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We study an eigenvalue distribution of the adjacency matrix AN:») of
the weighted random bipartite graph I' = I'y ,. We assume that the graph
@
has N vertices, the ratio of parts is - and the average number of the
—
edges attached to one vertex is ap or (1 — a)p. To every edge of the graph
€;j, we assign the weight given by a random variable a;; with all moments
finite.
We consider the moments of the normalized eigenvalue counting measure
ON,p,a Of AW:p:2) - The weak convergence in probability of the normalized
eigenvalue counting measures is proved.
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1. Introduction

The spectral theory of graphs is an actively developing field of mathematics
involving a variety of methods and deep results (see the monographs [4, 5, 10]).
Given a graph with IV vertices, one can associate with it many different matrices,
but the most studied are the adjacency matrix and the Laplacian matrix of the
graph. Commonly, the set of N eigenvalues of the adjacency matrix is referred
to as the spectrum of the graph. In these studies, the dimension of the matrix
N is usually regarded as a fixed parameter. The spectra of infinite graphs are
considered in certain particular cases of graphs having one or another regular
structure (see, for example, [12]).

Another large class of graphs, where the limiting transition N — oo provides
a natural approximation, is represented by random graphs [2, 11]. In this branch,
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geometrical and topological properties of graphs (e.g., the number of connected
components, the size of a maximal connected component) are studied for the
immense number of random graph ensembles. One of the classes of the prime
reference is the binomial random graph (see, e.g., [11]). Given a number py €
(0,1), the family of graphs G(NV,py) is defined by taking as  the set of all
graphs on N vertices with the probability

P(GQ) = p@ (1 - py)(2) @), (1.1)

where e(G) is the number of the edges of G. Most of the random graphs studies
are devoted to the cases where py — 0 as N — oc.

Intersection of these two branches of the theory of graphs includes the spectral
theory of random graphs which is not properly studied. However, a number of
powerful tools can be employed here, because the ensemble of random symmetric
N x N adjacency matrices Ay is a particular representative of the random matrix
theory, where the limiting transition N — oo has been intensively studied since
the pioneering work by E. Wigner [19] was published. Initiated by theoretical
physics applications, the spectral theory of random matrices has revealed deep
nontrivial links with many fields of mathematics.

The spectral properties of random matrices corresponding to (1.1) were stu-
died in the limit N — oo both in numerical and theoretical physics [6-8, 16-18].
There are two major asymptotic regimes: py > 1/N and py = O(1/N) and the
corresponding models are called the dilute random matrices and sparse random
matrices, respectively. The first studies of spectral properties of sparse and dilute
random matrices in the physical literature are related with the works [16-18],
where equations for the limiting density of states of sparse random matrices were
derived. In [16] and [9], a number of important results on the universality of the
correlation functions and the Anderson localization transition were obtained. But
all these results were obtained by using non-rigorous replica and supersymmetry
methods.

At the mathematical level of rigour, the eigenvalue distribution of dilute ran-
dom matrices was studied in [14]. It was shown that the normalized eigenvalue

counting function of

1y
vVNpN N

converges in the limit N,py — oo to the distribution of explicit form known
as the semicircle, or Wigner law [19]. The moments of this distribution verify
the well-known recurrent relation for the Catalan numbers and can be found
explicitly. Therefore one can say that the dilute random matrices represent an
explicitly solvable model (see also [17, 18]).

In the series of papers [1-3] and in [13], the adjacency matrix and the Laplace
matrix of random graphs (1.1) with py = pN were studied. It was shown that

(1.2)

PN
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the sparse random matrix ensemble can also be viewed as the explicitly solvable
model.

In the present paper we consider a bipartite analogue of the large sparse
random graph. The paper is a modification of one part of [13] for this case.

2. Main Results

We consider the randomly weighted adjacency matrix of random bipartite
graphs. Let E = {a;;, 1<j, i, €N} be the set of jointly independent identically
distributed (i.i.d.) random variables determined on the same probability space
and possessing the moments

Eaj; = Xi < o0, Vi, j,keN, (2.1)

where E denotes the mathematical expectation corresponding to Z. We set a;; =
Ajj for 1< ] .

