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This paper is a continuation of our papers [12-14] in which the limiting
laws of fluctuations were found for the linear eigenvalue statistics Tr (M (™)
and for the normalized matrix elements v/ny;; (M () of differentiable func-
tions of real symmetric Wigner matrices M (") as n — oo. Here we consider
another spectral characteristic of Wigner matrices, £2[¢] = Tr (M)A,
where {A(™}% | is a certain sequence of non-random matrices. We show
first that if M (™) belongs to the Gaussian Orthogonal Ensemble, then &4 [¢]
satisfies the Central Limit Theorem. Then we consider Wigner matrices
with i.i.d. entries possessing the entire characteristic function and find the
limiting probability law for £2[p], which in general is not Gaussian.
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1. Introduction

The asymptotic behavior of spectral characteristics of n x n random matrices
M (™) | as their size n tends to infinity, is of great interest in random matrix theory
and its applications. One of the main questions under study is the validity of
the Central Limit Theorem (CLT) for various spectral characteristics. In the
last two decades there was obtained a number of results on the CLT for linear
eigenvalue statistics Tr (M (™) and other spectral characteristics (see [1, 3, 5,
7-9, 16, 17, 19-22] and references therein). It was found that in many cases the
fluctuations of various spectral characteristics of eigenvalues of random matrix
ensembles are asymptotically Gaussian (see [1, 3, 8, 9, 17, 19, 21, 22] ). But the
CLT is not always the case. For instance, it was shown in [16] that the CLT for
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linear eigenvalue statistics is not necessarily valid for so-called hermitian matrix
models, for which in certain cases there appear non-Gaussian limiting laws.

Another example of the non-Gaussian limiting behavior is presented in works
14, 18, 19] dealing with the normalized individual matrix elements /ng;; (M)
of functions of real symmetric Wigner random matrix. The particular case of the
matrix elements \/ny;;(M (")) with M ™ belonging to the Gaussian Orthogonal
Ensemble (GOE) was considered earlier in [13], where it was proved that the
centered \/ﬁ(cpjj(]\/f(”))) satisfies the CLT. But in [14, 18, 19] it was shown that in
general case of Wigner matrices the limiting law of fluctuations for \/n(p;;(M™))
is not Gaussian but the sum of the Gaussian law and probability law of the entries
of /nM (") modulo a certain rescaling, and to obtain the CLT, one has to impose
a certain condition on the test function.

In particular, the fact that, in contrast to the linear statistics of eigenvalues,
individual matrix elements in general do not satisfy the CLT shows the influ-
ence of eigenvectors and gives some information about asymptotic properties of
eigenvectors. Indeed, in the case of the Gaussian random matrices (GOE, null
Wishart) the eigenvectors are rotationally invariant and according to recent works
[2, 6, 10] the eigenvectors of the non-Gaussian random matrices (Wigner, sam-
ple covariance) are similar in several aspects to the eigenvectors of the Gaussian
random matrices. On the other hand, the results of [13] and [14, 18, 19] imply
that there are asymptotic properties of eigenvectors of the non-Gaussian random
matrices which are different from those for the Gaussian random matrices.

This paper continues the investigations of [12-14]. Here we consider the ran-
dom variable

Enlel = Trp(M™)A™, (1.1)

where ¢ is a smooth enough test function and {A(™1% | is a sequence of n x n
non-random matrix satisfying

(i) lim n~'TrAMTAM =1, (1.2)
(i) 3 lim n~'Tr A™ = Ty, (1.3)

Here are some examples of choices of A™):
1. Linear eigenvalue statistics. If A = I then T4 =1 and

&lel = Trp(M™). (1.4)

n

2. Matriz elements. If A = /n6j10jm, then Ty = 0 and

2] = Vinpj;(M™). (1.5)
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3. Bilinear forms. If Al(;? = /N Nm, where

n

™ =", )T lim S ") =1, (1.6)
=1
then Ty = 0 and
&gl = Vn(p(M™)n™) nm), (1.7)
Denote
2°le) = &lel — E{E o)) (1.8)

Our main result is Theorem 5.1 below, where the limiting expression for the
characteristic function of £/°[¢] is given and written via the cumulants of ma-
trix entries and quantities depending on a sequence {A(™}2 . Let us note that
the corresponding theorems for linear eigenvalue statistics (1.4) and matrix ele-
ments (1.5) of [12-14, 18] can be obtained from Theorem 5.1 as particular cases
(however, under much stronger conditions).

The paper is organized as follows. Section 2 contains definitions, some known
facts and technical means used throughout the paper. In Section 3, we consider
the case of the GOE and prove the CLT for ¢2[p] (see [13] for the analogous
statements for matrix elements). Then we find the limiting variance (Section 4)
and the limiting probability law (Section 5) for £4°[p] for Wigner matrices. Sec-
tion 6 contains auxiliary results. We confine ourselves to real symmetric matrices,
although our results as well as the main ingredients of proofs remain valid in the
hermitian case with natural modifications.

2. Definitions and Technical Means

To make the paper self-consistent, we present several definitions and technical
facts that will be often used below. We start with the definition of the Wigner
real symmetric matrix M ™ and put

MO = =12y ) = {WJ@ c€R, W](;y — ;f,?) I (2.1)

where {W](,ZL )}133%” are independent random variables satisfying
E(W} =0, B{W)?}=w?(1+0). (2.2)
The case of the Gaussian random variables obeying (2.2) corresponds to the GOE:

M® = 120 W = (W =Wy € R, Wk € N(0,w?(1+ 8j3)) Y er
(2.3)
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Here for simplicity’s sake we define the Wigner matrix so that the first two mo-
ments of its entries match those of the GOE. It can be shown that if E{(W ) =
w?ws, then the corresponding expressions for the limiting variance and charac—
teristic function have additional terms proportional to (wy —2) (see Remarks 4.5
and 5.2). In what follows, we will assume additional conditions on the distribu-
tions of Wj(,?), mostly in the form of the existence of certain moments of WJ.(Z)
whose order will depend on the problem under study.

The next proposition presents certain facts on Gaussian random variables.

Proposition 2.1. Let ( = {(;}]_; be the independent Gaussian random vari-
ables of zero mean, and ® : RP — C be a differentiable function with polynomially
bounded partial derivatives @}, l =1,...,p. Then we have

E{(2(()} = E{IE{®/(O)} I=1,...,p, (2.4)
p
Var{®(¢ Z E{G}E {|2/(O)F}- (2.5)

The first formula is a version of the integration by parts. The second one is a
version of the Poincaré inequality (see, e.g., [4]). Formula (2.4) is a particular case
of a more general formula. To write it, we recall some definitions. If a random
variable ¢ has a finite pth absolute moment, p > 1, then we have the expansions
ast—0:

E{c€) = Z”ﬂ ity +o(t?), logE{e} = Z Y +o(t?),  (2.6)
j= 0

where 7 log” denotes the principal branch of logarithm. The coefficients in the
expansion of E{e!¢} are the moments {y;} of ¢, and the coefficients in the ex-
pansion of log E{e¢} are the cumulants {x;} of (. In particular, if pu; = 0,
then

k1 =0, ko =py=Var{(}, K3=pus, k4= pg4— Sp%, (2.7)
We have [9, 12, 17]:

Proposition 2.2. (i) Let ¢ be a random variable such that E{|¢[PT?} < oo
for a certain non-negative integer p. Then for any function ® : R — C of the
class CPTY with bounded partial derivatives ®O, 1 =1,....p+ 1, we have

E{¢D(()} = Z’“”“E{@“ (O} + 2, (2.8)
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where
1+ (3 + 2p)Pt+2

e, < CLE{|CIPT? Y sup |@PTV (1), €, < 2.9
0] < CB(CP 2 sup @D (e), €, < 0 (29)
(i1) If the characteristic function E{e™¢} is entire and ® € C™, then
E{(P(()} = Z B0} (2.10)
provided that for some a > 0
E{2D(()}] <, (2.11)
and for some R =ca, c > 1,
!

The next proposition presents simple facts of linear algebra.

Proposition 2.3. Let M and M’ be n x n matrices, and t € R. Then we
have the following:

(i) the Duhamel formula
€(M+M/)t — eMt 4 /6M(tS)M/€(M+M/)SdS, (213)
(7i) if for a real symmetric n X n matriz M™ we put

Ut) = UM () .= ™M™ teR, (2.14)

then U(t) is a symmetric unitary matriz satisfying

U(t)U(t2) = Ut + 1), [[U(2) Z|U]k P21, (215)

(ZZZ) if Dlm = 8/8Mlm, then

DimUap(t) = iBim (Uar * Upm + Upy % Uaim) (1), (2.16)
where symbol "x” is a convolution sign, and
ﬂlm = (1 + (Slm)_1 =1- 5lm/27 (217)
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(i) if A is an n x n matriz, C™ = A 4 AT gnd
eA(t) = TrA™U (1) (2.18)

n

is a particular case of £2[p] corresponding to p(\) = e, then

Dy (AU 0y (t) = i1, ((A(”)U)al 5 Uy + Uy * (A(")U)am> (1), (2.19)

D& (t) = iBim (U % CU ) (1), (2.20)
D34 t) = =B, (Un * (U % C™U )y, + Uy, + (U 5 CVU )y

42Uy + (U % C™U Y, ) (1), (2.21)
Dy (U 5 AU i1 () = i By (Ut + (U % AU ) g, + Ujpy 5 (U % AU,
+ Uy % (U % A<">U)jk + Upge # (U % AU ) (8), (2.22)
Dy (U Al ) (t) = zﬂlm(U” * (U * Al )U)mm + Uy * (U % A(")U)”
+ 204 * (U % AU, (1), (2.23)

It follows from the above that if A satisfies (1.2)—(1.3) and

Ca: Tr AWTAM < Cyn, Vn eN, (2.24)
then

(AU )] < (ADTAM) /2 < O(n'/2), (2.25)
(UM AT, < (Tr AT A2 < 0ynt/2, (2.26)
> @™ AT, 2 = Tr AWTA® = O(n), n— oo, (2.27)

I,m=1
61 O)] < (nTr AWTATNY2 = O(n), n — oo, (2:28)
DL (O] < n' Pt e, = Ca2Pt! /pl (2:29)

At last in the next proposition we will summarize some facts concerning the
integral equations we need, which were proved in [13, 17] by using the generalized
Fourier transform.

