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Introduction

Consider the differential equation

—y" 4+ q(x)y = Ny, —o0 < < 400, (0.1)

with discontinuity conditions at a point a € (—oo, +00)

y(a—0)=ay(a+0),

Y (a—0)=a "y (a+0), (0.2)
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Inverse Scattering Problem for One-Dimensional Schridinger Equation

where 1 # a > 0, \is a complex parameter, ¢ (z) is a real-valued function
with
“+o0o

/ (1+ |2)) |q ()| dz < +o0. (0.3)

—0o0

The aim of this paper is to study direct and inverse scattering problems for
equation (0.1) with conditions (0.2). The inverse problem, where discontinuity
conditions (0.2) are absent, i.e., &« = 1, was completely solved in [1-4]. The similar
problem for the system of differential equations without discontinuity conditions
was studied in [5-8|. Some aspects of direct and inverse problems for differential
operators with discontinuity conditions were studied in [9-13].

Since the case @ # 1 is almost analogous to the case a = 1, below we will
consider the moments that differ these cases.

Notice that problem (0.1)-(0.2) can be rewritten in the form

p(@) (pl(x) (v(2) y)’) Fa@y =Ny,  —so<z<+oo,

where p (z) = a for x > a and p(z) =1 for x < a.

1. Jost Type Solutions
The functions e* (z, \) satisfying equation (0.1), conditions (0.2) and the con-
dition ‘
lim et (z,)\)eT® =1 (1.1)+

r—+0o0

are called the Jost type solutions. It is not difficult to show that if ¢ (x) = 0, then
the Jost solutions are

N e:l:i)\x’ + > :ECL,
€9 (17, )\) = Aetidr 4 Betir(2a—z) Tz < £a

1 1 1 1
where A=-|(a+—|, B=—-|a——]).
2 « 2 «

Theorem 1.1. Under condition (0.3), equation (0.1) with discontinuity con-
ditions (0.2) for all X from the half-plane Tm\ > 0 has a solution e™ (x, \) which
can be represented in the form

+o0
et (2, ) = e (z,)\) + / K* (z,t) eT™dt, (1.2)1

where the kernels K= (x, t) satisfy the inequalities
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C t
‘Ki(x, 1) < 50i (x;— > ecaf(”:), 0<|z—al <=£(t—a),

|K*(x, t)| < {gai <x;rt> + ";‘Ji <2a+x _t>}€cgf(x),

2
It —a| < £(a —2), (1.3)+
+oo +oo
where C = A+|B|, o*(z) =% [ |q(s)|ds, af:(x) =+ [ o%(s)ds. Moreover,

the functions K*(x, t) are continuous at t # 2a — x, = # a, and the following
relations are satisfied:

+o0
A
K*(z, z) = :l:; / q(t)dt, +zx < +*a,

+o0
1
K*(z, z) = :t§ / q(t)dt, £z > =*a,

x
K*(z, 20—z +0)— K¥(2, 2a —z — 0)

+oo

a

:ig /q(t)dt—/q(t)dt . tr<+ta (1.4)s

xT

Proof. We give the proof of the theorem for the solution et (x, A). Problem
(0.1), (0.2), (1.1)4 is equivalent to the integral equation

“+o0o
et (z,)\) = eg (z,\) + / S(J{ (z,t,\) q(t) et (t,\)dt,

(1.5)
where
sin A (t — z)
S*( . — a<z<torz<t<a,
o \TbhA)= - Z i _
Asm)\(; x) Bsm)\(t )\Qa—i-x), —

Substituting (1.2)4+ in (1.5) and using the uniqueness of the expansion in a
Fourier integral, we obtain the equation for K (z,t),

a t+§—x

K @) =K @)+ [al©) [ K*(e.s)ds de

T t—E+x
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t+€—x
5 / / K™ (& 5)ds dE
t—&+x
3 o0 t+&—2a+a
+t3 / q(£) / K" (¢ s)ds d§, z<a, (1.6)4
a t—&+2a—zx
400 t+&—x
+ + 1 "
KT (x,t) = K¢ (2.t) +5 [ a(§) K* (& s)ds de, x>a,  (1.7)4
T t—&+x
where
a t+2§7z
oo [ q@©de— [ q(€)de, v <t<2a—u,
+ A B 2atxz—t a
KO (‘T7t) = 5 Q(f) d§+5 2
=5t f q (&) dg, t>2a—ux,
t+2§7x
(1.8),
for x < a, and
+o0o
i 1
Ky (zt) =5 [ a(§)dE (1.9),
ITH

for z > a.

Thus, to finish the proof of the theorem for e™(x, \), it is sufficient to show
that for each fixed x # a the system of equations (1.6)4,(1.7)+ has a solution
K (x,t) satisfying inequality (1.3)4.

We put
t+é—x t+é—x
K (z,t) = / / s)ds d§ + — / / s)ds d§
t—E+a t—E+a
+00 t+e—2a+ta
B
vy [a© [ KLeodsa a<a
a t—e+2a—a
t+é—x
/ / K 1 (&, 8)dsdg, x>a, n=12,...,
t—E+a

where K (z,t) is defined by (1.8)+,(1.9).
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It follows from the definition of K} (z,t) that

C t+&—x
K 2/!q / Ky (€ 5)| ds de
t—€&+a
or
. 24t t+é—z
Kol <G [0 [ K6 o) dsdg
T t—&+x

/ lq(§) / T s)| dsdg (1.10)
e

since K (&,s) =0 for s < £. Using (1.8)+, (1.9)4, we have

C t
Kie0l< ot (50). 0<le-al<t-a

A t B 2 —1
Ky (=, t)‘§2+<x;_ >+’2|0’+<a+;>, |t —al <a-—=x.

