5)
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It turns out that all the moments of the measure generated by o9 are finite [1,
Thm.4.1.3], that is,

Sp = /tkdp(g) (t)<oo  VkeNU{0}, (2.6)
R

and the polynomials are dense in Lo(R, dp'9)) [1, Thms. 2.3.2,4.1.4], [23, Prop. 4.15].
In this work we also make use of the so-called Weyl m-function

M) = (81, (J9 D7), (¢ o(JD). (2.7)

The functions (2.5) and (2.7) are related by the Borel transform, viz.,

(9)
mi(o) = [ 4=,

R

so m9 is a Herglotz function, i.e.,

(9)
mm @) 0. Imc>o.
Im(
Using the von Neumann expansion for the resolvent (cf. [27, Chap. 6, Sec. 6.1])
N-1
B J@k J@HN B
(9 — (D™= Z (Ck+i * ( CN) (9~ ¢,
k=0

where ¢ € C\ o(J¥)), one can easily obtain the asymptotic formula

m(g)(o Sl +0(¢c™, (2.8)

as ¢ — oo (Im¢ > ¢, € > 0).

The inverse Stieltjes transform allows to recover the spectral function (2.5)
from its corresponding Weyl m-function (2.7). So they are in one-to-one cor-
respondence. Furthermore, either (2.5) or (2.7) uniquely determines the Jacobi
operator J(9)| i.e., the matrix (1.1) and the parameter g in the non-self-adjoint
case. Indeed, there are two general methods for recovering the matrix (1.1) that
work without any assumption on the spectrum. One method, developed in [9]
(see also [26]), makes use of the asymptotic behavior of the Weyl m-function and
the Riccati equation [9, Eq.2.15], |26, Eq.2.23|,

Bm@(C) = gu— ¢~ ——. neN, (29)
mngf1(§)
(9)

where m,,’ (¢) is the Weyl m-function of the Jacobi operator J (mo =m).
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The other method of reconstruction (see [3, Chap. 7, Sec. 1.5] and, particularly,
[3, Chap. 7, Thm. 1.11]) has its starting point in the sequence {tk}gozo, t € R. From
(2.6) all the elements of the sequence {t*}?°  are in L(R,dp!9)) and one can
apply, in this Hilbert space, the Gram-Schmidt procedure of orthonormalization
to the sequence {t*}2°,. One, thus, obtains a sequence of polynomials { P, (¢)}°,
normalized and orthogonal in Ly (R, dp9)). These polynomials satisfy a three-term
recurrence equation [3, Chap. 7, Sec. 1.5], |23, Sec. 1]

th_l(t) = bk_lpk_g(t) + quk_l(t) + bkpk(t) , keN \ {1} , (2.10)
tRhy(t) = qPo(t) + b1 Pa(t), (2.11)

where all the coefficients by, (k € N) turn out to be positive and ¢; (k € N) are
real numbers. The system (2.10) and (2.11) defines a Jacobi matrix which is the
matrix representation of either J) or a restriction of J() depending on whether
J = J* or not.

The function (2.7), equivalently (2.5), determines the parameter g which de-
fines the self-adjoint extension when the reconstructed matrix turns out to be the
matrix representation of a non-self-adjoint operator. Indeed, consider a pole v of
m(9) (see Remark 1 bellow) and evaluate Py (7), k € N. Then either

klgrolo br(Qr—1(0)Pr () — Pe—1(7)Qx-1(0)) =0,

which means that g = oo, or

= limy o0 b (Pr—1(0) Py (y) — Pe—1(v)Pr—1(0))
limy, o0 b (Qr—1(0)Pr(7) — Pr1(7)Qx—-1(0)) -

The details of this technique are explained, for instance, in [22, Sec.2].

Since any simple self-adjoint operator in an infinite dimensional Hilbert space
is unitarily equivalent to some operator J = J* [1, Thm.4.2.3], [2, Sec. 69], in the
case J = J*, o(J9) may be any non-empty closed infinite set in R. In particular,
J) may have discrete spectrum, that is, oess(J@) = . When J # J*, this is
always the case, that is, all self-adjoint extensions J) of the non-self-adjoint
operator J have a discrete spectrum [27, Lem. 2.19].