Proposition 2.4. Consider

2w

v(t) = / e pge(N)dA, (2.30)

—2w
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where pse is the density of the semicircle law
— 1/2
pse(N) = (2rw?) " ((4w? = A2) V2T 90) (2.31)

Then the unique differentiable solutions of the integral equations

t t1
Fl(t) + w2 /dtl /’U(tl — tQ)Fl(tg)dtQ =1, (2.32)
0 0
t t1 t
Fg(t) + w? /dtl /’U(tl — tQ)FQ(tQ)dtQ = /R(tl)dtl, (233)
0 0 0
t1 t3

0 0
t1 to
= —w2/dt3/v(t2 — t4)’U(t3 + tq)dty, (2.34)
0 0

t1 t3 t1
F4(t1,t2) + 2w2/dt3/v(t3 — t4)F4(t4,t2)dt4 = —2w2t2/v(t2 + t3)dt3,

0 0 0
(2.35)

are given by

Fl(t) = ’U(t), Fg(t) = /U(t — tl)R(tl)dtl, Fg(tl,tg) = ’U(tl + tQ) — U(tl)v(tg),
0

(2.36)

2w
1 Ae(t))A 4w? —
Fy(ty, t2) = / / e(ta) e() WML gy, (2.37)
2w | v

\/4w2 )\% \/4w2 —

itAo eit)q )

where we denote Ae(t) =e

3. The Case of Gaussian Orthogonal Ensemble

In this section we consider €4[¢] corresponding to the GOE matrix M) =
M™ of (2.3). We find the limiting variance of £2[¢] and prove the CLT for its
fluctuations.
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In view of the orthogonal invariance of the GOE probability measure, we have

E{Ujk(t)} = djuE{vn(1)}, (3.1)

so that
n ' B{E) (1)} = B{va(t)}n M Tr AN,

where £2(t) is defined in (2.18), and

vp(t) = n el (t) = n I TY U (1), (3.2)

n

Since for any bounded continuous ¢

2w

Jm n BT )} = [ ppei,

—2w

where M™ is the Wigner matrix and pg. is the density of the semicircle law
(2.31) (see, e.g., [15] and references therein), then we have

lim E{v,(t)} = v(t), (3.3)

n—oo

where v is defined in (2.30). Hence,

lim n YE{&2(t)} = Ta - v(t), (3.4)

n—oo
where T4 is defined in (1.3). We also have:

Lemma 3.1. Let M™ be the GOE matriz (2.3). Then for any test function
¢ : R — C, whose Fourier transform

Flglt) = 5 [ e e()ax (3.5)
satisfies the condition
Jas Pl < . (3.6)
we have the bound
Var(gllely: = BUG P <o [ @ iiFd@le). @)
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Proof It follows from Poincaré inequality (2.5) and (2.20) that

2
Var{g!(O} < — Y B B{Dm& O}
1<i<m<n
2 n 21412
<2 S B AP0} = 2y

I,m=1

so that

Var{&!(t)} < 2C4w?|tf?,

where Cjy is defined in (2.24). Writing the Fourier inversion formula

ﬂM—/WTM@ﬁ

and using the spectral theorem for symmetric matrices, we obtain
&l = [Earwa.
By (3.10) and the Schwarz inequality,
2
var(giel) < ([ varglonridlar)
This, (3.6), and (3.8) yield (4.3).

We have two theorems:

(3.8)

(3.9)

(3.10)

(3.11)

Theorem 3.2. Let M™ be the GOE matriz (2.3), and @12 : R — R be the

test functions satisfying (3.6). Denote

Cov{& (1], & w2l = BL{& lp1]& 2] }-

Then we have

Caorler, ¢a] - = Tim Cov{&e1], &' 2]}
2w 2w
. Lﬁ / A(pl A(,Dg 4w2 - )\1)\2
272
—2w —2w

AN AN Jaw? — N\ /Aw? — N2

2w 2w

> dAi1dAg

+(TA(A+AT)/2_T31)/ /A901A<P2Psc(/\1)Psc(/\2)d)\1d)\2,

—2w —2w

(3.12)
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where Ty is defined in (1.3),
A(,O = (,D()\l) - QD()\Q), AN = )\1 - )\2, (313)
and psc 1s the density of the semicircle law (2.31).

Theorem 3.3. Let M™ be the GOE matriz (2.3), and ¢ : R — R satisfies
(3.6). Then the random variable £.1°[¢] converges in distribution to the Gaussian
random variable with zero mean and the variance given by

2w 2w
2 4w2—/\1)\2
Vaoor(e / / dA1dXo
Ey \/4w2 A /Aw? — N2
2w 2w
2
+(TA(A+AT)/2—T§)/ /(Agp) psc(A1)pse(M2)dA1dNe.  (3.14)
—2w —2w

Remark 3.4. Note that Vgog[p] can be written in the form

Vaorlel = T3 - Vigsle ]+(TA(A+AT)/2_T31)‘VéJbE[¢]7 (3.15)
where
Vol I 2 oMy 3.16
Gortdl= 5 /w / Vi e g e 619
2w 2w
VéJbE[SO]:/ /(A<P)2psc()‘1)psc(AZ)d)\ld)\Q (3.17)
—2w —2w

are the limiting variances corresponding to the linear eigenvalue statistics (1.4)
and matrix elements (1.5), respectively (compare with the results of [12] and
[13]).

Besides, for the limiting variance Véonn)[ ] corresponding to the bilinear
form (1.7), we have

2w 2w
V((;fggm)[@] :Vé‘jOE[SO] = / / (A(p)2psc(>\1)psc(/\2)d)\1d)\2- (3.18)
—2w —2w

Proof of Theorem 3.2. Here we follow the scheme proposed in [17], Section
3.2. Since Cov{& 1], &2 [p2]} is linear in ¢ o, it suffices to consider the real
valued ¢j 2. Writing the Fourier inversion formula (3.9) and using the linearity
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of Cov{¢A[p1], & 2]} in @12 and the spectral theorem for symmetric matrices,
we obtain

Coviglinl il = [ [ Covighinn). &l Fipl ) Flpal ()t
(3.19)
with &}(t) of (2.18). Similarly to (3.8), with the help of Poincaré inequality (2.5)
it can be shown that Var{¢2(t)} < ct?, where £2'(t) = iTrAMWMeitM | This,
(3.8), and the Schwarz inequality imply the bounds

|Cov{&](t1), & (t2) | <cltalltal, |0 Cov{&s (tr), &M (t)}/0t:| <cltalta], i = 1,2.
(3.20)

Hence, in view of (3.6), the integrand in (3.19) admits an integrable and n-
independent upper bound, and by the dominated convergence theorem it suffices
to prove the pointwise in #; 2 convergence of Cov{&/(t1),& (t2)} to a certain
limit as n — oo, implying (3.12). It also follows from (3.20) that there exists
a convergent subsequence {Cov{ﬁ,’fj (tl),g;?j (t2)}}52;. We will show that every
such a subsequence has the same limit leading through (3.19) to (3.12). Evidently,
we can confine ourselves to ¢1 2 > 0. Consider

Cov{&,)(t1), & (t2)} = B{EN (11)E° (t2) ) (3.21)

putting in appropriate moment A = B Here fﬁ‘ ’B(tl) correspond to A
B™ satisfying (1.2), (1.3). By using Duhamel formula (2.13), we can write

t1 n

Cov{&(t1),&5 (t2)} =i / S E{ My (AU ) (£3)E5° (t2) bt .
o Lm=1

Applying differentiation formula (2.4) with (2.2) written in the form
E{(W\")?} = w?f,! (3.22)
(see (2.17)), and then (2.19), (2.20), we obtain
Cov{¢;) (1), & (t2)}

t1

— iw? / % > B B D [(ATU )1y (£3)€5° (1)) Yt

0 l,m:l

t1 t3
_ _“j / dts / E{[61(t5 — ta)& (ta) + G2 (t3) €50 (02) Yty
0 0

t1 to
2
—% / dts / E{TrA™U(t3 + t4)(B™ 4+ BWTYU (ty — t4)}dty. (3.23)
0 0
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Putting
H;?’C(tl,tg) = TrA(n)U(tl)C(n)U(m)’ o — g0 + B(’n)T’ (3.24)
o , =A —A
& =6°+6, & =E{g) (3.25)

from (3.23) we get

Cov{gh(t). 8020} =~ u? [ dt [t — t)B(EH ()€ (1)t

t1 t3

dt3 /f}?(tz) — t)E{&L(ta)E5° () }dts

to
dts / E{Hﬁ’c(tg +t4,t0 — t4)}dt4 + rn(tl, tz),
0

3| &,
Tt— T

(3.26)

where
t1

raltn, ) = —u? / B{[(02 * £2°)(t5) + tan"€A(t3)|€2° (t2) .
0

By using Poincaré inequality (2.5) it can be shown that Var {U%{,‘;‘O} =0(n7?),
n — oo, which, together with (3.8), yields

ra(ts, t2) = O(n™Y), n — oo. (3.27)
Consider the convergent subsequences
{Cov{&y (1), &0 (1)}}520,  {H O (t, t2) 520,
and denote
CB (b, 12) izn]liglOOCOV{&Q (1), &0 (t2)}, HAC (1, o) izn}i;nooE{H%’c(thtz)}'

