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Introduction

We consider either on a finite or an infinite interval the operator differential
equation of arbitrary order

Lyl =m[f], teZ, T=(a,b) CR! (1)

in the space of the vector-functions with values in the separable Hilbert space H,
where

Wyl = ly] = Am[y] — naly], (2)
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Analogs of Generalized Resolvents

lly], m[y] are symmetric operator differential expressions. The order of Iy[y] is
equal to r > 0. For the expression m[y], the subintegral quadratic form m{y,y}
of its Dirichlet integral m[y,y] = [, m{y,y}dt is nonnegative for t € Z. The
leading coefficient of the expression m[y] may not have the inverse one from
B(H) for any t € Z and it may even vanish on some intervals. For the operator
differential expression n)[y], the form ny{y,y} depends on A in the Nevanlinna
manner for ¢ € Z. Therefore the order s > 0 of my] is even and < r.

In the Hilbert space L2,(Z) with metrics generated by the form mly,y], for
equation (1)-(2) we construct the analogs R(\) of the generalized resolvents which
in general are non-injective and which possess the following representation:

RO = [ 2, Q
Rl

where E, is a generalized spectral family for which E is less or equal to the
identity operator. (Abstract operators possessing this representation were studied
in [16].)

The construction is based on a special reduction of the equation

l[y] = m[f] (4)

to the first order system with weight. Here [ and m are the operator differential
expressions which are not necessarily symmetric (in contrast to (2)). For the
construction of R(\) we also introduce the characteristic operator of the equation
(SH)[f] .
l)\[y]__ SN\ tel, (5)
where (SI)[f] = &(ULf) - I*[f).

In the case r = 1, ny[y] = Hx(t)y (here the mentioned reduction is not
needed), the resolvents R(\) were constructed in [21].

Further we consider the boundary value problem obtained by adding to equa-
tion (1)—(2) the dissipative boundary conditions depending on a spectral pa-
rameter. We prove that for some boundary conditions, the solutions of these
problems are generated by the operators R(\) if, in contrast to the case s = 0,
nxly] = Hx(t)y, the boundary conditions contain the derivatives of the vector-
function f(t) that are taken at the ends of the interval.

In the case ny[y] = 0, the results listed above are known [24], and R(\) is the
generalized resolvent of the minimal relation generated by the pair of expressions
ll[y] and m[y]. For this case, we show that in the regular case the set of all
generalized resolvents coincide with the set of all operators R(\), and thereby by
virtue of Theorem 3.2 their full description is given with the help of the boundary
conditions. A review of other results for the case ny[y] = 0 is contained in [23].
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In [9] and [10], the conditions for holomorphy and continuous reversibility
of the restrictions of maximal relations generated by I\[y] (2) with m[y] = 0,
naly] = Ha(t)y in L%Hko(t)/gAO (SAo # 0) and also by the integral equation with
the Nevanlinna matrix measure were studied (using some of the results from
[22]). We remark that the relations inverse to those considered in [9, 10] do not
possess representation (3). Also we note that the resolvent equation (1)—(2) is
not reduced to the equations considered in [9, 10].

Many questions concerning differential operators and relations in the space
of vector-functions are considered in the monographs [2, 4, 5, 18, 27, 28, 34,
35] containing an extensive literature review. The method of studying these
operators and relations, based on the use of the abstract Weyl function and its
generalization (Weyl family), was proposed in [12-14].

A preliminary version of the results obtained in this paper is contained in
preprint [25]. The expansion formulae for homogeneous equation (1) will be
obtained in our next paper.

We denote by (. ) and || - || the scalar product and the norm in various spaces
with special indices if it is necessary. For the differential operation I, we denote
RlL=(L+1%), Sl = 5 (1= 1%).

Let an interval A C R, f(¢) (t € A) be a function with values in some Ba-
nach space B. The notation f (t) € C* (A, B), k=0, 1, ... (we omit the index
k if k = 0) means that at any point of A, f (¢) has continuous in the norm || - || 5
derivatives of order up to and including ! that are taken in the norm |- || 5; if
A is either semi-open or closed interval, then on its ends belonging to A there
exist one-sided continuous derivatives. The notation f(t) € C§ (A, B) means
that f (t) € C¥ (A, B) and f () = 0 in the neighbourhoods of the ends of A.

1. The Reduction of Equation (4) to the First Order System
of Canonical Type with Weight. The Green Formula

In the separable Hilbert space H we consider Eq. (4), where [ [y] and m [f]
are differential expressions (that are not necessarily symmetric) with sufficiently
smooth coefficients from B (H) and of orders » > 0 and s, respectively. Here
r > s >0, s is even and these expressions are presented in the divergent form.

Namely,
k=0
where l2] = D]p ( Dja l2] 1= le_l {DQJ (t) + Sy (t) D} Dj_la by (t)7 q; (t)a

t)
sj(t) € ¢V (Z,B(H)), D = d/dt m[ ] is defined in a similar way with s instead
Of r, and p; 0, q qj (t), 3 (t) € B(H) instead of p; (), ¢; (t), s; (t)-
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In the case of even r = 2n > s, p, ' € B (H), we denote

0 .

QEtN=1{ . ") =Ji, S(t1)=Q(t1), (7)
il, O
2

H (b, 1) = [hasl oy s has € B(H"), (8)
where I, is the identity operator in H™; hiy is a three-diagonal operator ma-
trix whose elements under the main diagonal are equal to (%ql, e %qn_l),
the elements over the main diagonal are equal to (—%sl, ceey —%sn,l), the ele-
ments on the main diagonal are equal to (—po, ey —Dn—2, anpglqn —pn_l);
h12 is an operator matrix with the identity operators I; under the main di-
agonal, the elements on the main diagonal are equal to (0, ..., 0, —%snp,jl),

all the rest elements are equal to zero; hoj is an operator matrix with iden-
tity operators I; over the main diagonal, the elements on the main diagonal
are equal to (0, ceey 0 %p; 1qn), all the rest elements are equal to zero; hos =
diag (0, ..., 0, p,').

In this case, we also denote*

Wt 1m) = €7 (0 {Imagl? gy } C7H (1) s mag € BHY), (9)

where m1; is a three-diagonal operator matrix whose elements under the main

diagonal are equal to (—éql, ceey —%(In,l), the elements over the main diagonal
are equal to (%51, ey %én_l), the elements on the main diagonal are equal to
(ﬁ07 I ﬁn,]_); mio = dlag (0) sy 07 %§H)7 ma1 = dlag (05 DRI Oa _%Qn), mao =

diag (0, ..., 0, pn).
The operator matrix C (¢,1) is defined by the condition
C (0ol {F (W), f/ (1), s FO0 @), 0 @), 1 (1)}
= col { fOL(t), FUL D) s ST SN D L (10)
where fI¥! (t|L) are quasi-derivatives of the vector-function f (t) that correspond

to the differential expression L.
The quasi-derivatives corresponding to [ are equal (cf. [33]) to

. . . T
Py =y @), j=0, ... [5] -1, (11)
* W (t,l,m) is given for the case s = 2n . If s < 2n, one has to set the corresponding

elements of the operator matrices mqg to be equal to zero. In particular, if s < 2n, then
miz2 = mo1 = ma2 = 0, and therefore W (t,1,m) = diag (m11,0) in view of (14).
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() _ iy 1) 59
[n] _ ) PnY 2qnY , T n
y™ (t]l) { i guiy™, =24 1 ; (12)
. o N , -
g3 (¢ ]1) = —Dylr =31 (¢ 1) + py@ + . |:Sj+1y(‘j+1) — gy 1)} . (13)

r—1
2

j:O?"'7|: :|aq050'

Then, I [y] = 3! (¢t]1). The quasi-derivatives y!*! (¢t |m) corresponding to m are

defined in the same way with even s instead of r, and pj, g;, 5; instead of p;, g, 5.
It is easy to see that

L, 0 .
C(t1) = ( oo > Cup € B(H"), (14)

where Cy1, Ca9 are the upper triangular operator matrices with diagonal elements

(—%q1, ..., —%qy) and ((—1)”_1pn, (=) 2 pp, ..., pn) , Tespectively.
In the case of odd r = 2n + 1 > s, we denote

J ) n ) J ) n bl O?
Q(t,n:{ 1 s<t,z>:{ [i s, > (15)
q1, 51, n:O,

hosll? oy, n>0,
H (1) = {H e (16)
Do, n= 07

where B (H") 3 hqp is a three-diagonal operator matrix whose elements under
the main diagonal are equal to (%ql, cen %qn,l), the elements over the main
diagonal are equal to (—%sl, R —%Sn—1), the elements on the main diagonal
are equal to (—pg, ..., —pn—1), all the rest of the elements are equal to zero.
B ('H”H, H”) 5 hqo is an operator matrix whose elements with numbers j, j — 1
are equal to I, j = 2, ..., n, the element with number n, n 4+ 1 is equal to %sn,
all the rest of the elements are equal to zero. B (H", H"H) 5 hoj is an operator
matrix whose elements with numbers j — 1, j are equal to I1, 5 = 2, ..., n,
the element with number n + 1, n is equal to %qn, all the rest elements are
equal to zero. B (H”‘H) > hgo is an operator matrix whose last row is equal
to (0, ..., 0, —ily, —py), last column is equal to col (0, ..., 0, ily, —py), all the
rest elements are equal to zero.