Given 0< p< N, let us define the family D](\I;) = {dl(év’p), i<j, i,j € 1,N} of
jointly independent random variables

d(]'vvp)_{ 1, with probability p/N, (2.2)

Y 0, with probability 1 — p/N.
(p)

We determine dj; = d;; and assume that Dy’ is independent from Z=.

Let a € (0,1), define I, y = 1, [ N], where [-] is a floor function. Now one
can consider the real symmetric N x N matrix AP (w):

[A(N’p’a)] _J) aj dz(;\f,p)? if (i € InnNj ¢ IOc7N) V(i ¢ InnNjE Ia,N)a
ij 0, otherwise
(2.3)

that has IV real eigenvalues )\gN’p’a) g/\gN’p’a) < ... < )\E\J,V’p’a).

The normalized eigenvalue counting function (or integrated density of states
(IDS)) of ANP2) is determined by the formula

AP <y

o ()\; A(N’p’a)) ~

Theorem 1. Under the condition
Xom < (Cm)*™, meN, (2.4)

the measure o ()\; A(N’p’o‘)) converges weakly in probability to the nonrandom mea-
sure Op o

o ( ;A(N’p’o‘)> — Opa, N — 00, (2.5)
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which can be uniquely determined by its moments

k
/Asdapa _ ) mpe ):E) (SO (ki) + SO(k,4)), if s = 2k, 26)
0, if s =2k — 1,

where the numbers SM (k, i), S@ (ki) can be found from the system of recurrent
relations

r l—r u
T) :pr: (;:1>X2fz;)5‘(1)(l—u—f,r—f)z <f—]tiI 1)5(2)(14,@),
=1 u=

v=0
(2.7)
- f +v—1 (1)
pz< )XQfZS l_u_f7r_f)vzo( f—l S (U,’U)
(2.8)
with the initial conditions
SW(1,0) = adro, SP(1,0) = (1 - a)do. (2.9)
The following denotations are used:
MIE:N»pva):/)\kda ()\;A(N,p,a))’ M]ngpv ) ]EM( D, )
e = E{ MMM —E{ PO LE ML
Theorem 1 is a corollary of Theorem 2
Theorem 2. Assuming conditions (2.4),
(i) The correlators C( P yanish in the limit N — oco:
(0% k7 ) )
o) < C(Tvpo‘), YV k,m € N. (2.10)
(ii) The limit of the s-th moment exists for all s € N:
k
lim MNP ;)(SU)(k,i) + 5@ (k,i)), if s =2k, (2.11)
N 0, ifs=2k—1,
where the numbers SW (k,i), S@ (k,i) are determined by (2.7)(2.9).
(#i1) The limiting moments {m,(g P:) satisfy Carleman’s condition
= 1
Y —— = (2.12)
i
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3. Proof of Theorem 1

3.1. Walks and contributions
)

Using the independence of families = and Dg\e , we have

N
M]EN,P):/ E{)\kdO'A(N,p,a)}:E (]17 Z[)\Z('N,Pya)]k> — %}E (TY[A(N,I%O()]]C)

=1
v v v (Npo) 4(Npa)  4(Np.a)
— N,p,a) (N,p,a N.,p,a
N Z Z Z I (Ajl J2 Aj27j3 "‘Ajkui )
J1=1j2=1 Jr=1
1 N N N
:N Z Z T Z E (aj17j2aj27j3 s aijl)
n=lje=1  jip=1
(N.p) 4(N.p) Np)\ (V) o( (Na)
<E (djl 2J2 d]? Js ch ,J1 > gJl,]z §J2,J3 ' f]k’]l ’ (3'1)

where
g(Noz) Lif(ielanANj¢EIan)V (¢ IanNjEILLn),
v 0, otherwise.

Let WéN) be a set of closed walks of k steps over the set 1, N:
={w=(w,ws, -+ , Wk, Wgs1 =w1) :Viel,k+1 w;€1,N}.
For w e WIEN), let us denote a(w)= Hle Qs i1 ANVP) (w) = Hle dl(ujzﬂﬂ and
EWN:2) () :H,’f:l Q(UJYSZ)H Then we have

M,iN”’):% > Ea(w) EdNP) (w) 6N (w). (3.2)

wEngAU
Let we WISN) and f,g€ 1, N . Denote by n,(f,g) the number of steps f — g¢
and g — f,
nu(f,9) = #{i€Lk: (wi=f N wipi=g)V (wi=g N wip1=f)}.

