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1. Introduction and Functional Settings

In this paper we consider the nonlinear Mindlin—Timoshenko model of a ther-
moelastic plate with heat conduction of Cattaneo type (for review see [1]). The
Mindlin—Timoshenko model describes dynamics of a plate in view of transverse
shear effects (see, e.g., [2, 3] and references therein). Unlike the classical Fourier
constitutive law, the Cattaneo model describes heat conduction processes under
the assumption of finite speed propagation of disturbances.

We assume that the plate has a uniform thickness A and, when in equilib-
rium, its middle surface lies in the bounded domain Q C (z1,x2,0) with the
sufficiently smooth boundary 9€). The integro-differential equations for the vec-
tor of angles of deflection of the filament v(z,t) = (vi(x,t),va(x,t)) € R2, the
transverse displacement of the middle surface w(z,t) € R, the temperature varia-
tion O(x,t) and the heat flax ¢(z,t) averaged with respect to the thickness, where
x = (x1,22) € Q and t > 0, are the following:

agvy + Pove — Av + p(v + Vw) + VO + V,@(v) =0,
aqwy + Sfrwg — pdiv(v + V) + g(w) = 0,

v0; + kdivq + Gdive, = 0,

wqr +q+ Vo =0.
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Here the vector function V,®(v) = (0y, ®(v1,v2), 0y, P(v1,v2)) and the scalar
function g(w) are the feedback forcing terms. The parameters o, a1, 5o, f1, O,
v, K, lt, w are positive constants. The operator A has the structure

2 1—v 92 1+v
aﬁm + 2 a:m 2 aﬂﬁlm
A= = Vdiv —
14+v 1-v 92 2
2 8901@ 2 azl + a362

1—v

rotrot,

where 0 < v < 1 is the viscoelastic Poisson’s ratio.

The Timoshenko systems have been treated by many authors. There are
several works investigating the presence or the lack of the exponential stability
of linear and nonlinear problems with various types of damping and boundary
conditions for the Timoshenko ( see, e.g., [4, 5]) and Timoshenko—Cattaneo prob-
lems [6, 7]. The existence and the properties of attractors for the related systems
were established in [8-10]. In [8], the existence of a compact global attractor
for the Mindlin—Timoshenko elasticity and its upper semicontinuity, as the shear
modulus tends to infinity, are shown. Paper [10] is devoted to the existence of
a compact global attractor and its properties of the Mindlin—Timoshenko vis-
coelastic system of memory type coupled with Gurtin—Pipkin heat conduction
equations (see [11] for the model description). The long-time behavior of the
Mindlin—Timoshenko problem

aguy + Bovy — Av + p(v + Vw) + VO + V,&(v) =0,
aqwy + frwy — pdiv(v + Vw) + g(w) = 0,

~0; — ﬁ S n(3)AT(s)ds + Bdivey = 0, (2)
0
O=m+715, s>0

for the model with Gurtin—Pipkin heat conduction with Dirichlet boundary con-
ditions was studied in [9)].

The main goal of the paper is to study the long-time behavior of the semilin-
ear thermoelastic Mindlin—Timoshenko—Cattaneo system with locally Lipschitz
nonlinearities of any polynomial growth (of odd degrees) and to establish the
closeness of the family of attractors to the attractor of the Fourier thermoelastic
model in a suitable sense in limit case w — 0. In the present paper, we establish
the relation between the dynamics of problems (1) and (2). It is shown that
(1) can be decomposed into two systems. The energy of the first system decays
exponentially to zero. The dynamics of the second one is connected with the
dynamics of system (2) according to the law given in Lemma 2. Additionally, we
describe the relation between the structures of the attractors of systems (1) and
(2). We also establish the upper-semicontinuity of the family of attractors of (1)
with respect to the relaxation time.
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Rewrite the thermoelastic model with second sound (1) in the following way:

Puy + Muy + Au+ RO = F(u),
0 + rdivq + Bdive; = 0, (3)
wqr +q+ Vo = 07

and subject it to the initial and boundary conditions

u(z,0) = ug(z) € [HHQ)]?, w(z,0) =ui(x) € [L2(Q))?, x€Q,

The operator A with the domain
D(A) = {u = (v1,02,w) € [(H? N Hy)(Q)]*}
has the structure
A —A+pul  uV
a —pdiv —pA )