Applying the principle of mathematical induction, from (1.10) we obtain

—+ n
|K,! (x, t)}ggﬁ <x+t> {Cai (@)} O<l|r—a|]<t—a,

2 2 n! ’

K (a, t)‘g{iﬁ <$;t>+!;ﬂa+ <2a+2xt>} {Caigm)}n7

|t —al <a-—x.

o0
Therefore the series Jrz: K, (z,t) uniformly converges on the set t > x, t #
n=0
2a — x,x # a and its sum KT (z,t) is the solution of the system (1.6)y — (1.7)+
and satisfies inequality (1.3)4. The validity of relations (1.4) follows immediately
from (1.6)4+ — (1.9)4.
The statement of the theorem for the solution e~ (x, A\) can be established in
a similar way. We give only integral equations for the kernel K~ (z, t),

T t—&+x
1

K (@) =Ky 0+ 5 [a©) [ K (€odsdg

a t+&—x
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a =&+ a t—&+2a—z
A B
=5 [ao [ wesasic—3 [ae [ ke
— 00 t+E—x —00 t+&{—2a+x
x> a, (1.6)_
! x t—&+x
K@) =Ky 0ty [o© [ K- (€sdsds, w<a (1)
—00 t+&{—x
where "
A 2
Ky t)=5 [ a(ede
S| T aea- T 2-a<i<a
-5 “:2”*” = (1.8)_
f q(&)dgv t<2a— z,

at * > a, and

&
&

Ko (2, 1) = q(§)dg (1.9)_

| N | —
8\10‘

at ¢ < a. [ |

In virtue of formulas (1.8), and (1.9), there exist partial derivatives of the
function th(ac, t) with respect to each argument at t # 2a — z and x # a. Thus,
it follows from equations (1.6),, (1.7), that the functions K¥(z, t) also have
first partials with respect to both arguments at t # 2a — x and x # a.

By differentiating equations (1.5),, (1.6), and using estimations (1.3)_, it is
easy to prove the following lemma.

Lemma 1.1. There exist partial derivatives of the function K*(x, t) with
respect to both arguments at t # 2a — x and x # a, moreover

‘aKi(JEh xQ) 4 1 <.1'1 —|—.7}2)‘

a.fi Eq 2

< %ai(ml) ot <$1;—x2> ec"li(“), +x; > *+a,
OK*(x1, m3) A [x1+ 29 B (x9+2a— 1z
el St S RV el +(—1)iS (2T
‘ Oz 17\ "2 (=17 2

Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 3 337



H.M. Huseynov and J.A. Osmanli

02
< 7Ji(x1)oi <W> ecoli(xl), tx9 > +(2a — x1), =£x1 < *a,

2
OK* (21, 20) A [x1+ 19 . B [(2a+ 11— 29
IR I, ) 4 2 + (1)l (AT TR
’ 0z, 4 < 2 > (=1) 4q< 2

. . B 2a + 19 — 11
_1 (2 17 ‘
FD)T <2 >
= {c - <””1 ”2) Bo* (22 xz)}a*(m)e%f(m%

R em ar k. The following relationships immediately follow from equations
(16),. (L7), :

K*(a—0,t) =aK*(a+0, t), +t > *+a,

K (a-0,t)=a 'K (a+0,t),  +t>+a. (1.11),

x T

Provided that q(z) is differentiable, the functions K*(z, t) have the second
partial derivatives, and we get the equation for them

PK*(x, t PK*(x, t
) TED o)k e, (112),

On can show that conversely if the functions K*(z, t) satisfy equations (1.12) .,

relations (1.4),, (1.11), and the conditions
+ +

lim OK™*(z, t) — im OK™*(z, t)

=0
r+t—+too ox r+t—+too ot

at infinity, then they are the solutions of equations (1.6),, (1.7), (see Remark in
Appendix A). Therefore, the functions e*(x, \), constructed by them by using
formulas (1.2),, give the solutions of problem (0.1), (0.2) with the coefficients

o) = { $2W, +x > +a,

dK
e N
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2. Direct Scattering Problem

Since the function g (z) and the number « are real, the functions et (x, \) =
et (x,—\) and e~ (z,\) = e~ (x, —\) are also the solutions of problem (0.1)—(0.2)
together with e™ (z,\) and e~ (x,\) for real A, and since the Wronskian of two
solutions of problem (0.1)-(0.2) does not depend on x, we have

Wlet (z, ), e (z,—N)]
=et (z, N et (z,—\) —et (2, \) et (z,—N\) = 20\, (2.1)
Wie (xz,\), e (z,—\)] = —2iA.

Consequently, when A # 0, the pairs et (x,\), et (z,—A) and e (x, ), e (x, —A)
form two fundamental systems of the solutions for problem (0.1)-(0.2). Hence,
for A € R* = R\{0}, the following representations are true:

@A) =bNe (z,\)+a(N)e (z,-A), \ER, (2.2)

e (z, )= =b(=N) e (z,A) +a(N) e (z,-N), \eR" (2.3)

Moreover, according to (2.1),

a()) = %W e (@A), e (&,N)], AeR’ (2.4)
b(\) = —%W et (@A), e (2,-N)], AeR’ (2.5)
We put
N SRR 165Y 1
u ($7A)* $( 7)‘)(1()\)7 (A) CL()\) ’ t()\) CL()\) (26):t
Then inequalities (2.2), (2.3) can be rewritten in the form
(@, A) =rF (V) et (2, \) + et (z,—N). (2.7)+

From (2.6)1, (2.7)+, using (1.2)1, we obtain the asymptotic formulas
(@, \) =rE (V) eF 4 T L o(1), 1z — +oo,

@\ =t(N)eTM 1o(1), 2 — Foo.

