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We consider a dilute version of the Wigner ensemble of n x n random real
symmetric matrices H (™), where p denotes an average number of non-zero
elements per row. We study the asymptotic properties of the spectral norm
| ™P=)|| in the limit of infinite n with p, = n?/30%%) ¢ >0. Our main
result is that the probability P {||H ()| > 14+ zn=2/3} 2 > 0 is bounded
for any e € (g9,1/2], &g > 0 by an expression that does not depend on
the particular values of the first several moments Vo;,2 <1 < 6 and Viay24,,
b0 = ¢(go) of the matrix elements of H(™?) provided they exist and the
probability distribution of the matrix elements is symmetric. The proof is
based on the study of the upper bound of the averaged moments of random
matrices with truncated random variables E{ Tr(H(rr))2sn} s = | yn2/3
with x > 0, in the limit n — oco.

We also consider the lower bound of E{Tr(H#n))25n} and show that
in the complementary asymptotic regime, when p, = n¢ with € € (0,2/3]
and n — oo, the fourth moment V, enters the estimates from below and
the scaling variable n=2/3 at the border of the limiting spectrum is to be
replaced by a variable related with p,,*.

Key words: random matrices, Wigner ensemble, dilute random matrices,
spectral norm.
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1. Introduction

The spectral theory of random matrices of high dimensions was started by
E. Wigner in the middle of the fifties, when the eigenvalue distribution of the
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High Moments of Large Dilute Wigner Matrices

ensemble {A(™} of real symmetric matrices of the form
(n) 1 e
(A )”:—aij, 1<i<j<n, (1.1)
ij

where {a;;,7 < j} are jointly independent random variables with zero mean value
and the variance v?, was studied [27]. It was proved by E. Wigner that the
normalized eigenvalue counting function of A, converges in the limit n — oo to
a non-random limiting distribution that has the density of the semicircle form.
It is common to refer to (1.1) as to the Wigner ensemble of random matrices.
The limiting eigenvalue distribution of A, is often referred to as the semicircle
(or Wigner) law.

The semicircle law was then improved and generalized in various aspects,
in particular, by relaxing the Wigner conditions on the probability distribution
of the matrix elements a;; [6, 18], by the studies of different random matrix
ensembles generalizing the form of (1.1) [15], by the studies of the extremal
eigenvalues of A and related ensembles [2, 4, 5], and others.

Later on, being motivated by the universality conjecture of the level repulsion
in the spectra of heavy atomic nuclei [19], a strong interest to the local properties
of the eigenvalue distribution of A(™ at the bulk and at the border of the limiting
spectrum has led to a number of powerful and deep results (see monographs [1]
and [16] and references therein). These results were mostly related with the
ensembles of the form (1.1) with the probability distribution of A that belong
to a certain class of laws.

In the general situation of the Wigner ensemble (1.1), the breakthrough results
in the studies of the local properties of the eigenvalue distribution at the border of
the limiting spectrum of random matrices were obtained in [22, 23] and [25], where
the eigenvalue distribution of random matrices (1.1) was studied for the first time
on the local scale, i.e., when the mean distance between the eigenvalues is of the
order n=2/3. These results were obtained with the help of a deep improvement
of the moment method initially proposed by E. Wigner. The local asymptotic
regime at the border of the spectrum is attained in the limit n — oo when the
order of the moments is proportional to n2/3.

One of the generalizations of the Wigner ensemble (1.1) is given by an en-
semble of n x n real random matrices such that each row contains a random
number of non-zero elements and the mean value of this number p,, is a function
of n. Following statistical mechanics terminology, where this kind of models was
first considered, it is natural to refer to this class of random matrices as to the
sparse or dilute random matrices [17, 20]. The limiting eigenvalue distribution
of dilute random matrices or related ensembles is studied in a number of publi-
cations, where, in particular, the semicircle law is proved to be valid in the limit
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n, p, — oo [10, 20]. The spectral properties at the edge of the limiting spec-
tra was studied in papers [7, 11], however the local asymptotic regime was not
reached there.

In the present paper, we consider the dilute version of Wigner random ma-
trices and study its spectral properties on the local regime at the border of the
limiting spectra. The paper is organized as follows. In Section 2, we describe
the random matrix ensemble we study and formulate our main theorems. The
main technical result on the upper bound of high moments of dilute Wigner ran-
dom matrices is given and the general technique of the proof of this bound is
described. In Section 3, we introduce the necessary definitions and formulate the
basic principles of the estimates obtained. Section 4 is devoted to the proof of
our main technical result and the proofs of the main theorems as well.

In Sections 5 and 6, we prove the auxiliary statements used in Sections 3 and 4.
In Section 7, we obtain the estimates from below for the high moments of dilute
Wigner random matrices; these estimates are related with certain generalizations
of Catalan numbers. In Section 8, we discuss the results obtained.

2. Main Results

Let us consider a family of the real symmetric random matrices {H ")}

whose elements are determined by the equality
(H("@)ij —ay b, 1<i<j<n, (2.1)

where A = {a;j,1 < ¢ < j} is an infinite family of jointly independent identically
distributed random variables, and B,, = {bg“p ),1 < i < j < n}isa family
of jointly independent random variables that are also independent from 2. We
denote by E = E,, the mathematical expectation with respect to the measure
P = P,, generated by the random variables {2, 9B, }.

We assume that the probability distribution of the random variables a;; is
symmetric and denote their even moments by Vo = E(aij)m,l > 1 with V5 =
v?=1/4.

The random variables b(n’p )

i are proportional to the Bernoulli ones,

(np) _ 1 {1 — 0i5, with probability p/n, (2.2)

9 p o, with probability 1 — p/n,
where ¢;; is the Kronecker d-symbol.
Our main result is related with the asymptotic behavior of the maximal in
the absolute value eigenvalue of H(#),

(n,p) — (nop) || — (nsp)
)‘max HH H 1?5;% |)‘k(H )|’
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in the limit when n and p tend to infinity.

Theorem 2.1. Let the probability distribution of a;; be such that the moment
Vio42¢ = E]aij]12+2¢ exists with some ¢ > 0. If p, = n2/30+€) with any given
€ > %, then the limiting probability

lim sup P {/\l(gé)p(”) > (1 + i)} <P(x), x>0, (2.3)

oo n2/3

admits the universal upper bound in the sense that P(x) does not depend on the
values of Vo with 2 <1 <6 and Viaiae.

Assuming more about the probability distributions of a;;, one can relax the
restriction on € of Theorem 2.1. The following statement is true.

Theorem 2.2. Let a;5,1 < i < j be independent identically distributed
bounded random variables, |a;;| < U, such that their probability distribution is

symmetric. Then the mazimal eigenvalue S\gféx) = )\max(f[(mp)) of the random

matriz with elements ﬁi(}z’p) = dijbgl’p) admits the same asymptotic bound as
(2.3),
limsup P {/N\g}éﬁ”) > (1 + %)} <P(z), x>0, (2.4)
n—oo n /3

in the limit n — 0o, p, = n?/304E) with any given & € (0,1/2].

Remark 1. Theorems 2.1 and 2.2 remain true in the case when the random
matrices H(:n) (2.1) are hermitian, where a;; are complex jointly independent
random variables and bET-L’p ") are still determined by (2.2). In this case the upper
bound B(z) can be slightly diminished. This difference should disappear in the
asymptotic regime of the infinite n and p, such that p, < n?/3. We discuss this

topic in more details in Section 8.

Remark 2. Theorem 2.1 is in agreement with the statements of [8], where
the existence of the moment Vip 94 with any positive ¢ > 0 is proved to be
sufficient for the upper bound (2.3) to hold for p, = n when the dilute random
matrices coincide with those of the Wigner ensemble (1.1). Moreover, the proofs
of the theorems given in the present paper hold in the case of p, = n without
any change. Thus, by using the technique developed here, we obtain once more
the results of [8].

The proofs of Theorems 2.1 and 2.2 are related with the detailed study of the
averaged moments Méf;’p) _ ELg;,p)7

2s n
Le? = (B = N HE Y ) (2.5)

1011 1112 125—1%0"
10,81,82,--+,025—1=1
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in the limit of the infinite n, p and s. To study the case described by Theorem
2.1, we consider the random matrices with truncated random variables a;;. This
makes the proofs of Theorems 2.1 and 2.2 almost identical up to the final stages.

Given a sequence U,, > 0,n > 1, we introduce the truncated random variables

o if laii]| < Uy,
&ij — &E]”) — Qi 1 ‘alj‘ = n
0, otherwise.
Theorems 2.1 and 2.2 will follow from our main technical result related with
moments (2.5) of the random matrices Hi(;"p) = AZ(;L) bgl’p)
Theorem 2.3. Under conditions of Theorem 2.1, there holds the inequality

N 2sn
limsup ETr (H(”’p”)> <M(x) < o0, (2.6)

n—oo

where s, = | xn?/3| with x > 0, p, = n?/30%) and U,, = n® with a proper choice
of § > 0. The upper bound does not depend on the values of Vor, 2 <1 < 6 and
Vig42¢-

Theorem 2.3 is proved in Section 4.

Following the original E. Wigner’s idea, it is natural to consider the right-
hand side of (2.5) as the weighted sum over paths of 2s steps. In particular, we
can write that

~ ~ 2s N
Mg’;’p) = ETr (H(”’p)> = Z o (Zas) Iy (Z2s), (2.7)
T2s€l25(n)
where the sequence Zog = (ig, 41, . ..,925s—1,%0), ik € {1,2,...,n} is regarded as a

closed path of 2s steps (i;—1,4;) with the discrete time ¢ € [0,2s]. We will also
say that Zogs is a trajectory of 2s steps. The set of all possible trajectories of 2s
steps over {1,...,n} is denoted by I(n).

The weights 11, (Z2s) and IIy(Zas) are naturally determined as the mathemat-
ical expectations of the products of the corresponding random variables,

A~

Ha(IQS) = E (&ioil A &Zés—lio) s Hb(IQS) =E (bioil e bi2s—1i0) . (28)

Here and below, we omit the superscripts in bl(-;b’p ) when no confusion can arise.
In a series of papers by Ya. Sinai and A. Soshnikov [22, 23, 25|, a powerful
and deep approach was developed to study the moments Mg;) of Wigner random
matrices in the limit n,s — oo. It is based on the classification of the family
of trajectories Ia5(n) according to the number of their self-intersections. Corre-
sponding classes of equivalence depend also on the types of these self-intersections
(simple self-intersections, simple open self-intersections, simple self-intersections
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with multiple edges). In [14], this approach was completed by the notions of the
instants of broken tree structure and proper and imported cells that are impor-
tant in the studies of the trajectories Zos that have many steps with common
starting point. The complete version of the Sinai—Soshnikov description was fur-
ther developed in paper [8] where the results of [25] were generalized to the case
of Wigner random matrices whose elements have a finite number of moments.

In the present paper, we propose an improvement of the approach described
in [8] which enables us to study the high moments of dilute random matrices
in the asymptotic regime that describes the local properties of their spectra at
the border of the limiting eigenvalue distribution. The method proposed here,
when applied to the ensemble of Wigner random matrices, essentially simplifies
the technique used in [8].

3. Even Walks and Classes of Equivalence

Given a trajectory Tp,, we write that Zos(t) =4, t € [0,...,2s] and consider
a subset U(Zas;t) = {Zos(t'), 0 <t/ <t} C{1,2,...,n}. We denote by |U(Zas; )]
its cardinality. Each Zos generates a walk Whs = Wg%) = {W(),0 <t < 2s}
that we determine as a sequence of 2s+ 1 symbols (or, equivalently, letters) from
an ordered alphabet, say, A = {a1,as,...}. The walk WQ(ZQS) is constructed with
the help of the following recurrence rules [13]:

1) Was(0) = a;

2) if Zog(t+1) ¢ U(IQS; t), then Wzs(t + 1) = QU(Zasst)|+1)

if there exists t' < ¢ such that Zog(t+1) = Zog(t'), then Was(t+1) = Wa(t).

For example, Z16 = (5,2,7,9,7,1,2,7,9,7,2,7,2,1,7,2,5) produces the walk

Wlﬁ = (Ctl, 2,3, 04, 03,05, 2, 3, 4, O3, 09, O3, (2, A5, (A3, (2, 051)-

One can say that the pair (Whs(t —1), Whs(t)) represents the ¢-th step of the walk
Whs and that aq represents the root of the walk Wh.

Given two trajectories 75, and Z7,, we say that they are equivalent, T  ~
o, if WQ(?**) = 2(?/3), and denote by Cyy = Cyw,, the corresponding class of
equivalence. It is clear that

Ol = n(n = 1)--- (n — [U(Zas: 26)| + 1). (3.1)

Given W, one can draw a graphical representation g(Whas) = (Vg4,Eg) that
can be considered as a kind of multigraph with the set V, of vertices labelled
by a1, ..., qy(z,,;2s)|, and the set Eg of 2s oriented edges (or, equivalently, arcs)
labelled by t € [1,...,2s]; the edge e; = (a4,;) is in Ey in the case when
Was(t—1) = o; and Wa(t) = a;. To describe the properties of g(Was) in general
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situations, we will use Greek letters «, 3,7, ... instead of the symbols from the
ordered alphabet A. In this case the root of the walk will be denoted by p. Given
vertex [3 such that Wa(t) = 8, we will say that [ is seen in Whg at the instant
of time ¢. By an abuse of terminology, we refer to g(Was) as to the graph of the
walk Wag.

Let us define the current multiplicity of the couple of vertices {3,v}, 8,7 € V,
up to the instant ¢ by the variable

miPD (1) = #{t € [1,8] : W — 1), W(t')) = (B,7) or

W =1), W) = (v, 8)}

and say that m%ﬁ ’7})(25) represents the total multiplicity of the couple {3, ~}.

The probability law of G;; being symmetric, the weight of Zp, (2.8) is non-zero,
ﬂa(IQS) # 0 only in the case when Ty, is such that in the corresponding graph
of the walk WQ(?S) each couple {a, 3} has an even multiplicity m%a’ﬁ })(25) =
0(mod 2). We refer to the walks of these trajectories as to the even closed walks
[22] and denote by Wy, the set of all possible even closed walks of 2s steps. In
what follows, we consider the even closed walks only and consider them simply
as the walks.

3.1. Marked Steps and Self-Intersections

Regarding an instant of time ¢, we say that the couple (¢t — 1,t) represents the
step of time number t. It is natural to say that the pair (Was(t — 1), Was(t)) = s¢
represents the step of the walk number t. Given Wh, € W, we say that the

instant of time ¢ is marked [22] if the couple {a, 5} = {Whs(t — 1), Was(t)} has an

odd current multiplicity at the instant ¢, m%a”g h (t) = 1(mod 2). We also say that

the step of the walk s; and the corresponding edge e; of g(Whs) are marked. All
other steps and edges are called the non-marked ones. Regarding the collection
of marked edges E; of g(Was), we can consider the multigraph gs = (V,, Ey).
Clearly, V4, = V, and |E,| = 5. It is useful to keep the time labels of the edges
E, as they are in E,.

Any even closed walk Wh, € Wy, generates a sequence o5 of s marked and
s non-marked instants that can be regarded as a binary sequence of 0’s and 1’s.
The sequence 64 is known to encode a Dyck path of 2s steps. We denote by
025 = 6(Whs) the Dyck path of Wy, and say that 6(Wss) represents the Dyck
structure of Wag.

Let us denote by Oy the set of all Dyck paths of 2s steps. It is known that
Oy is in one-by-one correspondence with the set of all half-plane rooted trees
T; € T, constructed with the help of s edges. Sometimes we will also use the
denotation Tos = 75. The correspondence between G495 and T can be established
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with the help of the chronological run R over the edges of 7;. The cardinality of
Ts being given by the Catalan number that we denote by

(2s)!

fy = —— ol
sl (s+ 1)

(3.2)

we refer to the elements of Ty as to the Catalan trees. We consider the edges of
the tree 7; as the oriented ones in the direction away from its root.

