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1. Introduction

In the paper a model of rough spheres [1], first introduced by Bryan in 1894,
is studied. The methods developed by Chapman and Enskog for general non-
rotating spherical molecules were extended to Bryan’s model by Pidduck in 1922.
The advantage of this model over all other variably rotating models is that no
variables are required to specify its orientation in the space.

These molecules are perfectly elastic and perfectly rough to be interpreted
as follows. When two molecules collide, the velocities at the points of contact
are not the same. It is supposed that the two spheres grip each other without
slipping; first each sphere is strained by the other, and then the strain energy
gets reconverted into kinetic energy of translation and rotation, no energy being
lost. The effect is that the relative velocity of the spheres at the point of contact
is reversed by the impact.

The Boltzmann equation for the model of rough spheres (or the Bryan—
Pidduck equation) has the form [1-4]:

D(f) = Q(f, f); (1)

© A.A. Gukalov, 2013



Interaction between ” Accelerating-Packing” Flows for the Bryan—Pidduck Model

0 0
p(p) =D val, (2)

2
QU f) = Cé/dvl/dwl/daB(V—Vlm
R3 R3 % (3)

x [ 1V, 0] F (V2,07 = (8 V,2,0) £ Vi ,en)]

Here d is the diameter of the molecule associated with the moment of inertia
I by the relation

where b , b € (O, %], is the parameter characterizing the isotropic distribution
of the matter inside the gas particle; ¢ is the time; z = (2!, 22, 23) € R3 is the
spatial coordinate; V = (V1 V2 V3) and w = (w!,w?,w3) € R3 are the linear
and angular velocities of the molecule, respectively; % is the gradient of the
function f over the variable x; ¥ is the unit sphere in the space R?; « is the
unit vector of R? directed along the line connecting the centers of the colliding
molecules;

BV -Vi,a)=|(V-Vi,a)—(V-V,a)

is the collision term.
The linear (V*,V}") and angular (w*, w]) molecular velocities after the colli-
sion can be expressed by the appropriate values before the collision:

N 1 bd
|4 —V—b+1<b(V1—V)—2ax(w+w1)+a(a,V1—V)>,

i} 1 bd
Vi :V1+b+1<b(vl—v)_QQX(W+W1)+O‘(O"V1_V)>’

w*:w—i—d(bil) {ax(V—V1)+g[a(w—}—wl,a)—w—wﬂ},
wi‘:wﬂ—d(bil){ax(V—V1)+g[a(w+w1,a)—w—w1}}.

Exact Maxwell solutions of the Boltzmann equation for a more traditional and
simpler model of hard spheres were found and classified in detail
in [5-8]; their descriptions can also be found in [1, 9, 10]. The general form of
Maxwell solutions (i.e., exact solutions of the system D = () = 0) to the Bryan-
Pidduck equation was firstly given in [11]. In particular, there was obtained the
explicit form of the Maxwellian distribution describing ”accelerating-packing” gas
flow for this model.
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The explicit approximate solutions of kinetic equations, which have a bimodal
structure, were given by several authors. In particular, for the models of interac-
tion between the molecules, we are interested in, they are to be found in [3, 4, 8,
12-15].

In [4], the interaction of two ”screws” (stationary inhomogeneous
Maxwellians) in a gas of rough spheres was studied, and the interaction of two ”ed-
dies” (non-stationary inhomogeneous Maxwellians) for the same Bryan—Pidduck
model was described in [14]. Our goal is to study the interaction of two flows
describing the motion of the ”accelerating-packing” type. It should be noted that
the hard-sphere model was solved and described in [15].