The solutions u™ (z, \) are called the eigenfunctions of the left (v~ (2, \)) and
the right (u™ (z, \)) scattering problems, the coefficients = (\), 7" () are called
the left and the right reflection coefficients, respectively, and t () is called the
transmission coefficient.
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Using formulas (2.1)—(2.5) and standard methods [3, §3.5|, the following lem-
mas can be proved.

Lemma 2.1. The functions a(\), b(\) defined by formulas (2.4), (2.5), admit
the following representations (A € R*):

+00 )
DaN)=A4— 35+ [ ¢t)eMdt,
| fo
2) b(\) = Be?™ a4 Lo [ (t) eMdt,

where d= A | q(t)dt, ¢ (t) € L1 (0,00),  (t) € Ly (o0, +00),

3) la (W — V) = 1.

Lemma 2.2. The function a(\) can have only a finite number of zeros in the
half-plane ImA > 0. The zeros are simple and located on the imaginary half-azis,
and the function a=! (\) is bounded in some neighborhood of zero.

In what follows, we will denote the zeros of the function a (\) by ix1, ..., iXn
(a(ixx) =0, xx >0), and the inverses of the norms of eigenfunctions uf =
et (z,ix%) by mkjE Thus,

(m/,f)_2 = / |ei (m,iXk)‘Q dx.

The solutions u} (z) and u, () are linearly dependent

uy (x) = ciuf ().

Lemma 2.3. The following relations hold:
(mf)i2 =icta(ixy), k=1,2,...,n.

Lemma 2.4. The function za(z) is continuous on the closed upper half-plane,
and limy_gAa(A)[rt(A) + 1] = 0. There exists C > 0 such that 1 > (1 —
P (V)|?) > CA2(1 4+ \?)~ L

The collections {7“_ (N, ixk, m,;} and {r+ (N, ixk, m;} are called the
left and the right scattering data for problem (0.1), (0.2), respectively.
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As in the case @ = 1, it is easy to show that one scattering data is uniquely
defined by another one. Indeed, from formula (2.6)+ and Lemma 2.3 there follow
the equalities

r 0= )= ) )

2

(2.8)

by which the function a (z) can be reconstructed

a(z) = Aexp

—+o00 2
R Gl D PN e
—27”_/ N d\ HHW. (2.9)

—00

k=1

The inverse scattering problem for problem (0.1)-(0.2) consists of the recon-
struction of the potential ¢ (z) by the left or the right scattering data.

3. Main Equations of the Inverse Problem
(Marchenko Equations)

In this section, we obtain the main equations of the inverse scattering problem.
Note that according to (2.6)+ and Lemma 2.1, we have

"= (\)] <1 for XeR", (3.1)+

1

ri()\)zr(jf()\)—i-O()\

> for |\ — 400, A€R, (3.2)+

where

B ..
T(:)t () = ¥Ze¢21>‘a.

So, r* (\) — ri (\) € La (—00, +00) and, consequently, the function

—+00

R* (g;):% / [ (V) — 1 (V)] e5A%d (3.3)+

—0o0
also belongs to Ly (—o0, +00).

Theorem 3.1. For each x # a, the kernels of representations (1.2)+ satisfy
the functional-integral equations (the main equations of the inverse problem)

400
Fli(x,y)j:/Ki (,8) F= (¢ + ) dt
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B
+K* (z,y) F ZKi (r,2a —y) =0, +y> +x, (3.4)+
where

FE(z+y), +z>+a

+ _ 3 ;
£y (x’y)_{ AF* (z +y) £ BF* (2a -z +vy), %z < +a, (3:5)=
F*(z) = R (2) + Y (mif) e, (3.6)4

k=1

and the functions R (x) are defined by (3.3)~.

Proof Toobtain (3.4)4, we use equality (2.7)+ rewritten in the form

<a(1)\) a il) e (2,A) = (r" (\) —rg (V) e’ (2,2) +

+et (2, =A) +rd (N et (2,\) — %6_ (x,\).

Multiplying both sides of this equation by iei)‘y, where y > z, and integrating
with respect to A from —oo to 400, one can get

+00 +oo
! / <a1 - jl) e (z,\)d\ = S (r™(\) =g (N) e (2,\) e™dr

o (\) o
1 b 1
+? <e+ (z, =) +rg (Net (z,N) — Ze_ (x, )\)> eMd. (3.7)
s

Then, using (1.2)4 for the solution et (z,\), we get

+00 00
1 ,
oo [ T ) =1 W) e (@, X) €A = R (a,9) + / K* (2,6) RY (t 4 ) dt,
where
Rt(z+y), z>a
+ _ ) )
By (w,y) = { ART (x+y)+BR" (y+2a—1), z<a.
From

1
ear (x, =) + rar (A) eg (x,\) — Zea (z,\) =0,

342 Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 3
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for the second term in the right-hand side of (3.7) we obtain