In this case, we also denote*

W (tv L m) = ”maﬁuz,ﬁ:17 (17)

where mq; is defined in the same way as my; (9). B (H"“, H") 3 mqg is an
operator matrix whose elements with number n, n + 1 are equal to —%57” all

* See the previous footnote
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the rest elements are equal to zero. B ('H", ’H"‘H) 5 mgj is an operator matrix
whose elements with number n+ 1, n are equal to —%cjn, all the rest elements are
equal to zero. B (H”‘H) > mgy = diag (0, ..., 0, pp).

Obviously, for H (t,1) (8), (16) and W (¢,1,m) (9), (17) one has

H* (t,1) = H (t,") ,W* (t,l, m) =W (t,l, m"). (18)
Lemma 1.1. Let the order of 3l be even. Then
SH (t,1) = W (t,1, =) = W (¢,1", =) (19)

Proof Let us prove the first equality in (19) for even r = 2n. Let us
represent H (t,1) (8) in the form

H(t,l)=At1) + B (1), (20)

where A(t,l) = H(t,l) — B(t,l) and

B(t,1) = |Bjxll? 4y » Bjr € B(H"), (21)
By = diag (0, ..., 0, 5,p, qn/4), Biz=diag (0, ..., 0, —is\p,'/2), (22)
By =diag (0, ..., 0, ip,'¢,/2), Bas =diag (0, ..., 0, p,;"). (23)

In view of (14), (21)-(23), one has

B(t,1)C (t,1) = [lull?}—y » wn € B(H), (24)
Un2an = —i8n/2, Uan 2n = I, the rest uj;, = 0.
Hence
C* (t,0) B (t,1) C (t,1) = |[vj 55—y » vjr € B(H),
Un 2n = _% (Sn - Q:;)v Von 2n = p;kw rest Vi = 0.

Thus, C* (t,1) SH (t,1) C (t,1) = C* (t, ) W (t,1,—31) C (t,1) in view of (8),
(9), (10), (20) and the divergent form of the expression —3{ that follows from
(6). The first equality in (19) for even 7 is proved. Its proof for odd r follows
from (16), (17).

From the proof one can see that

W (t,1,90) = —SH (t,1) . (25)

The second equality in (19) is a corollary of (25) and (18). Lemma 1.1 is
proved. [
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For the sufficiently smooth vector-function f (¢) we will denote (if f(¢) has a
subscript, then the same subscript should be added to F)

H" > F(t, l,m)
s/2 )
Z@f(J)(t) P0D...H0, r=2n, r=2n+1>1,s<2n,
§=0

n—1 .
> @f(ﬂ) (t)) 00 ...000 (_Z‘f(")(t))7 r=2n+1>1s=2n,
7=0

f (t) s r=1,
(nf o) (t)) ® (i & flr=i) (¢ u)> , = 5=,
j=0 Jj=1

(26)

Similar notation (with corresponding capital letter) we will also use for vector-
functions which are denoted by another letter and for another differential opera-
tions instead of I, m. For example for vector-function y;(¢) € H and differential
operations la, mo we denote by Yi(t,l2, ma) vector-function (26) with vy (¢), lo,
ma, T2, so instead of f(t), [, m, r, s respectively, where ro and sy are the orders
of ls and mg (r2 > even sg).

From now on in Eq. (4)

Pl (6) € B(H) (r=2n); (g (£) + 5001 (£) ' € B(H) (r=2n+1).

Theorem 1.1. Equation (4) is equivalent to the first-order system

QWP +50F) + H@F=W (@) F (1) (27)

with the coefficients Q (t) = Q (t,1), S(t) = S(¢,1) (7), (15), H(t) = H(t,1) (8),
(16), weight W (t) = W (t, I*, m), and with F (t) = F (t, [*,m) that are obtained
from (9), (17) and (26), respectively, with I* instead of . Namely, if y (t) is a
solution of equation (4), then

g(t) = gj(t7 [, m, f)

Heay ) eSS @ ¢ - /@ m) ). r=2n,
§=0 j=1
Say ) e (326 @) - 9 (¢ m))
=4 \j=o j=1 (28)
@ (—iy™ (1)), r=2n+1>1,
(here fIFl (tjm)=0as k < %)
y(t), r=1,
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is a solution of (27) with the coefficients, weight and F (t) mentioned above. Any
solution of Eq. (27) with these coefficients, weight and F (t) is equal to (28),
where y (t) is some solution of Eq. (4).

Let us notice that different vector-functions f(¢) can generate different right-
hand sides of Eq. (27), but only the unique right-hand side of Eq. (4).

Below we will use notation similar to to (28) for another vector-functions
instead of y(t), f(¢) and another differential operations instead of [, m. For
example for vector-functions yi(t), g(t) € H and differential operations lz, mo
we denote by ¥ (t, l2, ma, g) vector-function (28) with y1(¢), g(t), la, ma, r2, so
instead of y(t), f(t), I, m, r, s respectively, where ro and sy are the orders of Iy
and mg (ro > even s3).

Proof. We need the following three lemmas.

Lemma 1.2. Let L,[y] be a differential expression of l[y] (6) type and of order
«. Let us add to Ly[y] the expressions of i*Ix[y] type, where k = a4+ 1, ..., 3,
with the coefficients equal to zero. We obtain the expressions Lgly] which formally
have order (3, but in fact, Lg and L, coincide. Then, for sufficiently smooth
vector-function f (1),

A fleil(t|La), j=0,..., 4],
o] (t|Lﬁ):{ . [a
O? ]:[Tl]+1""7|:§:|’
(here fION(t|Ly) is defined by (12) with r = 1).

Proof  The proof of Lemma 1.2 follows from formulae (12)-(13) for
quasi-derivatives. ™

Lemma 1.3. Let f(t) € C° ([a, 5], H), y (t) be a solution of the correspond-
ing Eq. (4). Then the sequence fi, (t) € C* ([o, 5], H) and the solutions yy, (t)
of equation (4) with f (t) = f (t) exist such that

[a,B],H) C" ([0, H)

£ I p ) Iy ).

This is a trivial consequence of the Weierstrass theorem for vector-functions
[36] and formula (1.21) from [11].
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Lemma 1.4. Let the vector-function f (t) € C* (I, H). Then
W (t, I*, m) F (t, I*,m)

s/2—1 ) ] ,
( S @ (S (tm) + (797 (tlm) ))
eft/Atim)eod... a0, r=2n+1,r=2n,0< s < 2n,
s/2—1 ) ) ,
( 5@ (S hm) + (75 () ))
= BO®...+@0@ (—if" (t|m)), r=2n+1,s=2n>0,
Do ( )f()@OEB . @0, 5s=0,
s/2—1 ) ’
[( > (e tm) + (7 ”—wlm»))
@0@...@0]+H(t,l)(0@...@0@f["](t\m)), r=s=2n.
(29)

Notice that W (t,l*,m)F(t,I*,m) does not change if the null-components in
F(t,1*,m) are changed by any H-valued vector-functions.

Proof. Let us prove Lemma 1.4 for r = s = 2n. It is sufficient to verify
that

(s ()12 oy ) col {1 (0, £/ 8), ooy P70 0), 7D (1), £ (1))

-1 ,
= O* (t,1%) <f[”'] (t|m) + (f[’"*j*” (t\m)) ) BO0D...30
=0

+H(t|l)(0@0@...@0@f[”](t|m))}. (30)

But in view of (9), (12), (13), the left-hand side of equality (30) is equal to

n—1 ’
d e (f[’“—ﬂ (t |m)> + (f[’“—j—” (t ym)) 0@...00a fI' (tjm).
§=0

Hence equality (30) is true since C (¢,1*)[...] = [...] and the last column of
C* (t,1*) H (t,1) is equal to col (0,..., 0, I;) in view of (8), (14).

The proof for r = 2n+ 1, s = 2n is carried out via direct calculation by using
(17), (12), (13).

The proof for s < 2n follows from the case s = 2n considered above, Lemmas
1.2, 1.3 and the fact that the elements uj, € B (H) of the matrix W (¢,1*,m) are
equal to zero if s < 2n and ¢ > s/2 or j > s/2. Lemma 1.4 is proved. [ |
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Let us return to the proof of Theorem 1.1. Let y (¢) be a solution of Eq. (4).
Then

QDL m.0) +SEDF (t.Lm0)} —H(.)F(t.1.m,0)

2
= diag (y[’"] (t]),0,..., 0) (31)

in view of formulae that are analogues to formulae (4.10), (4.11), (4.24), (4.25)
from [26]. Using (31) and Lemma 1.4, via direct calculation we can show that
gy (t,1,m, f) (28) is a solution of (27) for r = s = 2n, r = 2n+ 1, s = 2n.
Therefore, in view of Lemmas 1.2, 1.3 | ¢ (¢,1,m, f) is a solution of (27) for
5 < 2n.

Conversely, let 7 () = col (y1, - . ., y») be a solution of (27). Let y () be a solu-
tion of the Cauchy problem obtained by adding the initial condition ¢ (0,1, m, f) =
7 (0) to Eq. (4). Then g (¢) = § (¢,1,m, f) in view of the existence and uniqueness
theorem. Theorem 1.1 is proved. [

Notice that Theorem 1.1 remains valid if the null-components of F'(t,l*,m)

are changed by any H-valued vector-functions.
R . .
For the differential expression L[y] = 3 i*Ly[y], where Lo; = DIP; (t) D7,
k=0
Loj_1 = 3DI1{DQ; (t) + S; (t) D} DI71, P;(t), Q;(t), S;(t) € CI(T, B(H)) we

denote by

Lifal= [ Liraba (32
the bilinear form which corresponds to its Dirichlet integral. Here
(R/2] . ‘
L{figt =3 (B9, 4" )
=0

Ry1)

e
+5 2 (5000, 0) - (@700 0). 6

Theorem 1.2. (On the relationships between bilinear forms) Let f (t), y (¢),
fe @), yk (t), k = 1,2, be sufficiently smooth vector-functions. Then:
1.