Then
N N

Ea(w)= H H X (£,9)-

f=lg=f

Given w e W,gN), let us define the sets V,, = Ule{wi} and B, = Uk " {(wi, wig1)},
where (w;,w;+1) is a non-ordered pair. It is easy to see that Gy, = (Vi Ey) is a
simple non-oriented graph and the walk w covers the graph G,,. Let us call G,
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the skeleton of walk w. We denote by n,(e) the number of passages of the edge
e by the walk w in direct and inverse directions. For (wj,wjt1) =e;j € B, we

denote Ae; = Qu;, =,y ;- Then we obtain

w)= H Ea?w(e): H Xnw(e)-

e€Ey, ecEy

Wj+1

Similarly, we can write
E( Np)) nw<e)>_ r
=11 Il 5
eeEw GEEw

Then we can write (3.2) in the form

Y e I] P Xnu (0
N
wEWk(:N) eEEw
Z 5<Na W, Z b(uw (3.3)
N\Ew|+1 Tw '
EW eeEw EW )

where §(w) is the contribution of the walk w to the mathematical expectation
of the corresponding moment. To perform the limiting transition N — oo, it is
natural to divide W,gN) into the classes of equivalence. The walks w) and w®
are equivalent w® ~ w® if and only if there exists a bijection ¢ between the
sets of vertices V,, 1) and Vo) such that for 1 =1,2,... k, wEQ):gb(w,El)),

2)

w ~w® = do: V,m it w@  Vielk+1,

w=pwM) A1, (@) =17 (),

The last condition requires that every vertex and its image be in the same compo-
nent. It is essential for further computations because the contribution of a walk
equals zero when the origin and the end of the step are in the same component.
Let us denote by [w] the class of equivalence of walk w, and by C’,gN) the set of
these classes. It is obvious that if two walks w®) and w® are equivalent, then
their contributions are equal:

w ~w? = g(wM)=0(w?).
The cardinality of the class of equivalence [w] is equal to the number of all map-

pings ¢ : Vi, — 1, N such that ¢(Vi,) C Io v and ¢(Va,) C 1, N \ Io N (Where
Viw = Vi NIy N and Vo, = Vi, \ 1o N) is equal to the number [a N]|([a N] — 1)
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([ N]= Vi + DN = [a N)(N = [aN]=1) ... (N = [a N] = [Va,u[ +1). Then
(3 3) can be written in the form

|Ew|
(N.p) _ N,a p
My = Z N (w) (NE I+1 H mu e))

weWIEN) eEE

)

= 3 ey Hane)([aN]([aN]—l)---([aN]—

NIEuw|+1 p=|Eu|
[w}ecl(cN) e€Ey

X(N=[aN])(N=[aN]=1)...(N = [aN] = [Vou| +1) | = > 0(w]). (3.4)
[w]EC,(CN)

In the second line of (3.4), for every class [w] we choose an arbitrary walk w
corresponding to this class of equivalence.

3.2. Minimal and Essential Walks

The class of walks [w] of C,gN) has at most k vertices. Hence, C,(;) C C,(f) C

. C C,E,i) C C,gk min(a,1-a)™h) _ C,(f min(a,1-a) 7l +1) .... It is natural to

denote Cy, = C,(Cmin(a’l_a)il). Then (3.4) can be written as

X,
= hm Z é-NOé |V1w|(1_a)|vw| ‘Vlw‘ (vaw |Ew‘ 1 H 1(6)> )

NHOO w]eCy, ey, P

(3.5)
The set Cj, is finite. Regarding this and (3.5), we conclude that the class [w] has
non-vanishing contribution if |V,,| — |Ey| —1>0 and w is a bipartite walk on the
complete bipartite graph K Lo TN\ L v But for each simple connected graph
G = (V,E) |Vy| <|Ey| + 1, and the equality takes place if and only if the graph
G is a tree.

It is convenient to use the notion of a minimal walk.

Definition 1. The walk w is a minimal walk if wy (the root of walk) has the
number 1 and the number of every new vertex is equal to the number of all already
passed vertices plus 1.

Let us denote the set of all minimal walks of W,EN) by I,(CN).