We use the following error firstly proposed in [4]:

A= sup //dde‘D Q(f. f)l. (4)

(t,x €R4

Next, we consider a bimodal distribution

f = @1 My + p2Mo, (5)

where the functions ¢; = ¢;(t,x), (here and below the index i takes only val-
ues 1 and 2), and the Maxwellians M; correspond to the ”accelerating-packing”
movement and have the form

3 _
M; = pI°/? <ﬁ> e_ﬁi((v_vi)m“ﬂ), (6)
T
where p; denotes the gas density
i V?+2ﬂix
pi = poie” ( ) > (7)
and R
Vi =V, —ut (8)

is the mass velocity of molecules, 3; = % denotes the inverse temperature, and

Poi Ui, ‘//\; are arbitrary constants of the spaces R and R>.

The next section contains the results of providing various sufficient conditions
for the minimization of the residual (4) by a suitable choice of the coefficient
functions ; and the parameters of the distribution.

2. Main Results

Theorem 1. Let the functions ¢; in distribution (5) have the form

D, (XZ- - ﬂit)Q

wi(t,r) = -C; | © +u; — ;
’L( ) (1+t2)£l K3 1 2’LLZ2
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where the constants D;,&; are as follows:

1
27
and the functions C;, which are nonnegative and belong to the space C'(R3),
have finite supports (i.e., finite functions) or are fast decreasing at infinity. Also
let the following requirements be fulfilled:

=~ Vo _ g
B i
with the conditions ) )
ki > 3 M =1, k> 5" (12)

and To;, XA/OZ- be arbitrary fixzed three-dimensional vectors.
Then the following assertion is true:

Ve >0, 36 > 0, VD1, Do : 0 < Dy, Dy < 4,

360, VB > Bo, (13)
A <e.

Proof First we will show that there exists a value A’ such that

!

A<A, (14)
and we have
2
lim A= K(¢&, iD; i(x)C; i)l 15
Jim (6.6 3 D s [1:(2)Cilw + ;)| (15)

where the functions 7;(z) are following:

1, n, >1; k> %,
mi(z) = | €7, ni=1 k>3, (16)
(3‘/()21""'2ﬂ0i1'7 n; = 1’ kz = %
= 12
K (&1,&2) is a constant, and the vector constants a; are equal to US%OZ if k; = %ni,

and they are equal to zero if k; # %nz
It is easy to show that for the function f of form (5) the following relations
take place:

D(f) = M1D(p1) + MaD(p2)

_ (9P, 00 92 | 1,002
_M1<at+vﬁx>+M2<0t+V8x
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and

Qf, f) = p1p2 [Q(Ml, M2>+Q (Mz, Ml)]

It is well known that the right-hand side of the Bryan—-Pidduck equation (3),
considered as a bilinear operator on any two functions f, g, can be decomposed
as follows:

Q(f,9) =G(f,9) — fL(9),

where
d2
G(f,g9) = 2/dV1/dw1/daB(V —Vi,a)f(t,x, Vi, wl)g(t,z, V*, w*),
R?  RZ %

and

d2
L(g) = 2/dVl/alwl/dozB(V —Vi,a)g(t,z, V1,w1).
RS R3S %

In [14], it was shown that

/dV/de(MZ,M]):O, j:1,2,

R3 R3

and hence we have the relationship
R3 R3 R3 R3

i.e., we can get the inequality
‘D(f) - Q(/f, f)) < M1(|D(801)\ + @1902L(M2)>
+0M2 (1D (p2)| + @102L (M) ) + prioa (G(Mi, Ma) + G(Ma, My) ).

Integrating the last estimation over the entire space of the linear and angular
velocities, we obtain

Jav [l - a1
.

2
<y /dV/dw(|D(gpi)]+<pi<ij(Mj)>Mi+2g01cp2 /dV/de(Ml,Mg)
igé:jlm 73 B OR3

2
L
i=1

V/dw\D(cp,»)\Mi + 4109 /dV/dWG<M1,M2).
=lps 3 R3

R3
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Then we use the formula, the proof of which is given in detail in [4],

/dV dWG(Ml, Mg)

R3 R
d2
= p;m /dq /dq1e_q2_q%
T
R3 R3

We extend the estimation taking into account (8) and (17),

/dv/dw}D Z/dV dw|D(0:)|M; + Y
s

R3

q
4y 7.
VB \/@jL e

= Z/dv/ ‘8% v.oa piI/? <ﬁ> ¢ (VY =i |y
ox T

113

where the value Y is determined by the expression

0102901@2 /dq/dqle 72

R3 RS

W_ﬁ_kvi V2+(ﬂ2—ﬂl)t.