(W (t7 L, m)Fl (t,l,m), Fy (t7l7m)) - m{f17f2}' (34)

2. a) If the order of 31 is even, then

(W (t7l7 —%l)g]’(t,l,m, f)? g(tv L, m, f))
_%(W (t7 l*am*)g(tv lama f)7 F(tal*am))

= — (3D {y.y} ~ S (m" {y. f}); (35)
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mA{yr, fo} —m{f1,y2} = W (t,l,m) 71 (t,1,m, f1), Fa(t,l,m))
— (W (t,I*,m) Fy (t,1",m) , %2 (¢, 1", m", f2)), (36)

although for r = s the corresponding terms in the right- and left-hand sides of
(35) and (36) do not coincide.

Proof Statement 1 follows from (9), (17), (26), (33).

2. Let r = s = 2n. For more convenience, when using notations of (26) type,
we omit the argument m. For example, by F'(¢,1*) we denote F (t,l*,m).

a) We denote

F (t,m) = col {O, 0, 2 m) L (t\m)} eH". (37)
One has
W (1,4, =S0) (0 Lm, 1) 5 (0L m, £) = (W (4 =SD Y (1.0),Y (11)
t,

_(W( 7[,—\yl) (tvl)wF( )) (W( lv l)f(t7 ) (71))
+ (W (L1, =S1) F (t,m), F (t,m)) = (S1) [y, y]

+2§R( =1y In] (417) , £ (t|m))+%( £ (t|m) , f (tym)). (38)

Here the last equality follows from (18), (34), (29), (8). On the other hand, we
have

S (W (8,15, m*) (¢, L,m, ), F (£,1%) = S (W (£, 1", m") Y (t,1") , F (t,1%))
FIW @ mT) (Y (80 =Y (,17) = F(t,m)), F(t,17)) = 3 (m" {y, f})

2 (pi M E1S0) S @m) ) + S (£ (tm) £ (em)) - (39)

We prove the last equality similarly to (38) taking into account that y™ (¢|1) —
y (#]1*) = 2iyl™ (¢|31). Comparing (38) and (39), we obtain (35).
b) In view of (28), (34), (18) and Lemma 1.4, we have

W (@&, Lm) g (¢ 1, m, f1) , Fa (8,1) = m{ys (8, 1,m, f1), f2}
— (A (tm) B (@) ol {0, .., 0, £ (tm*) })
=mﬁmh}—@fﬁ“mmxﬁmmmw) (40)
where Fi (t,m) is defined by (37) with f)(t) instead of f(¢). Similarly,
(W (&, 1%, m) Fy (¢,17) 52 (£, 17, m™, f2))
=m {f1,y2} = (pa A7 (t1m)  £5" (t1m) ). (41)
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Comparing (40) and (41), we obtain (36).

Forr=2n+4+1,s=2norr =2n+ 1V 2n, s < 2n, the corresponding terms
in (35), (36) coincide in view of (9), (17), (26), (28), (34). For example, in these
cases

(W (4,1, =S Gt Lm, f), 7t 1Lm, £)) = (W (t,1,-S1) Y (£,1),Y (t,1))
= -0 {y,y}-

Theorem 1.2 is proved. ]

Notice that Theorem 1.2 remains valid if the null-components in Fy(t,1,m),
F(t,1*,m), Fi(t,I*,m) are changed by any H-valued vector-functions.

Theorem 1.3. (The Green formula) Let Ix[y], mg[y], k = 1,2, be the differen-
tial expressions of l[y] (6), m[y] types, respectively. The orders of 1 are equal tor,
the orders of my, are different in general, even and are equal to s, < r. The coeffi-
cients of 1y at the highest derivative has the inverse from B(H) fort € [, 3]. Let
vk (t) € C" ([, B, H), fi (1) € C* ([, B], H), and L [yx] = my [fi], k=1, 2.
Then

B

B B
/m1 {fl,yQ}dt—/m; {y1,f2}dt—/(11 1) {1y} e

«
B

= (Z (Q (1) + Q" (t,12)) 41 (¢, I, m1, f1), %2 (¢, 12, m27f2)) , (42)

2

[0

where Q(t,1), are defined by (7), (15) with 1y instead of l.

Proof Weneed the following.

Lemma 1.5. For the sufficiently smooth vector-functions g1 (t), g2 (t), one
has

((H (t711) - H (t71;)) g\l (ta 11,1111,0) 7§2 (tv 12,1112, 0))

:{—(11—13){91792}, r=2n,

\ (43)
— (=15 {91,902} + By — Boy1) {91,092}, 7 =2n+1,

where 15, | are the analogs of lapt1 for 1.
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Proof Letr=2n. Then, in view of (20)-(24), (28), (10), (18), we have

((H (t,1y) — H (t,13)) g1 (t,11,m1,0) , G2 (t,12, m2,0))
= ((A(t,l1) — A(t,15)) g1 (t,11,m1,0) , G2 (t,12,m2,0))

+ <C* (t; 12) B (t711) C (tyll) col {glvg/b DRI g§n71)7g£2n71)5 ey ggl)} )
7COl {927957 ] gén_1)7g§2n_1)’ MR gé’rL)}) - (COZ {gl?gi""7g§2n_1)7"'7g§n)}’
,C* (t,11) B (t,12) C (t,13) col {gg,gé, . ,génil),gé%fl), . ,gén)}>

= -l -B){f g}

The proof of (43) for r = 2n + 1 follows directly from (16), (28). Lemma 1.5
is proved. [

Now the Green formula (42) can be obtained from the following Green formula
for the Eq. (27) which correspond to the equations lj [y] = my [f]:

(W (t,17,m1) Fy (t,17,m1) , 92 (¢, 12, mo, f2)) dt

(W (t,15,m3) 41 (¢, 11, my, f1), Fo (t,15, ma)) dt

+ [ ((H (t,11) = H (t,15)) 91 (t, 11, m1, f1) , 92 (¢, 12, ma fo)) dt

— T T—w Tt — TT—=x

LS (1)~ @ (1) (8 mn, f2) o (1o ma, )
(Q (1) = S* (t,12)) 7 (¢, 11, my, f1), 75 (¢,12,ma, f2)) } dt

= <; (Q (t,11) + Q" (t,12)) 41 (t, 11, m1, f1), 42 (t,12, m2, f2)>

— R

8
(44)

[0}

Let r = s = 2n. For more convenience, by Fj (t,1;),Ys(t,1x) we denote
Fy (t, 13, my) , Yy (t,1x, my), respectively. Then, in view of (8), (28), (29), (34),
(43), one has:

(W (t,17,m1) Fy (£,17) , 92 (¢, 12, ma, f2)) = my { f1,y2}
+ (H (t,11) col {0, L0, f7 |m1)},

ol {0, 0,58 (¢12) = b (£ 17) = A7 (tIma) } ) 5 (45)

508 Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 4



Analogs of Generalized Resolvents

(W (t,13,m3) 71 (t, 11, mq, f1), F2 (¢,15)) = m3 {y1, f2}
+ (H 1) ot {0, 0,58 () = (215) = A7 () }
, col {0, ...,0, fQ[n} (t |m2)}> : (46)

((H (t711> - H (t,l;)) gl (t711a my, f1> 7g2 <t7127m27 f2)) - - (11 - 1;) {y17y2}
—((H (t,h) — H (t,13)) Y1 (¢, 1), F2 (t,m2))—((H (t, 1) — H (t,15)) F1 (¢, m1), Y2 (¢, 12))

+((H (t,11) _H(t,lg))coz{ 0, f7 (¢ |m1)},col{ 0, £ (¢ |m2)}>,
(47)

where F(t,my,) are define by (37) with fi(¢) instead of f(¢).

Let us denote by pf, qf, s? the coefficients of 1. In view of (8),

(H (t,11) col {o, 0, ]ml)} ,col{ 0,57 (£ 1) — o (¢ |1>{)})
= (@7 @) w5 @ 1) = b (011)) - (48)
and
(coz{o L0,y (1) =y (t|1;)} H (t, 12)(;01{ 0, £ (¢ me)})
= (s ) =y e ns). @) () ) . (49)
On the other hand, in view of (8), (12), we have

- ((H (t711) —H(t,5)) Y1 (t,h), F2 (t, m2))
== () g /2 = i) 52 /2 p" Y+ () = 62 ) o )
A |m2>) - ((pi*)* (@) = ot @1s) 5 @ me)) . (50)

where the last equality is a corollary of (12) and of its modification

n n) 1 _ n—
(o)~ o™ () = o™ = 00 g™

Analogously, it can be proved that

((H (1) = H (£15)) F1 (), Ya (t,12))
= (A @l @R (87 ) = 1)) ) - 1)
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Comparing (44)—(51), we get (42) since the last [ aﬁ in the left-hand side of
(44) is equal to zero if r = 2n in view of (7).

For s; < r = 2n, the proof of (42) easy follows from (26), (28), (34), (43),
(44) in view of the first footnote.