Example 1. Thesequences (1,2,1,2,3,1,4,2,1,4,3,1) and (1,2,3,2,4,2,3,2,1,2,
4,1,5,1) represent the minimal walks.
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Definition 2. The minimal walk w that has a tree as a skeleton is an essential
walk.

Let us denote the set of all essential walks of W,EN) by SlgN). Therefore we
can rewrite (3.5) in the form

mP = 3" (B1(w) + 62(w)), (3.6)

wey

where

01(w) = o) (1 — a)lVel=0) ( I1 (anw(e))> ,

eeEw

b2(w) = (1 — ) @alVel=H) ( I1 (anw(e))> ,

eGEw

where ((w) is the number of vertices v such that the distance between v and
the first vertex w; is even. The number of passages of each edge e belonging to
the essential walk w is even. Hence, the limiting mathematical expectation m,(cp )
depends only on the even moments of the random variable a. It is clear that the

M(vava)

limiting mathematical expectation A}im 211 1s equal to zero.
—00

3.3. First Edge Decomposition of Essential Walks

Let us start with necessary definitions. The first vertex w; = 1 of the essential
walk w is called the root of the walk. We denote it by p. Let us denote the second
vertex wy = 2 of the essential walk w by v. We denote by [ the half of walk’s
length, and by r the number of steps of w starting from the root p. In this
subsection, we derive the recurrent relations by splitting the walk (or the tree)
into two parts. To describe this procedure, it is convenient to consider the set of
essential walks of length 2/ such that they have r steps starting from the root p.
We denote this set by A(l,r). One can see that this description is exact in the
sense that it is minimal and gives a complete description of the walks we need.
Denote by S (1,7), S@)(I,r) the sum of contributions of the walk of A(l,r) with
the weights 01 and 69, respectively. Let us remove the edge (p,v) = (1,2) from
G and denote the obtained graph by G.. The graph G, has two components.
Denote the component that contains the vertex v by G2, and the component
containing the root p by Gi. Add the edge (p,v) to the edge set of the tree
G2. Denote the result by Gs. Denote by u the half of the walk’s length over the
tree G2, and by f the number of steps (p,v) in the walk w. It is clear that the
following inequalities hold for all essential walks (except the walk of length zero):
1< f<r,r+u <1 Letus denote by Ai(l,r,u, f) the set of essential walks
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with the fixed parameters I, r, u, f, and by S’f )(l rou, f) ( (l ryu, f)), the
sum of contributions of the walks of Ay (I, 7, u, f) with the Welght 61 (62). Denote
by As(l,r) the set of essential walks of A(l,7) such that their skeleton has only

one edge attached to the root p. We also denote by Sél)(l,r) and Séz)(l, r) the
sum of the weights 6 and 0y of the walk of As(l,7), respectively. Now we can
formulate the first lemma of decomposition. It allows us to express S, S ag
the functions of SM), 52, Sél), Séz).

Lemma 1 (First decomposition lemma). The following relations hold:

ZZS (lyryu, f), (3.7)

f=1u=0

ZZS (L7, u, f), (3.8)

=1u=0

where

S (v u, f)=a”! <; ~ D Syt u SV —u—fir—p),  (39)
r—1

fo1

P roof The first two equalities are obvious. The last two equalities follow
from the bijection F,

SO ru, f)=(1- a)_l( >5§2)(f Fu, )SDU—wu—fr—f). (3.10)

Al(l,r,u,f) ly}A?(f+u7f) XA(Z—U—f,T—f) X @l(’r?f)7 (311)

where ©1(r, f) is the set of sequences of 0 and 1 of the length 7 such that there
are exactly f symbols 1 in the sequence, and the first symbol is 1