Assume that J has discrete spectrum (this always happens if J # J*), so the
spectrum is a sequence of real numbers, {\;}r, without finite points of accumu-
lation. The simplicity of J¢ implies that all eigenvalues are of multiplicity one.
In this case the function p(9)(t), defined by (2.5), can be written as follows:

P =3 = (2.12)
ag

A<t
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where the coefficients {ay}x are called the normalizing constants and according
to [3, Chap. 7, Thm.1.17] are given by

an =Y Pl (2.13)
k=0

Thus, from (2.12) and (2.7) one has that

W03 mg 2

k

R em ark 1. In the case of discrete spectrum, the set of poles of the
meromorphic Weyl m-function coincides with o(J@). By (2.9), the set of zeros

(g))

coincides with o(J;”"). The zeros and poles of the Weyl m-function are simple
and interlace as occurred to any nonconstant meromorphic Herglotz function.
Interlacing means that between two contiguous poles there is exactly one zero

and between two contiguous zeros there is exactly one pole (see the proof of [16,
Chap. 7, Thm. 1]).

Remark 2 By elementary perturbation theory (Weyl theorem), J(¥ has
discrete spectrum if and only if J(9)(8) has a discrete spectrum. Note that J(9)(8)
has simple spectrum since it is a self-adjoint extensions of a Jacobi operator.

Remark 3. Let us comment briefly on the criteria for discreteness of o(J(@))
on the basis of the matrix entries in (1.1) when J = J*. Consider a matrix whose
main diagonal is a sequence {g}3>, of pairwise distinct real numbers without
finite accumulation points and the sequence defining the off-diagonals {b;}3°, is
such that by, = o(gi) as k — oo. Then it can be shown that J is the sum of the op-
erator D whose matrix representation is diag{qy}3; and a perturbation relatively
compact with respect to D. By perturbation theory, J is thus self-adjoint and
has discrete spectrum. Of course, there are other examples of self-adjoint Jacobi
operators having discrete spectrum and whose matrix representation diagonals do
not satisfy the conditions just given (see, for instance, [19, 21])

Rem ark 4. There are conditions on the entries of (1.1) which guarantee
that J # J* (see, for instance, [1, Addenda 1] and [3, Thm. 7.1.5]). Thus, for (1.1)
satisfying those conditions, J) has discrete spectrum [27, Lem. 2.19].

Rem ark 5. Consider the mass-spring system of the Introduction. On the
basis of Remarks 3, 4, and by means of the recurrence equations given below in
Remark 11, one can construct a mass-spring system whose corresponding operator
J) has a discrete spectrum.
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3. Direct Spectral Analysis of J9 and J9 ()
We begin this section by noting that
J9 = g90), vo>o0.

Fix g € RU{oc} and consider the Weyl m-functions m(9), m(99) of the operators

J@ and J@(9). Therefore, taking into account that mgg) and mgg’e) coincide,
(2.9) implies that

b <C + m(g)(g)) =6t m(9:9)(¢) (3:1)
Let us now consider the function
(9)
m(¢) := 77:(97 9)((% . (3.2)

Remark 6. Inview of Remark 2, if J9 has discrete spectrum, then the
function m is meromorphic by (3.2). Since the zeros of m¥ and m99 are the
same (see Remark 1), it follows that for all § > 0 the set of poles of m is a subset
of o(J), while ¢(J@ (0)) contains all the zeros of m. Observe also that, from
(3.1), 0 € o(J9) if and only if 0 € o(J9 (). Moreover, whenever 6 # 1, (3.1)
implies that the sets o(J(9)) and o(J¥)()) can intersect only at 0.

Remark 7. By[15, Chap.7, Thm.3.9], the zeros of m are analytic functions
of the parameter §. The same is true for the eigenvectors of J9)(6).

Proposition 3.1. Let J9 have a discrete spectrum and let {\,(0)} be the
set of eigenvalues of J9(0) (6 > 0). For a fized k the following holds:

i>\1c('9) = Zjﬁz; ;

do

where ag(0) is the normalizing constant corresponding to A (6).

Proof Letusdenote by f(f) the eigenvector of J (6) corresponding to
A (6). We assume that f(#) is normalized in such a way that

(01, £(0)) =1. (3-3)

Pick any small real 7 (it suffices that |7| < 6). Then, taking into account that
dom(J9)) = dom(JW (6)) and the self-adjointness of J@)(g) for any 6 > 0, we
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have that
k(O +7) = M(0)) (£(6), £(0 + 7)) = (£(8), T 9+T)f(9+7)>
<J<9 0+T)>
- <f(0 ), J<9> O +7)— J9 () +J(9)(9))f(9+r)>
<J<9 o) f 0+T)>
- <f ), ( J<g O+7)— J(g)(H))f(0+T)>.