Given a Catalan tree 7; € Ty, one can label its vertices with the help of letters
of A according to SR7. The root vertex gets the label o1 and each new vertex that
has no label is labelled by the next in turn letter. We denote the walk obtained

by )/c{)gs[’]'s], and the corresponding Dyck path 05 = 0(1/0\)25) will be denoted also
as tys = 0(7y).

Given Whs, we denote by 6*(Wh;) the height of the corresponding Dyck path,

0" (Was) = max Oa4(t), 6Oa2s = O(Whas).

0<t<2s

This is also the height of the tree 7;, 0*(75) = maxo<i<as 02s(t), 025 = 0(75).

4 5 Zj;
EVAR YO

3
2
\ B4
T
16 1
o Ps

Fig. 1. Graph g(Wis), tree T16 = 7s = 7 (W) and a part of the chronological
run over 7g

Any Dyck path 025 generates a sequence (£1,&a,...,&s), & € [1,2s — 1] such

that each step of the walk s¢,, 1 <4 <'s, of 12/25[028] is marked. We denote this
sequence by Z5 = E(f25). Given E; and 7 € [1, s], one can uniquely reconstruct
025 and find the corresponding instant of time &, € [1,2s — 1]. We will say that 7
represents the 7-marked instants or instants of marked time that varies from 1 to
s; sometimes we will simply say that 7 is the marked instant when no confusion
with the term "marked instant of time” can arise.

In Figure 1, we present the graph g(Wig) = (Vs, Eg) of the walk Wig as well
as its Catalan tree T16 = 73 = 7 (W) and a part of the chronological run over
7g on the time interval [0,8] = [0,&]. We have 6*(Wi) = 4. The set of five
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vertices {f31, ..., 05} represents the descending part of the tree 7Tg, that is a part
of Tg.

Given a walk Whs and a letter § such that 5 € V,(Whas), we say that the
instant of time ¢’ such that Was(t') = [ represents an arrival a at § and that
t' is the arrival instant of time. If t' is marked, we will say that a is the marked
arrival at 8. In W, there can be several marked arrival instants of time at 3
that we denote by 1 < tgﬁ ) << tgg). For any non-root vertex 3, we have
N = Ng > 1. The first arrival instant of time 3 is always the marked one. We
can say that (0 is created at this instant of time. To unify the description, we
assume that the root vertex p is created at the zero instant of time tgp ) =0
and add the corresponding zero marked instant to the list of the marked arrival
instants at p.

If N3 > 2, then we say that the N-plet (tgﬁ),...,tg\?)) of marked arrival
instants of time represents the self-intersection of Whg, [ is the wvertex of self-
intersection, and this self-intersection is of the degree N [22]. We say that the
self-intersection degree of 3 is equal to /N and denote it by () = Ng. Clearly,
if B # o, then the self-intersection degree »((3) indicates the number of marked
edges of g(Wa) that have (3 as their tails.

If 2(3) = 2, then we say that (3 is the vertex of simple self-intersection [22]. If

the walk is such that »(3) = 2 and at the second marked arrival instant téﬁ ) there

is at least one couple {3,~} with an odd current multiplicity, m%ﬁ ’7})(25;6 ) 1) =

1(mod 2), then f3 is referred to as the vertex of open simple self-intersection and

t;ﬁ) is the instant of open simple self-intersection [23]. We will also say that the

vertex (3 is open at the instant of time ¢’ = téﬁ ) _ 1 or that 3 is a t’-open vertex.

3.2. Vertices and edges of g(W,s) and diagram G(W;)

Given a walk W, and an integer kg > 1, we consider all vertices 8 € V, such
that their self-intersection degree »((3) < ko and say that they are the u-vertices.
E]ko#) — Véﬂ)

#(y) > ko + 1 are referred to as the v-vertices, v € Véy).

Regarding a v-vertex (3, we say that all oriented marked edges of E, of the
form (v, 3) are the v-edges. We color the v-edges in black and denote by v the
number of vertices 3 such that s(5) = k, k > ko + 1. We denote by Eéy) the
collection of the v-edges and determine the subset I_E!(]ko) =k, \I_Eg/).

The number of u-vertices [ such that s(3) = 1 will be denoted by . In this
case, all marked edges of the form (v, 3) will be referred to as the pi-edges and
colored in grey.

We will denote the collection of p-vertices by V . The vertices v with

Let us choose a p-vertex [ such that () > 2 and consider the marked
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arrivals @; at 3. Let ez = (v, 8) be the edge of E, that corresponds to the second
arrival ds at 8. In our considerations, we do not assume that ~ is different from
B. We denote by &, the marked instant of time of ea and consider the sub-walk
Wi of Was with t' = &, — 1. We classify the p-vertices and corresponding
edges according to the properties of the second and the third arrivals at them.

First, let us consider the edge es = (v, ) of Eg that corresponds to the second
arrival ag at 3. We denote by &, the marked instant of time of es and consider
the the sub-walk W ;1 of Was with t' = &, — 1. We distinguish the following
properties with respect to as:

(a) the edge ea = (v, 3) is such that there exists a marked edge ¢/ = (3,7) such
that e’ € I_Eéko) and ¢’ € g(Wjp4); in this case we say that eg is the g-edge;

(b) if the edge ea does not verify condition (a) and there exists a marked edge
e’ = (7, B) such that e"” € g(Wjg ), then we say that ez is the p-edge;

(c) if the edge es does not verify (a) and does not verify (b) and the vertex [ is
t’-open, then we say that e is the o-edge.

We denote by MY the collection of u-vertices § such that the second arrival
ao at [ verifies one of the three conditions listed above and denote its cardinality
by wh = |Mj|. We say that the first arrival a; at 3 represents an f-edge of the
graph gs and color it in red. The o, p and g-edges are colored in blue color. All
edges that correspond to the arrivals a;, i > 3 at ph-vertex [, if they exist, will
be referred to as the u-edges and colored in green color. We denote by us the
total number of these edges of gs.

If 3 is such that s(3) = 2 and neither (a) nor (b) nor (c) is verified, we say
that eo is the p-edge at color it in blue color. The collection of vertices of this
kind will be denoted by MY with the cardinality |M}| = pj.

Let us take a p-vertex [ such that s(3) > 3 that does not belong to Mj. If
the third arrival as verifies at least one of the two conditions, either (a) or (b),
with 7o and ez replaced by 73 and ez = e(&r;) = (7, ), respectively, we say that
(B € Mj. In this case, assuming the same ordering of conditions (a) and (b) as
before, we attribute to the marked edge eg of the third arrival at G one of two
labels, either g or p. All the edges that correspond to the arrivals a;, ¢ > 4 at 3, if
they exist, will be referred to as the u-edges. We denote by w4 the total number
of these edges of gs. The cardinality of M will be denoted by u5 = |Mj].

If 8 € M}, then we say that es is the py-edge and color it in blue. We color
the edges of the first and the second arrivals at § in red and refer to them as to
the f-edges.

Finally, let us consider the vertices 8 such that (3) > 3 and § ¢ Mj U M.
The family of these vertices will be denoted by MY with |Mf| = xf. In this case,
we say that all three arrival edges at 3 are the p-edges and color them in blue.
The edges of all subsequent arrivals at § are referred to as the green u-edges.
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The total number of green edges will be denoted by uj.

Summing up these considerations, we can see that a given walk W, generates
a kind of graphical diagram G that describes the vertices of self-intersections of
Wss and the structure of the corresponding edges. More rigorously, we define
a diagram G as a collection of vertices v; € V(G) [V(G)| = |V,4| and half-edges
¢; € £(G) attached to v;. The half-edges have heads but have no tails. Instead
of the tail, we attach to the corresponding end of ¢ a circle that we refer to as
the window 0. The windows can contain the numerical data; in this case we will
say that these numbers represent a realization of the windows. In general, we
will say that the numerical data in the windows that come from W, represent a
realization of the diagram G given by W; we denote this realization by (G)yy. In
what follows, we will refer to the triplet (v, e, 0) either as to the edge-window or
simply as to the edge of G. The edge-windows of G are colored according to the
colors of the corresponding edges of g(Was). Then we can determine the same
classification of the elements of V(G) as it is done for those of V.

Regarding the example walk Wig from Fig. 1, we can see that the graph
g(Wig) contains five vertices aq,...,as. The vertices of self-intersections are
represented by two of them, ag, ay € M. Therefore the realization of the diagram
G(Wie) contains two vertices, V(G) = {v1,v2}. There are four edge-windows at
v1 with <(01, 09,03, 04)>W = (1,6, 10, 12) and two at V9, <(01, 02)>W = (3,8). We
order the vertices v; according to the values in the blue windows of the second
arrivals. If ky > 4, then v; has one red, one blue and two green edges attached,
the vertex vo has one red edge and one blue edge.

The vertices of V(G) are not ordered, but those of (G) are. In the general
situation, we order the vertices of (G) according either to the instants of the
second arrivals, if the vertices are from M/, U MJ, or to the instants of the third
arrivals, if they are from Mj UMY, or to the instants of the last arrivals, if the
corresponding vertices of g(Whss) are the v-vertices.

3.3. Classes of walks and trajectories

Given o, an even closed walk Wh, is determined by its values at the marked
and non-marked instants of time. The general estimation principle used in papers
[22, 23] and [25] is based on the observation that the knowledge of the instants
of self-intersections determines all values of Wy, at the marked instants of time;
this knowledge being added by a rule T of the non-marked passages determines
completely the walk W (see Section 5 for the rigorous definition of Y).

The vertices of self-intersections and the properties of the corresponding edges
are described by diagrams G. Any diagram is characterized by the following set
of variables:

S = (r,p, q, py, ua; piy, 13, u3, ),
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where 7 = plkot1) — (Vkg+1, - - - » Vs), and vy denotes the number of vertices v such
that s(v) = k. Let us denote the set of the diagrams by G(S). The elements of
G(S) differ by the positions of green edges attached to the p-vertices.

We say that Whs belongs to the class Was(G), G = G(S) if the graph g5 =
g(Whs) has a collection of p-vertices M, MY, M5, MY with corresponding cardi-
nalities, where r+p-+q = p, and r is the number of self-intersections determined
by o-edges, p is the number of self-intersections with p-edges, and ¢ is the number
of self-intersections with g-edges. Then obviously,

VO =m+p+ps+ Y. vk

k=ko+1
where piy = i + g and p3 = ps + pg, and
E(G)| = w1 + 2p2 + 3ps + ug + uz + Z kv, = s. (3.3)
k=ko+1

Let us recall that [V(G)| = |V,| and |£(G)| = |E,| and denote ||| = D hekot1 KV

Lemma 3.1. If Ty is such that W(Zas) € Was(G) with G € G(S), then

. (3.4)

Vo \ o205 42054305 2N Patpgtuatus 7|
n

[y (Za) Ty (Zns) < ( -

Proof of Lemma 3.1. Regarding the factor II,(Zss) of (2.8) determined
by a given diagram G, we replace by U, all random variables a;; that correspond
to the v-edges, u-edges, p-edges and g-edges together with all their non-marked
counterparts. When doing this, only one case needs a special attention, namely
the case when the vertices v and (3 are joined by two g-edges of the form (3, ) and
(v, 8). However, it is easy to consider all possible configurations of the marked
edges with heads v and ( and to show that (3.4) is valid for this class of diagrams.

|

Given a walk Whg, we determine the enter cluster of (3 of its graph g(Whas) as
the set of all marked edges of the form (v, 8), A(8) = A(8; Was) = {(a;, 8) € Eg}.
Similarly, we determine the ezit cluster of a vertex (3 as the set of all edges (3,7;),
A(B) = A(B; Was) = {(B,7) € Eg} . Sometimes, when no confusion can arise,
we will use the same denotations, A and A, for the collections of vertices that are
the heads (or tails, respectively) of the corresponding edges.

Regarding Wh;, we find the exit cluster of maximal cardinality and say that

it determines the maximal exit degree of the walk,

D(WQS) = glE%VX ‘A(,@; WQS)‘.
g
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Given 6 = 0y, let us consider a sub-class W[Q@(D;g) C Was(G) of walks Wag
of Dyck structure 6 such that the maximal exit degree of Wh, is equal to D,
D(Wss) = D. Given G, let us denote by G the collection of its blue, green and
black edge-windows and by G, the collection of its red edge-windows.

Let (Geo)s be a realization of the corresponding edge-windows filled with the
values from (1,...,s). Given such a realization, we perform a run of the walk
Wss with the self-intersections prescribed. If such a walk exists, we denote by
(Go) = (Go)w the realization of values in the red edge-windows of G recorded
during the run of Ws.

Lemma 3.2. Given a rule T, denote by W (D G,Y) the family of walks
Was such that Was € WEN(D; G, Y), G € G(S). Then

wioier =Y Y1

(Go) (Go)s
where
grtptatuz | $2 ny gHztus 1 $3 3 S 1 AN
Z Vs — oo <2> n ”'<6> 11 Vl(kl) (3.5a)
(o plgl pgy! Hg: H3: k—kot1 R :
and
21 (203,)" DP kd (s(D + ko))Hs, (3.5b)

and therefore

1

* \T P q 2\ M2
w1y < T EDP Rt L (Y

7! p! g pht\ 2

(2D + ko)) 1 [\ 5 1 [s\%
< ols) I oalw)

k=ko+1
where 05, is the height of the Dyck path 0as.

We will prove Lemma 3.2 in Section 5.
Corollary of Lemma 3.2. Let us consider the family of walks
wio:s) = || || wiD:g, 7).
GEG(S) TeY

Then

(D)) < (6505.)" (D) (3sko)? 1 <2>  (Bhgsi)"

7! p! q ,u”' 2 Us!
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6

V!
k=kot1 K

o (D F ko)) 1 (sf”)“g(wk%sm)% I - <<2ks>k>”’{

U3! k!

3.6)
! ! (

Let us introduce a class of walks Wg;) (D;S) such that the height of their
Dyck paths is equal to u. Combining the results of Lemma 3.1 and Corollary of
Lemma 3.2, it is not difficult to prove the following statement.

Lemma 3.3. Let us denote by C(Wg;) (D;S8)) the family of trajectories Zog
such that their walks belong to Wg;) (D;S). Then

. u s—0)?
S ) M) <5 (68 e { -0
Tas€C(W3 (D35))

1 [ s2\" (u,D,ko) (D, ko) (ko+1)
% ! <2n> Hisa) i (1)H(3;3;) (1)H($?D) OF (3.7)

where O = {0y, € ©,, 05, = u}, 0= ps+ pis +us + us + |P|1 with

S

= > (k—1u,

k=ko+1
and )
1 (6hsu\" 1 [3hsDU?
H(u,D,ko) B) = — = n
(S;2) (h) 7! n p! P
1 [ 3hskoU2 " 8hkdsp, U2\
w = St TR I 1o e T I (3.84)
q! p ug! P
Ok gy — Oh(D + ko)s?U2\"™" 1 (3hs*\" 1 (16hk§susU2)"
(833) 1! np iyl \ 2n? usg! p ’
(3.80)
and
s ~ Vi
(ko+1),p\ 1 [ n(2hks)F U2k
Higp (h) = 11 V]C'(k'pk (3.8¢)
k=ko+1 )

with h > 1 and U2 = U2/ V3.