(3.28)
It follows from (3.3), (3.4), and (3.26), (3.27) that CB(t1,t,) satisfies the equa-
tion

t1 t1
CA’B(tl, tg) + w2 /(U * CA’B(', tg))(tg)dtg = —w2TA /(U * CI’B(-, tg))(tg)dtg
0 0
t1 to
— w? / dts / HA’C(tg +t4,t0 — t4)}dt4. (3.29)
0 0
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In particular, putting here A™ = I, we get

t1 t1
CLB(1y 1) + 202 / (0% C1B (1)) (1)dls = —w?Terts / o(ts + t)dts, (3.30)
0 0

so that by (2.37)

2w 2w

Tp / Ae(t1)Ae(ta) 4w? — A\ Ao
— dAi1d)Xg. (3.31
272 (A1 — A2)? \/4102 — )\%\/4102 Y 1o )

—2w —2w

CLB(ty,ty) =

Now let us calculate the second term in the r.h.s. of (3.29). By (3.1), we have

E{H}(t1,t2)} = TacTn(t1)0n(ta) + Fu(t1, 12), (3.32)
Fultit) = n=' Y B{UC™)u(t)(U°A™)y;(t2)}.
=1

Repeating the steps leading from (3.21) to (3.29) and using consequently (2.13),
the differentiation formulas (2.4) and (2.19), (2.20), and applying (3.8) to estimate
the vanishing terms, one can easily get

t1

Fy(th, t) + w2 /(vn & (e 1)) (1) dts

0
t1 to

= w2/dt3/n_1§£(t3 +t4) - n—lff(@ —ty)dts +O(n™1), n — oo.
0 0

This, (3.3), and (3.4) yield for F' = lim,,; o0 Fy;:

J
t1

F(tl, tg) + w? /(v * F(‘, tg))(t3)dt3

0
t1 to

= —szATc/dtg/U(tg —|—t4)v(t2 — t4)dt4.
0 0

Hence, by (2.36), we get F(t1,t2) = TaTc(v(t1 + t2) — v(t1)v(t2)). This, (3.3),
and (3.32) yield for H4C of (3.28):

HAC(t1,t2) = TuTow(ts + ta) + (Tac — TaTe)v(tr)v(ta). (3.33)
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Putting (3.31) and (3.33) in (3.29), we obtain the equation
t1
CAB (4 ) + w? / (0% CAB (1)) (t)dts

0
t1

= —w? / |:TA(U * CI’B(~, tQ))(tg) + QTATBtQU(tg + tg)

0
t2

+ (TA(B+BT) — QTATB) /’U(t3 +ty)v(ty — t4)dt4] dts,
0

solving which with the help of Lemma 2.4, we finally get

2w
TATB / / Ae(ty) Ae ) 4w? — Mo

A,B
CH2(ty,te) = /) \/4w2 )\%\/4w2 = 2d>\1d>\2
2w 2w
+ (TA(B+BT)/2_TATB) / / Ae(tl)Ae(tg)psc(Al)psc(/\g)d)\ld)\g.
—2w —2w

Putting this expression with T = T4 in (3.19), we obtain (3.12) and hence the
theorem. -

Proof of Theorem 3.3. The detailed proofs of the CLTs for linear
eigenvalue statistics (1.4) and for matrix elements (1.5) are given in [11, 12] and
[13], respectively (see also [17], Section 3.2). The proof of Theorem 3.3 follows
the same scheme, and here we only outline its main steps. According to this
scheme it suffices to show that if

ZM(x) = B{e 6719 (3.34)

then for any converging subsequences {Z;! };>1 and {Z7'};>1 there exists Z4(z)
such that

lim Z2 (z) = Z4(x), (3.35)
and
lim Z'(z) = —aVeorle) 24 (2). (3.36)

1—00

We obtain (3.35), (3.36), and hence the theorem for a class of test functions
satisfying the condition

/(1 F IR FIo)(0)]dE < oo (3.37)

Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 4 549



A. Lytova

(cf (3.6)). Then the theorem can be extended to the class of the functions satis-
fying (3.6) by using a standard approximation procedure (see, e.g., [17], Section
3.2). We denote

en(z) = exp{izé;°[¢]}, (3.38)
and according to (3.9) and (3.34), write

2@ =i {goloe ) =i [Py o (339

where

Y (@, t) = E{&! (t)en (@)} (3.40)

and £2(t) is defined in (2.18). It follows from the Schwarz inequality and (3.8)
that
Y a, t)] < clt].

This and (3.37) yield that the sequence Z7" is uniformly bounded. Hence, there
is a convergent subsequence Z;?i, and by the dominated convergence theorem to
find its limit as n — oo it suffices to find the pointwise limit of the corresponding
subsequence Y,;1. With the help of Poincaré inequality (2.5) and (3.37) it also can
be shown that the sequences {9Y,4/0z} and {9Y,*/0t} are uniformly bounded
in (t,) € K C R2, n € N, for any bounded K, so that the sequence {Y;1}
is equicontinuous on any finite set of Ri and contains convergent subsequences.
Hence, for any converging subsequence {Zé_} (see (3.35)) there is a converging
subsequence {Yn‘?} and a continuous function Y4 (which obviously depends on

{Z'}) such that
lim Y3 =Y4, lim 74 =24 (3.41)

ni—oo n;—o0 i

We will show now that Y4 satisfies certain integral equation leading through
(3.39) to (3.35), (3.36). Applying consequently (2.13) and differentiation formula
(2.4) with (3.22), we get

. 2 t n
V(1) = " / BB Dk (UA®)(01)e () b,

where Dj, = 0/0Mjy,. It follows from (2.20) that

Djen() = —Bjpen(s) / (U CIU) (O F (g (0)ds.  (3.42)
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This, (2.19), (3.24), (3.25), and the relation e, = €S + Z; yield

¢
yA w2/ T YAz, )+ &, « Y] (x, )] (t1)dty

0
iwaZA(x) /dt1 /F[go](@)d@/n_lE [HAC(0 00,6, + 1)} d6y + O(n ™)

as n — oo, where the vanishing term can be estimated with the help of (2.5).
This, (3.4), and (3.33) lead to the pair of equations with respect to Y4 =
limy,; 00 Yn"]‘_ and Y/

t t
)+ wz/ v * YA )(t1)dt, = —wQTA/ v * YI ) (t1)dt1
0 0
t 0
—iw?xZ(z) / dty / F[p](6)d6 / H(0 — 01,0, +t1)db,,
0 0

Comparing these equations and (3.29), (3.30), one can see that
YA(e,t) = iw2°(w) [ O (1, 0)Plel(0)as,
where C44 is given by (3.21) with A = B. This and (3.39) yield

lim Z2(2) = —22%(x / / CAA (1, 0) Fle] () Fle) (0)dtdd = —2 2% (@)Voosle)

(see (3.14) and (3.19), and thus lead to (3.35), (3.36) and complete the proof of
the theorem. ]

4. Covariance of ¢[p] in Wigner Case

We show first that if M) is the Wigner matrix (2.1)-(2.2) with uniformly
bounded eighth moments of its entries, and the test-function ¢ is essentially of
class C*, then the variance of £;'[] is of the order O(1) as n — co. We have:
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Lemma 4.1. Let M = n=12W ") be the real symmetric Wigner matriz
(2.1), (2.2). Assume that the third moments of its entries, pus = E{(W/j(]?))?’}, do
not depend on j, k, and n, and the eighth moments are uniformly bounded

— (n)y8
wg 1= ilég 1g%§nE{(W3k )°} < oo. (4.1)

Then for any test function ¢ : R — C, whose Fourier transform (3.5) satisfies
the condition

/ (1 -+ £ gl (8)|dt < oo, (4.2)

we have the bound
Var(gllel : = BUIP) < e [+ IFd@ia) . @)

The proof of (4.3) follows from (3.11), (4.2), and the bound (see (6.7))

Var{&()} < e(1+ [¢))°. (4.4)

Theorem 4.2. Let M™ = n=Y2W ™) be the real symmetric Wigner matriz
(2.1), (2.2), whose third and fourth moments, p; = E{(Wj(,?))l}, 1 =3,4, do not

depend on j, k, and the eighth moments are uniformly bounded (see (4.1)). Let
{A(n)}?fﬂ satisfy (1.2), (1.3), C™ = A 4 AT " and there exist

K = tim n7%2 3" APCp (4.5)
I,m=1
K =Ty lim 0732 3" o), (4.6)
I,m=1
KY = lim o A, (qu,zn — Ty A<">). (4.7)

m=1

Then for any p12 : R — R satisfying (4.2), we have

lim Cov{&[p1], & [wa]} =Coorler, v2] + Crslpr, 92] + Crilir, 2], (4.8)
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where Caor(e1, p2| is defined in (3.12),

2w 2w

2wt
Culened =43 [ [ M(KD08—w?) + K (15755 )
—2w —2w 2
2
x (1(A1)@2(M2) + @1(A2)pa(A1)) [ ] psc(X)d;, (4.9)
j=1
le[SOl,(PQ |:K(3 H / 90] w —AQ)pSC()\)d)\
J=1_2
31 2 2w —/\2
21:1/ AQd/\}, (4.10)

K3 = U3, and kg = g — 3wt are the third and the fourth cumulants of the off-
diagonal entries (see (2.7)). In particular,

Vivlel := lim Var{&[¢]} = Voorly] + Culp, @] + Crilio, ¢] (4.11)

with Vaor(e] of (3.14).