From (3.3) it follows that the entries f(6 +7) and f(@) are the polynomials of the
first kind associated to the matrix of J@( + 7) and J9)(8), so

Me(O+7)—(0+7)>q
(9 + T)bl

Ak(0) — 0%qy

f2(0+7) = o0

) f2(0) =

Now, taking into account these last equalities and (3.3), together with

(207 +7%)q1 b1 0 O
Tby 0 0 O

J9O+7)—J90) = 0 0 0 O ’
0 0

0 0

one obtains that

(wlO+7) = (0 (7(0),£(0+ 7)) = (2L o 2400,

Therefore, on the basis of Remark 7, one has

Ak(9+7)—>\k(9) . 1 <)\]€(9+T) + Ak(9)> . 2)\k(‘9)

M R GOSer o\ evr 0 )T )

The proposition below can be proven by means of Remark 6, 7, and Proposi-
tion 3.1. However, we present an alternative proof based on the expression

m(¢) = (6% = m' V() + 6%, (34)
which follows from (3.1) and (3.2).
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Proposition 3.2. Fiz g € RU{oo} and let J9) have a discrete spectrum. The
spectra o(J9)), o(J9)(6)) interlace in Ry and R_. Moreover, o(J9(0)) in R,
(R_) is shifted with respect to o(J9)) to the left (right) if < 1, and to the right

(left) if 0 > 1.

Proof In view of Remark 6, one only needs to verify that between two
positive and contiguous eigenvalues of J) there is only one eigenvalue of .J(9) (0)
and vice versa. Take two positive and contiguous eigenvalues of o(J (g)), A< A
Due to (2.14), one has

lim m9(t) = +oo, lim mY(t) = —c0. (3.5)
t— A~ t—AT
teR teR

Now, in (3.4) assume that & > 1. Thus, because of the positivity of A, X, (3.4)
and (3.5) imply that

lim m(t) = +o0, lim m(t) = —o0.
t—A~ t—AT
teR teR

Since m is analytic on the interval (), X), it should cross the 0-axis an odd number
of times. If it crosses this axis three or more times as in Fig. 3 (a), then, by
Remarks 1 and 6, there are at least two elements of O’(Jl(g)) in (A\,A). But,
because of Remark 1, this would contradict the fact that A, \ are contiguous.

~) J
I, b |

Fig. 3. Impossible crossings of the 0-axis by m

Observe that one should discard the possibility of one crossing of the 0-axis
and a tangential touch of it as in Fig. 3 (b) and (¢). But again the impossibility
of this follows from the fact that the poles of m(9?) are simple (see Remark 1).
Analogously, between two contiguous eigenvalues of J(@(6), the function n% R
crosses the 0-axis exactly once. Thus, the interlacing in R has been established.
By the same token, the spectra interlace in R_. The case 6 < 1 is treated in a
similar way. The second assertion follows directly from Proposition 3.1. ]

Remark 8 We note that o(J@)NR,, o(J@)NR_, may be finite or
empty.
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4. Inverse Spectral Analysis for J9 and J9(0)

In this section we find some necessary conditions for the spectra of J) ()
(0 > 0). Also we provide a reconstruction algorithm of the Jacobi matrix and
establish uniqueness of the reconstruction. Some of the formulae obtained in this
section (see, for instance, Corollary 4.1) have their analogous in the finite case [7],
[20].

A central part of our approach is the Weyl m-function and its properties. We
begin our discussion by setting out a convention for enumerating the elements of
the spectra.

Convention. For a given countable set of real numbers S without finite points
of accumulation, let M be an infinite subset of consecutive integers such that
there is a one-to-one increasing function h : M — S with the property that
h=1(0) = {0} when 0 is in S. Thus, M is semi-bounded from above (below) if
and only if the same holds for S. We write S = {\; }renr, where A\, = h(k). Note
that in the sequence {A;}reas only Ag is allowed to be zero. Thus, if —1,1 € M,
then

A1 <0< A,
In the sequel, the spectra of all operators will be enumerated according to this
convention.

When {Ag}rens is considered together with a sequence interlacing with it, we
use the same set M for enumerating both sequences. For instance, if {\}rens
and {ux }ren are interlacing and not semi-bounded, then one can assume that

)\k<,uk<)\k+1, Vk e M.