The upper bound (3.7) represents a natural generalization of the estimates
obtained for the first time in [22, 23, 25] and [21]. Further modifications of these
estimates were presented in [8]. The form of (3.6) together with expressions (3.7),
(3.8), (3.9) and (3.10) is based on a new description related with the form and
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the structure of diagrams G. It gives a considerable simplification and powerful
improvement of the general approach used in [8]. The rigorous proof of Lemma
3.3 answers a number of questions that arise when reading papers [21, 25]. Notice,
we will prove Lemma 3.3 in Section 5.

The results of Lemma 3.3 are sufficient to get the upper bound of the leading
term of (2.5) and to show that the contribution of the walks that have multiple
edges and that have bounded maximal exit degree D(Was) < n¢ with certain
e vanishes in the limit n — oo (see Section 4). To study the family of walks
such that D(Whs) > n¢, we need to consider the properties of the corresponding
graphs in more details.

3.4. Vertex of maximal exit degree

Let us consider a walk Wh and find the first letter a; = § such that |A(5)| =
maxgey(n,,) |A(B)|. We will refer to 3 as to the vertex of mazimal exit degree
and denote D(5) = |A(B)|. In this section we study the properties of even closed
walks related with the vertex of maximal exit degree [5‘ To classify the arrival
edges at B, we need to determine the reduction procedures related with B These
procedures are similar to those considered in [14].

3.4.1. Reduction procedures and reduced sub-walks. Any walk Wh,
can be considered as an ordered set of its steps s;,, 1 < ¢t < 2s, where s; =
(Whas(t — 1), Was(t)). Inversely, each pair of letters «, 3 such that Whs(t — 1) = «
and Whs(t) = B with some ¢ represents an element of the ordered set of the steps
of Wh, that we denote by & = &(W,,). To each element 5; € & we attribute
the label ¢ which is simply the number of the step in Whs. These labels order
in natural way the elements of G. We do not change these labels during the
reduction procedures considered below.
Given Wag, let ¢’ be the minimal instant of time such that

i) the step sy is the marked step of Wag;
ii) the consecutive to sy step sy is non-marked;
i) Was(t' — 1) = Whas(t' + 1).

If this ¢ exists, we can apply to & a reduction procedure R that removes from
G two consecutive elements s¢ and sp41; we denote 7@(6) = &'. The ordering
labels of the elements of & are inherited from those of &.

It is clear that the ordered set &’ can be considered as a new walk W5, _, that
is again an even closed walk. We denote Wh, , = R(Whs,) and say that R is the
strong reduction procedure of the walk Wh,. Then we can apply R to Wi, 5 and

get an even closed walk WY, = R(Whas_2). Repeating this action maximally
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possible number of times m, we get the walk
Wos = (R)"(Was), 8=s—m,

which we refer to as the strongly reduced walk. We denote & = (R)™(&).

We introduce a weak reduction procedure R of & that removes from Wss the
pair of consecutive steps, sy, 1, such that the conditions (i)-(iii) are verified
and y

iv) Was(#) # .

We denote by
Way = (R)! Was), §=s-1, (3.9)

the result of the action of maximally possible number of consecutive weak re-
ductions R and denote & = (R)!(&). In what follows, we sometimes omit the
subscripts 2§ and 28.

Let us consider the example walk Wig (3.1). It is seen that D(Wss) = 5 and
513

the vertex of maximal exit degree is a3. The strongly reduced walk (R)*(Wig) =
Wi is as follows:

Wio = (a1, a2, a3, a5, o, 3, o, i, i3, v, 11,
and the corresponding reduced set of the steps & = S(Wyy) is

& = {s1, 52, 65,56, 57, 512, 513, 514, 515, 516 } -
For this example walk, we have Wi = Who.

Regarding the difference é\é = &, one can see that it represents a collection
of sub-walks, W = UjW(j). Each sub-walk WU) can be reduced by a sequence
of the strong reduction procedures R to an empty walk. We say that WU is of
the tree-type structure, or that W) is a tree-type sub-walk. It is easy to see that
any WU) starts by a marked step and ends by a non-marked steps and there is
no steps of W between these two steps of W), We say that WU) is non-split.

It is not hard to see that the remaining part =6 \ Sis given by a collection
of the subsets & = Up&®), each of &%) represents a non-split tree-type sub-walk
wk)

W =u W), (3.10)
In this definition we assume that each sub-walk W®) is maximal by its length.

3.4.2. Tree-type sub-walks attached to B Given Wsg, let us consider the
instants of time 0 < ¢ < to < ...ty < 2s such that for all : = 1,..., L the walk
arrives at 3 by the steps of Whg,

v

Wzs(ti) = ﬂ and 5¢, € ng. (3.11)
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We say that t; are the t-arrival instants of time of Wh,. Let us consider a sub-
walk that corresponds to the subset G[ti+17ti+1] ={sp,t;i +1 <t <ti;1} C &; we
denote this sub-walk by W, ;.. 1. In general situation, we also denote by Wy 4
a sub-walk which is not necessarily even and/or closed.
Let us consider the interval of time [t; + 1,41 — 1] between two consecutive
t arrivals at 3. It can happen that W, arrives at ( at some instants of time
€ [ti + 1,tip1 — 1], Was(t') = 3. We denote by t(;) the maximal value of ¢'.

Lemma 3.4. The sub-walk W[t o) ] 18 of the tree structure and coincides with

one of the mazimal tree-type sub-walks W) of (3.10).

This statement means that the walk W, is such that after an arrival at B by
a step of W it creates a tree-type sub-walk W "), which is not 1nterrupted by the
steps of W, and that all steps performed after W( ") belong again to W,

{st, i+ 1<t <13} C6, {sy, i +1<t <t} C6.

Proof of Lemma 3.4. It is clear that the step 57 does not belong to S and

it is non-marked. Then this step makes a part of a non—spht tree-type sub-walk
W) = W[t,,t N such that Wk )(t” ) = (. Then the previous step s € S is

such that Whs(t") = 3. Then t = ¢;. The lemma is proved.

As a consequence of Lemma 3.4, the sub-walk W[ti,t}i)] = W) is of the tree-

type structure that ends at B by a non-marked step and therefore starts at B
by the marked step. Let us consider the family of all marked exit edges from B
performed by the marked steps on the interval of time [¢;, f(,-)] and denote these
edges of E = E(Ws,) by A;. Regarding the non-empty subsets AJ, we say that A
represents the exit sub-clusters of tree type attached to ﬁ and denote by d; = |AJ|
its cardinality, d; > 1, j = 1,..., L'. These tree-type sub-clusters are numerated
in natural chronological order. Cleaurly7 any non-empty tree-type sub-cluster is
attributed to a uniquely determined f-arrival instant at B

Regarding the even walk W s, we can determine the corresponding Dyck path
fos = O(Was) and the tree Ty = T(0). It is clear that 75 can be considered as a
subtree of T, = T(#(Whas)). One can determine the difference 7 = T;\ 73 such
that it is represented by a collection of sub-trees 7). Not to overload the paper,
we do not present rigorous definitions here.

Regarding the Catalan tree 7 (625), we say that the chronological run Ry is
represented by 2s directed arcs w;, 1 < i < 2s drawn over 75 (see Fig. 1). This
chronological run uniquely determines L arcs wo;, 1 <[ < L that correspond to
the arrival instants of time #; at ﬁu The corresponding vertices v; of the tree 7
are also determined. It is clear that v; are not necessarily different for different .
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The sub-trees 7 are attached at v; and the chronological run over 7® starts
immediately after the arc ©o; is drawn. We will say that these arcs to; represent
the nest cells from where the sub-trees 7° (l), 1 <1 < L grow. It is clear that
the sub-tree 7; has d; > 0 edges attached to its root p; represented by the vertex
v;. Returning to Wh,, we will say that the arrival instants of time 7 represent
the arrival cells at B In the next sub-section, we will give a classification of the
arrival cells at B which is a natural improvement of the approach proposed in [14].

3.4.3. Classification of arrival cells at /3’ and BTS-instants. Let us consider
a t-arrival cell ¢; _(3.11). If the step s, of Wh; is marked, then we say that ¢; is
a proper cell at ﬁ If the step S¢; is non- marked and sy, € W = 2% \ W, then we
say that t; is a marror cell at 5 If the step s, € W is non-marked, then we say
that t; is an imported cell at ﬂ.

Let us consider I proper cells #; such that the corresponding step s;, belongs to
S. We denote by x; the corresponding to #; marked instants, z; = &, 1<i <,

and write that 7 = (z1,...,27). Each proper cell z; is associated with a number
of corresponding mirror cells. We denote this number by m; > 0 and write that
M = Ele m; and my = (mq,...,myg).

Regarding the strongly reduced walk ng, we denote by ; the proper cells
such that the steps 5; € S. The corresponding to fk marked instants will be
denoted by 2z, 1 < k < K. Then zg = (21,..., 2K ) and, clearly, %(B) =1+ K.

Regarding any walk W, we observe that if the set S is non-empty, then
there exists at least one pair of the elements of &, (s',s”) such that s’ is a marked
step of Wa;, 6 is a non-marked one and s” follows immediately after & in &.
We refer to each pair of this kind as to the pair of broken tree structure of Wag
or in abbreviated form, the BTS-pair of Wh,. If 7/ is the marked instant that
corresponds to &', we will simply say that 7/ is the BTS-instant of Whg [14]. We
will refer to the vertex v = Whs(&,) as to the BT'S-vertez of the walk.

Regarding the strongly reduced walk W, let us consider a non-marked arrival
step at B that we denote by § = s;. Then one can uniquely determine the marked
instant 7/ such that all steps s; € & with & +1 <t <t are the non-marked ones.
Let us denote by t” the instant of time of the first non-marked step sy € S of
this series of non-marked steps. Then (sy,8;7) with ¢ = & is the BTS-pair of
Whs which corresponds to t. We will say that ¢ is attributed to the corresponding
BTS-instant 7/. Several arrival instants ¢; can be attributed to the same BTS-
instant 7. We will also say that the BT'S-instant 7/ generates the imported cells
that are attributed to it.

Let us consider a BTS-instant 7 such that Whs(&;) = 5 As it is said above,
we denote these marked instants by zx, 1 < k < K. Assuming that a marked

BTS-instant zj; generates f, > 0 imported cells, we denote by gogk), ce gagc,) the
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positive numbers such that
l v
Was(€sp + > @) = forall 1<1<ff. (3.12)

If for some k we have f’ = 0, then we will say that z; does not generate any
imported cell at ﬂ We denote go(k) = (¢ gk), e ,gogff)).
k
Let us consider a BTS-instant 7 that generates imported cells at 5 and such

that Was(&:) # 3. We denote these BTS-instants by yj, 1 < j < J. Assuming
that a marked BTS-instant y; generates f' + 1 imported cells, f}' > 0, we denote

by 4}, ng), .. ,Y/Jf,, the positive numbers such that Whs(&y, + ¢;) = 3 and

k
Was <£yj + 45 + Zw}”) =3 forall 1<k< fi (3.13)
=1

In this case we will say that the first arrival at B given by the instant of time §y +4;
represents the principal imported cell at ﬁ All subsequent arrivals at ﬁ given
by (3.13) represent the secondary imported cells at ﬁ. We will say that y; is the
remote BTS-instant with respect to B and will use denotations 55 = (y1,...,ys)
and £; = ({1,...,0;). We also denote 1)) = (1/)9), . ,Q,Z)J(CJ//))

J

All arrivals determined by (3.12) will also be referred to as the secondary
imported cells at B We will say that the corresponding BTS-instant z; is the
local one with respect to /3’

For a given walk Wh, the proper, mirror and imported cells at its vertex of
maximal exit degree are characterized by a set of parameters, (Z,m);, (2, ®, f')k,
where & = (¢, ... 5(K)), frc = (fl,-- -, f) and (4,¢,9, f");, where ¥; =
(WD = (f ..., fY). We also denote F' = Zle fi and F" =

J "
2 fi-

Summing up, we observe that the vertex 3 with %(B) = ] + K has the total
number of cells given by R=1+ M + K +2J + F, where F = F’ + F”. In what
follows, we will use the following denotation for the set of parameters described
above: {(z,m)r,(2,®, ")k, (5,0, Y, f");} = (Pr). It would be an instructive
exercise to consider the example walk Wi from Fig. 1 and to determine its (Pg).
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4. Proof of Main Results

. 3
Remembering that & > 614~ €0, let us choose

5 J+2,5:EO;E,and U, =n’. (4.1)

k‘o - LE — &0
We assume kg to be an even number.

Our aim is to show that the averaged trace ﬁ(QZ: ) (2.7) admits an upper bound
in the limit n,s, — oo, s, = [xn*?], x > 0 that we denote by (n,s), — oc.
We also prove that the trajectories Zos such that the graphs of their walks have
multiple edges vanish in this limit. Then Theorem 2.3 will follow.

In the spirit of [21, 25], we consider the following partition of the sum (2.7):

~ 2377,
NG = BT (A0 ) = 20 4 2 + 7)), (4.2)

where

. Zé? is the sum over the trajectories Zos € C(Wss) such that the graph
g(Whas) has neither p-edges nor pufs-vertices;

° Zéi) is the sum over the trajectories Zos € C(Whs) such that the graph
g(Whs) has at least one p-edge or one ph-vertex and the maximal exit degree
g(Whas) is bounded, D(Ws,) < n€, and

° Zé‘z) is the sum over the trajectories Zos such that the graph g(Whas) has
the maximal exit degree D(Whs) > nc.

As we will see further, the choice of € = (¢ —¢g)/12 is sufficient for our
purposes. The sub-sum Zé? will also be represented as a sum of two parts in
dependence of the presence of g-edges, or u-edges, or v-vertices.

4.1. Estimate of Zéi)

Following the definitions of Section 3, we can write that

Z2s Z Z Z Z Z Z HG(IQS)HIJ(IQS)7
u=1 Sy GeGUSM)Y)) (Go)s WQSEWS;)«g(})s) T2s€C(Was)

(4.3)
where S1) = (r,0,q, b, u2; 0, w4, us; 7) represents a particular case of the set
of variables S (see sub-section 3.3) and the sum over (SM) runs over all non-
negative integer values of its parameters such that condition (3.3) is verified. Let

(1)

us represent Z, as a sum of two terms,

L)
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where Zéi’l) is the sum over the realizations of StV = (r,0,0, 14, 0;0, 114, 0;0).
Then the corresponding walks have neither g-edges, nor u-edges, nor v-vertices.
To estimate the right-hand side of (4.3) from above, we use Lemma 3.3 of

Section 3 with p = ¢ = ug = py = ug = || = 0. Then o = r + pf + p4, and we

can write that
(s —0)? s ( g)“’z""r‘*‘“g
_ < _ n . 4.4
exp { 5 < exp 5 (€ (4.4)

Applying the upper bound (3.7) to the right-hand side of (4.3), replacing the sum
over (SM) by the sum over all possible values of the variables 7, u4, and ;4 and
using (4.4), we can write the inequality

2 S S r
11 s s u 1 [(6su o/,
R S DA I Cl)
u=1 r=0 ’

s 1" s 1"
1 32 Ho 1 383 H3
X E T' <€S/n> E I (es/n> .
'\ 2n '\ 2n2?
=0 12 =0 H3

Taking into account that /™ < 2 for large values of n, we get the bound
(1) s*
Zsot) < Vst Bo(12x%?) exp {2 (es/" - 1) + 3><3} :
n

where we denoted
1 O (u Tu .
Bs(z) = - g \@és)\exp{} = E; (exp{z6*/V/s}). (4.5)

In (4.5), Es(-) denotes the mathematical expectation with respect to the uniform
measure on the set of Catalan trees Ts. It is proved in [12] that Bg(z) in the
limit of infinite s is given by the exponential moment of the maximum of the
normalized Brownian excursion. Using the convergence B(z) = limg_ o Bs()
[12] and elementary relation

nts, n (2sy,)! 1 2/3

T T e s A L I

that follows from the Stirling formula, we conclude that

lim sup Zgls’nl) <

1
n—o0 V3
Let us consider the sub-sum Zéiz). Applying the upper bound (3.7) to the
right-hand side of (4.3), using the analog of (4.4) and replacing the sum over

B(12y%/2) e’
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(S12)) by the sum over all possible values of its variables, we can write the
inequality

(1,2) : W e 1 (12su\" < 52 1 [s? / Hy

B S s/n

47 < L1y 5 (50) 3 ew{-5} o ()
u=1

r=0 (=0

y ZS: i 3733 sy Z i 16]6387’[73 uz
pyt \ n? us! p

py=0 ug+usz+|o[1>1
. o K\ VR
1 (32k35ugU§>“3 H 1 <015U§> (46)
— | —— — |n| —= .
| | )
ug! p by V! p
where we denoted C1 = supyso (14512)711‘/19 and used the relation e*/™ < 2.