Thus, we can integrate over the space of angular velocities w (three-dimensional
Euler—Poisson integral) to get

/dV/dw‘D )‘
s

N 3/2 _
pi (i) eV 4y,

2

a@z 8901'
Z / av ‘ o

By changing the variable

whose Jacobian is 3, 8/ 2, we can obtain the inequality, which will be often used
in our further calculations,

/dV/Rgdw]Dm ~QU§)

Pi 8@% p o . 8901'
< Yo [l (G om)
R3

=1
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For the existence of value (4) and the validity of inequality (14), as seen from
estimation (18), it is sufficient to verify that the products of gas density (7) on

the functions
_ Oy;
;@ﬁ;(uué£?>t (19)
are bounded for any (¢,z) from R?.
In the representation of functions (9) let us introduce a redesignation

(-

72 b
2u;

. 9¢i,

0
©is at s | T

ox

whence )
<‘Z — ﬂﬂ) = 2u;l — 2u;x,

and consequently we have

pipi = /)02'62“”&(1_?;2)&@'(1)- (20)
The product (20) is a bounded function on (¢,z) € R* due to the properties of
the function C;(1). It should be noted that the boundedness will remain true even
after multiplying the value (20) by a variable ¢ due to the expression (1 4 ¢2)%,
contained in the denominator, and condition (10). Similarly, we can prove the
boundedness of the last three products by using the equations, obtained by direct
differentiation of the function ¢; of the form (9) with respect to the time ¢ and
the position in space x,

AT —2
0p; . D; 2t¢; . / (%’ul) — tu;
ot 1+ 1+t2CZ(l)+<Ci<l)’“’> u? @)
8Q0rb DZ ’
= —— _C.(]. 22
9 = e G (22)

Taking into account assumptions (11), we have a low-temperature limit (3; — +00)
of the density (7) depending on the numbers n; and k;

1, n; >1, k> %;

. Uo; 1

ﬁmlm:m-EM” ni =1, ki>3;
i—+00 V2 197,

' eVoit2uoiw n, =1, k;= %
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Taking into account equalities (11) and conditions (12), the following equation
is evident:

ﬂll—>+oo f — \/ﬁ + Vi — Vo + (W —ul)t‘ =0. (23)

As a result, substituting the calculated derivatives (21), (22) into (18), taking

the supremum on both sides of (18) and performing a low-temperature limit by
using the technique of [3, 4, 14, 15], we get the equality

lim A = Zpoz i sup {m( )51;300m

Bi—+o0 (t,z)eR*

where the variable [ is the sum of the variables x and r;, the latter of which can
be represented as follows:

2
e (o T
2u0i ﬂl i IBEM
Then we have that
_ ; _ 0, k; > 5M4i;
“= ﬁi—lg‘loo( —o)= [ TUo; EO% , ki =g

As a result, we obtain

2|t|&;
lim A" = me i sup {Wi(x)(lJrng)gﬁlCi(ﬂerai)}

Bi—+o0 (t,x)eER*

K(&1,&2) ZPOZ iSUp[ i(z )Ci($+ai)]a

TER3

where the constant K (£1,&2) is defined as follows:

K(&,8) = 2mzax {fisup (1+|;2|)&+1} .

teR

Thus, we have shown that equality (15) is fulfilled, from which (with
(14) being taken into account) the statement of our theorem, i.e. (13), follows.
The theorem is proved. u

Theorem 2. Assume that the functions @;(t,z) have the representation

ity 2) = (1, 2)eH((Timm) +2mz) (24)
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where

Y = D;Ci(1),

here D; > 0, and C; are finite functions.