Obviously, A is a positive self-adjoint operator with the square root possessing
the domain D(AY/2) = [H}(Q)]3. Tt is easy to see that the operators

{R: H}(Q) — [L*(Q)]?, RO = B(616,020,0)}
and
{Q: [Hy(Q)]® — L*(Q), Qu=—p(d1u1 + Oyuz), u= (ur,up,u3)}

possess the property (R6,u) = (6, Qu) for any § € H}(Q) and u € [H}(Q2)]?. The
bounded in [L?(2)]? operators P and M are defined by the formulas

o Oéo] 0 o ﬁo[ 0
P_< 0 OqI)’ M_<0 ﬁlf)'

The nonlinear term has the structure

—8U1(I>(1)1,1)2)
F(u)=| —0u,®(v1,v2) |, u=(v1,v2,w). (5)
—g(w)

We assume that the memory kernel 7)(s) possesses the properties
n e CHRY) N LHRY), (6)

moreover,

n(s) =0, (7)
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and for any s € RT there exists [ > 0 such that for any s € R"

1'(s) +In(s) <0. (8)
We will use the notation )
s
nls) = —5n(2) )

Introduce a Hilbert space L2 (R*, H!(Q2)) of H'-valued functions on R* (I € R)
such that

Il e = @ [ 1l (s) By < o,
0

which denotes a norm in this space. We endow L2 (R*, H!(2)) with the inner
product

[e.e]

(01, P2) 12 R+, HL(Q)) = w/ﬁw(s)(éﬁl(s)a¢2(8))Hl(9)d8'
0
We will also need the space

Hy,(R*, Hy () = {¢: ¢(s), ¢s(s) € LE(RT, Hy ()}

Define the operator T, : D(T,,) — L?(Q2) with the domain

D(T,) = {r € IZ(RY, H(Q /m JArds € L2(Q), 7]y = 0}
0
by the formula
T, = —/nw(s)ATds.
0

We assume that the nonlinearities of the problem satisfy the conditions
geC'(R), ®eC*R?, (10)
and there exist ¢ > 0 and C > 0 such that

9/(2)] < CU+[2l), )
RD(2)] + 1030 (2)| + 01020 (2)] < C(1+ 2],

Moreover, there exist b; € R, ¢ = 1,2 such that
(D(Zl,ZQ) Z —bl,
z
= [ g(¢)d¢ > —bs.
0
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We also assume that there exist a; > 0,7 = 1,4 such that

—a1P(2) + V. P(2) z > —ao,

—a3G(2) + g(z) z > —ay. (13)

In the paper we will establish the relation between problem (3)—(4) and the
Gurtin—Pipkin thermoelastic model considered in [9]:

Puy + Muy + Au+ RO = F(u), (14)

v0r + T — Qui = 0, (15)

0=m+7, s>0 (16)

Ult=0 = uo, Ut|lt=0 = u1, Olt=0 = 0o, T(t,s)|t=0 = 10(s), s>0. (17)

Introduce the space
Xo = D(AY?) x [LA(Q)] x L*(Q) x [LA(Q))?

with the inner product

(75} u9
\9? , gz = (AY2uy, AY2u9)+ (P %y, PY/%v5) +7(61, 02) +wr(qi, qo)
a1 q2 X,

and the space
D ={¢ € [L*N)]?:dive € L*(Q)}

with the inner product
(q1,q2) p = (divas, divae) + (a1, q2).
We define the operator B, : X, D D(B,) — X, with the domain
D(B.,) = {(u,u,0,q) : u € D(A),u € D(AY?),0 € H}(Q),q € D}

by the formula

0 I 0 0
g _ | PA —PT'M —P7IR 0
© 0 Q 0 —Zdiv
Y Y
0 0 -iv -1

We will use the notations Z(t) = (u(t),u(t),0(t),q(t)) and Zy = (uo,u1, 6o, qo)
€ X, where u(t) = u¢(t). Then the problem (3)—(4) can be rewritten as follows:

L 7(t) —BuZ(t) = f(Z(t)),
“ Z(0) = Zp. -
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Introduce the space
H, = D(AY?) x [LA(Q)® x L*(Q) x LL(RT, Hy (%))

with the inner product

Ul u9

Zl , ;2 = (AY2uy, AY2uz) + (vi,v2) +7(01,02) + 2(V71, V7).
1 2

1 T

H,

Al = 1

with the domain
D(AL) = D(A) x D(AY?) x Hg(Q) x [D(T,) N HL(RY, Hy(2))].
For problem (14)—(17), we use the result obtained in [9]:

Proposition 1. The operator Al, is the generator of the Cy-semigroup U (t)
on the space H,,.

Relying on this result we give the definition of the mild solution to (14)—(17).

Definition 1. The function Z = (u,u,0,7) € C(0,T; Hy,) is a mild solution
0 (14)—~(17) on the interval [0, T| subjected to the initial conditions Z(0) = Zy =
(ug, u1,00,70) if the relation

Su(t)Zo = Z(t) = U(t)Zo + / Ut — 5) f(Z(s))ds
0

holds true for any t € [0,T).

The long-time behavior of the dynamical system generated by problem (14)—
(17), i.e., the existence and the properties of the compact global attractor, was
studied in paper [9]. By definition (see, e.g., [12, 13]), a global attractor is a
bounded closed set 2, C H,, such that S, (t), = 2, for all t > 0, and

lim supdist(S(t)y,A,) =0
t——+o00 yeB

for any bounded set B C H,,, .
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We recall here the theorem proven in [9].

Theorem 1. Let the assumptions (6)—(8) and (10)—(13) hold. Then for any
w > 0 the dynamical system (S, (t), H,) generated by (14)—(17) possesses a com-
pact global attractor U, whose fractal dimension is finite. The family of attractors
{,} is upper semicontinuous at zero, i.e.,

sup disty, (y,%0) — 0, w — 0,

yeA,
where
ug
U o
Ay = Yy = ! w1 ey,
0o 0
0 0

where A is the compact global attractor of the dynamical system generated by the
problem
Puy + Muy + Au+ RO = F(u),
v0r — KAO — Quy = 0, (19)
uli=0 = uo, Utli=0 =u1, Bli=o = 0o

in the space [HE(Q)]3 x [L3(Q)]2 x L3(Q).

2. Long-Time Behavior

To study the dynamics of Mindlin—Timoshenko-Cattaneo system (3)—(4), we
consider the problems

Puy + Muy + Au+ RO = F(u),
v0; + kAq + Bdivey =0, €, t>0,
wq +q+0=0, (20)
u(w,()) = UO({L') S [H(}(Q)P? ut(w,O) = ul(‘r) € [L2(Q)]37
0(x,0) = 6o(z) € L*(Q), q(z,0) = go(x) € Hy(Q)
and

wpr +p =0,

p(0) = po € [LA(Q)]2 1)

Define the space
V. = D(AY2) x [L2(Q)]? x L3(Q) x H(Q)
with the norm

1, v. 8, @)|3, = A" 2ul® + |PY2v]| + 7 ]16]* + wrl| V] >
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Obviously problem (21) generates an exponentially stable dynamical system

in the space [L?(£2)]2, moreover, p = poe_ﬁ tends to zero as w — 0.
Problem (20) can be rewritten as (14)—(17) with the kernel n(s) = ke™* if we
prolong # in (20) backward in time, for instance, in the following way:

O(x,—t) = —qo(z), t>0.

It follows from the last equation in (20) that

t

_t=¢ 1 _t=s)

gz, t)=e v qo(x) — — [ e = O(x,8)ds, £<t, t>0.

w
3

Consequently, letting & tend to —oo and changing variables, we get

[ee)

q(z,t) = —% /e_zr(a:,t,s)ds. (22)

w
0
Substituting (22) into (20) and defining

7o = —sao() € L3R, HY(®)),

we arrive at problem (14)—(17). It is easy to see that the kernel n(s) = xke™*
satisfies conditions (6)—(8), and 1y = 11 = k. Consequently, Theorem 1 is valid
for the obtained problem of the kind (14)—(17). To establish the results analogous
to those stated in Theorem 1 for problem (3)—(4), we have to study the relation
between problems (14)—(17) and (20). At first we will show that the existence
of the dynamical system (S, (t), H,) generated by problem (14)—(17) with the
kernel n(s) = ke™* leads to the existence of the Cy-semigroup ¥, (¢) on the space
V., generated by the mild solutions of problem (20).