Regarding the last product of (4.6), we can write that

~ k ~ k—ko ~ ko
n ClSUg _ A%ko) ClSUg , Agﬁo) —n ClSU,?l ‘
p p p

k
It follows from (4.1) that Ak < (%) * n72 with € = (e —&0)/12 and there-

fore .
CysU2 (Clx)ko o <C1X _4>k_k°
n|—— < | == n_ | —=Ln% 4.7
( p >_ Va Va (47)

4e

where we have taken into account that n?/3U2/p < n=%. Then the following

relation is true:

zs: ﬁ ! A (ko) C1sU? A
" p

v /!
|7|1=y1 K'=1 kotk

ko oo k' ko
< exp { (CV12X> n=2 Z <Cvl2xn_4€> } —J1 < exp { (?}j) n_2€} —J1,
K =1

where j; takes the values 0 or 1. Denoting Cy = 64k3x/Va2, we can also write

that i 5,072\ U3 "n, —4e :
Z 1 (32k08u3Un> < {exp{C’gu3n b, if g2 =0,

us! —de ouf i =
wsyy U3 p Con~*ets, if o=1

for sufficiently large values of n. A similar computation shows that

> (16’@387"03>U2<{6Xp{02m-4€}, if 35 = 0,

ug! p Con~%e, if y3 = 1.

u2=7J3
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Using the elementary inequality
oo Y O+ > gy Y
ti2t+y3>1 121,320,530 120,921,330 2120,7220,33>1
and accepting that n is such that exp{s/n+Con=%¢
(4.6) implies the following inequality:

Z;Llf) <nVy Z |@g;)| exp {126){3/2\/“5}

u=1

} < 2, we can see that relation

2
X exp {28 (es/" — 1) + 3ex® + 2037L‘25} (20271_46 + 2an_2€) ,
n

where C3 = 2C1x/V2. Now it is clear that Zéig)

therefore

= o(1), (n,s), — oo, and

1 .
lim sup Zé? < B(12x%/?) e’ (4.8)

(n,5)x—00 V3

4.2. Estimate of Zéi)

Rewriting relation (4.3) with S replaced by S®) = (r,p, q, ul, ug; 1, 1y, us; )
and using the result of Lemma 3.3 together with (4.4), we can write that

n s s 2 2 wy s r
2 s u s 1 /s ., 1 (12su
78 <V > 0| > eXP{—Qn} N!(Qne/> > T.( - >

I25)

D=1 u=1 (=0 r=0
A D A wh N u
. 1 (6sDUZ\" 1 [9(D+ko)s*U2\"" Z 1 ([ 32kgsrU ’
< pl P ! np L us! p
Py o=
ptpz>1
. Z 1 (6skoffg ‘ Z 1 <383>M3 Z 1 (64k33u30§>u3
! ! 2 !
4=0 q: P s 31\ N a0 us! p
s /\2 k/ Vi
% i' Agco) <C’15U"> (4.9)
|7|>0 k=1 Vk: P
Taking into account that
sDU? x5 DsU2 _ x? _ _ xX*
< X € d n oo X =3y 2 1/3 « A 367 4.10
Vip ~ Vo g 1 Y =R (4.10)
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and repeating the computations of the previous subsection, we deduce from (4.9)
the following estimate:

48y _ : U
Z) < T2y U108 ex {24 32 18 3+2A£f0>}.
25 = T, 2 u:1| 25 | €XP X /s X
Then

Zéi) =o(1), as (n,s), — oo. (4.11)

4.3. Estimate of Z©)

In this subsection we estimate the sub-sum of (2.5) corresponding to the walks
that have a vertex 3 of large exit degree D. In previous works (see, e.g., [7, 8, 25]),
it is observed that in the case of L arrival cells at 3, the underlying Dyck path and
the corresponding tree 7; have to have at least one vertex v whose exit degree is
not less than D/L. Then the collection of these trees has an exponentially small
cardinality with respect to the total number of trees, with the exponential factor
determined by a value proportional to D/L.

In the case of dilute random matrices, this observation is not sufficient for
getting the needed estimates of the cardinality of the set of such walks. Roughly
speaking, our aim is to get the upper bound related with the exponential factor
determined by the values proportional to D. Let us briefly outline the main idea
of the proof of corresponding bounds.

We consider the families of walks such that their vertex of maximal exit
degree Bv is characterized by a collection of certain parameters P. This set of
parameters described in Section 3 involves the marked BTS-instants 7; and the
corresponding descending lengths £, ¢, 1. Given P, the positions of the nest cells
in the tree 7; with given exit sub-clusters are uniquely determined. This implies
a fairly strong exponential estimate for the number of corresponding trees (see
D-lemma of Section 6). On the other hand, it appears that the collection of
the parameters P can be naturally inserted into the diagrams G that we use to
estimate the number of walks in the corresponding classes.

4.3.1. Diagrams and classes of walks. Given u, D and S, we consider a family
Wg;) (D; S, (Pr)) given by the walks such that their vertex of maximal exit degree
B is characterized by the following set of numerical data (see subsection 3.4):

(Pr) = {(z,m)1,(Z,®, )i, (5,6, %, f") s}, R=I+M+K+2J+F. (4.12)

It is convenient to write that (Pr) = ((Qr), (Hr)) with (Qr) = {Zr, Zk, 7} and
(Hr) = {mr, (®, )k, (¢, ¥, f");}. In what follows, when no confusion can arise,
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we omit the angles in the denotations of Pr (4.12), as well as in Qr and Hp,
that denote numerical realizations of the sets of the parameters Pr, Qn and Hpg,
respectively. In denotations Qr and Hp, we keep the subscript R to indicate
that these values are taken from one common set (4.12).

Let us describe the construction of the family Wg;) (D;S,Pr). Given S, we
build a diagram G(S) as it is done in Lemma 3.2 (see Section 3). Regarding
the set of vertices V(G), we add to it a vertex ¥ of the self-intersection degree
#(0) =N =1+ K, i.e., a vertex with I + K edge-windows attached. We denote
the diagram obtained by G*(S).

The next step is to distribute the J labels over the edge-windows of G that
will be filled by the values ;. We refer to these labels as to the y-labels. The
windows with y-labels will represent the marked instants of the remote BTS-pairs.
Therefore one cannot use the first arrival edges attached to the vertices of G. The
edge-windows attached to the vertices of Mj cannot also be used. Thus, we have
wh + ug + ps + ug + |7|1 windows of G in our disposition and then the number
of the ways to distribute J labels is bounded from above by (* ptuzt jﬂ‘ﬁ'ml).
The following upper bound will be useful for us:

(M/2+U2+,U3+U3+|’7|1) (1 + up + ps + uz + |P)”
J J!

1 _
< 7w exp{h(uhy +ug + pu3 +ug + |7)1)}, h>ho> 1. (4.13)

We denote by G(g)(S) = Go(S) a diagram obtained from G(S) by insertion
of the marked instants (Qp) into the chosen J edge-windows of G(S).
The collection of blue, green and black edge-windows of Go(S) that remain

free will be denoted by 5 o (S8). We denote by

(Go (8))s = (Ga)s

a realization of the values in these blue, green and black windows of G(g)(S).
This gives the realization of the diagram G*(S) that we denote as follows:

(G")s = (0) W (Ga)s,

where () denotes the realization of the edge-windows attached to ¥ given by the
values (Z1,Zx). The red f-edges of Go(S) are denoted by G, as before.

The maximal exit degree of a walk Wgs € W(u) (D; S, B,PR) can be repre-
sented as follows: D = D + D, where D is the number of marked edges of the
form (0, ) that belong to the reduced walk W (3.9). It is known that the number
of marked exits from ﬁ is equal to the number of non-marked arrival steps at ﬁ ,
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D =M+ F+J and that F < K (see [14] and also Lemma 5.1 of [8]). It is not
hard to see that M < I — 1. Then we can write that

D=D-M-F-J>D-1-K—J. (4.14)

We can see that in a particular Whg, D edges are attributed_to R proper and
imported cells at § and R < 2(I + J + K). Let us denote by dr = (d; )

a particular distribution of D balls over R ordered boxes, Z?:l D = D
Then the total number of different sets dp is bounded by
Dr+R—-1 Dr+L—-1
< = . .
(PR L (PR Lk,

Having determined all of the values described above, we denote by
Wi (D, dg; ("), (Hr), T) = Wi (dr; (G*)s, Ha, 1) (4.16)

the family of walks Whs with 6*(Whs) = u and such that Wy follow the given
rule T of non-marked continuations.

4.3.2. Exponential estimate and the upper bound. It is clear that the
number of ways to attribute F’ imported cells to K marked instants and F”
imported cells to J marked instants are bounded by

! _ , 1! _ "

respectively,and the number of ways to distribute M < I mirror cells over [

marked arrivals at B is bounded by 22/. The sub-sum Z;‘z) can be bounded by
the following expression (cf. (4.3)):

2o Vi VD 3 ol oD ME L

=|n¢] v=1 ILLK:I+K>1 M=0 J=0 F'.F">0 Z1,JJ,2K

X Z Z I, (Zos) Ty (Is), (4.17)

Was €W To,€C(Was)

where H(B) is the weight of the edges attached to 3,
estimate of the local rule of non-marked passages. In (4.17), we also introduce
a denotation W3, = ng)(JR; (G)s,HR,YT). Assuming that G* is such that
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why = r 4+ p+ g, we use the following upper bound (see Lemma 6.3 of Section
6):

Z ST WD, dr; (G*)s, Hr, T)| < 8772 B, 27 DP k§ (s(D + ko))
u=1 Hpg

x 47 (Dp +1)e PR, (4.18)

where B, = sup,s1 Es((0%/1/s)") (see (4.5)) and Ar = D = Zle dgr. Let us
note that (4.14) implies that

AR (DR 4+ 1) e PR < g4k nU+IHK) =D (4.19)

It follows from (4.15) that > ;1 < (D}:fl_l), and elementary analysis shows that
4L D+ L-1)! 4eD

—_ < — . 4.20

T hE DI =) =P Ty (4.20)

The product I1(3) T4 | can be bounded with the help of the following inequalities
that are true for h > 1 and sufficiently large values of n (see Section 5):

W+ K) sI+K(Cl UQ)H—K

MO TI(F) L] < e

pI+K71
1 (hsel)ko, if I+ K < ko, (4.21)
T RIFE | ehko e (hehp /2 A KR i T 4 K> kg 4 1. ‘

Finally, it is not difficult to see that
3 OEEDIRE (12)
YJ (g<]>

where the last sum is estimated by the right-hand side of inequality (3.5a).
Taking into account the upper bound (3.5a) and relations (4.4), (4.13), (4.18)—
(4.22) and accepting that n¢ > e we deduce from (4.17) the inequality

S 8h0 2(I+J+K)

®3) ko+3 4eD
ZQs S hse 0 Z Z Z W eXp{ 77D + — ho }

D=[n¢| IK:I+K>1 J=0

xexp{i( )} Z B, H‘\S/;)Dko)( )

7,p,q>0
(Dsko) ( h (ko+1)/ _h
XY Higy) (") > Higp (e"), (4.23)
#é:ﬂlg/v’USZO |D‘1ZO
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where denotations (3.7) are used.
Assuming that

. (2% 3/2_h
Jim. Z_:O = Be=B(2eh), (4.24)

the choice of h = (8hp + 1)? + 1 and hg = 8/7 in the right-hand side of (4.23) is
sufficient for the relation

Zéi’) ) <5k0+4 exp{—nn€/2}> =o(1) (4.25)

to hold in the limit (n, s), — oo.
Relation (4.24) can be proved provided B, = SUPg>1 B7(~S) = limy o0 Bﬁs). This

statement would follow from the monotonicity of Bﬁs) with respect to s. We did
not find any related reference in the literature but assume that this monotonicity
is true. We do not study this question in the present paper. In fact, the existence
of an upper bound of the left-hand side of (4.24) would be sufficient for us.

4.4. Proof of Theorem 2.1 and Theorem 2.2

Using the standard arguments of the probability theory, we can write that

P ({w: A > 20 (14 W) RE (;(Flfi(fi:’p:/)g);;;n, (4.26)

where )\gnaf(") is the maximal in absolute value eigenvalue of FH(mpn),

Relations (4.2), (4.8), (4.11) and (4.25) show that

limsup E Tr(H™?%))2% = lim sup (Zéi:) + Zéi? + Zéizl + Zgii)

F B B(6x*?) = M(). (4.27)
It follows from (4.26) and (4.27) that
i A x : L
hrILILSogpP { g > 20 ( 2/3)} < )1(1;% M(x)e X = P(x). (4.28)
Let us consider the subset A, C Q, Ay, = Ni<icj<n {w : |a;j(w)| < Uy,}. Denoting
Agﬁﬁ”) = Amax(H Hm p")), we can write that

P <{w /\%‘af(") > y}) =P ({w : j‘r(géﬁ") > y}) +P ({w : )\(n?gf(”) } NA )
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where A, = Q\ A,,. Clearly,

A 2 Blai; 229
P{Au}< D, Pllayl> U} <n®— i (4.30)

1<i<j<n n

The choice of ¢ given by (4.1) is sufficient for the right-hand side of (4.30) to
vanish in the limit n — oo. Then we can deduce from (4.28) and (4.29) the
following estimate, (cf. (2.3)),

. n x
hran_)solipP {Aﬁngﬁ > 2v (1 + m)} < P(x). (4.31)
Theorem 2.1 is proved. [

Returning to (4.27), we observe that Zéif) + Zgi + Zéi’i =o0(1) as n — oo.
This means that the upper bound M(x) is the same as if one considers the mo-
ments of Wigner random matrices H (™™ (2.1) provided Vigya4 < co. The same
is true for the random matrices A, of Gaussian Orthogonal Ensemble [16]. The

limit of the corresponding sub-sum Zéi;ll)(An) exists [25], limy—oc Z (1’1)(An) =

28n
Mor(x), and therefore we conclude about the existence of the limit

lim ETr(H ™))% = Meos(x). (4.32)
n—oo
~ Let us prove Theorem 2.3. Regarding the moments of random matrices
H(™Pn)  we can use the same representation as before and write that

~ 2sn, ~ ~ ~ ~
Mg = BT (A0 ) = 200+ 2P + 20 + 250, (433)

where ngn are determined in the same way as it is done in (4.2). It is easy to

see that the estimate of Zéi;l) is the same as that of Zéi;l).
To get the estimate of quf)’ we repeat the computations used to estimate

Zéif) with the only difference that (4.7) is replaced by the expression

2.\k 2\ k
O (S i, 2

Then the choice of the technical value kg = [£ ]| + 1 (cf. (4.1)) is sufficient to
conclude that Zéif) = 0(1) as n — oo. The same concerns the estimates of Zégi
and Zéii

These arguments show that

-~ (n 1
lim sup Mgs;p") < B(6x>/?) e’ (4.34)

n—oo 7TX
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for any positive € € (0,1/2]. It is easy to see that (4.34) implies (2.4). Theorem
2.2 is proved. L

In conclusion, let us say that the upper bounds (4.27) and (4.34) obtained

are not optimal. Regarding the estimate of Zéi,’l) (see Section 4), we observe
that the leading contribution to this sum comes from the walks with the simple
self-intersections (open and not open ones) and the triple self-intersections that
are not open. The last group of intersections gives the factor exp{x®} instead of
exp{4x’}.