Let the condition -
_ Uo;
u; = n; =

ﬁni Y
%

; (25)

N |

hold.
Then:
a) if the equality
supp C1 N supp Cy = @

takes place, or
Vi = Vs,

then assertion (13) remains true.

b) In the case of arbitrary supports of the functions (Cp and C2) and the
velocities Vl, 172, Theorem 1 still holds if being complemented by the condition of
the infinite smallness of the diameter of the gas particles (d < §).

P roof First we introduce and prove an auxiliary assertion that there
exists a value of A', and the inequality (14) is fulfilled, but if n; > %, then

oY = 0Y;

lim A = poi  Sup +V;
Bz—)‘f’OO Z (t JB)€R4 at ax (26)
+arndpoipos Vi — Va| sup (dripe) = Z

(t,x)eR*
while for n; = % we have

lim A =Z+ — poiltoi| sup ;. (27)

Bi—to0 Z (t,x)ER4

If the assertion is true, then items (a) and (b) are also true.
Note that inequality (18) remains true, therefore it is necessary to compute
the derivatives of (24) by t and x

0p; _ e—ﬁi((@—mt)2+2mx) {8%‘ + 285, ((‘Z,E) _ tu?)} , (28)

ot ot

Opi _ ~i((Vimuit) +2mie) {(%z

Oz 2@“11/%} . (29)
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Taking into account that the functions v;(t,x) are smooth and nonnegative,
and basing on their type, it follows that the above expressions in (19) remain
bounded. After replacing ¢;(t,x) on ¥;(t,x), we can pass to the supremum in

inequality (18), primarily substituting in it the expressions for derivatives (28)
and (29). Thus we have

I

A <A

—6:((Viwat) +2m:m) <8wi + 2B ((‘717@) - tu?))

ot

= sup /dp
tw €R4 i=1 7'(_3/2

N <\/F T —uit> o Bi((Vimmit)*+2mia) (31/1@ B 2@%%)

+4 sup ¢1¢26_ﬁl<(‘71 _ﬂlt)Q‘*‘?ﬂlw) —ﬁz((VQ—Hzt) +2ﬂgx) m
(t,x)eR* 2

/dq/dqle ¢
R3

Using the representation for density (7) and opening the parenthesis, after
collecting similar terms, we can find that the value of A s equal to the expression

L0i awl % B 2ﬁzﬂﬂ/}l —p?
3 [o] (ﬂ ) G -

22
4 su 7,1117/12001/)02/ /dqle 2

(t,2) €R4
R3 RS

?—ﬁﬁ‘v& Vz-i-(ﬂz—ﬂl)t.

q1 = = _ _
———+V—V+ T — )|
N R 5 + (U2 1)’

Next, by using condition (25), the value A’ can be converted to the form
Poi 8¢z i 9¢z —N4i__
Sup Z 7T3/2 ‘ ( NG i 51711 t) or 252 Ui Yip

(t,x)eRt
4 sup ¢1¢2P01P02/ /dqle —q?

ep

(¢, x)€R4 Rs B
q 505 Up2 U0l

X | —== +Vi—=Vo+ ( - )t ,
/ﬂl / 502 ILI
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which can be estimated by the following sum:

2
Poi /d 8'¢z < Up; > 8'¢z _
D sup + +V— e
iZ:; 71'3/2 FA (t z)€R4 8t \/E /B’L 3:6
4
+ ,001/)202 sup ¢1¢2/dQ/1Q16 ¢ -ai
™ (t,z)eR*
R3 R3
q Upg2 U1
oo (3
/82 2 11

t,r)ER4

Poi _ _p2
—1—22 7T3/Z2 /dp sup ﬁ2 " woithip| €77
i=1

Now, performing the limiting passage (3; — +o00) under the sign of inequality
and supremum, as in the proof of Theorem 1, we obtain equality (26) for n; > %,
and the validity of (27) can be proved by using the equality