The following auxiliary result can be found in [22, Sec. 4]. We sketch the proof
here for the reader’s convenience.

Lemma 4.1. Let J9 have a discrete spectrum and assume that o(J9) =

{\e}kers, and O’(Jl(g)) = {nk}tkem- Then, the following formula holds for the
Weyl m-function of J@

m@(¢) = CE:ZO I1 <1 - i) (1 - %)1 . (4.1)

O kem Mk
k0
Moreover, C < 0 and
e < Ap < Nke4-1 vk e M (4.2)
if o(J9) is semi-bounded from above, while, C > 0 and
A < g < >\k+1 Vke M (4.3)

otherwise.
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Proof  Assume first that o(J) is semi-bounded from below. Since

the greatest lower bound of J does not exceed the greatest lower bound of Jl(g),

the smallest element of { A }rens is less than the smallest one of {n }rens (see [4,
Chap. 6, Sec. 1.3]). Thus one can enumerate the sequences {\; }xersr and {ng frenr
so that they obey our convention and (4.3). According to [16, Chap.7, Thm. 1],
(4.1) holds with C > 0.

Clearly, when o(J)) is not semi-bounded, the sequences can be arranged to
obey (4.3), and then (4.1) holds with C' > 0.

Now suppose that ¢(J@) is semi-bounded from above. Then o(—J)) is
semi-bounded from below and, consequently, the greatest element of {ny}rens is
less than the greatest one of {A;}xear. Thus {Ag}renr, and {n;trens cannot be
arranged according to (4.3). However, we are still able to use (4.3) for arranging
the zeros and poles of the meromorphic Herglotz function —ﬁ, that is, we use
(4.2). Therefore [16, Chap. 7, Thm. 1] gives

R BTGPt SO\ 6
mo(Q) C—Wokl;\L(l A;) <1 nk> e
k0

For completing the proof it only remains to note that the last equation can be
rewritten as asserted in the lemma. The infinite product in (4.1) is convergent
because of (4.2) (see the proof of [16, Chap. 7, Thm. 1]). ]

Another auxiliary simple result to be used later is the following lemma.

Lemma 4.2. Let J9 have a discrete spectrum and {\,(0)}r be the set of
eigenvalues of J9)(0). Then, the series

keM k()

converges uniformly in [01,62] C Ry to s1(0) (see (2.6)).

Proof. From (2.6) and (2.12), it follows that the series converges pointwise
to s1(0). The series

> AL (6) (4.5)

keM k()

converges also pointwise to the function s3(#). Since this function is continuous
in [01,02], then (4.5) is uniformly convergent in that interval (see [28, Sec.1.31]).
Now, for any 6 € [0, 02] and |\x| > 1, one has

so (4.4) is uniformly convergent in [0, 65]. |
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R em ark 9. Proposition 3.2 tells that the interlacing of the sequences
o(J9Y) = {\e}r and o(J(0)) = {ux}r is different in R, and R_. So let us
agree to enumerate the sequences according to our convention (the subscripts of
the sequences run over M and only the eigenvalues with subscript equal zero are

allowed to be zero) and obeying

Ak < pg < Ag1 in Ry, pr < Ak < pyr in R

when 6 > 1, and

pr < Ak < pgpr in Ry Ak < pig < Aggp1 in R,

if 6 < 1.

Proposition 4.1. Fiz g € RU{oo} and 0 < 6 < 5. Let J9) have a discrete
spectrum and assume that o(J9(01)) = {M}wens and o(J9(0)) = {urYeens,

where the sequences have been arranged according to Remark 9. Then,

D (k= M) = qu(63 — 67).

keM
Proof Observe that from Proposition 3.1 it follows that
02

L ae)ds
=2 Bon(0)

01

Consider a sequence {M,}°, of the subsets of M such that M, C M, and

UnpM,, = M. Thus

02

L An(0) ) o
D (k=) =2 lim > ar®) | 7

keM b, \kEM,

By Lemma 4.2 and the fact that
81(0) = <517 J(g) (0)51> = (11‘927

one obtains

02
S (= ) =201 [ 006 = s 65— 63)
keM i
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Proposition 4.2. Fiz g € RU {oo} and 0 < 6 # 1. Let J9 have a discrete
spectrum and assume that o(J9) = { N\ eens and o(J9(0)) = {px }rerr, where
the sequences have been arranged according to Remark 9. Then,

mC):Hg:ii

keM

Proof. Consider asequence {M,}>2, of subsets of M such that M,, C M,;
and U, M,, = M. From (4.1) and (3.2) it follows that