R em ark 4.3. Note that for the limiting variances Vlf‘\// [¢] and VV]"/J; [¢] of
linear eigenvalue statistics (1.4) and matrix elements (1.5) we get

)\2
VI;I/\//[ | = VGOE 2 2w8‘_! /\zd/\ ’ (4.12)
Wl = Vébelel + 25| [ o0 = 3 (4.13)

—2w

respectively (see (3.16), (3.17)). This coincides with the results of [12] and [14].

Remark 4.4. In the case of bilinear forms (1.6), (1.7), T4 = 0 and the
coefficients KX), j=1,2,3 of (4.5)—(4.7) are

n n

KD =2 tim a2 3@ S0P, KD =0, KP = tim S ()
m=1 =1 m=1
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In particular, if for all m = 1,...,n 775,?) = O(n~Y?), n — oo, then ng) =0,
Jj =1,2,3, and for the limiting variance (see (3.18)) we get

2w 2w
2
VI/(VMTIM) [gp] = Vé;gg’m [QP] = / / (ASO) psc(Al)psc(A2)d)\1dA2- (4'14)
—2w —2w

R em ark 4.5. We choose here the Wigner matrix so that its first two
moments match the first two moments of the GOE matrix (see (2.2)). It allows
to use the known properties of the GOE and lies at the basis of interpolation
procedure widely used in the proof of Lemma 6.1 below. In fact, this condition
is a pure technical one, and we can replace condition (2.2) with a more general
one and consider the Wigner matrix M =n~12W satisfying

E(W@} =0, 1<j<k<n, (4.15)
E{(W)} =w? j £k E{W)?} = waw?, wy > 0.

In this case there arise additional terms in (4.8) and (4.11) proportional to ws —2.
In particular, for the corresponding limiting variance we have

2w
Vel <Vl + (n — 20 2 (K9 ([ elinpecldn)
—2w

2w
+T§(% / \/%dy)2>, (4.16)

—2w

where Viy[p] is given by (4.11).

Proof of Theorem 4.2. It follows from (4.2) and (4.4) that the integrand
in (3.19) admits an integrable and n-independent upper bound. Thus, by the
dominated convergence theorem it suffices to prove the pointwise in ;2 conver-
gence of Cov{&(t1),£2(t2)} to a certain limit as n — oo implying (4.8). To
do this we use the known result for the GOE matrix (see Theorem 3.2) and the
interpolating procedure proposed in [9].

Let M™ = n=1/2I7W(™ he the GOE matrix (2.3) independent of M (™ and

Ut) = UM (1) = M™ | EA1) = T AWT (1), (4.17)
Consider the ”interpolating” random matrix

M™(s) = s'2M™ 4 (1 - s)'2M™, 0<s<1, (4.18)
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viewed as the matrix defined on the product of probability spaces of the matri-
ces W™ and W™ (cf (2.18)). We denote again by E{...} the corresponding
expectation in the product space. Since M(”)(l) =M™, M(")(O) = ]\7(”), then
putting

Ult,s) = UM(t,s) 1= ™6 eAg s) = Tr AWU(, s), (4.19)
we can write

O (t1,t2) : = Cov{EA(t1), £ (t2)} — Cov{EX(t1). £ (t2)}
1

:/aasE{&é‘(tl,s) R (2 8)}ds = e (t ta) + (B2 1), (4.20)

_ ;O/(\/% > E{m?@lm}—?@ " B Wi} )ds

l,m=1 l,m=1
(4.21)
where
B = Py (t1, o, s) = (U x AU (b1, 8)E2° (Lo, 5). (4.22)
A simple algebra based on (2.15)—(2.26) allows to obtain
1D}, D] < Cyl(L+ [t1] + [tal) 2, (423)

with C; depending only on ¢ € N. Besides, since 8/8W(n) /' 8/n Dy ()
Dy, (s) = 0/0M,,, n)( ), then every derivative with respect to W( ) gives the factor

n~1/2. Therefore, applying differentiation formula (2.8) with ¢ = W(n), p = 6,
and ® = Py, to every term of the first sum and differentiation formula (2.4) to
every term of the second sum in the r.h.s. of (4.21), we obtain (see also (2.10))

L 6
(3
Aty ty) = 2/ 3 gD/ }ds, (4.24)
0o J=2
where
1
TJW S Z@HlmE{Dlm@lm} j=2,...,6, (4.25)

iIin(i+1)/2
J:n I,m=1
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and by (2.9) and (4.23),

n

lesl < = D Sup | Dy ®im| < e(1+ [t1] + [t2])*n "2, (4.26)
€On

I,m=1

Now it follows from Lemma 4.6 below that

1

2
// ;/ V2 T (13" (1, ) + T3 )(t%tl))ds} LI Fleil(t)dt; = Cugler, w2,
j=1
(4.27)
2
// /SHILII;O 7" )(t1,t2) —i—T( )(tg,tl))ds} HF[goj](tj)dtj = Cuul1, 02],
j=1
(4.28)
and
lim T =0, j=4,506, (4.29)

n—oo

with Chsl@1, 2], Crylet, p2] of (4.9), (4.10). This, (4.24), (4.20), (3.19), and
(3.12) lead to (4.8)—(4.10) and complete the proof. [

Lemma 4.6. Under the conditions of Theorem 4.2, the statements (4.27)—
(4.29) are valid.

Proof Consider T2(n) of (4.25). Note that by (2.7), k3 1m = p3 = K3, and
we have

TS (41, 19, ) = 3/2 Z E{2°(ty,s) D2 (U * AMU),(t1, 5)

I,m=1
+ 2D (U % A™U) i (1, 8) Dy (22, )
+ (U % AU (b1, 8) DR (b, )} = ma[Tar) + T + T,
(4.30)

Consider TQ(?). It follows from (2.16) and (2.22) that D? (U * A™U),,; of Tz(?)
gives the terms of the form

T =072 S Ul UA™D U ), (4.31)
I,m=1

556 Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 4



On Non-Gaussian Limiting Laws for Certain Statistics of Wigner Matrices

To =032 " U Un(UADT) s (4.32)
I,m=1

T3 =032 S Uyl (UADU) . (4.33)
I,m=1

9 b

Here for shortness we omit the sign of conjugation ” *” and the arguments of
U. Besides, we replace [, with 1 (this, in view of (2.27), gives error terms of

the order O(n~2), n — o0). It follows from the Schwarz inequality, (2.15), and

(2.26) that T211(n) = 0(n"'?), n — oo, and from (2.15), (2.27) that

T3 < 32U (U, -, Unn) 71| - (UAD U, - (AT, 7|

=0 Y?), n— .
This and (4.4) yield
BT + T ™)E!o)| < en”2Var{g!}? = 0 72), n— oo, (434)
We also have
2™~ 0(1), n— . (4.35)

Let us show that
E{T5"€°t = 0(n™'?), n— . (4.36)

For this purpose consider

Ry =n"2 " B{Uy(t1)Unm (t2) (UA™U) &0}

I,m=1

Putting here U;; = E{Uj;} + U;; and using (6.7), we get

Ry =v(t)v(ta)n ™2 > B{UAMU) 80}

I,m=1

+U(t1)n73/2 Z E{Urizm(tQ)(UA(n)U)lmgno}

Il,m=1

+ 072y B{UG () Unim (t2)(UA™U)in&%} + 0(1), n— oo, (4.37)

I,m=1

It follows from the Schwarz inequality, (6.7) and (6.8) that the first term in the
r.h.s. of (4.37) is of the order O(n=/?), n — co. In view of (1.2) and (2.15), we
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also have

2 3 U () (VA | < UAU - (|(UFrs - U

I,m=1
<n V2N U (t2)P).
m=1

Hence, by the Schwarz inequality and (6.7),

07323 B U () UADU) i)

I,m=1

n 1/2
< n_l/Q( Z Var{Umm(tg)}) Var{¢}}'/? = O(n™'?), n — .
m=1

Thus, the second and the third terms in the r.h.s. of (4.37) are of the order
O(n=1/2), n — oo, and we get (4.36). Now (4.34)(4.36) yield for Té?) of (4.30):