[ e dp =2
RS

obtained by direct integration in the spherical coordinates. Thus, we have shown
the validity of the assertions of Theorem 2. [ |

Theorem 3. Let the functions g; in distribution (5) take the form

pilt,7) = Gi(t, z) - e P (TmTt)” (30)

and condition (25) hold true, but now for n; > 1.
Then the assertion of Theorem 2 remains true if:
a) the functions 1; have the form

Yi(t,r) = (1_?;2)&02 ([UC X VzD ; (31)

(10) holds and, in addition to that, ‘Z‘Lﬂm‘;
b) there holds the representation
D;

mci (z), (32)

wi (t, iL') =

and on the functions C;, used here, the same restrictions as in Theorem 1 are
imposed.
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P r oo f Before proving Theorem 3, we will prove a proposition which
states that there exists a value of A" such that (14) is fulfilled and there holds
the equality

oY = Oy
lim A = i i Vi
a1 ;po S @) |+,
+ 4md® po1 po2 “71 - ‘72) ( Sl)lp \ (1 (z) pa () (t, 2)a(t, )] (33)
t,x)ER

sup  [pi(w)Yi(t, )],

2
+ 20 Z Poi <ﬂ()i, Vi)
i—1 (t,z)ER*
whereatn; >1: 6 =0,and u; = l;inthecasen; =1: 0=1, pi(z)=e
In the case of this theorem, estimation (18) also holds, so we again begin with
calculation of the derivatives of (30) contained in the inequality. The derivative
with respect to time ¢ is expressed as follows:

i (B (w.0) )}

2upix

and on the spatial coordinate x, it has the form

8()01 — 8wl _/61(‘/7, u;t )2
dr Oz '

(35)

Taking into account the conditions imposed on the functions ;(t,z) and
derivatives (34), (35), we will pass to the supremum in inequality (18). Its exis-
tence follows from the conditions imposed on the functions C; in the statement
of the theorem. Then we transform the resulting expression using representation
(7). The value A" gets the form

p 5 0 [an[ 5+ 20 (w2, 7) - w21
=1

4d2 po1 poaihr 1hoe2=(Prin+5212)

p 5 _ awz —p?
+ +V{—uzt> e ? 4+ sup
( VB Oz (t.2)ER1 2
_ q S
X dq/dqleq ql——i-i-‘/i Vo + (ug —up)t],
R/3 A VB VB2 ( )
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which admits an upper bound by the following sum:

poi€e? 8. " oiz / ‘3% ( P 5 >a¢i
sup dp =+ i — it | ——
(ta)eRA {— Z w3/2 J ot VB ) oz
4d2 1-nqp__ 1-ngo__
+ p()21f302 sup ¢1¢2€2x<ﬁ1 To1+0, uoz)
™ (t,x)e R4

q Up2 Ul
—— + V- Vot | e — o |t
VB % e <22 1>‘

2 28] Mg - w2
poiei i Uoi o
+2le)/dp sup <ﬁnv)— 29;15
— s s i ﬁl

(t,x)ER*
Thus, if we now pass to the low-temperature limit, we will obtain assertion
(33) with the corresponding values of 6 and p;(z).
The verification of item (b), i.e., the functions of the form (32), is obvious
enough, but (31) should be considered in more detail.
To begin with, we introduce a new orthogonal (due to the conditions of item

.2
ep

x [dq dqle*qQ*q%

(a)) basis consisting of the vectors @, XA/Z and [ﬁz X 171} In this basis, we expand

an arbitrary vector x
x:x1ﬂ¢+x217i+x3 [m X XA/Z] .
Then, for the product 1;e2%%* we get the representation

D' A~ ~ —
(1 22)5*, Ci (xl [ﬂz x Vz} - fU3Uz'V%2> S
+12)%

which is constant on the second component of 2. It is easy to see that on the
remaining components of (:Ul, 333), as well as on f;, it is also bounded if we take
into account the compact support property of C; and requirement (25).