05 0-5)

C—po ;. k#0
me) = Oy, A =
vl Tk i
k0
~C— 1o YA
a CC = Ao kg (1 #k) <1 )‘k> . (45)
k#£0

On the other hand, by Proposition 4.1, it holds true that

IO A 1F E

keM keM "% keM
k#0 kA0 k#0

From (2.8) and (3.4) it follows that

Jim m(Q)=1. (4.8)
Im(2i0>0

Also, on the basis that the second product on the r.h.s of (4.7) converges uni-
formly, one has

Jim, HC “’“: Jim I1 <1+ Ak—<>:1' (4.9)

Img>e kGM I §> keM

Thus, (4.6), (4.7), (4.8), and (4.9) imply that

H HEk
keM
k£0

and the proposition is proven. [
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Corollary 4.1. Fiz g € RU{oo} and 6 > 0. Let J9 have discrete spectrum
and assume that o(J9) = {\.}p and o(J9(0)) = {up}r, where the sequences
have been arranged according to Remark 9. Then,

92: H N — Mk

pem T Ak

where n is any element of O'(Jl(g)). Moreover, when 0 & o(J9),

0> =TT & .
11 " (4.10)
keM
and, if 0 € o(J9),
1
62 = ao JTEE -1}, (4.11)
ao—1 Rt
kA0

where ag is given in (2.13).

Proof. The first two identities for 62 are a straightforward consequence of
Proposition 4.2 and (3.4). As regards to (4.11), note that from (2.14) one has

apt = — Res m((). (4.12)
=Xk
Thus, according to (3.4),
6% — ag (6> — 1) =m(0) = ] &£. (4.13)
Ak

keM

kA0
[

Remark 10. Due to (4.18) and the properties of the normalizing constants,
when 0 € O'(J(g)), one of the following inequalities holds depending on the value
of 0 # 1:

i
Ak

2

6? <m(0) = <, 1 <m(0) = < 6%

keM
k#£0 k+#0

Theorem 4.1. Fiz g € RU {oo} and § > 0. Let J9 have discrete spectrum
and assume that 0 & o(J9)). The spectra o(J9)), o(J9(0)) (0 # 1) uniquely
determine the Jacobi matriz (1.1), that is the operator J, the parameter 6 defining
the perturbation, and the parameter g specifying the self-adjoint extension when

J # J*.

Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 2 181



. del nio, vi. Audryavtsev, and L..U. dliva

Proof. Given the sequences o(J@) and o(J(8)), one finds the parameter
0 from (4.10). Proposition 4.2 yields the function m and equation (3.4), the Weyl
function m(9). According to the Preliminaries, this function allows to recover the
matrix associated to the Jacobi operator and the parameter g which determines
the self-adjoint extension when J # J*. ]

Theorem 4.2. Fiz g € RU{co} and > 0. Let J9) have a discrete spectrum
and assume that 0 € (J9). The spectra o(J9), o(J9(0)) (0 # 1), together
with either q1 or ag, uniquely determine the matrix associated to J, the parameter
0, and the parameter g when J # J*. Alternatively, the spectra o(J9)), o(J@)(6))
and the parameter 8 # 1 uniquely determine the matriz corresponding to J and
the parameter g when J turns out to be nonself-adjoint.

P r o o f. This follows immediately from the proof of the previous theorem,
taking into account (4.11). Note that 6 can be determined either by Proposition
4.1 or by the asymptotic formula

m(C) =1+ 91(1<— 6%)

as ¢ — oo (Im¢ > €, € > 0), obtained by combining (2.8) and (3.4). ]

+0(¢?),

R emark 11. Theorems 4.1 and 4.2 solve the problem of reconstructing
the matrix from spectral data. However, in order to solve the inverse problem for
the mass-spring system, one should also recover the masses and spring constants
from the matrix entries. This is actually not difficult as it is shown below (cf. [17,
Chap. 8]).