Now let » = 2n + 1. Then the last | f in the left-hand side of (44) is equal to
ff (13,41 — 135 1) {y1, 42} dt. Hence the proof of (42) for s, <2n <r =2n+1
follows from (17), (26), (28), (34), (43), (44). Theorem 1.3 is proved. |

Remark 1.1. In view of Lemmas 1.2, 1.3 all results of this section are valid
if the condition of eveness of sj is changed by the condition s; < 2 [g]
2. Characteristic Operator
We consider an operator differential equation in the separable Hilbert space H;
i

QW) +Q 02 1) -HWe®) =M OF @), tel, (52)

where Q (t), [RQ (t)] ™, Hx (t) € B(H1), Q(t) € C! (Z, B (H1)); the operator
function H) (t) is continuous in ¢ and is Nevanlinna’s in A. Namely, the following
condition holds:

(A) The set A O C\ R exists, every its points has a neighbourhood indepen-
dent of t € Z, in this neighbourhood, H) (t) is analytic Vt € Z; VA € AH) (t) =
Hi(t)eC (Z, B (H1)); the weight W) (t) = SHy (t) /SA > 0 (SA £ 0).

In view of [22], Vu € ANRY : W, (t) = 0H, (t) /OAl =, is a Bochner locally
integrable function in the uniform operator topology.

For the convenience, we suppose that 0 € Z and denote R Q (0) = G.

Let X, (t) be the operator solution of homogeneous equation (52) satisfying
the initial condition X (0) = I, where I is an identity operator in H;. Since
H\\(t) = H(t), then

X:(1[RQE)]XA(t) = G, A€ A, (53)

For any , 3 € Z, a < 3, we denote A (o, 3) = ff X5 () W (t) X (t) dt,
N ={h € Hy |h € KerAy (a, 3) Vo, 8}, P is the ortho-projection onto N*. N is
independent of A € A [22].

For x (t) € Hy or z(t) € B(H1), we denote U [z (t)] = ([RQ ()] (t),z (t))
or Ulx (t)] = a* (t) [RQ (t)] x (t), respectively.

As in [21, 22], we introduce the following.

Definition 2.1. An analytic operator-function M (X) = M* () € B (H1) of
non-real X is called a characteristic operator of Eq. (52) on I if for S\ # 0 and
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for any H1 — wvalued vector-function F (t) € LIQ/VA (Z) with compact support, the
corresponding solution x (t) of Eq. (52) of the form

x) (t, F) = Ry\F —/X,\ (t) {M (A) — %sgn (s —1t) (’L’G)_l} X3 (8) Wx(s) F (s)ds
z

(54)
satisfies the condition
(A Jim  Ulex (B F)] = Ulwa (e, F))) <0 (SA#£0). (55)
a,

Notice that in [22] the characteristic operator was defined when Q(t) = Q*(¢).
Our case is equivalent to this one since equation (52) coincides with equation of
(52) type with RQ(¢) instead of Q(t) and with H(t) — 13Q’(¢) instead of Hy(t).

The properties of the characteristic operator and sufficient conditions for the
existence of characteristic operators are obtained in [21, 22].

For the case dimH; < oo, Q(t) = J = J* = J !, —00 < a = 0, the
description of the characteristic operators was obtained in [31] (the results of [31]
were specified and supplemented in [23]). For the case dimH; = oo and 7 is
finite, the description of the characteristic operators was obtained in [22]. These
descriptions were obtained under the condition that

N € A, [a, 0] C T: A)\O(a,ﬁ) > 0. (56)

Definition 2.2. [21, 22] Let M (\) be the characteristic operator of equation
(52) onZ. We say that the corresponding condition (55) is separated for nonreal
A = po if for any Hi-valued vector function f(t) € L%’Vuo(t) (Z) with compact
support the following inequalities hold simultaneously for the solution x,, (t) (54)
of equation (52):

lin SpoU o ()] 2 0, 1im Spol [ (B)] < 0. (57)

Theorem 2.1. [21, 22] Let P = I, M (\) be the characteristic operator of
equation (52), P(X) = iM(N)G + 31, such that we get the representation

M) = <7> ) — ;1> (iG). (58)

Then condition (55) corresponding to M (\) is separated for A = pg if and
only if the operator P (uo) is the projection, i.e.,

P (o) = P* (po) - (59)
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Definition 2.3. [21, 22] If the operator-function M (X\) of the form (58) is
the characteristic operator of equation (52) on T and, moreover, P (\) = P2 ()),
then P (N) is called a characteristic projection of equation (52) on .

The properties of the characteristic projections and sufficient conditions for
their existence are obtained in [22]. Also, [22] contains the description of the
characteristic projections and the abstract analogue of Theorem 2.1.

The following statement gives the necessary and sufficient conditions for the
existence of the characteristic operator which corresponds to the separated bound-
ary conditions such that the corresponding boundary condition at a regular point
is self-adjoint. This statement follows from Theorem 2.1.

Let us denote by Hy (H_) the invariant subspace of the operator G which
corresponds to the positive (negative) part of o(G).

Theorem 2.2. Let —oo < a. If P = I, then for the existence of the charac-
teristic operator M () of equation (52) on (a,b) such that

3o € C\R": Ulyy(a, F)] = Uz (a, F)] = 0 (60)

(and therefore condition (55) is separated on A\ = pg, A\ = fig) it is necessary that

dimH; = dimH_. (61)

(In (60) xx(t, F) is a solution (54) of (52) which corresponds to the characteristic

operator M (), L? )(a, b) > F = F(t) is any Hi-valued vector-function with

W (¢
compact support).

If condition (56) holds, then condition (61) is also sufficient for the existence
of such characteristic operator.

Proof. Necessity. Since P = I, we obtain
UlXpo(a)(I = P(po))] = U[Xgo(a)(I = P(fio))] = 0 (62)

in view of the proof of n°2° of Theorem 1.1 from [22].
Let, for definiteness, Spug > 0. Then, in view of Theorem 2.4 and formula
(1.69) from [22], (59), (62) and the fact that

SAX3(a)[RQ(a)| Xr(a) —G) <0, A€ A, (63)

we conclude that X, (a)(I —P(uo))H1 and Xp,(a)(I —P(fo))H1 are correspond-
ingly maximal RQ(a)-nonnegative and maximal RQ(a)-nonpositive subspaces
which are RQ(a)-neutral and RQ(a)-orthogonal in view of Remark 3.2 from [22],
Theorem 2.1 and (53). Hence

(Xuo (@) — P (o) H)™M = Xz (@) (I — P (o)) Ha
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in view of [3, p. 73] (here by [L] we denote the RQ(a)-orthogonal complement).
Therefore X, (a)(I —P(p0))H1 is hypermaximal RQ(a)-neutral subspace in view
of [3, p. 43]. Thus, in view of [3, p. 42], we obtain that dimH4 (a) = dimH_(a),
where H4 (a) are analogs of Hy for RQ(a). In view of (63), X, !(a)H(a) and
X ﬂ_ol(a)H_ (a) are correspondingly maximal uniformly G-positive and maximal
uniformly G-negative subspaces. Therefore H; is equal to the direct and G-
orthogonal sum of these subspaces in view of (53) and [3, p. 75]. Hence we
obtain (61) in view of the law of inertia [3, p. 54].

Sufficiency follows from Theorem 4.4. from [22]. The theorem is proved. =

It is obvious that in Theorem 2.2 the point a can be replaced by the point b
if b < oo, but cannot be replaced by the point b if b = co as the example of the
operator id/dt on the semi-axis shows. Also this example shows that condition
(60) is not necessary for the fulfilment of the condition U[z,,(a, F')] = 0 only.

In the case of self-adjoint boundary conditions, the analogue of Theorem 2.2
for the regular differential operators in the space of vector-functions was proved
in [32] (see also [34]). For the finite canonical systems depending on spectral
parameter in a linear manner the analogue was proved in [29]. These analogs
were obtained in a different way comparing with Theorem 2.2.

From this point and till the end of Remark 2.1 we suppose that H; = H?",
Q(t) = J/i (7), T = (0,b), b < oo, and condition (56) hold. Let condition (55)
be separated and P(A) be a corresponding characteristic projection. In view of
[22, p. 469], the Nevanlinna pair {—a (A\), b(A)}, a(A),b(\) € B (H"™) (see, for
example, [13]) and the Weyl function m (\) € B (H") of equation (52) on Z [22]
exist such that

P = ( mf&) > () —a* () m W) (@ (), —a (V). (64)
r-P= (30 ) 6W-mWa) T Cm . 6
(B () —a” (N m()

Conversely, P (\) (64) is a characteristic projection for any Nevanlinna pair
(—a(N), b(N)) and any Weyl function m (\) of equation (52) on Z.

Let the domain D C C4 be such that VA € D : 0 € p(a(A) —ib(\)) (for
example, D = Cy if 3Ay € C4 such that a* (AL)b(Ayx) = b* (Ax)a(Ay)). Let
the domain D be symmetric to D with respect to the real axis. Then, in view
of [22, p. 166] or Lemma 2.1 (see below), Corrolary 3.1 from [22] and (56), (64),
(65), the operator RyF (54) for A € D|J D; can be represented in the following
form with using the operator solution Uy (t) € B (H", H*") of Eq. (52), (F = 0)
satisfying the accumulative (or dissipative) initial condition and the operator
solution V) (t) € B (H", HQ”) of Weyl type of the same equation.

, (0() =m () a(\) € B(H").
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Remark 21. Let A\ € DUD; and Hi-valid F(t) € LIQ/VA(I)*' Then
solution (54), (58), (64) of Eq. (52) is equal to

t b
RAF = / VA (8) U3 () Wa (s) F (s) ds + / Un (£) V3 (s) Wa (s) F (s) ds,
0

t

where the integrals converge strongly if the interval of integration is infinite. Here

n0=%0( 40 ) mo=x0( 28 ) K00 0m.s o).
(66)

where
KQX)=a*(N)a\)+b*(A)b(\), K~'(\) € B(H"), (67)
Map () =ms, (A) = K1) (a* (A) + 0" () m(\) (5* (A) —a* (A)m(\) 7",
(68)
Va () h € Liy, ) () Vh € H™ (69)

Moreover, if a(A\) = a (A), b(A) =b(X) as SA # 0, then we can set D = C and
vo.p1 €T

Smayb ()\)
SA

B
/ Vi @)W (@) Va(t)dt < (SA£0).
0

For the construction of the solutions of Weyl type and the description of the
Weyl function in various situations, see [1, 22] and references in [1].