“+oo

1 1 .
o <e+ (z,=A) +7rd Vet (z,)) - 1€ (, )\)> eMdX
+oo / oo
/ K+ IIT t _Z)\tdt / K+ l)\t 2a)dt
T o
1 7 . .
—— / K~ (z,t) e ™dt | eMdA
A
B 1 B
= KJF (x,y) - 7K+ (.73,2(1 - y) - <K (xay) = KJF (x,y) - 7K+ (.73,2(1 - y)
A A A
since K~ (z,y) =0 for y > .
Therefore, (3.7) takes the form
1 N 1 1
- — — e (z,\) e™d\ = Rf
o <CL(}\) A)e ("'U7 )6 Rl (x7y)
+ + + B+
+ | K" (z,t)R" (t+y)dt + K (a:,y)—ZK (z,2a —y). (3.8)

Now we calculate the left-hand side of (3.8) with the help of contour integra-
tion. Since the function ﬁ — % is regular in the upper half-plane ImA > 0,
except the finite number of points ixy (where it has simple poles), tends to zero
for |A] — oo, ImA > 0, and is bounded in some neighborhood of zero (see Lemmas
2.1 and 2.2) and the function e~ (z, \) €Y for y > z is uniformly bounded in the
half-plane ImA > 0, by using Jordan’s lemma, for y > = we obtain

% 7(@& — D e (z,\) eMVd)
()

13" ey (s ) e

e (mixg)e XY
P a (ixk) pt c,":a (ixk)

3
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n oo
=" mE Qe (wixg) e + / K+ (o) e X0t
k=1 J

Substituting this into equality (3.8) and taking into account

=Xk (z+y)
R (- , x> a,
eg (x,ixx) e = { Ae~xk(@+y) L Be=xk(a—aty) 4 o g

we obtain equation (3.4). It is also true for y = z because of continuity. Equation
(3.4)_ can be obtained in a similar way by using equality (2.7)_. [
4. Other Properties of the Scattering Data. Uniqueness

Theorem for the Solution of the Inverse Problem

The main equations (3.4)+ can be written in the form
Foo
FE ot y) + K5 o)+ [ K @) P (4 y)de =
T

+x > +ta, 4y >+, (4.1)4

B
AFi(:E—l—y):l:BFi(2a—x—|—y)+Ki(x,y):FZKi(x,2a—y)
+oo
i/Ki(a:,t)Fi(Hy)dt:o, +r<4a, fr<+ty<+(20—1x), (42)1

AFE (z 4+ 5y)+ BF* 20—z + ) + K+ (x,y)
+o0

:i:/Ki(x,t)Fi(ter)dt:O, tr < +a, ty>=+(2a—1x). (4.3)+
x

Equations (4.1)+ coincide with the main equation in the case a =1 (see [3]).
It implies that the functions F'* (x) are absolutely continuous for +z > 2a, and

+oo +oo
/ ‘Fi (£x)| dw < oo, / (1—1—]:):\)’Fil (:I::v)‘d:r<oo.
+2a +2a

It is clear that the functions RT () also have this property. From (4.2)+, for
y — = £ +0 we have (z < +a)

B
AF*(2z) £ BF¥(2a £ 0) + K*(z,2) F ZKi(x, 2a — z F0)
+oo

+ / K*(z,t)F*(t 4+ z)dt = 0.
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From the above, taking into account the properties of the functions K* (x,t)

(1), it is easy to show that the functions F'* () are absolutely continuous when
+2a

o' < +x < +2a and [ | F¥(£2) | dr < .
x!

Now we pass to the limits in (4.2)1 as y — 2a — 2 F 0 and in (4.3)1 as
y — 2a — x £ 0 and subtract the obtained relations. Taking into account (1.4)4,
we have

+oo
B
¥ (20 40) ~ F* (20 —0) = 5 / ¢ (t) dt.

Thus the scattering data of the considered problem satisfy the following con-
ditions:

I. The reflection coefficients r* ()\) are continuous for real A # 0, r* (=\) =
rE) L Irf (N < Land r*(\) = r5(\) + O (%) as A — £oo. Their Fourier
transformations

+o0
R* (2) = — /[Ti () — 1 (V)] eExdx

T or
—0o0

are real, absolutely continuous on any interval not containing the point 2a, and

at the point x = 2a have finite limits R* (2a + 0), R* (2a — 0). Furthermore, the
functions R* () belong to the space Ly (—00, +00), and for any 2’ > —o0,

+oo +oo
/ ‘Ri ()] dz < oo, / (1+|x\)’Ri/ (:tx)’dx<oo.

/ /

x x

Theorem 4.1. If conditions I are satisfied, equations (3.4)1 and (3.4)_ have
the unique solutions K™ (x,) € Ly (x,00) and K~ (z,+) € L1 (—o0,x) for each
fized x > —o0 and x < 00, respectively.

P roof Notice that for each fixed x > —o0, the operator

N fy), z>a
(M;f)(y)—{ f(y)-%f@a—y), T < a,

acting in the space Lj (x,400) (and also in L (x,400)), is invertible. Therefore
the main equation (3.5)4 is equivalent to

K (z,y) + (M) F () + (M) T YR () (y) =0, y >,
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i.e., to the equation with the compact operator (]\4;)_1 F* (for the compactness
of F*, see |3, Lemma 3.3.1]). To prove the theorem, it is sufficient to show that
the homogeneous equation

)= Sh@a-p+ [ LOF Crpd=0 y>a @),

has only the trivial solution f, (y) € Ly (z,+00). By conditions I, the function
F* (y) and the corresponding solution f, (y) are bounded in the half axis z <
y < oo. Therefore, f, (-) € La (z, +00).