On the basis of (1.2), one finds the equations

kjv1 = —(kj +qymy),

2
Mig = kj+1
J+1 — 72
m]bj

which allow to find recursively all spring constants and masses of the system from
the first spring constant and mass. Note that, when the parameters k1 and my
are given, only the quotient % does not depend on the choice of mass unit.
This quotient has a concrete physical meaning: it equals the squared natural
frequency of the mass m; attached with the spring k; to a fixed support. Thus,
it is physically convenient to find a way of expressing k;/m; in terms of ki /m;.
This is achieved by means of the following continued fraction:

kjv1 _ - b

mjt1 R

QJ b%

(11-1-,]:1—11

..q2_
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which is constructed from % upwards (cf. [17 p. 76]). We remark that, unlike

the finite matrix case, here one cannot apply without substantial changes, the
method developed in [17, Chap. 8] for determining the set of admissible values for

the quotient 7% Admissible values of £L are those for which “Z*L is a positive

. mi my+1
real number for any j € N.

5. Necessary and Sufficient Conditions for the Spectra of J\9
and J9(0)

The following statement gives an if-and-only-if criterion for two sequences to
be the spectra of J and J@(g). In the finite case the interlacing condition
given in a) (see below) is necessary and sufficient [7],[20].

Theorem 5.1. Given two infinite real sequences {Ap}r and {ug}tr without
finite points of accumulation, such that none of them contains the zero, there is
a unique positive 0, a unique operator J, and a unique g € RU {oo} if J # J*,
such that {pg}r is the spectrum of J9)(0) and {\}y is the spectrum of J9) if
and only if the following conditions are satisfied.

a) { A}tk and {pg}r interlace in Ry, R_ with one sequence shifted to the right
(left) in Ry, (R_) with respect to the other one. Thus, the sequences can be
ordered according to Remark 9.

b) The following series converges

> (k= i),

keM
-
By condition b) the products M, H H e convergent, so define
Ak — A\ Ak
keM keM
k#n
E— A
(:un - )\n) H
%EM k n
T = il , VneM. (5.1)
An ( Br _ 1>
Ak
keM
¢) The sequence {Tp}nenr is such that, for m =0,1,2,..., the series

Z N conwerges.
keM
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d) If a sequence of complex numbers {fy ke s such that the series

Z |5k|27'k converges

keM
and, form=0,1,2,...,
> BT =0,
keM
then B, =0 for all k € M.

Proof. Inview of Propositions 3.2 and 4.1, for proving the necessity of the
conditions, it only remains to show that for all n € M, 7, = a;;!. Indeed c) and
d) will follow from the fact that all moments of the spectral measure (2.12) exist
and that the polynomials are dense in Lo(R, p(9)).

From (3.4), (4.12), and Proposition 4.2 , it follows that

71_;1. )\n_c
i _92—1<E§1n g

m(¢)
92—1 H A, —)\k'
k;én

Hence, by Corollary 4.1, one verifies that 7, = a, *.

We now prove that condltlons a), b), ¢) and d) are sufficient.
The condition a) implies that

An — Pk
)\n_)\k

> 0, Vke M, k #n.

On the other hand, by b) one can define the number
K= H Hr (5.2)
k‘GM

which is clearly positive and also x > 1 if |ug| > |[\g| for all k € M and k < 1 if
|pk] < |Ag| for all k € M. Thus,

n_>\n

Hence, for all n € M, 1, > 0, so define the function

t) = Z TE - (5.3)

A<t
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It follows from c) that the moments of the measure corresponding to p are finite.
Now, on the basis of a) and b), define the meromorphic functions

w0 = [ =

and

o- 115

(C) = (5.4)
(kEM )
Thus, taking into account (5.1), one has
Res m(¢) = Bk 1 lim = "m(C) = —7n. (5.5)
=An Ak (=xn G
keM
In view of what was done earlier,
Jim () =1. (5.6)
ImC> es0
Therefore,
-1 _
lim  m(¢) = ( % - 1) lim # — 0. (5.7)
Irééiio ken “F Irééiio
y (5.5) and (5.7), [16, Chap. 7, Thm. 2| implies that
=y )\k; = (5.8)
keM

On the other hand, using (5.6), one obtains

—1
[, )= ( " —1> Jo ( -1l “’“) =~
Im(>e>0 keM Im¢>e>0 keM

im Q) == 7

Im(>e>0 keM

But
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so it has been proven that, for the function given in (5.3),

/dp(t)zl.