The simple open self-intersections with no BTS-pairs should be included into
the term p4 and their contribution is normalized by the term exp{—s?/(2n)}.
Thus the factor B of (4.27) and (4.3) should take into account two kinds of BT'S-
pairs and is to be replaced by B(2x?/?). Therefore one could expect the explicit
form of the relation like (4.32) to be as follows:

lim ETr(HM™P))20 = Meog(x) = L B(2x*/?) seXX’. (4.35)

n—00 7TX3

It is not hard to observe that in the case of hermitian random matrices, only
one type of BTS-pair is present in the simple open self-intersections. Therefore
we expect the limit

N 1
lim ETr(H™))%" = Maus(x) = B(x*/?) e’ (4.36)

n— o0 7TX3

to hold.

Let us note that the limiting expressions Mgogp(x) and Mgug(x) are well
known in the spectral theory of random matrices. They can be computed with
the help of orthogonal polynomial technique (see [25] and references therein). By
using the Laplace transform method, it can be shown that these values are related
with the Tracy-Widom distributions F(t) = P(/\I(IZQX < 1+t/n?3) of GOE and
GUE, respectively [1, 25, 26]. Then one may conclude also about the convergence
of the left-hand side of (2.3) to the Tracy-Widom law. The discussion of these
questions goes out of the range of the present paper.

5. Auxiliary Statements

5.1. Proof of Lemma 3.2

Let us introduce the following denotations. A self-intersection with the marked
instants 71 < ... < 7, < s will be denoted by i(¥) (T1,...,7%). We denote the
vertex of self-intersection i¥) by v = v(i®*)). A collection of self-intersections
{i(k)}, 5 > 1 with given marked instants 7; € [1,...,s] will be denoted by (J)s.
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Given 0 = 0s4, (J)s and a rule of non-marked passages T, the corresponding walk
W, if it exists, is unique and completely determined by the chronological run

along 6.

We will also use the following denotation of the self-intersection with a number
of free instants: il(k) =ik (o, Tlil)), where O; = (01,...,0), T,El) = (141, ---Tk)
and

{(k)(ol, ey O, T, - ,Tk) = |_|gcl<...<gcl<~,-lJrl i(k)(l'l, ey T Ty - e - ,Tk).

We say that o; are the windows of self-intersection. In what follows, we will omit

the tilde sign and the subscript [/ in {l(k) (O, T,El)) when no confusion can arise.

Let us denote by Wg@((j} 5,{l(k); T) a family of walks that have a Dyck struc-
ture 0, the set of given self-intersections (J)s, follow the rule T, and have an
additional k-fold self-intersection Il(k) We consider all possible walks of this
kind with all possible values of the free instants of self-intersection i*). Given

(0,(3)s,T), we omit these variables and indicate their presence by an asterisk in
*
the denotation Was. The next sub-section represents a rigorous formulation of

the observations used in [22] and [25]. The tools developed will give us means to
proceed in more complicated cases.

5.1.1. Walks with § € M. Let us consider a family of walks \*’\\725 (1(2)(01, 7'2))
such that the instant of the second marked arrival @y = ag at v = v(i?) is given
by 7o. The set %*)\\/25 (1(2)(01, Tg)) can be constructed as follows. Regarding a sub-
walk W ¢, 1) that is completely determined by (0, (J)s, T), we set Was(&r,) = 5,
GRS Q(W[O,&fl})' Then, respecting the rules of 8, (J)s; and Y, we continue W to
the time interval [¢;, + 1,2s]. If such a walk exists, we add it to the list of the
elements of %*7\\/23 (1(2)(01,7'2)). In this case, the value 7" that is the first arrival
instant at (3 fills the window o;. We say that the value 77 = 7 of the simple
self-intersection is a realization of the window 07 given by the walk Wh,. We
denote this realization by 71 = (01)w,..

In this construction, the only condition on 7/ at the instant 75 of the second
arrival ao is such that there is no other marked arrivals at 3 than the first one, 7’.
Let us say that this situation describes the unconstraint simple self-intersection,
when there is no other special condition imposed on as.

Let us denote by i(?) <01, [LTLQQD a simple self-intersection i2(©172) with a cer-
tain condition uy imposed on the second arrival instant ay at v(i(?).
*
We consider first the construction of walks Why € Way (1(2) <01, [@D) with

open simple self-intersection i(?) that corresponds to condition (¢) of subsection
3.2 with denotation up = (0). Starting with a uniquely determined sub-walk
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Wiog,,-1 that follows the rules of 6, (J); and T, we can see that the vertex

2) can be chosen from the subset of

v = v of the open simple self-intersection i
vertices VE,O) € V(9), (W, 1)) that are open at the instant of time t' = &, —1,
i.e., have at least one open non-oriented edge attached to v. We will say that
VE?) is the set of #'-open vertices. Choosing one of the admissible vertices, we
continue the run of the walk according to the rules 6, (J); and T, if it is possible.

A simple but important observation is that for any instant of time &, the
following upper bound holds: max; ]V(O)(W[o’tm < 260, where 6* is the height of

the Dyck path 694 [23]. Therefore we can write that

# {7’1 s = (01) Wy, Was € @25 (1(2) (01, [ﬂ%}))} <20%, uy=1(0). (5.1)

Clearly,
Was <1(2) (01, [@D) C Was (i(2) (0177'2)> ;

and we can say that the set WQS (1(2) (01,72)) is filtered by the condition us.
With a certain abuse of language, we can say that the possible values 7/ at the
window 01 are restricted or filtered by the condition us imposed on the second
arrival ag. In a brief form, we will say that the first arrival a; is filtered by the
property us of the second arrival as.

The next case of the simple self-intersection with filtered first arrival is given
by condition (b) of subsection 3.2. The corresponding self-intersection produces
a p-edge of the form (v,v), v = v(i®®). In this case, it is necessary that v belong
to the exit cluster A(a) of gWjo¢,, —1]) with o = W(&r, — 1) that is uniquely
determined. We denote this condition by us = (A).

The condition up = (A) means that we can continue the sub-walk Wjp ¢, 1
to the instant of time &, with a letter (a vertex) that belongs to A(a). To choose
this letter is also to choose the marked instant of the first arrival at this vertex.
Therefore, if one considers the family of the walks Wag (D; i@ (01, [L?g])) such

that |D(Was)| = D, then
+# {7'1 2 1= (01) Wy, Was € Y\*WQS (D;i(2) (01, [LTLQQD)} <D, uy=(A). (5.2)

Thus, {71\]23 (i®) (01, 7)) is filtered by the condition uy = (A). We will say that

i) of this type produces a multiple edge in Egko).

The second type of filtering related with the multiple edges in I_Eéko) is given by
condition (a) of subsection 3.2. In this case, a necessary condition on (01)yy,, = 71
is that the marked edge (v(i?)), @) = (Was(&r,), Was(€r, — 1)) exists and belongs

to I_Egko). The latter condition implies that v(i®)) € A(a) and means that the
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vertex v(i(?)) is the p-vertex. We denote this necessary condition by uy = (A(0)),
The number of vertices in A(«) bounded by kg, we can write that

# {71 ;71 = (01)Was Was € W (i(z) (017 [@D)} <ko, up=(A%).
(5.3)
In this case, the values 7/ at the window o0; are filtered by the A*0)-condition.

It is obvious that the upper bounds (5.1), (5.2) and (5.3) are true in the case
when € My, i.e., when x(3) = m > 2. To prove this, it is sufficient to consider
the walks with the self-intersection {gm) =1 (01, 79,73, ..., Tm).

Let us note that in the reasonings above, we did not make any difference
between two procedures, the first one related with the continuation of the sub-
walk Wy 1) to the instant of time &;, with some letter that verifies one or
another condition and the second one given by the filtration of the set of walks

%*7\\]25 (%) (01, 7)) with respect to one or another filtering condition. It is easy
to see that these two procedures are similar and lead to the same results, i. e.,
to the same estimates of the cardinalities of families of walks. We will use this
observation in the sub-sections that follow.

The last remark is that in the reasoning above the cases when v(i?)) = « are
not excluded. This means that the estimates presented are valid in the cases of
loops. This is also true with respect to the proofs of estimates that follow.

5.1.2. Walks with § € Mj. Using the tools of the previous subsection, we can

describe the properties of walks that belong to 6%723 (i® (01, 02,73)), where the
vertex of self-intersection i®®) is such that 8 = v(i®) € M. If the edge e3 = e(&ry)
of the third arrival a3 = ag is the p-edge, we will write that e(&,) € VP (g). If
e3 = e(&y,) is the g-edge, we will write that e(&,,) € V(@ (g).

Lemma 5.1. Let us denote by %*7\\723 (D;i®) @ family of walks with k; < ko,
j > 1 and such that D(Was) = D. Then

#{(71.7) = (01, 02))w, W €Wias (D5 (01,02, [85]) ) }

< {8D7 Z’fu3 - (A)a (54)
Sk‘o, Zf us = (A(ko))

The statement of Lemma 5.1 seems to be a simple generalization of relations
(5.2) and (5.3) of the previous sub-section. However, the proof of Lemma 5.1
crucially depends on the classification of vertices of My and M we introduced and
therefore represents a key point in the general method of the proof of Lemmas 3.2
and 3.3. It should be emphasized that the estimates like (5.4) were not considered
in papers [22, 23] and [25].
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Proof of Lemma 5.1. Let us start with the case e3 € V(P)(g). Then the
edge e3 = (a, () is such that the marked edge €/ = («, 3) exists in the graph of
the sub-walk W ¢ 1), and o = W(&, — 1). By the definition, 3 ¢ M. This
means that the edge ¢’ represents either the first marked arrival at 3, ¢ = e(a)
or the second one, ¢/ = e(ay), and that the situation when e(a;) = e(a2) = (o, )
is excluded.

We are going to construct the walks Of{WQs (D;i®) (01, 09, 73)) With v(i®)) € M}
such that e3 = e(&;,) is a p-edge. We denote the exit cluster of o« = W(&,, — 1)
by A(a) = {fB1,... 0} with I < D. Let us assume for the moment that »(3;) = 1
for alli € [1,...,1]. We choose one of the vertices 3; and take the marked instant
7/ such that Wiog.,-1] (&) = B;. The sub-walk Wiog.,-1] will be continued at
the instant of time &, with the letter ;.

Our aim is to construct a sub-walk W[07573_1] that has a self-intersection (-, -);
with the participation of 7. The subscript 1 indicates the fact that this simple
self-intersection is not present in W[o’&g_”. We proceed as follows: we take any
marked instant of time 7", not involved into the self-intersections already present,
and consider the letter v = Wy e, 1(&~). If 77 < 7/, then we replace 3; by 7".

The walk W[0,§T3—1] performs a self-intersection (7”,7’), and in general situ-
ation this fact changes the run of the walk after & with respect to the run of
the initial sub-walk Wig ¢ _1j. Therefore the exit cluster A(a) can differ from
A(a). Indeed, one can easily find the examples of sub-walks VW and W such that

A(a) N A(a) = 0.

As a consequence, it may happen that e(7') ¢ A(a). Moreover, if one
considers another value 7 such that e(7’) ¢ A(a), one cannot guarantee that
e(7") ¢ A’'(a). Thus, without additional considerations, we cannot say that given
73 and 7", the set of all possible values of 7 has a cardinality bounded by the
maximal exit degree D.

An important observation here is that the changes of the exit cluster of « are
possible only in the cases when the sub-walk performs a BTS-couple (£,,&+1).
If it is not the case, all cells at a created up to the instant &, — 1 remain the
same and therefore the edges of A(«a) are determined uniquely by f25. The key
point is that the relation § € MY implies that 3 ¢ M). This means that the
second arrival as does not verify condition (c) mentioned above, and we cast off
those walks that arrive by as at an open vertex. Therefore as cannot represent
the BTS-pair, and the set A(«) is determined uniquely by the parameters 6, (J)
and Y. The exit cluster A(a) does not change when the values 7" and 7/ vary.
Then the edge e(7') = («a, 5;) = (o, ") always belongs to A(a).

If 7/ < 7”, then we replace the letter " by ;. Again, the fact that (o, 3;) €
A(«) remains true. The number of walks that verify the conditions imposed is
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bounded by (s — 1)D. Thus the following upper bound holds:

# {(7'177'2)1:<(01702)>W7W 66\\]28 (D;i(g) (01,02, [@,D)}S(S—UD, uz = (A).

Let us consider the case when s(3;) = 2 in the graph of the sub-walk Wo,e,,—1]-
Then we can write that

# {(7'1,7'2)1 = ((01,02))w, W €§V2s (D;i(?’) (01,02, [&;D)} <D, uz=(A).

These two estimates give (5.4) with uz = (A).

Let us construct the walks of {;Vgs (i®(01,09,73)) with v(i®) € M}
such that e3 = e(&,) € V@(g). Given 6, (J)s and T, the enter cluster of
a=Wyg,.-1)({r — 1) that is A(a) = {B1,... Bi}, I < ko, is uniquely determined.
Let us assume for the moment that s(3;) = 1 for alli € [1,...,]. We choose one
of the vertices 3; and take the marked instant 7’ such that W[O,ETg—I] (&) = B
The sub-walk will be continued at the instant of time &, with the letter j;.

We are going to construct a sub-walk W[o,gm—l] which has a self-intersection
(+,-)1 with the participation of 7. The subscript 1 indicates the fact that this
simple self-intersection is not present in W[Oim —1]- We proceed as follows: we take
any marked instant of time 7” , not involved into the self-intersections already
present, and consider the letter v/ = Wiog,,—11(&)- If 7" < 7', then we replace
B; by 7. The fact that Wi ¢, —1) performs this additional self-intersection (", 1)
does not change the set A(a) because we reject the walks such that the intersection
(7",7') is the open self-intersection. Therefore the edge (3;, ) still belongs to
A(a). If 7 < 7" then we replace the letter v/ by ;. Again, the fact that
(6i, ) € A(a) remains true. The choice of §; is bounded by kg, we get not more
than (s — 1)ko different walks of this kind,

# {(71,72)1 — ((01,02))w, W € W, (D;i(s) (01,02, {@D)}

< (s —1)ko, ug = (A0,

Let us consider the case when »#(3;) = 2 in the graph of the sub-walk
W[0,§T3—1]~ Then we can write that

i {(71772)1 = ((01,02))w, W € Was (D;i(3) (01,02, [ﬂ%}))} < ko, ug = (A0,

Gathering these two bounds, we obtain the estimate (5.4) with uz = (A(*0)),
Lemma 5.1 is proved. [

It is not hard to generalize these considerations to the case of walks with the
(k)

self-intersection of the form {2 (01,02,73,...,7;) and obtain here the same upper
bounds (5.4).
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5.1.3. General filtration procedure. The general filtration procedure is as
follows. Let us consider a diagram G and recall that (Gy)s denotes a realization
of blue, green and black half-edges of G. This procedure will be considered in
more details in the next sub-section. Regarding the first vertex v of G that has at
least one red f-edge attached, we consider the value 7 in the blue edge-window
attached at v as the value 73 or 73, in dependence whether s(v) is equal to 2 or
3. Let us consider the edges of V(G) \ v such that the integers in their windows
lie to the left of 7. They form a family of self-intersections that we regard as the
family (J), introduced above.