Let us consider the operator differential expression [)[y] of (6) type with the
coefficients p; = p; (t,N), ¢; = ¢; (t,A), s; = s (t,\) and of order r. Let —Iy
depend on A in Nevanlinna manner. Namely, from now on the condition below
holds.

(B) The set B D C\ R exists, every its point has a neighbourhood inde-
pendent of ¢ € Z, in this neighbourhood, the coefficients p; = p; (t,), ¢; =
qj (t,\), s = s; (t,\) of the expression [ are analytic V¢t € Z; VA € B, p; (t, \),
qj (t, ), s; (t,\) € C7 (Z,B(H)) and

pl(t,\) € B(H), r=2n,
(g1 (EN) + Spgr (X)) P € B(H), r=2n+1, t €T; (70)

these coefficients satisfy the following conditions:

pj (t, \) = pj (t,N), q; (t,N) = s; (t,\), XeB (71)

*The norms || - HL%V () are equivalent for A € A [22].
A
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(1) = b=l <= H(t,L) = HtE) A€ B). Yho,... hyzsa) € H:

A in view of (18) 2
[r/2] =
N %(Pj (t,A) by, hj) + 5 Zl {(s5 (£, ) b, hj—1) — (g (8, A) hj—1, hy)}
Jj= J=

<0,
SA -

teZ, SNA0. (72)

Thus the order of expression Gy is even and therefore if » = 2n 4+ 1 is odd,
then g1, Smy1 are independent of A and 5,11 = ¢q;, ;-

Condition (72) is equivalent to the condition (3U)){f,f}/SA < 0, t € 7,
SN # 0.

Hence gHéf\’l*) = W<t,l,\,—%) >0,tc€Z, S\#0 due to Lemma 1.1
and Theorem 1.2, and therefore H (t [\) satisfies condition (A) with A = B.
Therefore Y € BN RY W(t,1,,— %

\m) = B is Bochner locally in-

tegrable in the uniform operator topology. Here, in view of (8), (16) Vu €

1 \Slp def \9l,u+7,0 _ % : apj(tuu‘) an(t,,LL) 85]’(@#)
BOR" 3 = SGuti0) = Oh|,_ , where the coefficients ===, =537, =5

of the expression 0l,,/Op are Bochner locally integrable in the uniform operator
topology.
In ‘Hy =H", let us consider the equation

) R / " " o S

S QLT +Q (LT () —H (LG =W (53 ) F ().
(73)

This equation is an equation of (52) type. Equation (5) is equivalent to Eq. (73)

with F'(t) = F (t,l;\, —%) due to Theorem 1.1 and (19).

Definition 2.4. Fvery characteristic operator of Eq. (73) corresponding to
Eq. (5) is said to be a characteristic operator of Eq. (5) on I.

Let m[y] be the same as in the n°1 differential expression of even order s <
r with the operator coefficients p; (t) = pj (t), q; (t), 3; (t) = gj (t) that are
independent of A. Let Vhg, ..., h[r+1] cH:
2

5/2
OSZ( h],h Z hj-1, J)
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[r/2] [
3 ggg(pj(tjk)h77hj)*‘%' g;r((Sj(twk)hjahj—l)-—(Qj(taA)hq—17hj))

teZ, SNA0. (T4)
Condition (74) is equivalent to the condition 0 < m{f, f} < —(S\) {f, [} /S\,
t €I, I\ #0. Hence

3l SH (t,1
0 < W (t,1x,m) §W<t,l/\7_‘s>‘> SH (¢ 1))

) :4—§y——teI,SA#O, (75)
due to Theorem 1.2 and Lemma 1.1.

In view of Theorem 1.1, Eq. (1) is equivalent to the equation

S(QEWTW) +@ (' (0) = HEL)F(E) =W (Llm) F(t15,m),
(76)

where Q (t,15), H (t,1)) are defined by (7), (8), (15), (16) with [ instead of [,
and W (t,15,m), F (t,l5, m) are defined by (9), (17) (26) with [5 instead of [, and
¥ (t) =9 (t,Ix,m, f) is defined by (28) with [ instead of .

In some cases we will suppose additionally that I\g € B; o, 8 € Z, 0 € [, 3],
the number § > 0:

Shy £ t. M)} dt > 6| Pij (0.1 0)]? 7
- %)\0 {y(a 0>7y(7 0)} el H y( ) )\ovm7 )H ( )

«

for any solution y (t,Ag) of (5) as A\ = Ao, f = 0, where P € B(H") is the

orthoprojection onto subspace N+ which corresponds to Eq. (73). In view of

Theorem 1.2, this condition is equivalent to the fact that for the equation (73)
I €EA=D8; a,8€Z, 0E€ |a, 3], the number § > 0:

(A, (@, 8)g,9) > 8| Pgll>, geH (78)

Therefore, in view of [22], the fulfillment of (77) implies its fulfillment with
d (A) > 0 instead of ¢ for all A € B.

Lemma 2.1. Let M (\) be a characteristic operator of Eq. (5) for which
condition (77) holds with P = I, if T is infinite. Let I\ # 0, H"-valued
F(t) € L%ﬁ/(tyl;,m) (Z) (in particular, one can set F(t) = F(t,l5,m), where
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f@t)eC*(Z,H),m[f, f] <oo). Then the solution
T\ (t, F) — ’R,)\F
1
= /X)\ (t) {M (A — R (s—1) (iG)l} X5 (8) W (s,15,m) F (s)ds
z
(79)
of Eq. (76), with F (t) instead of F (t,l5,m), satisfies the following inequality:

|RAF|72 )(I) < S (RAF, F) 2 @) /SA SA#0, (80)

W(t,l)\,—% W(t,l;\,m)

IA
where X, (t) is the operator solution of homogeneous equation (76) such that

X)(0) =1, G=RQ(0,1y); integral (79) converges strongly if T is infinite.

Proof. Letusdenote
1 . —1 *
K(tjs,)\):X,\(t){M()\)—QSgn(s—t) (1G) }X;\(s).

If (77) holds with P = I, when Z is infinite, then, in view of (75) and [22,
p.166], there exists a locally bounded on s and on A constant k (s, A) such that

Vhe Wi K (s VAl o < k(A - (s1)
w t,l;\,m
Hence integral (79) converges strongly if Z is infinite.

Let F (t) have a compact support and supp F' (t) C [, (3].
Then, in view of (42),

/ 3l S [P (W (t,15,m) RAF, F) dt
/ (W <t,l,\,—)‘> RAF,R,\F> dt — —Ja Y ’

SN SA

(e}

1 ([RQ (4, L\)RAF, RAF) |
2 SA <0, (82)

«

where the last inequality is a corollary of n°2 Theorem 1.1. from [22, p. 162] and
the lemma below.

Lemma 2.2. Let F), be the set of the H" -valued functions from LIQ/V(t,l;,m) (a, ),

B
Iy (o, B) F = /X; (OW (15, m) F () dt, F(t) € Fr. (83)
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Then
1

8
I(a,p)F € Ker/X; ()W (t,15,m) X5 (t)dt y < Nt (84)

Proof. Lethe Ker [ X5 (t)W (t,15,m) Xy (t)dt = W (t,15,m) X5 (t) h =
0 = I, («,3) FLh. The second enclosure in (84) is a corollary of condition (75).
Lemma 2.2 and inequality (82) are proved. ]

Thus Lemma 2.1 is proved if Z is finite. Let us prove it for the infinite Z.
Let the finite intervals (o, 5n) 1T Z, Fn, = xanF, where x,, is a characteristic
function of (au,, By). If (o, B) C (am, Bn), then

||F||L2;V @

(t,l;\,m

HR)\F H 2 (Oé,ﬁ) <
(- 3) A

in view of (82), (75). But local uniformly on t: (RxFy,) (t) — (RAF) () in view
of (81). Hence,

1]l 2 (1)

W(t,l;\,m)
R2\

)y < (85)

IRAFi, @9

W(t,z)\ﬁ—gA

for any finite (v, 3). Thus (85) holds with Z instead of (a, 8). In view of the last
fact, RyF,, — RyF in L?/V(tl glA) (Z). Hence (80) is proved since it is proved

T I

for F,,. Lemma 2.1 is proved. ]

Let us notice that in view of [22], PM () P is a characteristic operator of Eq.
(5), if M (A) is its characteristic operator. Obviously the closures of operators
R corresponding to the characteristic operators M (A) and PM (\) P are equal

: 2
in B (LW(t,l;\,m) (I) ’ LW(t,l)\v_%) (I)>

Let us notice that in view of (74), [\ can be a represented in the form of (2),
where

L=Rlny =1 —1—Am;Sna {f, F}/SA>0,t €T, SA#0. (86)

From now on we will suppose that [, has representation (2), (86), and there-
fore the order of n) is even.
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3. Main Results

We consider the pre-Hilbert spaces ;I and H of the vector-functions y (¢) €
C§ (f, H) and y (t) € C* (f, H) ,mly(t), y(t)] < oo, respectively, with a scalar
product

(f ) 9(8)y =m[f(t), g@)],

where m [f, g] is defined by (32) with the expression my] from condition (74)
instead of L[y]. Namely,

ml[f, gl = [ m{f, g} dt, (87)
/
where
s/2
mA{f, g} =Y _(B; (t) fOt), g9 (1))
=0

. s/2

52 (@ 0 £, ¢979®) - (@ () £ ), g9 1))
j=1

The null elements of H are given by

Proposition 3.1. Let f(t) € H. Then

mlf, f]=0em[f]= ) = .. =) =0, tel

Proof Letus denote by m(t) € B(H""!) the operator matrix cor-
responding to the quadratic form in the right-hand side of first inequality (74).
Since m (t) > 0, one has in view of (12), (13)

m[f,f]zO(r)m(t)col{f(t),...,f(S/Q),O,...,O}:O<:>f[s} t)=...=fB/A=q.
]

Example 31 LetdimH =1, s=2,p1(t) >0, |§1 (t)|2 = 4Py (t) po (t).
Then for the expression m[y] the first inequality (74) holds, and m { fo, fo} =0
for fo (t) = exp (% fg q]/ﬁldt) # 0 in view of Proposition 3.1.