Tz(?) =0 Y?), n— oo (4.38)
Applying (2.20)—(2.23) to calculate TQ(S) and TQ(QL) of (4.30), we get the terms of

the form

n32 N U (UA™U) 1 (UA™U ),

I,m=1
n=32 N U(UA™D) (UAD U ) (4.39)
I,m=1

where, as it follows from the Schwarz inequality and (2.27), the first term is of
the order O(n~1/2), and the second one is of the order O(1), n — co. Hence, we
are left with

n n IR n n
T 47 = — 5 S" E{2(U0 (U % AU (81) (U 5 COU ) (12)

I,m=1

+ (U C™UY) ) (t1) U * (U 5 CWUY) (t2) /2 + O(n 12,
(4.40)

n — oo. Now it follows from (4.30), (4.38), (4.40), and (6.13) that

Jim. Ty (t1, 1) = ks nli_{{)lo(TQ(g) + T ) (b1, t2) = —r3 [2Ta(t1, t2) + Tolta, t1)],
(4.41)
_ 1) _ (2 (2) .
To(tr,t2) = [(Ky' — Ky )(vxvsv)(t1) + Ky’ (vetv)(t1)] - (vxov)(te) (4.42)
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with Kgl), Kf) of (4.5)—(4.6) and v of (2.30). We also have

2w

e 0)t) =i [ M, (4.43)
2o y
(v *tv)(t) = w2 / et [1 - 41027“1“2] psc(p)dp, (4.44)
o 2w
(vxv*v)(t) =w? / e (w? — 1) pse(p)dp. (4.45)
—2w

Putting (4.43)—(4.45) in (4.42) and plugging the result in the L.h.s. of the r.h.s.
of (4.27), after some calculations, we get (4.27). Consider now T3(n) of (4.25),

n 1 S n o
T = 5 Y KumB{DL (U AVU) (11, 9)61 (2, )} (4.46)

I,m=1

where, in view of (2.7), kym = ka4 — 9w, It follows from (2.27) and (4.4)
that in (4.47) we can replace K4y, With k4, which gives error terms of the order
O(n=?), n — oco. Hence,

n

n K o n n
i = ﬁ > E{g - DEL(U « AU )y + 3Dy,,80 - Dy (U % AUy
I,m=1
+3D}, 2 - Dy (U 5 AU )y + (U % AUy - D62
= [T + T + T 4 T+ 0(n1?), n - oo (4.47)

Treating Té?) similarly to TQ(?) of (4.30) (see (4.36)—(4.38)), one can get
T = 0(n1?), n— . (4.48)

Besides, it can be shown with the help of (2.26), (2.27) and (4.4) that all terms
containing off-diagonal entries Uy, or (UAM™U);, vanish in the limit n — oo.
Thus,

T4y + Tz = O(n~1/?),
and we are left with
n Z-/<54 = n
T = = ST E{(Un* (U AU ) (11)

Il,m=1

X (Uy % (U % C™U ), + U * (U  CU)) (82)) } + O(n~?),
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as n — oo. Now it follows from (6.11) that

lim T8 = —2iry [K' (0% 0% 0) (1) (0 % 0 % ) (f2) + 273 (0 % t0) (81) (v * tv) (£2) ]

n—oo

This and (4.44), (4.45) yield (4.28) after some calculations.

It remains to show (4.29). It is much simpler to do because in this case we
have additional factors n~'/2 (see (4.25)), so that treating T}, j = 4,5, 6 similarly
to Tj, j = 2,3, one can easily get (4.29). This completes the proof of the lemma.

]

5. Limiting Probability Law of Fluctuations of £2[y]

Theorem 5.1. Consider the real symmetric Wigner random matrix of the
form

M™ = p P W = (W e R, Wy = W = (14 6;) YV},
where {Vjih<j<k<oo are i.i.d. random variables such that oY
E{Vi} =0, E{Vi}=uw’
and the functions InE{e®™1} and E{e*V111} are entire.
Let {AM}e2 | satisfy (1.2), (1.3), C™ = AW 4 AT and there exist
Ay = Tim 07?2 ( Z (CRP + (2392 — 1) iw%)p)/z, p=3. (5.2)

n—o00
l,m=1 m=1

Then for any ¢ : R — R satisfying (4.2), the random variable £ °[¢] converges
in distribution as n — oo to the random variable £4[p] such that

. > o, A
mnE{e"" ¥} = —a?Vip[g]/2+ Y "2’9 2 (i, (5.3)
p=3
2w
% xr
2" =5 | plwnpse(p)dp, (5.4)
—2w

where psc is the density of the semicircle law (2.31), and Viy[p] is given by (4.11).

Remark 52 Itcan be shown that in the case of the matrix M =
n_l/Q{ij}?k:l, Theorem 5.1 holds true with

A
e i),
p!

mE{e ¥} = —vL[ga?/2+ 3
p=3
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where V% [¢] is given by (4.16) with we = 1, and

n n

Ay = lim (37 (O 4 ) 3 () /2
I,m=1 m=1

Remark 5.3. For matrix elements (1.5), A, = 2/2 and we obtain Theorem
3.4 of [14]. In the case of bilinear forms (1.6), (1.7), we have for A, of (5.2):

NE

Ay = lim ((Zn:(n§”>)p)2 + (2302 )

n—oo
=1 l

(nz(n))Qp), p>3.
1

In particular, if for all m = 1,...,n, 775,?) = O(n’1/2), n — oo, then A, = 0,
p > 3, and the random variable (p(M™)°n™ n(™) converges in distribution
(Mmn,n)

to the Gaussian random variable with zero mean and the variance Vg [¢] of
(3.18).

Remark 5.4. It follows from Theorem 5.1 that if ¢ is even, then the random
variable £2°[¢] converges in distribution to the Gaussian random variable with
zero mean and the variance Voogr[e] + Ck,[@, @] (see (4.9)—(4.11)).

Proof of Theorem 5.1 We prove the theorem for a class of test functions
satisfying the condition

/|F[g0](t)|]t|ldt < Cyl! VIEeN, (5.5)

where Fyp] is given by (3.5) and C,, is an absolute constant. Then the theorem
can be extended to the class of the functions satisfying (4.2) by using a standard
approximation procedure (see, e.g., [17], Section 3.2). Consider the characteristic

functions i
ZMx) =E {eix(ﬁé‘[ﬂ)()} . ZM2)=E {eiw(éﬁ‘[@])"} |

where £4[] corresponds to the GOE matrix M™ = n=1/2IW® (2.3). In view of
Theorem 3.3, (4.11), and (5.3), it suffices to prove that for any z € R

’%PAP .k
ol (iz*)P. (5.6)

n—oo

lim In Z;'()/Z;(x) = —(Cusli. ] + Cril, e)a?/2+ >
p=3

Following the idea of the proof of Theorem 3.2, we introduce the ”interpolating”
random matrix M (s) of (4.18), put

Z(x,5) = E{en(w,9)}, en(x,s) = expliz(&°[¢])°}, (5.7)
2ol = TrpMM () AN, &M () = TeU (¢, 5) AW,
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and write

1
1 n
In ZA(z)) 22 (x) = ﬁ/ i / S E{ww,,
2 ZMx,s) \/nsl’m:1 { }

\/1_322 (Wi } ) Flel 0t (5.9)

Ui = Upn (b, 2, 8) = (U 5 AU (t, 5)eS (2, 5) (5.10)

(cf (4.20)-(4.22)). Let us note that unlike the functions ®;,, of (4.22), having all
the derivatives DI &, of the order O(n%2) (see (4.23)), here we have D} ¥}, =
O(nP+1)/2) "and there is no such finite p € N that ¢, of (2.8) vanishes as n — oo,
Hence, instead of (2.8), used while treating (4.20), here for every term of the first
sum of the r.h.s. of (5.9) we apply the infinite version of (2.8) given by (2.10). To
do this, we check first that ¥, (z, t) satisfies condition (2.11). Using the Leibnitz
rule, we obtain

P
DE Wi (w,t,8) = ) <§>D{’mq(U*A<n>U)m,(t,s)D;'m °(z,5), (5.11)
q=0
where
D} en(z,s) = ileqgl (en(z, S)Dlmff’s[cp]) (5.12)

(see (5.7)), so that

q T
D} en(x,s) = en(x,s) Z (iz)" Z C@THqu;’L As[], ZC@T <29,
t=1 q,r

r=1 q_(qlw")q?”):
G+ ta =g

Hence,

|D} en(z,5)] < ( (1+ |ﬂs|))q max H | Dt & s

1<r<q, Y i, ¢t=

where

D%nﬂﬂz/Fuww%n%ww (5.13)

with &% of (5.8), and in view of (2.29) and (5.5),

DY eA9 ()| < /|F 0)||DL £4(60)d < CaC,20+, (5.14)
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so that

|D} en(z,s)| < (ev/n(1+|z)))". (5.15)

Here and in what follows, ¢ depends only on A and . This, (2.26), and (5.11)
yield

1D} Wy (2,8, 8)| < (ev/n(L+ |z| +¢)PT, 2 eR, t>0. (5.16)