To give the definition of the solutions, we introduce the operators K : H}(Q) —
LE(RT, H(Q)) and N : L2(RY, H}(Q)) — HL () acting by the formulas

o0
1 s
Kq=—-sq and N7= —2/€WTd8.
w
0

The operators 8: V, — H, and M : H, — V,, are defined by

oo o~
oo ~O
oO~O O
o0 oo
o OO~
oo ~O
oO~O O
Zococo
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Let the operator D, : V,, D D(D,,) — V,, with the domain
D(Dy) = {(u,1,0,q) : u € D(A),u e D(AY?),0 € H}(Q),q € H* N Hy(Q)}

have the structure

0 I 0 0
D —P A —P'M —P'R 0
w = 1 K
0 SQ 0 —;IA
0 0 -5 -

The operators 91 and K possess the following properties.
Proposition 2. For any Z € D(D,,),

NALRZ =D, Z, (23)

where A, is the generator of the semigroup generated by problem (14)—(17) with
the kernel n(s) = ke=*. Moreover,

NR =1 c £(V,). (24)

Proof. It isobvious that if Z € D(D,), then RZ € D(A,). Therefore the
statement of the lemma can be easily proved by the straightforward calculations.

Let Z(t) = (u(t),u(t),0(t),q(t)) and Zy = (uo,u1,60,q0) € Vo, where u(t) =
u(t). Then problem (20) can be rewritten as follows:

#2(t) = DuZ(t) = f(Z(1)),

2(0) = Z. (25)

Lemma 1. The operator D, is the generator of the Cy-semigroup W, (t) =
NU, (t)R on the space V,,, where U,(t) is the exponentially stable Cy-semigroup
on the space H,, generated by the operator A,,.

P roof Consider the operator W, (t) = MU, (t)R. To prove that W, (¢) is
a Cp-semigroup on the space V,,, we have to check the semigroup properties. It
follows from (24) that

W, (0) =NUL(0)R =NR=1.
Now we prove that

W (r)We (t) = NUL(r) ANV, ()& = NUL(E+ r)& = Wo(t+7r).  (26)
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Define the operators U;(t),i = 1,4 as follows:
Ui(t)Zo = u(t), Uz(t)Zo = wi(t), Us(t)Zo = 0(t), Us(t)Zo = 7(t),

where (u(t),u(t),é(t),7(t)) is a mild solution to problem (14)—(17) with initial
conditions Zy. Note that U, (t) = (Ui(t), Ua(t), Us(t), Us(t)).
Point out that

Wo (W (1) Zo = MU, (r) (U1 (t) Zo, Ua(t) Zo, Us(t) Zo, KN UL(t)RZp)

— (Ut + 1) Zo, Un(t + 1) Z0. Us(t + 1) Z0, N / 0(t + £)de).

In order to derive (26), we must consider more precisely the fourth component

N/re(tJr{)dgzN j 0(&)de

t+r—s
T+t
N [ Us(§)8RZodE + (t+1 — s)Kqo], t+r—s<0
= 0 rt :NU4(ZL/+T).QZ()
N f Ug(ﬁ)Zodf, t+r—s>0
0

Consequently, (26) holds true.
It is easy to see that M € £(H,,V,) and K € £(V,, H,). This entails that
for any Z € H,,
i [We ()2 = Zllv, = lim [| N0, (1) RZ - NKZ v,
< i [N g, v IV () RZ — 82 1, = 0.
Thus, the semigroup W,,(t) is strongly continuous.

Now we will describe the generator of this semigroup. It follows from property
(23) that for any Z € D(D,,),

lim W — MNlim

t—0 t t—0

W =NALRZ =D, 7.
The lemma is proved.

Now we establish the well-posedness of problem (25).