Now let us multiply equation (4.4)+ by f; (y) and integrate with respect to y
over the interval (z,+00). Using (3.3)4, ( .5)+, (3.6)+ and Parseval’s identity

o 1 (o.9)
/ fo(20-9) o >dy=% [ i T -
where fx 70 e~ dt, we obtain
1 s 2 n ~ 2 1 7 ~ =
e dA+§(mz)2\f<zxm\ tor [T OFENF =0

Since |[r* (A)| = |rT (=\)], we obtain the estimate

o OO? dxs%/ﬁ }‘f 0\
- Fen[ +[Fof i
_;_/ (V)] 5 d/\:;W_/ (V)] |7 )\)‘Qd)\

or

iﬂ /00{1— 3 Fof ax <o,

It follows from the above that ;”()\) = 0 since 1 —|r™ (\)| > 0 for all A # 0. Thus,
the main equation (3.4)+ is uniquely solvable. The unique solvability of (3.4)_
can be proved in a similar way. The theorem is proved. [
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Corollary. The potential q(z) from class (0.3) in problem (0.1)-(0.2) is
uniquely defined by the right (left) scattering data, i.e., if the right (left) scat-
tering data of two problems (0.1)-(0.2) with the potentials q(x) and q(x) from
class (0.3) coincide, then q(z) = ¢(x) a.e. on the whole axis.

5. Solution of the Inverse Scattering Problem

In the next theorem we provide a solution to the inverse scattering problem
from class (0.3).

Theorem 5.1. For the collection {r()\), ixg, m; } to be the right scattering
data of problem (0.1)—(0.2) with a real potential q(x) satisfying (0.3), the following
necessary and sufficient conditions should be satisfied:

1) the function 7(\) is continuous for all real X # 0, r+(\) = rt(=N),
rt(\) = rf(A\) + 0 (%), A — +oo, where 1§ (A) = e_Qi’\ai—g;, and there exists
C >0 such that 1 — |rt(\)| > C-2

T
2) the function za(z), where

+00 Y 2

2+1 1 In[(1— |r*(\)[?) (o5 hoa—i
a(z):a+ exp _./H[( |7“()|)( Qa)]d)\ Hz %Xk’

2a 27 A—=z o 2 Xk

is continuous on the closed upper half-plane, and
;in%] Aa(N)[rT(\) +1] = 0;
+00 )

3) the functions R™(z) = 5= [ [r™(\) — rg (\)]e?d\ and R™(z) = —5

+oo . A
x [ [rt(N) aé(_)\’;) — %621)\@]6—0@(1)\ are absolutely continuous on any segment
—00

not containing the point 2a; there exist finite limits R*(2a +0), R*(2a —0), and
the derwatives RT'(z), R™'(z) satisfy the inequalities

/

+oo p
/(1 +lal) | B (2) | dz < oo, /(1 Fla) | B (@) | dx < oo

o

for all o > —o0, 3 < 400;
4) the solutions K*(x,t) of the main equations (3.4)+ satisfy the conditions
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Proof  Wegive a short proof of sufficiency. The necessity was proved
above. Basing on the given collection, we construct another collection {r~(\),
iXk, my } using (2.8), (2.9) and show that these collections are, respectively, the
right and left scattering data of problem (0.1)—(0.2) with a real potential ¢(x)
satisfying (0.3).

1. From the conditions of Theorem 5.1, we obtain that equations (3.4)+ and
(3.4)_ reconstructed by the scattering data, have the unique solutions K™ (z,y)
and K~ (x,y) according to Theorem 4.1. It is easy to show that these solutions
satisfy the relations

A[F%(2a +0) — F¥(2a — 0)] + K*(z,2a — z + 0)

B
—Ki(a:,Qa—:r—O)—i-ZKi(m,x) =0, =z < *a. (5.1)+

2. Show that the functions e™(x,\), e~ (z,\), constructed with the help of
K*(z,t), K~ (x,t) by formulas (1.2), and (1.2)_, satisfy the equations

—e (@, 0) + ¢ (@)t (@ )) = Net (@, ) (5.2)s
and the discontinuity conditions

ef(a—0,)) = aet(a+0,N),

ei/(a—(), A) =a tet(a+0,N), (5,3)+
moreover
+00 !l
/(1 + |x|) ‘q+(x)’ dx < oo, /(1 + |x|) ’q_(x)’ dx < oo. (5.4)

First, suppose that the functions R*(z) are twice continuously differentiable,
and for all o/ > —o0, (' < +o0

+00 B’
/(1+ o) |B (@) do < oo, /(1+ o) |2 @)]dr <00, (55)

«

Then the solutions K*(x,y) of the main equations (3.4), are twice continuously
differentiable for ¢ # 2a — x and x # a, moreover, for each x all first order and
second order partial derivatives are summable with respect to y.
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Consider the region +x < +a, +z < +y < £(2a — x). Then the main
equations (3.4), become like (4.2),. After twice differentiating this equation
with respect to y and integrating by parts, we get

" 1" 1z B "
AF* (z +y) + BF* (2a—:1c—|—y)—|—K;ty (x,y)$ZK;Z (x,2a —y)

2a+x+0

+" +/ +
T (@) F (@4 y) - [ K@ 020,

} FE (20— z +y)

2a—x+0

£ K7 0| P + | K

] F™(2a —x +v)

=z t=2a—x—0

+oco
+ / KE (@, ) FH(t + y)dt = 0
o
By differentiating equations (4.2), two times with respect to =, we have

7 " " B "
AF* (v +y) £ BFY 20—z +y) + K5, (2,9) F K (2,20 -y)

TKE (2,2)F* (2 +y) T K*(x,2)F* (2 + y)