Thus, Uy, satisfies (2.11) for every x € R, ¢t > 0. Besides, since In E{e®V11} is
entire, then we have

o~ 2P |Kp]
Y — P <00, Vx>0, (5.17)

p=1 P

where k), is the p th cumulant of V;;. This implies (2.12), Vo € R, ¢t > 0. Applying
differentiation formula (2.10) with ( = Wi — _1/ 2Vzm and & = Uy, to every

Im
term of the first sum and differentiation formula (2 4) to every term of the second

sum in the r.h.s. of (5.9), we get

1

iz 200 =5 [ iy /Z DRI S0 0, 0,5) gl 0,
0
(5.18)
S0 (.1, 5) = pjl - Z 8 POPE(DY Wy (2,1, ) (5.19)

I,m=1

It was shown in [14] that in the case of matrix elements (1.5), the series in (5.18)
converges uniformly in n € N, (¢,2) € K for any compact set K C {(x,t) €
R? : ¢ > 0}. For the general case, the proof is almost the same with the obvious
modifications. It is based on (5.17), the estimate

A, <22 WpeN, (5.20)
following from (5.2) and (1.2), and on the uniform bound
1S (z,t,5)| < (Ck)!, VY(t,z)e K, neN, sel0,1], (5.21)

which can be obtained with the help of (2.19)-(2.29). Here Ck is an absolute
constant depending only on K. In view of the uniform convergence of the series,
to perform the limiting transition as n — oo in (5.18), it suffices to find the limits
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(n)

Sp = limy, . Sp ~ for every fixed p € N. We have

n 1 - —(p+1)/2 o —leo
51(7 : :W Z ﬂlrrgp / E{(U * AU)lmemen +lem(U * AU)lmDéDm €n
I,m=1

+ D2,(U % AU ), DP2¢8 - p(p — 1) /2 + Dj (U % AU, DP-¢2,
p—4

<ol = 1= 2/0+ hraa 3 (7) DL A0+ AV0) Dl 5}
q=0

= 5% 4+ 85 4+ 8% pp—1)/2+ 55 p(p — 1)(p— 2)/6 + 6105 - S

P>
(5.22)

where 0123 = 0, if p = 1,2,3. It follows from (2.26)-(2.27) and (5.15) that
Sgg) = 0O(n~Y?), n — oco. Since
D} en(z,s) = en(x, s) (i:ﬂDlmﬁf’S[go])q + O(n(q_l)/2)
— en(@,5)( — 2Bim / 3(0)(U % C™U ) (0)d6)* + O(n0V/2), 1 — o0,
(5.23)

then

(n) _

1 L pr1))2 "
v = O B B{DL (U AU,
l

;m=1

% (= @fim / BO)U * OOV ) (0)d0) e} + O(n~Y2), p>3,

and by (2.26), (2.27) S;(;Z) =0(n'?),n — oo, p > 3. If p=3, then

w_ Lo n o
S5 = 5 Y B B{DL, (U * AU )iecs (a,5))

Il,m=1

(compare with T3, of (4.47)), and in addition to (2.26), (2.27), we use (6.10)
to show that Var{n=>37" _ D} (U * AMU)jme} = O(n™1), and so S:gZ) =
O(n=1/?), n — oo. Thus,

S](JZ) =0(n %), n—oo, p>3. (5.24)
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Consider now S;g) of (5.22). Applying (5.23), we can write

) 1
Sps” = 172

x Z B BADE, (U + ATy~ / BOYU = CMU)y (0)d0)" e}

I,m=1

+0(n"Y?), n—oo, p>2.

There arise the sums of three types:

1(n) 1)/2 n —2
S8 = i Z B P U (UAT DY (UCUY 2,

Sy = p+1)/2 Z B P U U (UADU ) (UCT U2,
S = p+1)/2 Z B 2 (U AT ) (UC U2,

where we omit the arguments of U and put (UC™MU)] = = ;]-:1 (U(t;)C™U(t,))im-

If p = 2, then treating Ség) similarly to TQ(IL) of (4.30) (see (4.30)—(4.38)), we get

Sg) = O(nil/Q), n — o00. In the case p > 2, we use the asymptotic relations
following from (2.25)—(2.27):

> Ul [(UA™U )| = O(n), (5.25)
I,m=1
Z (UAMU )1 ||(U AT | = O(n), (5.26)
I,m=1
D UANY) | (VAU )| = O(ni/), (5.27)
I,m=1
f} (UADY) i [[(UAU )| = O(n) (5.28)
m=1

as n — 00. They, together with (2.26), allow to show that S]]jé ), j=1,2,3 are
of the order O(n=1/2), n — oo, so that

S’S) =0(n %), n— . (5.29)
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Consider 51(7721) of (5.22). Applying (2.23) and (5.12), we can write

n) _ 2px
e CRS VI

< N B VPE{(U + (U AU ) + Upp + (U 5 AU ) (2, 5)

I,m=1
xDf ? (en(x,5) Dim&i*[])} = S,8" + S5 (5.30)
Since
D}, (en(@, ) Dimé;[¢]) = D en(, s) - Din&i*[#]
+qD?n:16n<mv s) - D?mf??’s[@] + O(n(q_l)/Q), n — oo, (5.31)
where
Din&le) =i (U CO0)in(0,9)Fl)(0)a8, (5.32)

Dol = = B, / (U (U % COU ) + U + (U x CU)y

+ 20Uy * (U % COU ) 1) (60, 5)F [0 (0)dB,

then putting (5.31) with g =p —2in Sién) of (5.30) and applying (5.15), (5.26),
and (5.28), we get as n — oo

S = on~1?), (5.33)

n 1 L
S;é ) — _ 2px/F[<p](0)d9n(p+l)/2 Z 5lm(p+1)/2E{(U” x (U A(n)U)mm) (t,s)
Il,m=1

x [DP 2, (x,8) - i(U % C™U) (0, 5)
—(p— 2)D§’T;3en(:z‘, s) - (U * (U * CU)
+ Upn * (U % C(”)U)”)(G, s)]} + O(n_1/2).

It follows from (5.23) and (5.25)—(5.28) that S;gn) does not vanish only if p = 2
or p = 3. Hence, putting e,(z,s) = Z:(x,s) + e2(z, s) and using (6.10), (6.12),
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and (5.33), we get

S;g) = fo(:c, s)

x/[_%% E{(Us# (U AU ) ) (£, 8) (U % COU )i (0, 5)}

I,m=1
n

—i—% Z E{(Uy * (U = A(n)U)mm)(t, s) <Ull 5 (U % COU)

I,m=1
U+ (U % COUY ) (0,5)} | Fli)(0)d0 + O(n™12) (5.34)

as n — 00. Such expressions were considered in the proof of Theorem 4.2 (see
Lemma 4.6). Treating 5(2), p = 2,3 in the same way and using (6.11), (6.13) and
(4.43)—(4.45), we get

1

in ~5 [ e [ [088 w0 + 555G )] Flelar

n—oo 2

0

=~ (2Culp el + Culio o)) /2 (5.35)
(1

with Ci, e, ¢], Cr,le, cp] of (4.10) (see also (5.6), (5.18)).

9),
At last consider S of (5.22):

Sp) =~ e Z B P PELU « AU (t, 5)DE (en (@, 8) Din&*[]) }

I,m=1

= pT/? Z ﬂlmpﬂ)/gE{(U * A(n)U)lm(t s) [Dp n(T,s) Dlmfﬁ’s[‘:@]
l,m=1
+ (0= DD} Pen(w, s) - Din & el]} + 0 1%) = S0 4+ 831 4+ O(n ™)
(5.36)
n — oo. Here we used (5.12), (5.31), and then (2.29), (5.15), and (5.25)—(5.28)

to estimate the vanishing term. It follows from (5.23) and (5.26)—-(5.28) that if
p > 2, then

)

A =0(m ), n—oo, p>2. (5.37)

If p = 2, we have

CH ——296/ 372 Z E{en(z,8)(U * AMU Y, (t, 8) (U * (U % COU ),

I,m=1

+ Unn * (U + C™U) ) (8, 9) } Fl)(6)d0 + O(n~/?)
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and, similarly to (5.35),

1

i ~2 [ [ ) Pl = (30l 2

n—oo 2 3
0

(5.38)

Using (5.23) with ¢ = p — 1 and (5.32), for S;{n) of (5.36) we get

Si” =i p+1)/2 Z B VPB{(U 5 AMU )t 5)en(w, 5)

< (—a / B0)(U % COU)(0)d0)"} + O(n /%), n— 00, (5.39)

where we estimate the vanishing term with the help of (5.26) and (5.28). Putting
here
AR 109

and e, (z,s) = ZA(x, s) 4 €2(z, s), and then applying first parts of (6.14), (6.15),
we get

St = ’Z( i > B{U AUt ) (— @ / BO)U * COOU )y (0)d0)"}

Il,m=1

+2(201-P)/2 _ pﬂ) /2 ZE{ (U s A™U) (¢, 5)

< (- m/@(ﬁ)(U « OO (0)d0)?} + O(n~2), 11— oo,

This and second parts of (6.14), (6.15) yield for p > 2

1
d n A
lim — LAl / s / s®=D250M (2,1, 5) Flg] (t)dt = "2 (i)t

n—oo 2 p' Z;?(.%', S) (p + 1)!
0
(5.40)
with A, and 2* defined in (5.2) and (5.4). Now putting (5.35), (5.38), and (5.40)
n (5.9), we get (5.6) and finish the proof of the theorem. [