By L2, (Z) and L2, (T) we denote the completions of the spaces H and H in

o
the norm ||e ||, = /(e e) . respectively. By P, we denote the orthoprojection
[}

in L2, (Z) onto L2, (T).
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Theorem 3.1. Let M (X\) be a characteristic operator of Eq. (5) for which
condition (77) with P = I, holds if T is infinite. Let S\ # 0, f(t) € H, and

col {33 (00,00} = [ 300 {21 () = Gsn (s - 0 16}
A

x X3 (8) W (s,15,m) F (s,l5,m) ds, y; €H (88)

be a solution of Eq. (76) which corresponds to Eq. (1), where Xy (t) is the
operator solution of homogeneons Eq. (76) such that X (0) = I,; G = RQ (0,1))
(if T is infinite, then integral (88) converges strongly). Then the first component
of vector function (88) is a solution of Eq. (1). It defines densely defined in
L2, (T) integro-differential operator

RA) f=w A f), feH, (89)
which has the following properties after closing:
10
R*(A)=R(X), SA#0, (90)
90
R(\) is holomorphic on C\ R, (91)
30

SR, f)e
IR Pl < )m O gyp0 fer@. @)

Notice that the definition of the operator R () is correct. Indeed, if f (t) € H,
m[f, f] =0, then R (\) f = 0 since W (¢,15,m) F (t,15,m) = 0 due to (34), (75).

Proof In view of Lemma 2.1, integral (88) converges strongly if 7 is
infinite. In view of Theorem 1.1, y; (¢, A, f) (89) is a solution of Eq. (1).
In view of (74), (35),

SR f Dz (a8
IR N) fllz2 (.8 — 3N < HR(A)fHLi%(a,,@)
SEBRN) Lz (ap)
_ m(@B) _ R F (415, .
I\ [RAF( )\m)HLiV“/\\ZZ;\\)( 8)
S (RAF (t,l;\,m) ,F(tﬂl;\’m)LiV(”, m)(a’ﬂ)
— A : (93)
SA
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In view of Lemma 2.1, a nonnegative limit of the right-hand side of (93) exists,
when (o, 3) T Z. Hence (92) is proved.

Let H"-valued F(t) € L%,V(t Lm) (Z). Then, in view of (75), Lemma 2.1, (19),
one has

S (RAF,F),»

RAF |2 < |RAF 2 < w(etgm) 94
IR HL?/V(t,lA,m)(I)_” AL NG ) (99
w(tin-3%)
IRAF |72 < | RAF | 2 = [ RAF|| 2 . (95)
LW(t,l;\,m) @ LW(t,l;\,—%) @) LW(t,l»—%) @

In view of (94), (95), we have
RAF <||F 3, 96
RaPli g0 <0, / SN (96)
RAF < ||F Sl 97
R HLiV(t’lx’m)(I) <| HL?/V(t’lwm)(I)/‘ | (97)

Let F (t) € L%V(t,l;,m) (), G(t) € LIQ/V(t,lA,m) (Z) be the H"-valued functions
with a compact support. We have
(RAF, G)L‘%V )(I) = (F, RZ\vG)B

98
w(ozm) & 58)

(t,lk,m

since M (\) = M* (X). Due to inequalities (96), (97), equality (98) is valid for
F (t), G (t) with a non-compact support.
Now it follows from (36), (98) that Vf (t),¢(¢t) € H,

m[R(N) f,g] —m [f,R (5\) g] = (RAF (t,15,m),G (t,1x,m)) 2 1)

W (t,ly,m)
- (F (talj\am) 7R5\G <t7l/\7m))L2 (D) = 0.
W(t,l;\,m)

Thus the closure of the operator R (\) f in L2, (T) possesses property (90).
Since in view of (92) for any f(¢),g(t) € H,

(R (A) f’g)Lgn(a,,@) - (R ()‘) f)g)Lgn(I) as (aa B) T z
uniformly in A from any compact set from C\R!, we can see that, in view of the an-
alyticity of the operator function M (X) and vector-function W (¢, 15, m) F (t,15)

(see (29) with [ = 1)), the operator R (\) depends analytically on the non-real A
in view of [19, p. 195]. Theorem 3.1 is proved. |
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For r =1, ny[y| = Hx(t)y, Theorem 3.1 is known [21].

Notice that if L2 (Z) = L2,(Z), then Theorem 3.1 is valid with f(¢) € i
instead of f(t) € H and without condition (77) with P = I, for infinite Z.

The following theorem establishes a relationship between the resolvents R(\)
given by Theorem 3.1 and the boundary value problems for Eq. (1), (2) with
the boundary conditions depending on the spectral parameter. Similarly to the
case n) [y] = 0 [24], the pair {y, f} satisfies the boundary conditions that contain
both y and f derivatives of the corresponding orders at the ends of the interval.

Theorem 3.2. Let the interval T = (a,b) be finite and condition (77) with
P =1, hold.

Let the operator-functions My, N\ € B (H") depend analytically on the non-
real A,

MERQ (a,10)] My = N2 [RQ (b, 1) Ny (SA£0), (99)

where Q (t,1y) is the coefficient of Eq. (76) corresponding by Theorem 1.1 to Eq.

(1),
IMARI|+INAB] >0 (07# h e ", SAF#0), (100)

the lineal {Mxh ® N\h|h € H"} C H?" is a mazimal Q-nonnegative subspace if
SN # 0, where Q = (IN) diag (RQ (a,1y), —RQ (b,1x)) (and therefore
SANX RQ (b, )] Na = MA[RQ (a,1)] M) <0 (SA#0)). (101)

Then:
1°. For any f (t) € H, the boundary problem obtained by adding the boundary
conditions

Jh = h()\af) EH: g’(avl)\ama f) = Mh, g(ba Ix,m, f) :N)\h (102)

to Eq. (1), where §(t,lx,m, f) is defined by (28) with Iy instead of 1, has the
unique solution R(X\) f in C™(Z,H) as S\ # 0. It is generated by the resolvent
R (\) constructed, as in Theorem 3.1, by using the characteristic operator

M () = — (X7 (@) My + XN (X5 (@) My = XH ()N T G6) 7Y
(103)
(X7 (@) My — XL 0)NL) T € B(HT)  (SA#£0),

X\(t) is an operator solution of the homogeneous Eq. (76) such that Xy (0) = I,.
2°. For any operator R(X\) from Theorem 3.1, the vector-function R(\)f
(f € H) is a solution of some boundary problem as in 1°.
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Notice that if f (¢) 2g (t), then in boundary conditions (102): ¥ (¢,l,m, f) =
¥ (t,1,m,g) in view of (28) and Proposition 3.1.

Proof. The proof of Theorem 3.2 follows from Theorems 1.1, 3.1 and from
[22, Remark 1.1]. [

For the case ny [y] = 0, Theorem 3.2 is known (see [22], [24]).
The example below shows that the following is possible: for some resolvent

R (\) from Theorem 3.1 3fy (¢) i() such that m [fy] = 0 and therefore the "resol-

vent” Eq. (1) for R (X) fo is homogeneous but R () fgiO, SN # 0.
Example 32 Let r = 2n, m[f] in (1) be an expression such that

the equation m [f] = 0 has a solution fy (¢) ;IEO. Let in Theorem 3.2: M) =

( % 8 ) , Ny = < 8 Ig >, R()\) be the corresponding resolvent. Then

I, O 0 I,

the corresponding resolvent R (M) fo a 0, SA # 0 (and therefore in view of [16, p.
87], Ex fo = 0 for the generalized spectral family £, which corresponds to R(\)
by (3)).

It is known [16, p. 86] that the operator-function R (\) (90)—(92) can be
represented in the form

R(N)fo # 0,SX # 0, while if My = ( 0 0>,NA: (0 0 ),thenfor

RO\ =(T N -N", (104)

where T' () is a linear relation such that
ST (A) <0 (max), T (A\) =T*(\), AeC*,

the Cayley transform C), (T'())) defines a holomorphic function in A € Cy for
some (and hence for all) 4 € C4. The applications of abstract relations of 7'(\)
type (Nevanlinna families) to the theories of boundary relations and of generalized
resolvents are proposed in [12, 13].