R

Thus the measure corresponding to p is appropriately normalized and all the
moments exist, so in Ly(R, p) apply the Gram—Schmidt procedure of orthonor-
malization to the sequence {t;}72, to obtain a Jacobi matrix as was explained in
the Preliminaries. Denote by J the operator whose matrix representation is the
obtained matrix (cf. [2, Sec. 47]). Now, depending on the sequence of moments,
J is self-adjoint or not. If J = J*, the function p is the resolution of the identity
of J, while if J # J*, p corresponds to the resolution of the identity of a self-
adjoint extension of J. This is a consequence of condition d) since it means that
the polynomials are dense in Lo(RR, p) |23, Prop. 4.15].

Finally, denote by J@ the self-adjoint extension of J corresponding to p and
consider the operator .J(9)(#) obtained from J(¥) as indicated in the Preliminaries
with 6 given by (4.10). By the construction, the sequence {\g }rens is the spectrum
of J. For the proof to be complete it only remains to show that {ug}rens is
the spectrum of .J(@)(6). For the function given in (3.2), taking into account (3.4)
and (2.14), one has

1

m(¢) = 0%+ ¢ (6> - 1) Zm.

On the other hand, from (5.4) and (5.8), it follows that

m() =62 +¢ (07 —1) >

keM

Tk

A — ¢

But we have already proven that a,;l = 75 for kK € M. Thus m = m, meaning
that the zeros of m are given by the sequence {p trens- [ |

Theorem 5.2. Let {Ap}r and {ui}r be two infinite real sequences without
finite points of accumulation such that each of them contains exactly one element
equal zero, and consider any positive real number 0 # 1. There exists a unique
operator J, and a unique g € RU{oo} if J # J*, such that {uy}y is the spectrum
of JY9(0) and {\;} is the spectrum of J'9 if and only if the conditions a), b),
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¢), and d) hold with

/J’n_)\n /Jfk_)\n
= , M,n#0,
b wr-meyl § v iR s
keM

k#n

 (p2 -1 2 Kk
70 := (6% —1) G—HA—k,

keM
k20
where
< H % if {prtr is shifted to the left in Ry w.r.t. { g},
0* i | (5.9)
> —  otherwise.
Ak
keM
k0

Proof. The proof is analogous to the proof of Theorem 5.1. Recall that by
our convention for enumerating the sequences A\g = pg = 0. Thus, for proving the
necessity of the conditions a)-d), one only should verify that 7o = ay ' and (5.9)
holds. This is immediate in view of (4.13) and Remark 10. The sufficiency of the
conditions is established as in the proof of Theorem 5.1. Here, one substitutes
(5.2) by

T
o
and (5.4) by )
~ m(¢) — 6
m(¢) := % ; ¢#0.
Then, one verifies that Res¢c—y, m(¢) = —7, for all n € M and ), ;7 = 1.

Note that (5.9) guarantees that 7, > 0 for all n € M. The rest of the proof
repeats that of Theorem 5.1 taking into account that now the zeros of m are given

by {x}renr \ {0} u

Theorem 5.3. Given two infinite real sequences {Ap}r and {ug}tr without
finite points of accumulation such that none of them contains the zero, there is a
unique positive 6 and a unique operator J = J* such that {uy}r is the spectrum of
J9(0) and { Ny} is the spectrum of J if and only if conditions a), b), c), together
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with
S0 S1 Sn
det | 1 %2 Snt1
d’) lim Sn Sn+1 S2n —0,
n—oo S4q S5 s Sn+2
det S5 S6 Sn+3
Sn+2 Sn43 S2n

where s, ==Y, 2p ARk for n in NU{0} are fulfilled. Note that by our convention
on the notation J9 (0) is a non-singular finite-rank perturbation of J which does
not depend on g.

Proof.  We again repeat the reasoning of the proof of Theorem 5.1.
Clearly, s, (n € NU{0}) are the numbers given in (2.6). Thus, on the basis of
Hamburger’s criterion (see |1, Addenda 2, Sec.9]), d’) holds when J = J*. For the
sufficiency, note that due to [1, Addenda2,Sec.9|, d’) implies that the measure
corresponding to the function given in (5.3) is the unique solution of the moment
problem, so J = J* and d) is not needed. [ |

Rem ark 12. Admittedly, d’) is not easy to check, however it allows to
give the necessary and sufficient conditions in the self-adjoint case. Note that one
can also give the analogous self-adjoint version of Theorem 5.2 by substituting
condition d) for d’).

Acknowledgments. The authors thank the referee whose comments have
led to an improved presentation of this work.
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