Lemma 2. Assume that conditions (10)—(12) hold true. Then problem (25)
generates the dynamical system (3,(t),Vy). Its evolution operator has the form
Yu(t) = NS, ()R, where S,(t) is the evolution operator of problem (14)—-(17)

S

with n(s) = ke™*.
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Proof. Forany Zy= (ug,u1,00,q9) € Vo,

Z(t) = Xy (t) Zo = NSy (1) RZy = NUL(t)RZ
¢ t
+ [ WLt - ORFAZ©)dE =Wl Z0+ [ Walt - 1216
0 0
where t € [0,7T] for any 0 < T" < oo. Thus, the function Z(t) = 3,(t)Zy €
C(0,T;V,) is a mild solution to (25). The lemma is proved.

Now we are ready to state the existence result for the attractor of system (20).

Lemma 3. Let conditions (10)—(13) hold true. Then for any w > 0 the dy-
namical system (X,(t), V), generated by (25), possesses a compact global
attractor Q.

Proof. Itiseasy to see that

130 () (uo, w1, 00, go) [lv, < (Mg, v 150 () (w0, w1, o, 70) || -

Consequently, the dynamical system (X, (t),V,) possesses an absorbing ball.
Consider the set

x={ U Uns.tyo} =2 |J | Sut)¥o} (27)

Yoed, teR YoeU, teR

Since the operator M is bounded and the set { |J U Su(¢)Yo} is compact in
Yoe®l, teR
H,, set (27) is compact in V,. Let B € V, be a positively invariant set, i.e.,

., (t)B C B. Then

lim supdisty, (Z,(¢)z,K) < lim supdisty, [NS,(t)y, Ny,
t——oc0 2€B t——oco yeG

where

G={y=Rz:2z€ B} CH,

is a bounded set in H,,, § is the element on which the minimal distance in H,,
from the point S, (t)y to the set 2, is reached. Then, obviously,

lim supdisty, (X,(t)y, X) < C lim supdisty, (S, (t)y,A,) = 0.
t——+00 yEB t——+o00 2@

The above estimate implies that the dynamical system (%, (t),V,) is asympto-
tically compact. This property together with the existence of an absorbing ball
is a necessary condition for the existence of a compact global attractor Q. (see,
e.g., [12, 13]).
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Now we study the relation between problems (20), (21) and initial statement
(3). Let us introduce the operator § : V,, — X,

I 0 0 O
0 I 0 O
5= 0 0I O
0 0 0 V
It is well known (see [14]) that
[L*(Q))? = E, @ B, (28)

where
Ey={V¢:¢ € Hy(Q)} and E={¢ € [L*(Q))*: (divep,¢) = 0,6 € Hj(Q)}.

By virtue of (28), the initial condition, the problem (3) is subjected to, can be
split as qo = Vqo + po, where gy € H}(2) and pyg € E2. Therefore, we can define
the operator Py : [L?(Q2)]?> — HE(Q) by the formula Piqo = —(—A)~tdivgy = qo,
where —A is the Laplace operator with the Dirichlet boundary conditions and the
projector Py : [L%(Q)] — E3 as Paqg = po. Introduce the operators Py : X, — V,
and P : X, — X, defined by the formulas

I 00 0 I 00 0
01 0 0 01 0 0
Pri=loor1 0 | B2=10071 0
000 P 000 P

The following properties of these operators can be easily checked by the straight-
forward calculations.

Proposition 3. For any Z € D(B,,),

[ENALRP1 + %‘BQ]Z =B.,Z. (29)
Moreover,
SP1+ P2 =1 € £(Xo), (30)
and for any Z €V,
L§Z = Z. (31)

Define the operator
Sy (t)(uo, u1,00,q0) = (0,0,0, 6_5290) + §30 () (uo, u1, 0, q0)
= [e"%Pa + T (1)1 (w0, u1, 60, Qo) (32)

in the space X,,. We are in position to show that &, (t) is the evolution operator
of problem (3)—(4).
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Lemma 4. The operator B, is the generator of the Cy-semigroup Uw(t) =
SNU,, (1) RP1 + 6_59132 on the phase space X,,.