The description of T'(\) corresponding to R (A) from Theorem 3.1 in the
regular case gives

Corollary 3.1. Let T be finite and condition (77) with P = I, hold. Let us
consider the relation T (X\) =T (\) as SA # 0, where

L7,(T)

T'<A>:{{g(t)i(t)}]mw@)y(t)eﬁ(f),f(t) =i en,
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(I —ny) [yl =m[f], 7,1 —nx,m,f) satisfy the boundary condition
dh=h(\ f)eH :y(a,l —ny,m, f) = Myh, (bl —nyx,m, f)=N\h,
where the operators My, Ny satisfy the conditions of Theorem 8.2,

—»

y —n),m, f)_y(t l)\,m f)|m 0inly —

Z @y])

||M:

& (y' = (L= na) = fE9) tm)) v =2n,

z@yﬂ z ® (ol (¢1 )~ f[”](t!m)))

@ r=2n+1>1, }
(here s = order of expression | — ny,

Ot —nx) = =5 (@ (8, X) + MG 1))y as 8" =1,
yFl @t —ny)=0as k' < [S/TH}, fEL(tm) =0 ask < 3)
y(t), r=1,

(105)

Then:

1°. (T (A) — A) ™! is equal to the resolvent R()\) (88), (89) from Theorem 3.1
corresponding to the characteristic operator M (\) (103).

2°. Let R(\) be resolvent (88), (89) from Theorem 3.1. Then R(\) =
(T (A) — A\)™F, where T (X) is some relation as in item 1°.

Proof  The proof follows from (28), Lemma 1.2, Theorem 3.2 and
Remark 1.1 from [22]. n

Let in (1), (2) ny[y] = 0 ie. Iy =1 — Am, where | = [*, m = m*, and the
coefficients of the expressions m satisfy first inequality (74).
In L2 (), we consider the linear relation

=10 a0 50wy, 50 g (0), y(t) e CTH), (1) € H,

Lyl =mlg],7y (¢t l,m,qg) is equal to zero in the end of Z if this end is finite and
¥ (t,1,m,g) is equal to zero in the neighbourhood of the end of Z if this end

is infinite } (106)
where 7 (t,1,m,g) is defined (in contrast to (28)) by (105) with Iy = I — Am,
f=97

* Let us notice that the vector-function g (¢) in (106) may be non-equal to zero in the finite
end or in the neighbourhood of the infinite end of Z.
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Below we will assume that the relation L[, consists of the pairs of {y, g} type.
The relation £{, is symmetric due to the following Green formula with A\;, = 0:

Let yx, (t) € C" ([, B, H), [ (t) € C° ([, B8], H), M € C, Uye] — Mem [yx] =
m|[fx], k=1,2. Then

B B B
/m{f17y2}dt/m{y17f2}dt+ (M 5\2)/7”{3/17?/2}6“

=1 ([ERQ (tv l)\)]gl (t7 l)\17m7 fl) 73?2 (t7 l)\2, m, f2))‘§ ) (107)

where @, (t, 1, ,m, fi) for A, € R is defined by (105) with [y =1 — Am and y(t),
fx(t) instead of y(t), f(t).

This formula is a corollary of Theorem 1.3 if SAp # 0. For its proof, for
example, for the case A\; € R!, we need to modify (107) for the equation I [y;] —
(M +ie)m[y] = m[f1 —iey1] and then to pass to the limit in (107) as £ — 0.

In general, the relation £} is not closed. We denote Lo = L}.

Theorem 3.3. Let [y, = | — Am and the conditions of Theorem 3.1 hold.
Then the operator R(\) from Theorem 3.1 is the generalized resolvent of the
relation Lo. Let T be finite and additionally the condition (77) hold. Then every
generalized resolvent of relation Lo can be constructed as the operator R ().

Notice that Theorem 3.3 together with Theorem 3.2 give in the regular case
the description of the set of all generalized resolvents of relation £y with the help
of the boundary conditions.

Proof. Inview of [16] and taking into account properties (90)—(92) of the
operator R (A), it is sufficiently to prove that R(\) (Lo — A) C I, where I is a
graph of the identical operator in L2, (Z). But this proposition is proved similarly
to [22, p. 453] taking into account (107) and the fact that in view of (105), (106)
(g - y)(tvl - )‘m’m70) = ?(tvl - A7n77n7g - )‘y) - g(tvlvmvg) if {ymg} € 'Clv
§=R(A)(g—\y).

Conversely, let 7 be finite and Ry be a generalized resolvent of the relation L.
We denote Ny = {y(t) e C" (Z,H) |l[y] — Am[y] =0} as A € B. We need the
following,.

Lemma 3.3. Let condition (77) hold. Then the lineal Ny is closed in L2, (T).

P r o o f. The proof of Lemma 3.3 follows from (34). [ |

Lemma 3.4. Let A € B. Then R (E{] — 5\) = N/\L.
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Proof Let x(t) € Ny, f(t) € H, y(t) be a solution of the following
Cauchy problem:

yl = dm [yl =m[f], ¥(a,lx,m, f)=0. (108)
Then
m[f, ] =i (RQ (0,10) ¥ (b, 15, m, f), T (b, 1y, m,0)) (109)
in view of Green formula (107). Therefore m C Ni.

2
Let g(£) € Ni-. Then 3 H 3 go "™ g, g0 = @0 ® fa, 2n € Ny, fo € Nt =

fn € H. Let y, be a solution of problem (108) with f,, instead of f. In view

of (109) with f = f,, one has ¥, (b,l5,m, fn) = 0 = f, € R(L)—A). But
2 -, . =~

fn Ln(D g. Therefore R (£6 — A) D NAL. Lemma 3.4 is proved. [ ]

iy - <12 (T)
Lemma 3.5. Let condition (77) hold, A\ € B. Let {y,f} eL;—N =

2 _
fe H. Then gij:(I)y eCr (I, H) , and y (t) satisfies Eq. (1).

Proof. Let C"(Z,’H) 3 yo be a solution of (1). Let {¢, v} € L) — A. Then
G(a,lx,m,v) = F(b,l5,m,) = 0 in view of (105), (106). Hence m [y, f] =
m [, yo] due to Green formula (107). But mlp, f] = (¥,9)2 ) in view of

the definition of the adjoint relation. Hence (¢, 7 — yo) 2:( )O. Therefore 3 —
L2,(T

Lz (T L2 (z =
Yo n )y — yo € Ny in view of Lemmas 3.3, 3.4. Hence g m( )y eCr (I, H),

and y is a solution of (1). Lemma 3.5 is proved. [ |

We return to the proof of Theorem 3.3.

L2 (z _
Let f € H. Then, in view of Lemma 3.5, Ry f :( )y e C" (I,H), and y

satisfies equation (1). Therefore, taking into account Theorem 1.1, [11, p. 148§]
and (53), we have

b
yO=L0 0 b= 5 (G6) | [san(s = 05 ()W (s Ly, m) F (s, 15 m) d

a
(110)
where [X) (t)]; € B(H",H) is the first row of the operator solution X (¢) from
Theorem 3.1 written in the matrix form, h = hy (f) € Nt is defined in the unique
way in view of (34) and condition (77).
Let us prove that h depends on I, f def f: X5 (8) W (s,lx,m) F (s,l5,m)ds in
the unique way. The operator Iy : H — N1 in view of Lemma 2.2. Moreover,
ILW\N+t =Nt e, Vhg e Nt3fy € H: hy = I fo. For example, we can set

fo = fo(t,N) = X5 (D) {A5 (D) [y} ho (111)
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and utilize the equality
W (s,15,m) Fo (s,15,m) = W (s,15,m) X5 (s) {...} " ho.
If f(t),g(t) € H are such functions that I f = Ig, then, in view of (110),

— - B
SA ((%Q (ta l)\)) Ay (ta l/\’ m, f - g) aAy (ta l)\a m, f - g)) ‘oz

= SA((RQ (1,1)) X () (ha (f) = ha (9)), Xa () (ha (f) = ha (92, (112)

)
where Ay = R)[f —g]. But in view of (107), the left-hand side of (112) is
nonpositive since Ry has a property of (92) type The right-hand side of (112)
is nonnegative in view of (42). Hence h) (f) = hy (g) in view of (42), (77). Thus
h depends on I, f in the unique way and obviously in the linear way. Therefore

h=MQ\)ILf, (113)

where M () : N+ — N+ is a linear operator, and thus Ryf (f € H) can be
represented in the form (89).

Further, for definiteness, we will consider the most complicated case r = s =
2n.

Let us prove that M (\) € B (NL) , SA#0. Let hg € N-, y = Ry fo, where
fo= fo(t,A) (111). Then, in view of (110) and Theorem 1.1, we have

XA () M (A) ho =Y (t,1x,m) = Fo (t,m) — %XA (t) (1G) ™" (Ix (a,t) — Ix (t, b)) Fo,
(114)
where Y (t,1x,m), Fy = Fy(t,l5,m) are defined by (26), with y and fy instead
of f, while Fy(t,m) is defined by (37) with fy instead of f and I (0,t) Fy is
defined by (83). Therefore,
Ay (a,b) M(Nho

=I5y — I5 (a,b) <]-'0 (t,m)+ %XA () (iG) ™ (I (a,t) — Iy (t,D)) Fg> , (115)

where Iy, I5 (a,b)(...) € N+ in view of (84). But

1/2
Yo e ()| < max 1 O { LI (b mlldef 1ol ol

in view of the Cauchy inequality and (34). Therefore,
3 constant ¢ (A) : |(Ixy, 9)| < ¢ (V) [lyll gl (116)

since

|Rafollza, ) < 185 (a0 || (A5 a) Ly ) ™| kol /19
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in view of (34), (116) and the inequality [|Rx foll 2 (z) < [[foll12, (7 / RR

Obviously, |(I5 (a,b) (...),g)| satisfies the estimate of type (116). Therefore
M (\) € B(N1).