6. Auxiliary Results

Lemma 6.1. Consider a matriz A™ satisfying (1.2), (1.3), ™ = A® 4
AT and a unitary matriz U(t) = UM (t) = ™M™ with the Wigner matriz
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M®™ of (2.1), (2.2). Denote U7 = U(t;), t®) = (t1,....t,), f = E{f}, and
define
Mo (t,t2) =32 Y~ (U AT, (6.1)
I,m=1
(tl,tz,tg =N -1 Z U2A(n U3) (6.2)
v () =Y (UCU) i (US AU i, (6.3)
m=1
wn(t®) =323 UNUP AU (U CIUP) (6.4)
I,m=1
- p+1
W (@) = =2 S U AUy, [TUY IOV, (65)
I,m=1 j=2
- p+1
72 (1@p+2)) = = (PHD/2 Z U AMU?,0m H(UQj*lC(")UZj)mm, (6.6)
m=1 j=2
p > 2. Then under the conditions of Theorem 4.2, we have
(i) Var{&(t)} < c(1 +[t), lim &, (t) = Ta - v(t), (6.7)
(i) Var{n; (t1,t2)} = O(n™") lim ﬁﬁ‘(tl,tz) = K7 - o(tr)u(ts), (6.8)
(ZZZ) Var{vf;(tl, t2, tg)} = O(n_l), hm v, (tl, t2, tg) TA . ’U(tl)U(tQ + tg),
(6.9)
(iv) Var{oC (t®)} = O(n™"), (6.10)
4
lim oS (@) = 2K [ v(t;) + 273 - v(ts + t2)v(ts + ta), (6.11)
7j=1
(v) Var{w, (t®)} = O(n"/?), (6.12)
5
lim @, (t®) = (K - H + KQv(t)v(ta)v(ts)v(ts +t3),  (6.13)

7 . p+1
(vi) Var{{ (t2r)} = O(n~72),  1im 7O ) = K T (), (6.19)
j=1
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- - p+1
(vii) Var{zP(t2r#2)} = O(n~12), lim 52 (#+2) = K [ v(t;), (6.15)
j=1

where O(n%), n — oo, can depend on t®), v and KS’Q’?’) are defined in (2.30),
(4.5)—~(4.7), and

(6.16)

im >

KA()—hmng/QZA

n—00
I,m=1

K() lim n—®+1)/2 Z Alm C(:L))p’ K() lim n—P+t1)/2 ZA 7(n721)p

n—o00 n—00
I,m=1 m=1

(6.17)

Remark 6.2 All the statements of the lemma remain valid under the
conditions of Theorem 5.1.

Proof 1. Firstly we prove the lemma supposing that the matrix M

belongs to the GOE.
(i) Statement (i) in the GOE case was proved in Lemma 2.3.

(ii) By Poincaré inequality (2.5), we have

n

Var{n;(t1,t2)} Z CE{|Dy Y (UM AU, )

1<]<k<n I;m=1

This and (2.22) show that it suffices to estimate

7,k= lm:l

We have

1 n n PR — .
Th=— Yoo > ULT (U AMTT2), (U AU,
7,k=

k=101 mm’'=1

Z UA )TA(n)U3 7) Z n)US )

m,p=1

< ﬁTr AAWT — o(n™Y),
and hence Var{n?(ti,t2)} = O(n™1), n — co. Now applying (2.13), (2.4), and

(2.23), and then estimating the error terms with the help of (3.8), one can get as
n — 0o
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i (tr,t2) =n= 22 >~ B{AMU(t2))im}
I,m=1
t3

t1
—w2 /dt3 /’Un(tg — t4)ﬁé(t3,t2)dt4 + 0(1),
0

0

where by (3.1) and (2.30),

nl;n;on 3/2 Z E{(A™U(t3))1m} = hrn T (t2)n =3/ Z Alm KA ’U(tg)

I,m=1 I,m=1

with KlA(z) of (6.16). Thus, for n* = lim,, . 72, we have

t1 t3
’I7A(t1,t2) + w2/dt3/v(t3 — t4)77A(t4,t2)dt4 = K:4(2)U(t1),
0 0
and by (2.36),
nA(t, 1) = K Pu(t)o(t). (6.18)

iii) Putting U, = US, + Unm and using (3.1), we get
mm

_ —A _ — = o n
U (t,ta ts) = Tn(t)E), (b2 +13) + Ty Tn=n"" > (Up) (UPAMU®) 0
m=1

(6.19)

By the Schwarz inequality and (2.27), we have

ra] < (Z| 2400, 2) (ZI WP) "
(n=1/2 <Z| ) )1/2 (6.20)

where, as it follows from (3.8),

E{ 3 \(U,}m)°|2} = 0(1), n— . (6.21)

m=1
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This and the Schwarz inequality for the expectations yield

7| = O(n™Y?), n — . (6.22)
Now (6.7), (6.19), and (6.22) give limy, . UL (t1,t2, t3) = Ta - v(t1)v(ta + t3). We
also have

Var{vl} = E{n~* Z m(UPAMU3) 0l

tl E{n é’n to + t3 } + E{’I“TLUIO}
with 7, of (6.19). It follows from the Schwarz inequality, (3.8) and (6.20)—(6.22)
that Var{vl} < O(n='/2)Var{v}'/2, n — oo, which finishes the proof of (6.9)
(iv) The proof of (6.10) repeats with the obvious modifications that one of
(6.8). Let us prove (6.11). Applying Duhamel formula (2.13), differentiation

formulas (2.4), (2.19)—(2.23), and then estimating the error terms with the help
of (3.8), one can get as n — oc:

n' Y E{(UAMU?) i (UPCMU) i }

=n"" Y E{(AMU?)m(UCU) i}

t1 ts
— w2/dt5/ {Un t5 - t6 -1 Z U6 U2 mm(USC(n)U4)mm}dt6
0 0
t1 ts
— wQ/dt5/ { e ts + te)n ! Z Upn (t2 — tﬁ)(U3C(">U4)mm}dt6 +o(1),
0 0 m=1

(6.23)

*ZE{ AMU2) (USCOUY) it =071~ AR BLUSCOU) 1}

m=1
to ts
—w2/dt5/ { 5—t6 -1 Z A(n)UG U3C(n)U4) }dt&-{-O(l),
0 0

(6.24)

nt Y A E(UPCMU ) = 07t Y AR E{(CTT )}
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t3 ts n

—w? / dts / E{vn(tg, —te)n Y Agg)n(U60<">U4)mm}dt6

m=1
t3
w2 / dt5
0

t4

E n=1eC (k5 + to)n 12Amm mm(t4—t6)}dt6+o(1), (6.25)

S

m=1
where by (3.1),
Tim ot Zn: AG E{(COUY) i} = 2D - v(ta),  Da = lim 0! Zn:(A%)2~
m " (6.26)
Denote
(@) = lim v (D), H(ty,ta) = lim n~* Z A B{UPCU) i},
m=1

Gtz ts,ta) = lim n~! Z E{(AMU2),,m (UC™MU*),0m )

m=1

It follows from (6.23)(6.26), (6.7) and (6.9) that v, G, and H satisfy the integral
equations:

t1 t5
vc(t(4))+w2/dt5/v(t5 — t6)v% (L6, ta, t3, ta)dte
0 0
t1 ts
= Gtg, t3,tq) — 20 T30 (t3 + t4) /dt5/v(t5 + tg)v(ty — tg)dts,
0 0
to ts
G(tz,tg,t4)+w2/dt5 /'U(t5 — tG)G(tG,tg,t4)dt6 = H(tg,t4),
0 0
t3 ts
H(ta,to)+o? [ dis [ ot~ t0)Hlto, )
0 0
t3 ta
= 2Dy - v(ty) — QwQTj/dtg,/v(tg, + tg)u(ty — tg)dts.
0 0

Solving the equations with the help of (2.36), we get
H(tg, t4> = 2K§)v(t3)v(t4) + 2T3{U(t3 + t4), G(tg, t3,t4) = ’U(tQ)H(tg, t4),
0 (t@) = v(t1)G(tg, t3, t4) + 2T2 (v(t1 + ta) — v(t1)v(t2))v(ts + t4).
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This leads to (6.11) and finishes the proof of (iv).
(v) Similarly to (6.19)—(6.22), we have

G (1) = Ty (t1)T(to, b3, ta, t5) + T, (6.27)
Tn(ta,ts, tayts) = n =22 Y (UPAMUP) (U CTU ), (6.28)
Il,m=1
(tG)) = n=3/2 Z )2 (U2AMU3), 0 (UACT U,
I,m=1

where by (2.15), the Schwarz inequality, (2.27), and (6.21),

[7ul < n=321C0)|

n

% <E{ i ’(Ulll)o‘Q})l/2 (E{ ‘(UZA(H)U3)mm‘2})1/2 _ O<n71/2),
=1

" (6.29)

n — oo. Applying (2.13), (2.4), (2.19)—(2.23) and then estimating the error terms
with the help of (3.8), one can get for I';, as n — oo (cf (6.23)-(6.25)):

Ty(to, ts, ta, ts) = Bp(ts, ta, ts)
to te

—w2/dt6/E{vn(t6 —t7)Fn(t7,t3,t47t5)}dt7
0 0
to t3
— wZ/dtG/E{nlgg‘(tG + t7) Dy (t3 — t7,ta, t5) btz + o(1),
0 0
Bn(t3;t47t5) - 1’L73/2 Z (A(n)US)mm(UQC(n)US)lma
I,m=1
Dn(7,ta ts) =n"22 > " U, (1)U C™U?)p,
I,m=1

Similarly to (6.27)-(6.29), it can be shown that D, (7, t4,t5) = U (7)75 (ta, t5) +
O(n~Y?), n — oo, where n¢ is defined in (6.1), so that by (6.8),

lim Dy (7, t4, t5) = 2K Dv(r)v(ts)v(ts). (6.30)

n—oo
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For B,,, we also have

Balts, ta, t5) = n(t3)n =5/ Z E{A(”) (U4C(”)U5)lm} + R, (6.31)

I,m=1
Rl < n A (B 3 (4095, })
m=1

By the standard argument based on Poincaré inequality (2.5), one can easily get
Var{(AU)mm(t)} < CltPn= (AAMT), .,
and hence
R,=0(n""?), n— . (6.32)

Besides, repeating with the obvious modifications the steps leading to (6.18), we
get

lim n %2 3" { ) (Uto >U5),m} = KWu(ty)u(ts).