Proof First, we prove that U,(t) is the generator of the Co-semigroup
on the space V,,. To this end, we check the semigroup properties. We obtain by
(30) and (31)

Uu(0) = W (0)B1 + P2 =FP1 + Pa =1
and
Uu()0t) = FWar)BiZWa ()% + e P
:SWM(T—I—t)‘Bl—l—e w ‘Bg Uy(r +t).
It is easy to see that § € £(X,,,V,). Consequently, for any Z € X,
lim [0,()2 — Zx.

_t
= I [l[3 ] exo vo) W ()B1Z = BrZlv, + e = P2Z = B2 Z]|x,] = 0

Therefore the semigroup U, (t) is strongly continuous.
Now we describe the generator of the semigroup. It follows from (29) that for
any Z € D(B,,),

CU.0Z—2Z . W)~ 1 e w1
i = = iy 2 + oy T

— FNALRP + %%]Z _B,2Z.

The lemma, is proved.

Now we are in position to prove the well-posedness result for (18).

Lemma 5. Assume that conditions (10)—(12) hold true. Then (18) generates
the nonlinear dynamical system (S, (t), X,,) with the evolution operator defined
in (32).

Proof. Forany Zy= (up,u1,0,q0) € Xo,

t
2(t) = 6u(t)Zo = FSu()P1 20 + ¢ 5B Zy = U () Z0 + / O (t — €)1(2(€))de.
0

where ¢t € [0,T] for any 0 < T' < oo. Therefore the function Z(t) = &,(t)Zy €
C(0,T; X,) is a mild solution to problem (18). The lemma is proved.
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It follows from the above arguments that (S,(¢), X,,) is a dynamical system
possessing the compact global attractor 4, = {§Q.}.
By the definition, the fractal dimension of a set is the value
——Inn(A,e)

iy A = iy =0

b

where n(A, ¢) is the minimal number of closed balls with radius € covering the
compact set A. Obviously,

dim Q, = dimf U, (33)

Thus, to show the finite dimensionality of the attractor of the dynamical system
(64,(t), X,) it remains to prove the lemma bellow.

Lemma 6. Let (10)—(12) hold. Then the attractor Q. of the dynamical system
(X,(t), Vo) generated by problem (25) has the finite fractal dimension.

P roof Consider the restriction of 91 onto the attractor 2y, P = Ny, .
Let us show that P, € Q.. If Y € 2, then there exists a whole trajectory
Y(t) = (u(t),u(t),0(t), 7(t)) € A, passing through this point. Then PY (¢) is a
bounded whole trajectory passing through the point X = PY, i.e., X belongs to
the attractor Q,. On the contrary, let Z = (u,v,6,q) € Q,, then Y = RZ €
A, PZ =Y, ie, Q, C PA,. Therefore, PA, = Q., and the mapping P is
continuous. Consequently,

dimy 9, < dimf 2, < o0,

and the lemma is proved.

Now we will establish the upper semicontinuity of the family of attractors
{4, } with respect to the parameter w and show that problem (3)-(4) is a singular
perturbation of the classical thermoelastic Mindlin-Timoshenko problem (19).

Theorem 2. Let the assumptions (6)—(8), (10)—(13) hold. Then problem (3)—
(4) generates the dynamical system (&, (t), X.,), where the operator S, (t) is de-
fined by formula (32). For any w > 0 the dynamical system (S, (t), X.) possesses
a compact global finite dimensional attractor ,. The family of attractors {4, }
18 upper semicontinuous at zero , i.e.,

sup distx, (y,Bo) = 0, w — 0,
yel,
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where
() o
—Vb, %

Here 2 is a compact global attractor of the dynamical system generated by problem
(19) on the space [H}(Q)]? x [L2(Q)]? x L2(1).

P roof The existence of the dynamical system and the compact global
attractor was proved in Lemmas 1-5. The finite dimensionality of the attractor
follows from Lemma 6 and (33).

Since

||V/ (1 —0)ds|| < w|Vr| =0 w—0,

it follows from Theorem 1 that

lim sup distx,(y,Bo) = lim sup disty, (Mz, NRP1Bp) =0
w—0 yE, w—0 2€9,

The theorem is proved.
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