Now we have to prove that M () is a characteristic operator of Eq. (73).

To prove that M () is strongly continuous for nonreal A, it is enough to
prove that (a,b) M (M) is strongly continuous for Ay. The strong continuity of
the last one obviously follows from the strong continuity of the vector-function
IS\R/\fO(ta )‘)

In view of (34), we have Vg € H"

(IxBxfo (6, A) — LR fo (t, 1), 9)
=m[Rxfo (t,A), [Xx ()], 9] —m [Rufo (t, 1), [Xu ()], 9] -

Then the required statement can be derived from the equality

m {[X)\ (t) — Xp (t)h g, [Xn (t) — Xp (t)]l 9}
= (Wt 1am) (X (8) = X () 9+ (A= ) F(t,m)

(X (1) = X () g + (A= ) F(t,m) )

where F(t,m) is defined by (37) with f(t) =[X, (t)], g, [|Xx (t) — X, (t)Hﬂ:aO

uniformly in ¢ € [a, b], and from the analogous equality for m{ fo(t, ) — fo(t, 1),
folt A) — folt, )}

Let us prove that M (\) is analytic for non real A. To prove this fact, it
is enough, in view of the strong continuity of M(\), to prove the analyticity of
(DM (N) Inf,g) in A, where f(t) € C" (Z,H), g € H", (3N)(Su) > 0,

b
Iy = /X;; ()W (1. 1m) X () dt € B (NF),

I;,} € B (N*) if X — pl is sufficiently small. In view of (115), (89), Theorem 1.1,
(34), (29), (8), we have

b
(1M ) 1nfug)=m [Ba .13 (0] ]+ O ) [ (B (elm) g 1))

a

+ terms independent of Ry f and analytic in A, (117)

where g () (p, — i) ™ (1X,) 1 9)™ (¢ m).
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For the scalar or vector function F'(\), let us denote

A F () = F()\+AA;€:))\—F()\) F()\+AAm7:\))\—F()\).

Let us also denote

In view of (12), (74), we have

b 1/2

/ o™, g™yat | . (118)

a

[SIE

Therefore R, (A) depends analytically on nonreal A in view of the analyticity
of Ry, and thus the analyticity of M () is proved in view of (117).

Let us consider the solution z) (¢, F') = R\F (79) of Eq. (73). Let us prove
that x) (t, F') satisfies condition (55). Let us denote y(t) = Ry f. Then, in view
of Green formula (42),

~ b
S IL L (g (10) (b 1) T bm. )| /30 (19

a

But the left-hand side of (119) is < 0 since Ry f is a generalized resolvent.
Consequently,

Ve H: ((R(Q LT Lm, f), 7t m, f))/SA <. (120)
But in view of (77), (84) for every H"-valued F (t) € L%/V(t,l;,m) (Z), there ex-

ists a vector-function f (¢) € H such that x (a, F') = ¢ (a,lx,m, f), zx (b, F) =
7 (b,lxm, f). Finally, (55) is proved in view of (120).
To prove that M () is a characteristic operator of Eq. (73) it remains to show

that M(X) = M*(N). )
Let us consider the following operator M (\) € B (N1):

M\ =DM(), M(X)=M(), IA>0,

which is a characteristic operator of equation (73) in view of [22]. By Theorem
3.1, this characteristic operator generates the operator R (\) (89).
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But R(A) =Ry, SA>0=R(\) =R*(\) =R, =R;5, SA>0=Vf € H:

b
(X5 ()], (M7 (A) = M (X)) /Xi ()W (s,1x,m) F (s,1,m) ds|| =0

=VheNt: Ag(a,b) (M (X) = M*(\)h=0= M (X) = M*(\).
Theorem 3.3 is proved. [

Let Ty, k = 1,2 be finite intervals, Z; C Z5. Then, in spite of the fact that
f@) € cCs (fg,H) but xz,f (t) ¢ C* (j-Q,H), where xz, is the characteristic
function of Z7, one has.

Corollary 3.2. Let 0 € 77 and condition (77) with T = Iy hold. Let R)
be the generalized resolvent of the relation Lo in L2, (T) with T = I. Then, by
Theorems 3.1, 3.3, there exists the characteristic operator M (\) of Eq. (5) such
that Ryf = y1 (t, N\, f) (88), t € T =1y, f € H(= H (I2)). Let us define the
operator yi (t,\, f) = R\f,t € T =1y, f € H(= H (Z1)) by the same formula
(88) as operator Ryf, but with T = I, instead of T = Is. Then this operator is
(after closing) the generalized resolvent of the relation Lo in L2, (I) with T = T;.

For the generalized resolvents of differential operators, a representation of (89)
type was obtained in [37] for the scalar case, and in [6] for the case of the operator
coefficients. For the generalized resolvents for (1), (2) with s =0, ny[y] =0, the
representation of this type was obtained in [7, 8, 20].

Therefore the characteristic operator of equation (5) is an analogue of the
characteristic matrix from [37].

The resolvents of the self-adjoint scalar differential operator in [17, p. 528],
[30, p. 280] are represented in another form. Let us transform (89) to the form
analogous to [17, p. 528], [30, p. 280]. (The integrals in (121), (122) converge
strongly if the interval of integration is infinite.)

R em ark 3.1. Let us represent the characteristic operator M (X\) from
Theorem 3.1 in the form (58). Then R(N)f (89) can be represented in the form

L. s/2 .
RS = [ 3003 (ol (5:2) e [f (9] ds
o J=1 k=0
b r s/2 .
+/ z; (t,A)Z(y§k) (S,X)) my [f (s)]ds, (121)
A k=0
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where xj (t,\),y; (t,\) € B(H) are the operator solutions of equation (1) as f=0

such that (1 (t,\), ...,z (£, N)) is the first row [ Xy (t)];€ B(H",H) of the ope-

rator matriz X (), (y1 (6, N), -y (5,0) = [Xa ()], P (V) (6G) ™, my [f (s)] =
( (

(
i () £ (5) + 5 (@41 (5) S5 5) = G (5) S50 () (20 =0, 510 =0)
Proof. Inview of Theorem 1.2, one has

Vh e H : (X5 (t) W5 (t) Fx (t),h) = m {f (t),[X5 ()], h}

X col {mO[f(t)]u ml[f(t)]u s 7ms/2[f(t)}} 7h) :

Now Remark 3.1 follows from (88)—(89) since (P (A) — I.) (iG)_1:<P (A (iG)_l)
in view of [22, p. 451]. ]

Remark 3.1 shows that (P (A) — I,,) (iG) " is an analogue of the matrix trans-
posed to the matrix HH; ()\)H from [17, p. 528] and is an analogue of the char-

acteristic matrix from [30, p. 280], (P (\) (iG)~! is an analogue of the matrix
transposed to the matrix H9$ ()\)H from [17, p. 528]).

If r is even, Z = (0,b), b < 0o, and condition (55) is separated, then formula
(89) can be transformed to the form analogues to that from [30, p. 275-279].

Remark 3.2 Letr=2n, Z=(0,b), b< oo and condition (78) hold with
P = I,. (Therefore, for Eq. (73) condition (56) holds.) Let for the characteristic
operator M (X\) of Eq. (5) condition (55) be separated. (Therefore M (\) has
representation (58), where characteristic projection P (\) can be represented in
the form (64), (65) with the help of some Nevanlinna pair {—a(\),b(\)} and
some Weyl function m(\) of equation (76); this equation with F(t) = 0 has an
operator solution Uy (t), V) (t) (66)—(68)). Let the domains D, Dy be the same
as in Remark 2.1. Then R(A)f (89) for A € D|J D1 can be represented in the
form

M= /Zvj (623 (u (. 0)) g [F (5)) ds
o =1 k=0
b oy s/2

+ / S w0 (v](-k) (s, X))* my [f (s)] ds, (122)
] k=0

¢ J=1
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where w; (t,\), v; (t,\) € B(H) are the operator solutions of equation (1) as

f =0 such that (u1 (t,\),...un (t,N)) = [Xa (t)]; < 285 )’

(v1 (E,A) 5. o (B N))
=@ () )T+ 6N ) (), (123

K (A), map (X) see (67), (68); (v1 (t,A),...,vn (t, X)) h € Ly, (Z) Yh € H™.
Moreover, if a(X) =a (X), b(X) =b(X) as SA # 0, then we can set D = C,
&

and

(ma,b (>‘) h, h)

SA

(SN £0).

H(Ul (t7 )‘) y++ o5 Un (tv)‘)) hH?n <

Proof. The proof of Remark 3.2 follows from Remark 2.1 and
Theorem 1.2. ]

Remark 3.2 shows that the operator-function mg (A) from (122), (123) is an
analogue of the characteristic matrix from [30, p. 278] since for any self-adjoint
operator initial condition (in particular, the condition of the type given in [30, p.
277]), the resolvent (122) exists such that the solution-row (uy (t,A), ..., un (¢, \))
satisfies this condition. For example, if a (A\) = I,,, b(\) = b = b*, then my, 5 (\)
is equal to the characteristic matrix of [30, p. 276] type minus b(I, + b*)~1.

Let us note that the connection between the generalized resolvents of the
minimal operator, corresponding to the self-adjoint extension in the Krein space,
and the boundary value problem with boundary conditions depending on the
spectral parameter locally holomorphic in some set € C\ R! was studied in [15]
for the scalar symmetric Sturm—Liouville operator on the semi-axis in the limit
point case.

Acknowledgments. The author is grateful to Professor F.S. Rofe-Beketov
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