Next, let us compute the derivative with respect to x,

0 D[ (o))

and scalar multiply it by the vector TA/Z It is obvious that the resulting product
is equal to zero.

Taking this fact into account and using (33), it is easy to show the validity of
the assertions for the functions of the form (31). The theorem is proved. ]

328 Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 3



Interaction between ” Accelerating-Packing” Flows for the Bryan—Pidduck Model

Theorem 4. Assume that the representation
@i(t, @) = (t, ) - e 2P (36)

takes place and requirement (11) is retained, but with

1 1
1 2 o i 2 =
ni > g k 5 (37)
Let the function 1;(t,x) have the form
1/Jz‘(t, ac) = chz(t)Ez<1'), (38)

where D; > 0, Ci(t) has the same properties as in the previous theorems, and the
function E;(x) is nonnegative, finite or rapidly decreasing at infinity and bounded
together with its gradient on x. Then (13) holds true.

Proof. Asin the previous theorems, we begin with the introduction of
the auxiliary assertions. Again, we prove that there exists a value A" such that
inequality (14) is fulfilled and its low-temperature limit is equal to:
a)atni>%,ki>%:

O
poi  Sup ; (39)
Z (t,z)eR* ot
b) in the case n; > %, ki = % :
i
poie’® sup ; 40)
Z (t,x)eR* ot (
)ifn; =3, ki > 3
zmwp& 20 )
tx)€R4
(41)
Z poiltoi|  sup (etzﬂ?)iw) :
(t,x)eR*
d) and with k; = n; = % :
ZPOZ sup {e(%i_“‘” X ’81/;@ + 20t }
(t,z)ER*
(42)

+ QZP 0i < o] ‘(EOi;%i)

> sup {e(%i—umt)g¢i}‘
(t,x)eR*
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Using inequality (18), remaining true, given that only the form of the function
¢; is changed, let us find the derivatives of function (36) with respect to ¢ and x

8(102 _ —Zﬂ U; xaqul

o o (43)
% _ 28U ;i
8.’1: =€ (a Q/BZUZ¢Z) . (44)

Now, calculating the supremum of both sides of (18) and using the bounded-
ness of all the terms, we substitute the expressions for the derivatives (43), (44).
As a result, for the value A', we will have the expression

poie® W 'awi ( P X o >
Cl 7 — UWq 7_2 1 Wy g
tiué"’mzu R/p o T \yg TV gy

2 ~ ~
+4dp+002 Sup e (Vi-8) 82 (Va-iat)”
™ (t,z)eR*
X /dq/dq16_q2_q1 T Vi— Vo + (@ — )t .
A VB VB2

This sum under conditions (11) and (37) can be rewritten as follows:

oYy D Voi  Toi
+ o D0y
"o (m o ﬁ)

(t,a:)GR 1 R3
o o 2
. (6; o 2611 " 0#%) e?
2 2
Vi u, Vi u
p () (5
™ (t,x)e R4
- a1 ‘701 ‘702 Uo2  Uol
X dQ/dQqu N = =+ 4 — <_)t
/ VRV ORE T AT

R3 R3

Now, performing, as before, the limiting passage and some simple
transformations, we can obtain the values of the low-temperature limits of the
value A" specified in (39)-(42).

Then, calculating the derivative of (38) with respect to ¢ and substituting
it into (39)—(42), we can see that assertion (13) is true. Hence the theorem is
proved. [ ]

330 Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 3



Interaction between ” Accelerating-Packing” Flows for the Bryan—Pidduck Model

In the present paper, we obtained the results similar to those described in [15]
for the hard-sphere model. Thus, under the assumptions mentioned in Theorems
1-4, we can extend the results, previously known for the hard-sphere model, on
the model of rough spheres.

Acknowledgement. The author thanks Prof. V.D. Gordevskyy for his
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