Now we can use the filtration procedure of the previous sub-sections and
perform a chronological run Rz (t) along 7, = T (f2s). If the next in turn step
t' = & is marked and 7' does not belong to (J)s and to the realizations of the
red edges seen by W, the walk W creates a new, next in turn, letter from the
alphabet A. If 7/ belongs to (J), we follow the rules of (J)s and T; we continue
these actions till the instant & —1. Then we consider all possible continuations of
the sub-walk Wiy ¢, 1] to the instant of time &, choose one of them and continue
the run of the sub-walk till it meets the second blue window of the vertex that
has red edges attached. Then the procedure is repeated.

It is clear that the set of walks W[QQS] (D; S, (Go)s) with given G(S) = G has a
cardinality equal to the number of realizations of all red edge-windows G, of G
and that

Gol < (260°) DV KE - ((D + ko))¥5. (5.5)
Relation (3.5b) follows from (5.5).

5.1.4. Values in blue, green and black edge-windows. Given G, let us
fill its blue edge-windows &, first. We consider the set of integers [1,...,s] and
choose the values for r groups of one element, p groups of one element, ¢ groups
of one element, u’z’ groups of two elements, Mé groups of one element, ug groups
of three elements and v, groups of k elements, kg +1 < k < s.

The number of ways to choose these groups of subsets of [1,. .., s] is given by
the expression

s! 1 1
|<gb>s| = 77 77 : )
riplal ph! plyt (21)4 ()45 ) k_l,;IH vl (k)7 (s — B)!

where E =1+ p+ q+ 2pl + ph + 3us + ||7]]. Clearly,
E S 1

s
’<gb>$| S 1" " . (56)
rIplq! ! plt (21K (31)H5 1) kl;)[H v! (k)
The values in the green edge-windows &, are chosen from the set (1,...,5)\ (&p)s.
Thus,
[(Eg)s| < s™2FUs, (5.7)
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The number of realizations (G¢,)s is bounded by the product of the right-hand
sides of (5.6) and (5.7). This gives (3.5a). Lemma 3.2 is proved. [

5.2. Proof of Lemma 3.3

5.2.1. The number of diagrams G(S). As it is pointed out, given S =
(r,py q, iy, ug; (i, 10, ug; ), the diagrams G € G(S) differ by the positions of the
green edges attached to the vertices of M, = V)(G) and M = V3(G). According
to the last remark of the previous sub-section, we can consider the vertices of V)
and V3 as the ordered ones. By the construction, |Vj| = uf) and |Vs| = ps. So,
we can consider G as a union of three parts, G = Go WGz W g(ko+1)

We take the ug green edges and distribute them over the vertices V. We
draw the green edges to the right of the blue edges.

Let us denote by u(;), 1 <4 < kg — 2, the number of vertices that have

i green edges attached, Zkﬂl%u(z) = ug. Given ph = r+p+q and ay =
(uél), . ,ugko 2)), the number of all possible diagrams Gs is equal to

( o ) _ o
ugl)’ . ,'U/(2k0_2) ugl)! . u§k0—2)! (/J,lz _ ‘@2‘)!

Therefore the cardinality of the set Go = {G2} is bounded as follows:

k02 ()

G2| < (5.8)

Here the elementary bound (7) < a’/b! is used.

The uz green edges are distributed over the vertices of V3 and placed to the
right of the blue edges at each vertex. Assuming that the number of vertices that

have j green edges is given by u(j) 1< j <ky—3 with Zfo 13]u§ ) Uz, we can
see that for given values of the parameters us and ug = (ugl), e ,uéko*g')) one

obtains the following upper bound for the cardinality of the set Gg = {G3}:

ko 3 (J)
(5.9)

5.2.2. Sum over rules T and diagrams G(S). In this subsection we prove
Corollary of Lemma 3.2. Let us denote by Y = Y(S§) the family of all possible
rules of continuation for the class of walks with the set of parameters S, Y(S) =
{T(S)}. To do this, we have to consider a contribution of each vertex # such

100 Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 1



High Moments of Large Dilute Wigner Matrices

that the non-marked depart from ( can be performed in a number of different
ways. We denote by Yg this local rule of passage. Let £ be a marked instant
time of the i-th arrival at a vertex (8 of self-intersection, and the instant & + 1
be a non-marked one. If the vertex (3 is closed at the instant of time £, — 1, then
there is only one possibility to continue the run of the walk at the non-marked
instant of time &, + 1.

Regarding a vertex of simple open self-intersection with the second arrival at
the marked instant &, we can see that the number of &.-open edges attached to
is bounded by 3. Then there are not more than 3 possible continuations of the run
of the walk at the non-marked instant of time. If there are r vertices of simple
open self-intersection, then the contribution of these vertices to Y is bounded
by 3". The same concerns the vertices from M) that have p-edges and g-edges
attached. They can produce the open self-intersections too. Thus, the total
contribution of o—, p— and g-arrivals at the vertices of M, such that »(8) = 2 is
bounded by 37?14,

It is proved in [14] (see also [8]) that any vertex § of the self-intersection
degree k has k non-marked departures from § and that at any instant of time
there is not more than 2k open edges attached to (.

Using this simple but important observation, we conclude that for any vertex
[ € M, that has u > 1 green edges attached, the upper bound for the number of
continuations is given by

(2(2+ u))*T™ < (2ko)* ™ < (2ko)*™.

Let us consider the vertex § € Mj. If »x(3) = 3, then the number of non-
marked departures from 3 with the choice of edges to close is not greater than 1,
and the number of possible continuations is bounded by 3. This departure can
be performed after the third marked arrival at (.

Regarding the vertex [ of Mj such that s(3) = 3 + u with u > 1, we get the
following upper bound for the total number of continuations at this vertex:

(2(3 +u))* T < (2ko) ™.

Any vertex § € MY such that »(5) = 3 produces not more than 9 possible
continuations.

Finally, any v-vertex 8 such that () = k contributes to the number of
possible continuations with a factor bounded from above by (2k)".

Combining the upper bounds obtained, we get the inequality

[Y(S)| < 37HPFages (2kg)Pattus . T (2k)F. (5.10)
k=ko+1
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Gathering estimates (5.6)—(5.9) and (5.10) and combining them with the re-
sult of Lemma 3.2, we can estimate the number of walks for a class with given
diagram G(S) with S = (uf, 7, p, q, U2; ps, i3, ug; 7) by the following expression:

1 <32>“2 (6s0")" (3sD)P  (3sko)? 1 <93 )“gx (952(D + ko))¥5

,u”‘ 2 7! p! q! ”' 3! 1!

x ((2ko)®s)"2( 1:[ Ho)" H /;g,)!_ (5.11)

MO
Ug ! j=1

The sum of (5.11) over all possible values of us gives the upper bound

(@

S ()
((2k0)38)u2 Z H Ha
i=1

(1)Jr “u ( 0—2)_
_ ((2ko)*spup)™ 3 us!  ((2ko)? (ko — 2)spu5)™
- us! uDr. . ko=2)y us!
WD g0 Dy, U2 DA
(5.12)

When deriving (5.12), we use the multinomial theorem.
The sum of (5.11) over all possible values of ug gives the following upper
bound:
o i) T ) (@R (ko — 3)s)™
(( 0) 3) Z H Gy — us! : ( : )

R I

Combining relations (5.11), (5.12), (5.13) with the result of Lemma 3.2, we obtain
inequality (3.6). Corollary of Lemma 3.2 is proved.

To complete the proof of Lemma 3.3, it remains to estimate the number of
trajectories in the class of equivalence Cyy (3.1). It is easy to see that given Way
of the class G = G(S), we have the equality

|U(Z2s;25)| = |Vy| =5 — 0 + 1, (5.14)
where 0 = ug + 2us + ug + us + |7|1. Then [22]

ol = TH(1-5) <o {-057) g

k=1

This simple but important upper bound can be proved with the help of repre-
sentation 1 —k/n = exp{ln(1l — k/n)} and the use of the Taylor expansion. Now,
combining (5.15) with (3.6) and the result of Lemma 3.1, we get inequality (3.7).
Lemma 3.3 is proved. [
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5.3. Walks with imported cells

As we have seen in Section 3, the proper and imported cells at the vertex of
maximal exit degree 3 are characterized by the set of parameters Pg = (Qr,HR)
(4.12). The aim of this sub-section is to describe the general principles of the
study of the family of walks Wgz) (D, dg; (G*)s, HRr; T) (4.16). In this subsection,
we assume that I = 0 and there is neither proper nor mirror cells at B

Let us consider the walks that have only one imported cell generated by one
BTS-instant determined by a couple (71, ¢), where the marked instant 7 is either

z1 or y1 and denote it by Wgﬁ)(D, di,dz; (GF)s, d, T). We choose a tree of 71 edges
(11)

7., and perform over it a partial chronological run Ry,

R = (Rr(h), 1<t <&, 1), (5.16)
Going along ER(TH), we construct a sub-walk Wi g,, —1] according to the self-
intersections of (G*)s. During this run, we choose the realizations of the values
in red windows G, with the help of general filtration procedure described in the
proof of Lemma 3.2 (see subsections 5.1 and 5.2) and follow the rules Y at the
non-marked steps. Then we can write that

W[O,tﬂ =W (Tﬁv <g:1>37 <g0>[0,t1}7 T) ) (5.17)

where <go)[om indicates a realization of red edge-windows of G on the time in-
terval [0,41] = [0,&, — 1].

5.3.1. Filtration of values ¢, ¢ and . Let us assume that the instant 7 = y;
fills the edge-window of the second arrival az = ax(i) of a simple self-intersection
i® = i(01,51). As we have pointed out (see subsection 4.3), this edge-window
can represent either o-edge or p-edge or ¢g-edge of G.

To construct a continuation of the sub-walk W4, at the marked instant of
time &, we have to choose one of the vertices 7; of g(Wgy,)) that verify the
condition that the chosen vertex =y is situated on the distance of ¢ non-marked
steps from ﬁv, where ¢ denotes either ¢ or ;.

Let us consider the case when the second arrival as has to verify the o-property.
Then the collection I' = Fgf’(o))(ﬁ) of admissible vertices ; is such that

“ 4,( o
|_| El Vgl) ’

where ng) is the set of ¢1-open vertices. Clearly, >, |F§f’(o))(ﬁv)] < 2u.
Let us consider the case when ay verifies the p-condition. Then the admissible
vertices 7; belong to the sub-set A)(a) C A(a), o = W(&;, — 1), of vertices that
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are situated on the distance of £ non-marked steps from B Therefore,

S r@ }:ux a)| < D. (5.18)
/=1

The same reasoning can be applied to the case of the g-condition imposed on as.
Summing up, we can write that

2u, if Ug = (0),
Z D (5) < [P = 4D, ifup = (A), (5.19)
,ICQ, if Ug = (A)

Let us consider the secondary imported cell generated by the remote BTS-
instant 71 = y1. In the graph g(Wp ¢, —1), the way from 3 to 3 by ¢ non-marked
steps is uniquely determined by the rule Y. Therefore we can write that

E:Iﬂ% Al <1 (5.20)

P1=1

The same is true for all subsequent secondary imported cells generated by 1,
and therefore (5.20) holds for all values of ¢; with 1 <4 < f{.

Now it is clear that in the case when the BTS-instant represented by 71 = z1
is the local one, then for all imported cells generated by z; the following equality

is valid:
u

Sr@) <1, 1<k< gl (5.21)

pr=1
Let us consider the case when the y-label of (yi, /) is attributed to the edge-
window of the third arrival ag at a vertex of Mj of G. Assume that ag verifies
A-condition. Repeating the proof of Lemma 5.1, attribute to W(§,,) a vertex
7 that belongs to A¥(a), @ = W(&,, — 1) and take a marked instant 7’ that
determines . Taking into account the last inequality of (5.18), we can see that
after the sum over ¢, the total number of admissible values 7’ is bounded by D
The remaining part of the reasoning is the same as before. The case when a;
verifies the A-condition can be studied by the similar argument. Then (cf. (5.4))

* . (y1,6) sD, ifug= (A),
’ ’ W EW ’ (3) ( ’ ’ [ ])>} <
Z#{ 01,02))w 2 (1 01,02, | U3 = \sko, ifus = (A),

(5.22)
It is clear that the sum over the values ; attributed to y; put into the edge-
window of ag gives the upper bounds of the form (5.20). The same is true for the
sums over variables ¢; in the case of 7 = z1.
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Finally, let us consider the cases when the y-label is attributed to an edge-
window e of G that represents the third arrival ag to the corresponding vertex v.
If v € M, then e is the u-edge. If v € M3, then e represents the blue p-edge. If
v is a v-vertex, then e is the black v-edge. In all of these three cases, the vertex
v = W(§,) is determined uniquely by the sub-walk Wy ;) and therefore

Z It @) < 1. (5.23)

The same is true in the cases when y; is attributed to the edge-windows of the
k-th arrivals ay.

Summing up, we can say that after the summation over ¢ the number of
realizations of the values in red edge-windows is bounded by the same expres-
sions (5.19) and (5.22) as in the ordinary case without y-labels considered in the
previous sub-section.

Let us consider a walk constructed with the help of a diagram G* that has
two y-labels with the values to (y1,¢1) and (y2, £2), respectively, belonging to the
same vertex v € V(G*). We assume that y; < y2. In this case the filtering of the
values of /1 is performed as before, and the sum over ¢; gives one of the estimates
(5.19)—(5.23) for the number of admissible vertices. When arrived at the instant
of time &, — 1, the vertex v is determined by the construction of the sub-walk
W[O,gw_l], and y9 is attributed to the arrival o at v with £ > 3. Then the sum
over {9 gives us the upper bound

Z T (3)) < 1. (5.24)

lo=1

To get the final account on the sums over variables ¢, 1 and ¢, let us assume
that the diagram Gg contains i, y-labels attributed to 7 o-edges, p p-edges and
¢ g-edges of G, and [y y-labels attributed to the third arrivals at the vertices of
Mj. Then

J ou I ou K Il u u o
II> IT> II1I Z ?(Go)| < (2u)" DP K] (25(D + ko)) = §(G),
J=1¢;=1 i=1 ¢y=1 k=1 I=1 ¢;=1

(5.25)
where we denoted by |T'(?)(Gg)| the product over all cardinalities of the sets of
admissible vertices presented.

5.3.2. Underlying Dyck paths and trees.
Regarding a walk Wh, € Wgz)(D,dl,dg; (Gr)s,9,T), let us denote by t; and

v

to the instants of time such that Whs(t;) = 3, 11 = &, and t2 represents the
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arrival a’ at B by the corresponding imported cell. According to the definition of
variables (71, ¢), the sub-walk Wit,+1,,—1] Is such that it has ¢ non-marked steps
and after each of these steps it has tree-type sub-walks W) that are reduced by
R to the empty walks. This means that the Dyck structure of Ws, is such that
the nest cell @’ = w(11, ¢) that corresponds to a' is obtained after ¢ descending
steps are performed in 77, from the vertex v = Rz, (7). Then the vertex v’ of
T of Wh; is determined, where the exit sub-cluster of dy edges is to be placed.

Therefore 75 is to be of the following structure: consider a tree ’1'7[1” that
contains 71 edges and has the descending part of the length I > ¢ (see Fig. 1).
We will say that the vertex v; = Ry (&) is on the distance ! from the root of
the tree. On the [ vertices of the descending part, construct a realization of [
sub-trees of the total number of s — 71 edges such that at the nest cell @’ there
exists a tree with the root sub-cluster of ds edges (see Section 6 for more details).
We denote such a family of trees by 7;{1}71 (do, 71, ).