2a—x+0

+ [Ki(x, t) t:2a_$_0} Ff(2a—z +y)

2a—2+0 ! '
£ [KH @[5 P o et F K @y)| P +y)

=T

2a—x+0

’

- [Ki (2,1)

+oo
] FX(2a—z+y)+ / KE" (2, ) FE(t + y)dt = 0.
t=2a—x—0

X

Subtracting from the latter equation the previous one, we obtain

” B ” ” B ”
K:;tac (l‘,y) + 7K§r (.%’,2(1 - y) - K;Z (‘T?y) + 7K3:/Z ($,2CL - y)

A A
qZZKi/(:L‘, ) FE (x4 1) +2 [Ki(x, t) ?i;;jffo} F¥(2a —x +y)
+oo
4 / (K& .0) ~ K5 (2.0)) (¢ 4+ )t = 0 (5.5)a

x
By virtue of (5.1), and the main equation (4.2)_, we get

2a—x+0

LOKF (2, 2) FF (2 4+ ) + 2 [Ki(x, D,

] FE(2a — 2 +y)
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— —* (@) [AF*(2 +y) + BF*(2a — 2+ )]

= ¢ () [Ki(:v,y) T gKi(:r, 2a — y)] + /Ki(w, Y FE(t + y)dt. (5.5")+

From (5.5") and (5.5”), it follows that

K& (zy) — K& (2,y) — 5 (2) K*(2,y)

B ” "
o {KE 20— y) - K3 (0,20 - y) - ¢F @)K F (0,20 - ) |

+o0
s [ {5 @0 - @R e 0 - K,

T

1"

(z, t)} FE(t +y)dt = 0,

i.e., the functions

WE(y) = K& (2,y) — ¢ (2) K (x,y) — K5 (2,y)

xT

are summable solutions of homogeneous equations which correspond to (4.2), . In
the similar way as for equations (4.1), and (4.3),, we obtain that the solutions
K*(z,y) of the main equations (3.4) satisfy the equation

Kz — ¢ (@) K" - Ky, =0 (%)

according to Theorem 4.1.

In virtue of condition 4), (5.1), yields that the functions K*(x,y) satisfy
relations (1.4),.

By our assumptions (see (5.5)), it can be easily shown that the relations

im K y) = dim K (e y) =0 (%)
also hold.
Now we will show that the functions K (z,y) satisfy the conditions
K*(a—-0,y) —aK*(a+0,y) =0, (5.6)+
KX(a—0,y)—a'KE (a+0,y) =0. (5.7)+

Take © = a+0 and = a7F0 in the main equations (4.1) | and (4.3) ., respectively.
Subtracting from the first obtained relation the second one multiplied by «, we get
that the differences K*(a—0,y) —aK*(a+0,y) are the solutions of homogeneous
equations corresponding to the main equations (4.1), at = a. Thus, according
to Theorem 4.1, we obtain (5.6), .
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Prove that conditions (5.7), also hold. Notice that for the solutions of the
main equations the relationships below are true:

K*(z,2a —z + O)}a;0 = o™ K*(x, $)}aio ’

Ki(x,Qa—x:FO)’ = Ki(x,m)‘aﬂ]. (5.8)+

aF0

Indeed, in equations (4.1), set first y = z, then = a £ 0, and in equations
(4.3), first y = 2a— 2 %0, then x = aF0. Multiply the first obtained relations by
ot and subtract the second ones. As a result, according to (5.6) L, we get the
first equalities from (5.8) . Supposing first y = 2a — 2 — 0, x = a — 0 and then
y =, * =a— 0 in equations (4.2), it is easy to obtain the second relations
from (5.8),.

Now differentiate equations (4.1), and (4.3), with respect to the variable
and assume z = a £ 0 and x = a F 0, respectively. As a result, we have

F¥(a+y)+ KX (a+0,y) F K*(2,2)|,_ F(a+y)
+00
= / KE (a£0,t)FE(t +y)dt =0, (5.9)+

(AF B)F* (a+y) + KF (aF0,y) £ [K* (2,20 — 2z +0)

—K*(x,20 —x — Omx:azpo CFra+y) T Ki(x,x)‘ﬂo FE(a+1)

+oo
4 / K= (a7 0,6)F=(t + y)dt = 0. (5.10)4

Multiply (5.9), by a¥! and subtract (5.10),. By virtue of (5.8)_, using condition

4) of the theorem, we get that the differences oﬁlel(a +0,y) — K;,t/(a F0,y)
also satisfy homogeneous equations corresponding to (4.1), at = a. Thus,

0P KE (a+0,y) — KX (aF0,y) =0

and, consequently, conditions (5.7) . are also satisfied.

Therefore, if conditions (5.5) hold, then the solutions K*(z,y) of the main
equations (3.4), satisfy equation (x), relations (1.4), (where the functions g(x)
must correspond to the functions ¢*(z)), (5.6),, (5.7), and conditions (x*) at
infinity. Hence, according to Remark from Section 1, the functions e® (z, \) satisfy
equations (5.2), and conditions (5.3).