I,m=1

This and (6.31), (6.32) yield
Blts, ta,ts5) := lim Bu(ts, ta, t5) = K Du(ts)v(ts)v(ts). (6.33)

Plugging (6.30), (6.33) in (6.28), we get the equation with respect to I' =
lim,, fna

to te
F(t2,t3,t4,t5) + wz/dtﬁ/’v(t(; — t7)F<t7,t3,t4,t5)dt7
0 0

t3
= Blts, ta, t5) — w K Dv(ty)v(ts) /dt6/ (to + t7)v(ts — t7)dtr,
0

where we put Kj(f) = 2TAK;£2) (see (4.6), (6.16)). Hence, by (2.36),
T(ta,ts, Ly t5) = v(t2) Blts, ta, t5) + K1 (vt + t3) = v(t2)v(ts) o (ta)o(ts)

5
(1) H +K( ) tz —|—t3) (t )v(t5).
J=1
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This and (6.27)-(6.29) lead to (6.13).
(vi) It follows from Poincaré inequality (2.5) that

Var{y{" (1@ +2))}

< T {3 e leeornf)

1<j<k<n l,mfl

3

Taking into account (2.22), it is seen that to get the first part of (6.14), it suffices
to show that

pt+1
Fn = n(p+2 Z ‘ Z MUk 1_IQ(U2j_IC(n)U2j)zm - O(n™1)
j=

k=1 Im=1

as n — oo (here U° = U(ty)). Since by (2.15),

Z UjUjp = éuw,

j=1
S (AT (UT AW U2) g = Y (U2AMT), (ADT2)
k=1 k=1
then
p+1 9
(n)772 2j—1 ~(n) 7723
B n(p+2) Z ‘Z AT [T 07 00 J)lm‘
kil=1 m=1 j=2
n  ptl ( 9
2y |12 2j—1 (n) 7725
S =0 5D SIFLIEED S} | (CEatelalie
kl=1m=1 m/=1 j=2
By (2.26), (2.27), we have
n,oo : 2
> | TTw* ™),
I,m’'=1 j=2
" 2
—om™) Y ‘(U3C(")U4)lm/ —0(m?), n— .
Im/=1
This and (2.27) yield R, = O(n~!), n — oo. Therefore,
Var{y{"(t2+2)} = O(n™"), n — oo. (6.34)
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To prove (6.14), we must show that every U(t) in

D (tCrH2) = = EHD/2 X" E{( AU (1) lmH (t2j-1)

I,m=1

)U(t2j))lm}

(6.35)

can be replaced with v,, with the error term that vanishes as n — oco. For this

purpose it suffices to show that

7%1) (15(7)) = @n(tl)gn(t% s 7t2p+2) + 0(1)’ n =0,

n p+1
On(ta, ..., topy2) = n~@D/2 Z Ult2) lmH (t2j-1)
I,m=1

Applying (2.13) and then (2.4), (2.19)—(2.23), we get

FO (@) =8 (ta, ..., tapra)
ty

0

T1
Rn(’i‘l,tg, PN ,t2p+2) = /E{U;(Tg)’}/?(ll)(’rl — TQ,tQ, ce ,t2p+2)}d7'2
0

T1

+/(Un(7'2) —o(m2))7Y W (r —To,ta, ..., tapy2)dm
0

T1
t1
—wQ/dﬁ/v(ﬁ —7’2)’}/7(11)(7'2,152,...,t2p+2)d72—w2/ Rn(Tl,tQ,...
0
0

(6.36)

MU (t25))m

(6.37)

,topy2)dTi,

to
+n Tl’y( )(T1,t2,...,t2p+2) —i—nl/vg)(ﬁ + 79,12 —Tg,...,t2p+2)d7'2
0

t2

1 ga
+ /E{ 1§n (11 +72)——75 Y)Y Z Ui (ta — 72) H(U(tQj—l)C(n)U(tQj))lm}dT?
s I,m=1 Jj=2
ptl

+% np+1 Z B! { ) AU (ts) klekH (t2-1)C U(tQJ))lm}

I,m, k=1

It follows from (2.32), (2.33), (2.36) that

_ . t1
FD®)) = v(t1)8n(t2, . ., tapra) —w2/ v(ty — 1) R (71, 2, . . .
0
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5 t2p+2)d’7'1.
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In fact, to get (6.36), it suffices to show that R, = o(1), n — oo. Indeed, the
first four terms of the r.h.s. of (6.38) vanish because of (6.7), the fifth term is
of the order O(n~1/2), n — oo, because of (2.26), (2.27) and the boundedness of
n~ A () + 7). Besides, the last term after differentiation gives the terms of the

1) o

form n='5,,

1 p+1
» TR Z E{ GRS ““H U}

which are of the order O(n=/?), n — oo (see (2.26), (2.27)). Hence, R, = o(1),
n — oo, and thus (6.36) is proved. It remains to note that (6.36) holds true for

n p+1
7D () = p~e+D/2 3 {(V( APV (1) lmH (taj—1) )V(t2j))lm}

l,m=1

(cf (6.35)), where V is equal to U or identity matrix I,. In the limit n — oo,
we can replace all U of (6.35) with v to get (6.14). The proof of (vii) repeats
essentially that one of (vi). This finishes the proof of the lemma for the case
when the matrix M belongs to the GOE.

2. Consider now the general case of the Wigner matrix M satisfying the
conditions of the lemma. For the general case, the proofs of all statements (i)—
(vii) follow the same scheme based on the known facts for the GOE matrices
and interpolation procedure proposed in the proofs of Theorems 4.2 and 5.1. We
demonstrate this scheme by proving (i).

Consider V,,(t) := Var{¢/}(t)} and note that

Va(t) = Var{&} ()} + C (¢, ), (6.39)
where E;:‘ and C% are defined in (4.17) and (4.20), respectively. By (4.4), we have
Var{¢(t)} < ct?. (6.40)

Repeating the steps leading from (4.20) to (4.24)—(4.26), but using here (2.8)
with p = 5 instead of p = 6 in (4.24), we get

|

sU=1) /2T 5|ds (6.41)

Mm

A(t,—t)
7j=2

[\D\s.
O\H

with 7" of (4.25), and

C’5w7/8 n :
les| < T > sup [Dp, Q| < e(1+[t])T (6.42)

I,m=1 MeSn
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Consider Tl(n). It is given by (4.30) with ¢t; = ¢, to = —¢. Since Tle(n), j=1,23
of (4.31)-(4.36) are bounded uniformly in n € N, and every derivative Dy, of
U(t) = etM™ gives the factor ¢, then

0792 3 DR (U # APy < (1 )
I,m=1
By the Schwarz inequality, for Tz(?) of (4.30), we have
T = [B{n 32 37 D2, « AU 60500 }| < 1+ 1)V
I,m=1
We also have for TQ(Q) and TQ(g)of (4.30) (see (4.40) and (2.27)):
TS5 + T4 < e(1+ |t])*.
Hence,
TS| < e(1+ [t (V2 + 1), (6.43)
Treating T3(n)of (4.47) and Tj("), j =4,5 of (4.25) in the similar way, one can get
757 < o1+ i) (VY2 + 1), (6.44)
T < e(L+ e, =45, (6.45)

Putting (6.42)-(6.45) in (6.41), and then together with (6.40) in (6.39), we get
the quadratic inequality with respect to an /2

Vi —c(1+ [t)* VY2 —c(1 +[t)7 <0,

solving which we get V,, < ¢(1 + [¢t|)®. To finish the proof of (i), it remains to
show that
lim n 'E{&} (1)} = Tav(t). (6.46)
n—oo

Similarly to (6.41), (6.42), we have

1

nIBIEO) - BIEND) = 5 [ [ 4w
0
/(n) K3 a 2 n _ -1
T, = j!nmlz_:lE{DM(U*A( )U)lm(t,s)} =0(n""), n— oo,
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C n
lesl < V5 N7 sup (D}, (U AUt )] = O™2), - oo,
n
I,;m

= MES,

Hence, n 'E{&2(t)} — nflE{g,‘?(t)} = O(n~Y?), n — oco. This and (3.4) yield

(6.46). [
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