The family of trees that corresponds to the Dyck paths generated by the

elements of WSSL) (da2,{(G*)s, ¢, Y) is given by the expression

T1

|_| {7;—[1” ®7;{_l};-1 (d2a7—15¢)} = T:v

=1

u-condition

where we denoted
T = T (dg, 71, B). (5.26)

S S
The under-brace with u-condition means that we construct the sub-trees TT[ll] and

’];{_l];l (dg, 71, @) in the way that the height of the common tree obtained 7 attains
u. In Section 6 we describe in details the set of these trees.

Ignoring the condition that the vertex 8= Whas(21) has the first proper cell
x1 with dy edges of the exit sub-cluster, we can write that

W (o (G000 =D 3 N 93

L

x> oL (5.27)

{1 (71,4)
7,7 (d2,71,0) <g0>[§il+1,25]

In the last sum of (5.27), we have denoted by <QO>E;11’?F)1’2S] a realization of the
values in the red edge-windows of G on the time interval [¢;, + 1, 2s]; this realiza-
tion also depends on TT[II] and ’Z;{_l};l (da, 71, ¢). We denote by r1,p1, g1, 2u5(1) and
T2, D2, G2, 2t5(2) the number of red windows to be determined during the time
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intervals [0, &, — 1] and [&, + 1, 2s], respectively. It is clear that 1y = ro+1 = 7.
The same equalities are verified by other red edge-windows.

Let us forget for the moment that the walks of the left-hand side of (5.26) are
such that their Dyck paths have the height 6* = w. Then it is not hard to show
that the following upper bound holds for any given value of ¢:

> 1< e )y, (5.28)

7Y (d271,0) Eas

where n = 1n(4/3) (see Lemma 6.1 of the next section).
Taking into account that the upper bound (cf. (5.5))

{0000 } 1 <168 = (2u) DR (s(D + ) ) (5.29)

is uniform with respect to ¢, we use (5.19) and deduce from (5.27) that

Z!W TSRS D 5D SRED DD SR IZIF

=1 T[] <go>[0§,’_ —1) T{l}

Taking into account that

T1

S IRES

=T,
we finally get the upper bound
ST WS (da, (GF)s 6, )| < et |G, (5.30)

¢=1

where |G,| is given by (5.5).
The wu-condition of (5.26) makes the use of (5.28) more complicated. The
proof of the exponential estimates of the form of (5.30) is given in Section 6.

6. Catalan trees and D-lemma

6.1. Exponential bound for Catalan trees

The following statement slightly improves the corresponding results of [7] and [8].
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Lemma 6.1. Consider the family of Catalan trees constructed with the help
of s edges and such that the root vertex o has d edges attached to it and denote
by ts(d) its cardinality. Then the upper bound

ts(d) <e™t,, n=1In(4/3) (6.1)

is true for any given integers d and s such that 1 < d < s.
P roof. By the definition,

ts(d) = > tuy - tuy; tugs (6.2)

U+t ug—1tug=s—d

where the sum runs over integers u; > 0. We will say that (6.2) represents the
number of Catalan trees of s edges that have a sub-cluster attached to the root
o that contains d edges.

Using the fundamental recurrence relation

S
by =D tithg, 520, to=1, (63)
=0

we can rewrite (6.2) in the following form:

s—d
ES(d) = Z Z bup oo by, Z bug_y bug
v=0  wui+-+ug_gst+v=s—d Ug—1+uq=v
= Z buyg o buy g buy g — Z bup oo bug -
ul+-ug_otug_1=s—d+1 ur+-+ug_o=s—d+1
(6.4)
Relation (6.4) implies that
ts(d—1) —ts_1(d —2), forall3<d<s,
ts(d) = < te_1, for d =2 and s > 2, (6.5)

ts—1, ford=1and s > 1,

where the last two relations are easy to obtain directly. It follows from (6.5) that

ts(d) < ts—q, foralll<d<s. (6.6)

Let us return to (6.4) and rewrite it in the form

|
ISH

S

ts(d) = ts oy 1(d—1) t,, 2<d<s. (6.7)

S
|
<)
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Assuming that d > 3 and applying (6.6) to the right-hand side of (6.7), we get

the inequality
s—d

Es(d) < Z ts—2—pty < ts—1 — ts—2. (68)
v=0
Using the explicit expression for the Catalan numbers (3.2), it is easy to show
that
2t <tgqpr < 4dtg, s> 1. (6.9)

Then we deduce from (6.8) that

ts(d) < <3> ts—1, d>3. (6.10)

4
Relation (6.1) holds for d = 3, s > 3. The standard reasoning by recurrence
based on (6.7) proves the bound

_ 3 d—2
fo(d) < <4> te1, 3<d<s. (6.11)

Remembering (6.5), we get that (6.11) is also true in the case of d = 2,5 > 2.

Using the first inequality of (6.9), we deduce from (6.11) the upper bound (6.1).
Lemma 6.1 is proved. [

6.2. Tree-type walks with multiple edges

Given a Catalan tree 7y, let us denote by N()(7;) the number of choices of
two edges of 7; that have the same parent vertex. Clearly, the sum Ngz) =
> T.eT. N®)(T;) represents the number of even closed tree-type walks of 2s steps
whose graphs have exactly one p-edge passed four times and s — 2 grey edges

passed two times.
Lemma 6.2. For any given s > 2, the following relations hold:

B (2s)! B 3s
N = (s—2)(s+2)! (8_ s+2>t5’ (6.12)

and therefore Ngz) < stg; the lower bound NgQ) > (sts)/2 is true for all s > 4.

Proof. Itiseasy to see that

N@ = > (20 + 1) tyty, toy by, s> 2, (6.13)
u+v1+vet+vz=s—2

Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 1 109



O. Khorunzhiy

where the sum runs over all integers v > 0 and v; > 0. Then the generating
function ®)(¢) = > k>0 Ni NPk with N( ) = NEQ) = 0 is given by the relation

P (5) = 26 () 2(¢) + > £4(s), (6.14)

where f(¢) = > o0 ts<® is the generating function of the Catalan numbers. It
follows from (6.3) that f(<) verifies the well-known equation

f(¢) = 1+ ¢ £2(c), (6.15)
and then
f(c) = 1_\2_74( . (6.16)
It follows from (6.15) that
f'(¢) = £2(¢) + 25 /(<) £(<). (6.17)

Using (6.15) and (6.17) and taking into account that

oo
=3 (k4 Dtpga o¥, (6.18)
k=0

one can easily derive from (6.14) relation (6.12). Lemma 6.2 is proved. [

Let us consider a general case of the tree-type walks such that their graphs
have exactly one edge passed 2! times and other s — [ edges passed two times.
The number of these walks Ng) is given by the the total number of possibilities
to mark [ edges that have the same parent vertex at the Catalan trees. Similarly

o (6.13), we can write that

N = > (2 4 1) byt by - -ty - (6.19)
u4v1+-+vg_1=s—1

The corresponding generating function ®(®)(¢) is given by the relation

(I)(l) (g) — 2§l+1 f,(g) f21_1(§) + gl f2l(§>7 (620)
and therefore )
a0 (¢) = £271(¢) <m - f(<)> : (6.21)

Using (6.15) and (6.18), we can deduce from (6.20) that

NO <2lst,, 2<i<s. (6.22)
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This inequality means that the constant n = In(4/3) of the exponential estimate
(6.1) can be considerably increased for large values of s and d.
Similarly to (6.12), it is not hard to show that

@ @t g 365448
N _(5—3)!(s+3)!_t5 58 s2+55+6)" (6:23)

and therefore NS’) < sts. Regarding Ngl) as a number of trees with one marked
edge, we can see that

(2s)!
(s—D!(s+ 1)

N = s, =

S

(6.24)

Relation (6.24) indicates a natural connection among expressions (3.2), (6.12)
and (6.23). It is natural to assume that the equality

S T G+t (6.25)

is true for all values of I € [1,...,s]. However, relation (6.21) seems to be not so
convenient for proving (6.25). It would be useful to find the representations of

N different from (6.19) and (6.20). Let us note that (6.25) would imply a useful

upper bound Ngl) < st for all s and | < s that is stronger than (6.20). Clearly,
the last upper bound is in complete accordance with the Galton—-Watson view of
Catalan trees.

6.3. D-lemma

Our aim is to prove the exponential-type estimate of the form (4.18). For
simplicity, we consider the case when the non-trivial tree-type sub-clusters with
d; > 0 correspond either to the proper or to the imported cells at ﬂv The case of
mirror cells will be considered at the end of the present subsection.

Lemma 6.3 Consider a family of walks Wg;)(D7JR; (GR)s-HRr, 1) (4.16).
Then for any integer m > 0,

Do ™ > [W (D (G Ha X)] < AL 4% (D 1) e PR b, (6.26)
u=1 Hr

where we denoted

A = A)(G D, ky) = sF/2 By, 27 DPEL (s(D 4 ko))H3, (6.27)

s
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with
] 1 ¢
Bpir =sup BY) . B®) == < > IT()| (6.28)
s>1 ts u—1
and
T® = {7, : 0*(T;) = u}. (6.29)

We prove Lemma 6.3 by recurrence. Let us introduce the following denota-
tions related with (6.29). Given natural ¢ and u, let us denote by T = T
a family of Catalan trees 7, of a edges such that for any such a tree the corre-
sponding Dyck path has the height u, 8*(7,) = w. In this case we simply say that
7, has the height u. Let T be a family of Catalan trees such that 6*(7,) < u.

u) S (w)

We denote the cardinalities of these sets of trees by T((l and Ta , respectively,

={7,€T,: 6°(7,) =u}| and T = {7, €T,: 6°(7,) <u}

(

We assume that T((zu)
T(() ) T(O)

We also denote by T((lu’[l]) the family of trees of the height u that have the

descending part of length [. The families T( wAl}) T((lm[l}) and T((lu’{l}) as well as

the families of trees that have a sub-cluster at one of the nest cell are determined

in obvious manner, (see (5.26)). This will be clarified in the computations that
follow.

HO) _ )

= 0 when a < u, T, = 0 for any a > 1 and

6.3.1. The 1n1t1al step of recurrence. In this subsection, we study a family
of walks Wzs (d,(Gr)s, 9, T) given by (4.16) with R = 1 such that the first non-
trivial sub-cluster of the tree-type part W with d edges is attached to the nest
cell wy = (71,¢1) of the corresponding tree (see also (5.26)). The variable 7
denotes one of the three possible values that are x1, y; or z1, and ¢; = ¢ is equal
to 0, £ or @1, respectively. If 7 = y1, then ¢ can also be equal to ;.

According to the definitions of (6.30), the subset of trees (5.26) can be repre-
sented as follows:

TgU) (d7 T1, ¢) =

T1 T1

{7 e 1203 a0 o | {0 0 7P @ n,0)} . (631)

=1 =1

The accurate version of (5.27) is given then by the two sums,

W (d, (G™)e, 6, T)]
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S e Y S

=1 7l (Go)po,ey) fs(i{ll})(dm@) <go>(trll+¢2>2s]
T1
+y N Sorve)r Y S (6.32)
=L £ ) (Go)oay) T4 dr8) (Ge) 15y
where we denoted t; = &, — 1. It should be noted that the sum (Go) T12%) 1
©/t1+2,2s]
is bounded from above by |Qc(,2)] (5.29) uniformly with respect to ¢.
Let us estimate the cardinality of the family T&ﬂ”(& 1, ¢),
1)
T @nel = > 1
74 (d,r )
Using (6.30), we can write that
u{l}) _ S(u—l+¢—1) F(u)
’Ts T1 (d7 7-1>¢)’ - Z T{d bd} T[H'LEI} ’ (633)

B [FRIN
|ba|+|c1|=s—T1

where l_)d = (bly"'vbd)a |Bd| :b1+"'+bd7 a = (COacla"',CZ)’ |El‘ =cot+c+
- ta,

jrlu—lto—1) _ (u—=l+¢-1)
Tiass) H T,

and
l

) e (u—l44)
T[H—LEZ] o H Te; :
i=0
Regarding (6.34), we can use the obvious inequalities

T(u_l+¢_1) < Tl(;’:—l-i—(b)

bi < ty, (6.34)

and write that for a given b > d, due to Lemma 6.1,

d
> s Y [t =n@<e™n. (6.35)

ba: [bal=b—d ba: [ba|=b—d k=1
Then
s—max{r1,1}
el < Y ey Y T (6.36)
b=d cy,

|&1|=5s—11—b
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Now we can perform the sum over ¢ in the right-hand side of (6.32) and get with
the help of (5.19), the upper bound (cf. (5.5))

S 3 Y@ 168)] < (20)" DP K (s(D + ko)) = |Gol.

#=1"(Go)[0,¢]

The sum over ¢ being performed, the last expression of (6.36) can be inserted
into the first term of the right-hand side of (6.32). This gives the sum

T1
> > > T o = T8, (6.37)

=1 ,j;(lu,[l]) cle|=s—m1—b

where we have denoted by Tgﬁ’gl) the family of all trees 7;_; such that the height
0*(7Ts—p) = w is attained for the first time during the time interval [0,¢1] =

[0,&, —1].
Let us consider the second term of the right-hand side of (6.32) and estimate
the cardinality

T @m0 = Y L

j;(f;{ll}) (d,71,0)

Using the first inequality of (6.35), we can write that

u,{1}) (u=l+9) A (u) (u=l+¢) 5 (u)
’Ts T (d 1 7¢)’ < Z (T{dbd} Ty[l_}_l all + T{dbd} T’[l—‘rl cl])

~ bg.er,
|ba|+|c1|=5—T1
(6.38)
where
lu=i+e) (u—I4¢— (u=l+¢=2) (u—l+¢—1) s (u—l+p—1) (u—l4+¢-1)
{d by} Z T Tbk 1 Tbk Tbk+1 de :
(6.39)

Let us consider the first term of the right-hand side of (6.38). The same
computation as before shows that for any given b > d,

3 ngbg 9 < ey, (6.39)
by: |bg|=b—d

Similarly to (6.37), we observe that

T1
> > > T[Ei)l,@] ), (6.40)

=1 7‘—7_(11t,[l]) c,le|=s—m1—b
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where we Tili’gl) denotes the family of trees 7;_; such that the height 8*(75_p) = u
is attained for the first time during the time interval [£,,, 2s].

Let us consider the second term of the right-hand side of (6.38). Applying
(6.34) to all the factors T of (6.39), we can write that

(u—I49¢) (u—l4+¢—1)
L Ztm -ty T By iy

Then for any given b > d,
b—d

l+ _ _ (u l+¢ 1)
S0 < deh Ny thop1.  (6.41)
Edi ‘Bd|:b—d bi=u—Il+¢—1
It is useful to note that the factor T(u Fro- )T( u) being substituted into the

[l+1,e]
second term of (6.32) produces an expression

(u—l+¢—1) 2 (u) o (u,71,0,1)
Z Z Tb Z T[l+1,él] - | g b1— 1)‘ (6'42)

I=1 j(u—1,0) e

o |er|=s— Tll(b bi—1)
where we denote by ']T(u T1:6,1) , b/ =b— by — 1 the family of trees 7;_; such that
the height 6*(7;_y) = u is attained for the first time during the chronological
run over a sub-tree attached by exactly one edge to the nest cell (71, ¢) of T;_y.
This definition is self-explained by the left-hand side of (6.42). It is clear that

‘T(u,ﬂ'l#ﬁ, | < |T and ‘T(“Tl | + ‘F]I‘(“Tl | = ‘F]I‘(u)b, (6.43)

s—b s—b |

Remembering that all of the upper bounds (6.36), (6.39) and (6.41) are valid
for any given values of ¢, we turn back to (6.32) and get the upper bound

s—1 s—1
u % _ 4d
W5 (d. (G7)s, 6, T)| < [Ge] & (Z T+ D B2 b/\>-
b=d b'=d—1
(6.44)

Extracting the factor u” from |G,| (5.5), we can write that

s—b s—b m+
m-+rT m-+r U m T
Z u™t |Ts— | = (\/g) * Z <\/§> ’925 2b| < st )24 ts—b Bmtr -
(6.45)

Taking into account that d > 1 and using the elementary relations based on (3.2)
and (6.3),

u=1 u=1

s—1
Z tpts—p = ts41 — 2t5 < 2t
b=1

Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 1 115



O. Khorunzhiy

and

- Z try sy = tsH —ts) < 4ts,

we deduce from (6.44) and (6.45) that
Z Z WS (d, (G")s, 6, )| < (2 + 4d) e ™,

x sMI/2 B 9" DP R (s(D + ko))Hs. (6.46)
This proves relations (6.26), (6.27) with R = 1.