The case, when only conditions 3) of the theorem are satisfied, can be consid-
ered by passing to limit (see [3], p. 212).
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Finally show that conditions (5.4) hold. Since at £z > £a the main equations
(3.4), become like (4.1) ., namely they have the form analogous to the case a = 1,
and conditions 3) of Theorem 5.1 are the same as in the case a = 1, then it is not
difficult to show that if 2’ > a, 2” < a, then (5.4) are true (see [3], p. 209). It
should be shown that ¢t (z) (¢~ (x)) are summable in the interval (z',a) ((a,z"))
for every 2’ > —oo (2 < +00). But it is easy to establish these facts by means
of the formula (which is equivalent to equation (4.2),)

AQ
K*(z,y) = 52 [oF(2,y) £ o™ (x,2a — y)],

where

+oo
¢ (o) = ~AF* (@ +4) F BFE 20— a+0)F [ K@ 0Pt +y)dt,

using conditions 3) of the theorem and summability of partial derivatives K;t/,
K.
3. To prove the theorem, it is sufficient to show that for the real values A # 0,
the functions e™(x, \) and e~ (z, A) are related by the equalities

rEN)eE (2, \) + eE(x,\) =

1
Tz, N). A1
T (5.11)s
In fact, by virtue of (5.2), it follows from (5.11), that

def

g+(x) =q-(x) = q(x), —o0 <z < +o00,
and according to (5.4),
/(1 +12]) lg(a)] dz < +oo.

Show that then {r*(\), ixg, m}} and {r=(\), ixx, m; } are the right and left
scattering data of the constructed problem (0.1), (0.2).

Denote by {FT()\), ixg, M} and {F~(X), iXk, 7, } the right and left scat-
tering data of the constructed problem (0.1), (0.2). The functions e*(z, A) and
e (z, \) will be Jost type solutions of the constructed problem (0.1), (0.2). Thus,
by virtue of the results of direct problem of scattering theory (see Section 2), we
can write

FEN)et(z, ) + eE(z,\) = et (z,\). (5.12)+

1
a(\)
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From (5.11), and (5.12), we have
aAN)rt (et (x,\) +a(Net(x,\) = e (7, \),

a7t (\et(x, \) +a(\Net(z,\) = e (2, \),

respectively. Subtracting this relations, we get

{a()\)vﬁ()\) - &(/\)er()\)} et (z,\) + {a(\) —a(\)}et(x,\) = 0.

Since for A # 0, et (z, A) and et (z, \) are linearly independent, then from the
last identity it follows that

a(M)rt(A) —a(N)FtA) =0, a(X) =a(N),

ie., a(A) =a(N), rt(\) =7T(N).
Analogously, relations (5.11) and (5.12) yield r=(A) = 77(A). Conse-
quently, the zeros of the functions a(\) and a()\) coincide: ixg = iXx. Thus,

()2 = / ez, i) | de = / % (a, i) |2 d = ()2

Therefore, the collection of the quantities {F()), iXy, m; } and {F~(X), Xk, ™y, }
are the right and the left scattering data of the constructed problem (0.1), (0.2).
4. Now, turn to the proof of relations (5.11),. Suppose

+oo
3% () = R (0,y) + / K*(a, () RE(t + y)dt,

where

R (2, y) = RE(x +y), +z > +a,
LA AR*(z +y)+ BR*(2a —x +y), =< +a,

1 1 1 1
A—Q(O[+a>, B—2<O[—a>

Since R*(y) € La(—00, +00), then for each fixed x ®F(z,y) € Lao(—00, +00).
We have

N
Jim [ 0% )Py = ) - ()] [ )
“N
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+oo
+ / KE(z, t)eF™at | = [rE(\) — rE (V)] et (z, ). (5.13)4

On the other hand, by virtue of equations (3.4) ,,

B n
Q)i(g;’y) = _Ki(x7y) + ZKi(x72a - y) - Z (mf)Q ei(xaiXk)7 :l:y > +x.

k=1
Hence,
N T
lim /q)i(x,y)ej”/\ydy: lim :t/@i(m,y)ejFiAydy
N—o0 N—oo
—N FN

+o0 B E=oe)
¥ / K*(z,y)eTNdy + 1 / K*(2,2a — y)eT™dy
xX xr

xT

N R A / + ix
- C —lm{+ [ o Fiky
Z (mk) e (x,ixk) Y m (z,y)e™Vdy
k=1 N
+6(:)t(xa _)‘> - ei(mv _A) - r(:)t()‘) [_6(:)‘:('%'7 _)‘) + ei([]}’ A)]
n 2 L eFOxu+iN)z
- ) — 5.14
> () o) 510,
Taking into consideration (5.13), (5.14), and the formulas
1
ro (Meg (2, 0) + €5 (2, -X) = ef (2, ),
we get the equality
1
rEN)et(z,\) + e (2, —)) = a0y h¥(z, N), (5.15)4
a
where
1 i |
hE(x, \) = a(N) Zeﬁ(x,)\) + A}im + / OF (z,y)eFMNdy
FN
n E£(xp+id)z
_ F\2 F ; € 1
2 (m])” ¥ (z,ixk) Y } (5.16)+
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Now it is sufficient to show that h*(x, \) = e*(x, \).

If we use expressions (5.15) . and (5.16) for the functions h*(x, \) and con-
ditions 2) of the theorem, the proof of this equality will completely coincide with
the proof of analogous assertion at o = 1 (see [3], p. 277-278). For this reason
we do not derive it here.

Remark. Condition 4) of Theorem 5.1 is necessary. The function 7+ (\) =
~PHas o—2ida g af < 0 satisfies all conditions of the theorem, except condition

4), and is not a right reflection coefficient of the problem of the form (0.1)-(0.2).
Indeed, in this case the main equations (3.4)+ have the solutions

K (2,1) = {O, if £ > +a,+t>+xor £z < +a, £t > +(2a — x),

0 if 1< +a, +7 < +t < +(2a — 2).

Therefore the Jost solutions satisfy equations (0.1) with ¢(x) = 0, and conditions
(0.2) are not satisfied. But if 8 = 0, then condition 4) is also satisfied, and in
this case the inverse problem has a solution: 77(\) = rg () is the right reflection
coefficient of problem (0.1)-(0.2) with the potential ¢(x) = 0.

A. On one Problem for Hyperbolic Equation with
Discontinuity Conditions

Introduce the regions Dy = {(z,t): 2 > a, t > x)}, Do ={(z,t): z < a, t >
2a — )}, D3 = {(z,t) : x < a, z <t < 2a—x)} and consider the following
problem:

Find the functions Uz, t) satisfying the equation

U, — Uy = f(z,1), (x,t) € D1 JD1|JDs, (A1)

and the conditions

U(z,z) = p1(z), a<z< o0, (A.2)

U(z,z) = p2(z), —oc0o<zx<a, (A.3)

U(z,2a —2+0) —U(x,2a —x —0) =9(z), —-oo<z<a, (A.4)
U(a—0,t) =aU(a+0,t), a<t<+oo, (A.5)
U(a—0,t) =a 'U,(a40,t), a<t< oo, (A.6)

Jim (U;(x, t) - Ul (a, t)) ~0. (A7)
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Theorem A. Let the function f(x,t) be differentiable, f(x,t) =0 fort < x
and for each fized x € (—o0, 00)

70 dr +/Oolf(ﬂ€)|d€ < +o0,

and the functions p1(x), p2(x), ¥(x) be twice differentiable, and

Api(a) (a), api(a) —2(a) = ¥(a). (A.)
Then the solution of problem ( 1)-(A.7) can be represented as
; 1 +oo t+7—x
T+
U= (50 ) 45 [ar [ fo0a woen (s
T t—7+x
t t
U(x,t)—Acm(m;r >+B<p1<+a> /dT / f(r,6)d
A +o0 t+17—x B +o00 t+74+xr—2a
vy [ar [ teodsd [ar [ frod @neps (a9
a t—T4x a t—17—x+2a
t t— t—
U(z,t) = p2 Tt + By at—2 —Yla— z
2 2 2
a t+7—2 400 t+7—2 400 t+7+x—2a
1 A B
b5 far [ seows [ar [ ooy [ ar i )de,
T t—1+a a t—1+x a t—T—x+2a
(2,t) € Ds, (A.10)
where A = (a+ ) B:%(a—é),
Proof  Let (x,t) € D;. In new variables £ = t+"”, n = ;z, equation

(A.1) takes the form —Uéln = f(&,n). By integrating this equation with respect
to £ and taking into consideration condition (A.7) we get

+oo
- / F(€ myde
13

From which, integrating with respect to n by virtue of condition (A.2), we get

+00 n

(&, =1 / a [ fe.

0
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Turning again to the variables = and y, we get (A.8).
Now, let (x,t) € Dy. The general solution of equation (A.1) one can write as

a t+7—x
Ulz,t) = 6, (t;x> 1 0 (t;x> +;/dT / f(rode. (A1)
T t—7+x

Then, according to conditions (A.5) and (A.6), for determining twice differentiable
arbitrary functions 61 and 62, we get the relations

t+7—a

+oo
t+a t—a t+a 1
91( 5 >+92< 5 >_a 901< 5 >+2/d7' / f(r,8)dE |,
a t—714a
1., /t+a 1 t—a_711/ t+a
4 (50) -5 (F0) = [ ()

+oo

— 5 [t -0~ frt -7+ adr| (A.12)

a

From which we find
+o00 2s—2a+T1

o) = A+ [ [ mee

a c1

—i—? :/OOdTQC]j f(7,8)dE + cs,

+o0 2s+T1

uls) = Bor(s+a)+ 5 [ ar [ e

a co

o0 c1
B
+— [ dr f(1,8)dE + c4, (A.13)
2 a/ 234211

where ¢1, c2, ¢3, ¢4 are arbitrary constants. Moreover, in virtue of (A.12),
c3 +cq = 0. (A.14)

Substituting expressions (A.13) for the functions ¢; and 02 into formula (A.11)
and taking into consideration condition (A.14), we get representation (A.9).
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Finally, assume that (z,t) € D3. We will look for the solution U(z,t) in this
region in the form

Uz, t) = 5 <t;$> 40, <t_2f”> +;/ad7 t_/T_xf(T,f)dg. (A.15)

T t—7+x

For determining the arbitrary functions 63, 64, make use of conditions (A.3),
(A.4) and equality f(7,&) = 0 for £ < 7. Hence,

03(z) + 04(0) = p2(z),

a 2a—2x+T1 +o00 2a—2x+T1
Api(a) + Bp1(2a — z) /dT / flr,)de + — /dT / f(r,&)d¢
2a—T

a 2a—2x+T1

— 103(a) + 04(a — z) + /dT / F(r,0)de| = v(a).

From which we define the functions 03(z), 94(33) and substitute the obtained ex-
pressions into (A.15). As a result, according to conditions (As), we come to
representation (A.10). [

Remark Inthe case when ¢(z) is differentiable, the kernel K (z,t)
is the solution of problem (A.1)—(A. 7) where f(z,t) = q( VKT (z,t), ¢1(x) =

%?Q( §)dg, pa(x _qu §)dg, P(z (fq )d§ — fq > (see Sec. 1).

Thus, applying representatlons (A. 8) (A.10), we get 1ntegral equations (1.6)4,
(1.7) 4.

In a similar way, one can also get integral equations (1.6)_, (1.7)_.
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