6.3.2. Recurrent estimates. Let us denote by 7p+1 the marked instant that
corresponds to the imported cell (Tr41,¢r+1) and write down the expression
(cf. (6.32))

(WD, drs1; (Ghyt)ss (M, 6rs1), 1) = SV (dpe1) + 5P (dri1),  (6.47)

where
TR+1
=0 (grs1) = > @) )3 21
R () s(uf{}gl(dRHvTRH@RH) (65
and
TR+1
LDV ED DD Dl €] > 2t
=1 () (G5 (1) T(“ {1} (dR+1,TR+1,$R+1) («gQ)>

TR+1 ~TR+1
In these relations, by <le)) are denoted the realizations of values of the red
edge-windows of (Gg,,)s such that the marked instants of the corresponding blue
edge-windows are strictly less than 7p11 and by <g§2)> those that have marked
instants greater or equal to Tp41.

Taking into account the uniform with respect to ¢, estimate of <QC(,2)>
(5.29) and denoting 7’ = 71, we can write with the help of (6.37) that the sum

D= ngl:l YD (¢g41) is bounded from above as follows:

s—1—7'
s < e—ndri Z ty Z Z 1682 - r(eas)] (6.48)
b=dr 41 TeTF“jZ) ( C()1>>
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It should be noted that the expression standing in the parenthesis of (6.48) rep-
resents the family of walks

W T (D, drs (G o HRT) = 3 D01 (6.49)
Ter(7"” (8"

such that the conditions of Lemma 6.3 are verified. Here we have denoted by
<g > 1)> _p the part of the realization of the diagram (G7,)s that takes into account
the instants of self-intersections that are strictly less than 7 = 7r41.

Regarding the sum ©() = Z;R+1:1 22 (pr41), we use representation (6.38)
and write that

»? < n@ 4 5@ (6.50)
where
s—1—7/
SO < e 3T g |30 D] g e (6.51)
b:dR+1 TET(:E;-/) < c()1))
and .
2(2)@)’) < dpi1 e~ M(dr41-1) Z t ’g52)|
b=dpi1—1

X i Z Z Z T[(ZUHIQZ] T£u1l+¢ Y INCEENE (6.52)

=1 ) gDy fal=s—r/=b
It is easy to see that

Y@ L v@) < DP2 kgz (2s(D + ko))ﬂg@) |F(UR+1)|

s—1
xe M Z ty (2u)" ‘WQS Qb(D dr; <gg’l)>s—b7HR7T)" (6.53)
b=1

Regarding the sum
Ri1= Z Z ( +E(2))
u=1

we apply to the right-hand side of (6.53) the main proposition of the lemma (6.27)
and get the inequality

ki1 <248 Dp e PRt By 27 DPES (s(D + ko). (6.54)
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Let us consider the right-hand side of (6.52). The expression standing in the
parenthesis of (6.52) is bounded from above by the number of walks Wh,_op, that
on the time interval [0,&-, , — 1] verify the conditions of Lemma 6.3 and such
that the height u of the corresponding Dyck path 8(Whs_9) is attained for the
first time above the edge attached to the nest cell (7/,¢’). Let us denote this
set of walks by WS (D, dg; (G4™") s, Hr, T) (cf. (6.49)). To simplify the
proof, it is useful to observe that

u,T 7 )
W55 (D, dps (G5 s—b, HR, T)| < |55 (D, dr: (G5Y)sy, He, 1)),

where W;S ) (D, dg; <Q(*1 Ys—bs HR, T) is the family of walks with the same

properties as before and the only difference that the height 6*(Was) = u is at-
tained somewhere excepting those parts of 6 that lie over the exit sub-clusters
A;, 1<i<dg.

We are going to show that

Zu Z |55 (D, drs (G4 sy, Hp, 1)

u=1

< 2R PRy By, 270 DPLED (5(D 4 ko)) (6.55)
One can prove (6.55) by recurrence. We consider here the initial case of R = 1

only. It is easy to see that

T1

D di(Gr)s ot D=0 Do >+ > > ¢ > 1

=1 | gt ) gl ) | (Godyoay)

s—71—b s—71—b

< D@ > S (6.56)

7'2(u7l+¢1*1)(d) (go>[t1+2’23]

u,A¢
|W( $)

where t1 = &, — 1.
Using the upper bound (5.5) and inequality (6.35), we deduce from (6.56) the
following inequality:

S um 3 [ (D, d: (620, 60, T)

u=1 ¢p1=1

»
|

—

»

w™ T | e, 27 DP RS (25(D + ko)), (6.57)
b

Standard computations show that (6.57) proves (6.55) in the case of R = 1.

I
2

1 u=1
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With the help of (6.55), we can deduce from (6.52) the following inequality:

V=3 W Y Y (6 < Mg cabny,

u=1 Hr ¢'=1

Bty 2" DP KL (s(D + ko)),
Remembering (6.54), we obtain that

4d
i1+ 2R < (2 A" Dp + 71;“ 2R+1> e PR ¢

X Byar 27 DP K (3(D + ko)),

It is clear that the last inequality implies (6.27) with R replaced by R+1. Lemma
6.3 is proved. n

6.3.3. Walks with mirror cells at B Let us consider a family of walks
Wgz)(D,JR; (GR)s: HR,T) (4.16) with the given set (Z,m)r and assume that z;
is attributed by a number m; > 0. This means that the walk arrives at 3 at the
marked instant z; and then performs a tree-type sub-walk W = U?l11w(i) such
that during this sub-walk it arrives m; times by non-marked steps at 5 . Moreover,
v
such that W0 (§ (1)) = . These marked instants being determined, let us denote

each of the m1 tree-type sub-walks W) has a number of marked instants x

the maximal one by Ty = max{mg-l)}.

The construction of the sub-trees and the nest cell is as follows: we consider
a tree ’Z;[il] such that the vertex vy is on the distance of [; from the tree root p.
Then we add l2 edges to the vertex v1 and get the vertex vo. On [ roots obtained,
we construct sub-trees with the help of 2] — z1 edges and get the tree ’T lh+a]
The mirror cell we consider will correspond to the arrival at va by Ao steps from
vo. Then the ordinary procedure of constructing the trees with u-condition like
(5.26) can be used.

In the proof of Lemma 6.3 by recurrence, we needed the construction of the
last proper imported cell only. Therefore it is clear that the construction of the
mirror cell presented above fits completely this scheme. We do not present the
detailed arguments here.

7. Estimates from Below

Let us consider the random matrices H(™?) (2.1) with random variables a;;
that have all moments finite. Then the following statement for the moments

M) (2.5) is true.
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Theorem 7.1. Let s, = xn?3 and p, = (n?/® with given x,( > 0. Then

n 4
lim inf M{P?) > 4V

M 2 g " el (7.1)

where Vy = Ela;;|* and Ela;;|> = v? = 1/4.

Proof Let us consider a Dyck path 625 and the corresponding Catalan
tree 75. Regarding the chronological run R, let us determine the marked instants
71 and 7o such that the corresponding vertices of 7; have the same parent. We
denote such a pair by (71, 72),. Regarding the example tree 7g from Figure 1, we
can take (71, 72), = (3,4) or, say, (11,73), = (6,8).

It is clear that the tree-type walk Wh, = WQ[Z} (11,72) that has the Dyck
structure 6, = 0(7;) and one simple self-intersection (71, 72), is a walk with one
p-edge. It is also clear that the family of all possible walks

Wy =] L W)
7

s (7'177'2)p

has the cardinality [W5-* | = N{? (6.12).
Let us denote the elements of W[le’p } by w = was. We are going to construct a
family of walks Wogs(w; p2) by introducing us additional simple self-intersections
init, 0 < puy < M. The graph of the walk wys has s vertices and therefore the

cardinality of this family is bounded from below as follows:
s! 1 [(s—2M)>\"
W ; = > — | —— . 7.2
W) = gy 2 o () (7.2

It is clear that the weight of any trajectory Zss (2.8) such that W(Zss) € W(w; u2)
admits the lower bound

‘/28_1 VZL
ns—2p :

Ha(IQS) Hb(IQS) > (73)

Remembering (3.1), we conclude that the number of trajectories in the class
C(Whas), Was € Was(w; ug) is bounded as follows:

coval = [] m—i=n ] <1 - fj) > 02 oxp {Qn} (@)

1=0 k=1

The last inequality is obtained by the same argument as the upper bound (5.15).
Taking M = |en'/?] +1 with ¢ > 0, we deduce from relations (7.2), (7.3) and
(7.4) that

(n.0) = Vs~ Vi
W Yy oy oy M

weW[le”’] p2=0  Tr,eC(W) WeWaqs(w;u2)
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2 M COAL2N\ M2 yrs—2
> nN@ exp{—s } Z ! ((8 M)> Yy V4. (7.5)

om 110!
2n o 2! 2n P

Elementary use of the Stirling formula shows that
[e.e] o
1 — M2\ *? 1 2\ H2
> <(82)> > ——— 3 <€2X) = o(1)
o= M+1 Ha: n V2mrenl/ o= M+1 c
for ¢ = ex?, and therefore with this choice of ¢ we have
2 M 2\ M2
s 1 [((s—M) 1 3
2 — () > Cexpf{—ex®/2).
eXp{ Qn} #ZO ol < 5 ) > 5 expi—ex’/2}
e

Remembering the lower bound NP > (sts)/2 (see Lemma 6.2), we deduce from
(7.5) the inequality

n, s sVy
Més P > nt, 1% w2, exp{—ex’}
Then (7.1) follows. Theorem 7.1 is proved. ]

8. Discussion

We have studied the asymptotic properties of the probability distribution of
the spectral norm of large dilute random matrices. We have shown that the prob-
ability distribution of the maximal eigenvalue of dilute Wigner random matrices
H(n)  when regarded at the scale n=2/3, admits a universal upper bound in the
limit of infinite n, p, such that n2/30+) < p. < n, e >0 and s, = xn?/3, x > 0.
This result is a consequence of the existence of a universal upper bound £(y)

of the moments 1\7[&2;’)”), $p = xn?/3 of H (npn) (2.6) and, in more general situa-
tion, of the moments Mg;np n) of corresponding random matrices with truncated

elements.

According to the general scheme developed in papers [23, 25], in the case
of Wigner ensemble of random matrices, this kind of asymptotic behavior of the
moments Mas, = ELgg can be regarded as the strong evidence of the universality
of the probability distribution of one maximal eigenvalue of H(™#")  or its several
consecutive neighbors (see also [3, 24]). Indeed, as it is described in [25], the study
of the correlation functions of Loy and Lggs can be reduced, in a major part, to
the study of the related moment My 1247 2 whose behavior can be shown to be
universal (see, however, [9]).

Therefore one can expect that the dilute Wigner random matrices in the
limit of the weak dilution, i.e., for the values of p,, such that n?/? < p, <n, n —
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00, belong to the class of universality determined by the Gaussian Orthogonal
Ensemble of random matrices (GOE) in the case of real symmetric H™), or to
the class of GUE in the hermitian case [16].

Theorem 7.1 shows that in the asymptotic regime n, p,, — oo such that p,, =

¢n?/3, the estimate from below of M) inyolves the factor V4. Therefore the

28n
upper bound limsup,,_, Mg;np ) < M(x) (2.6) cannot be true in this asymptotic

regime. This means that in the asymptotic regimes of the moderate and strong
dilutions, when p,, = ¢%/3 or p, = o(nQ/ 3), respectively, the limiting probability
distribution of the maximal eigenvalue cannot be universal in the sense that the
limiting expressions should depend on the moments higher than V5 of the random
variables a;;.

Moreover, inequality (7.1) shows that in the asymptotic regime n, p, — oo

when p, = on® with 0 < e < 2/3, to get the finite upper bound for the moment
M(nvpn)

28n
when s, is proportional to p,, but not to n“/° as before. According to the general

considerations based on the inequalities of the form (4.26), one can conclude that
the scale at the border of the limiting spectrum of H (™) should also be changed
to be proportional to p, and not to n?/® as it is in the case of n?/3(11) < p, .

Therefore we can put forward a conjecture that the rate p, = n2/3 represents
the critical point where the eigenvalue distribution at the edge of the spectrum
changes its properties, such as the scale and the dependence on the probability
distribution of the matrix elements a;;.

Another important observation concerns the subsequent terms of the estimate
from below given by (7.1). Repeating the computations of the proof of Theorem

7.1 and using (6.23), we observe that the moments Mg;’p ) (2.5) admit the following
asymptotic expansion:

n, ntg 2 SV4 F 3 S‘/G :
02 (B () o () ).

k>1 P >1

of the order s,,, one should restrict the growth of s,, and consider the case
2/3

where s = yn?/3, p = (n?/3 and ¢ > 0 depend on x and ¢ but do not depend

on n. In this case, the terms with Vj are present in the asymptotic development

of Mg;’p ), but the higher moments Vg, Vg, ... disappear from it. Therefore we can

formulate a conjecture that the regimes of moderate and strong dilutions exhibit a

new kind of universality, say, Vy-universality at the border of the limiting spectra.
The next observation is that the asymptotic expansion of the form

45 n, 2 SV4 k
RM(QS 2 = C(l) + ZC; ) <p> , S= Xn2/3> p= CTL2/3 (82)
s k>1
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is related with the corresponding limit of the moments of sparse random matrices
studied in [13]. The fact that the right-hand side of (8.2) depends on the terms
with Vj only could essentially simplify the recurrent relations obtained in [13].

Moreover, it is natural to assume that the coefficients cl(f) will be related with
(p) (p)

the corresponding terms of limg/,—\ /¢ s—.oo M5, Where mg "’ are determined by
the following recurrent relation with obvious initial conditions:

V.
m® =0 3 m@me) + 2 ST Pl ) (83)

a1 as
a1+az=s—1 bi+-+bg=s—2

One can show that the asymptotic expression of the numbers méﬂ ) (8.3) should
be related with the generating functions of the numbers of ternary trees. We
postpone the study of (8.3) to subsequent publications.

Our last remark is related with the difference between the ensembles of real
symmetric and hermitian matrices. As it is mentioned in Section 2, the upper
bounds Meor(x) and Meue(x) are slightly different (see also relations (4.35) and
(4.36)). This difference is due to the contribution of walks with simple open self-
intersections and the breaks of the tree structure performed by the walk at them.
The contribution of these walks should vanish in the asymptotic regime of the
strong dilution, when p, < n2/37¢ and s,, < n?37¢, and only the tree-type walks
give the non-vanishing contribution. This means that the difference between
the spectral properties of real symmetric random matrices and their hermitian
analogs could disappear in the asymptotic regime of the strong dilution. It would
be interesting to study this phenomenon in more details. It should be noted that
the moments Mg;’p) of random matrices H("™?) (2.1) with p = O(1) as n — oo
were studied in [13] in the case of s = O(1). The explicit expressions obtained
there as well as the technique developed in [7] could be useful in the studies of
more complicated asymptotic regime described above, when s, — oo as n — oo.

Acknowledgement. The author is grateful to the anonymous referee for the
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