Let us construct the mapping F'. Regarding one particular essential walk
w of Ai(l,7r,u, f), we consider the first edge e; of the graph G, and divide w
into two parts, the left and the right ones with respect to the edge e;. Then we
add a special code that determines the transitions from the left part to the right
one and back through the root p. Obviously these two parts are walks, but not
necessary minimal walks. Then we minimize these walks. This decomposition
is constructed by the following algorithm. We run over w and simultaneously
draw the left part, the right part, and the code. If the current step belongs to
Gy, we add it to the first part, otherwise we add this step to the second part.
The code is constructed as follows. Each time the walk leaves the root, the
sequence is enlarged by one symbol. If the current step is p — v, then this
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symbol is ”0”, otherwise this symbol is ”1”. It is clear that the first element of
the sequence is 71”7, the number of signs ”1” is equal to f, and the full length of
the sequence is r. Now we minimize the left and the right parts. Thus, we have
constructed the decomposition of the essential walk w and the mapping F'. The
weight 01 (w)(f2(w)) of the essential walk is multiplicative with respect to the
edges and vertices. In the factors Sél)(f +u, f), SO —u— f,r — f), we twice
count the multiplier corresponding to the root, so we need to add the factor a !
to (3.9).

Example 2. Forw=(1,2,1,2,3,2,1,4,1,2,5,2,1,4,6,4,1,2,5,2,3,2,3,
2,1,4,1) the left part, the right one, and the code are (1,2,1,2,3,2,1,2,4,2,1,2,4,
2,3,2,3,2,1), (1,2,1,2,3,2,1,2,1), (1,1,0, 1,0, 1,0), respectively.

Let us denote the left part by (w(/)) and the right part by (w(®)). These parts
are walks with the root p. For each edge e in the tree G the number of passages
of e of the essential walk w is equal to the corresponding number of passages
of e of the left part (fw(f )). Also, for each edge e belonging to the tree G the
number of passages of e of the essential walk w is equal to the corresponding
number of passages of e of the right part (w(s)). The weight of the essential walk
is multiplicative with respect to the edges. Then the weight of the essential walk
w is equal to the product of the weights of left and right parts. The walk of zero
length has a unit weight. Combining this with (3.11), we obtain

SO, f) = a101(r, ) SSO(F +u, ISDU—u— fr—f),  (3.12)

SP (U ru f) = (1—a) ™ 01(r, ) SO (f +u, £)SP (U —u— fr — f). (3.13)

Taking into account that |O1(r, f)| = (;j), we derive (3.9), (3.10) from
(3.12), (3.13).

Now let us prove that for any given elements wf) of Ao(f + u, f), w'® of
Al —u— f,r — f), and the sequence 6 € O;(r, f), one can construct one and
only one element w of Aj(l,7,u, f). To do this, we use the following gathering
algorithm. We go along either w() or w(®) and simultaneously draw the walk
w. The switch from w) to w® and back is governed by the code sequence
0. In fact, this procedure is inverse to the decomposition procedure described
above up to the fact that w(® is minimal. This difficulty can be easily resolved,
for example, by coloring the vertices of w(/) and w(®) in red and blue colors,
respectively. Certainly, the common root of w') and w(®) has only one color. To
illustrate the gathering procedures we give the following example.

Example 3. For wlf) =(1,2,1,2,3,2,1,2,4,2,1,2,4,2,3,2,3,2,1),
w\® = = the gathering procedure gives
() =(1,2,1,2,3,2,1,2,1), 6 =(1,1,0,1,0,1,0) the gathering procedure gi

w=(1,2,1,2,3,2,1,4,1,2,5,2,1,4,6,4,1,2,5,2,3,2,3,2,1,4,1).
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It is clear that the decomposition and gathering are injective mappings. Their
domains are finite sets, and therefore the corresponding mapping (3.11) is bijec-
tive. This completes the proof of Lemma 1. [

To formulate Lemma 2, let us give necessary definitions. We denote by v the
number of steps starting from the vertex v excepting the steps v — p, and by
As(u+ f, f,v) the set of essential walks of Ag(u+ f, f) with the fixed parameter
v. We also denote by S:,El)(u + f, f,v) (S§2) (u+ f, f,v)) the sum of the weights
61 (02) of the walks of Az(u+ f, f,v). Let us denote by G 2 the graph consisting
of only one edge (p,v), and by A4(f) the set of essential walks of length 2f such
that their skeleton coincides with the graph G 1 2 It is clear that A4(f) consists of

only one walk (1,2,1,2,...,2,1) of the Welght =
SM | $ as the functions of S{V, §{¥, 1), 5 > By the next lemma, S, S

can be expressed as the functions of S, S@). Thus, two lemmas allow us to
express S, §2) as the functions of S, (2.

. Lemma 1 allows us to express

Lemma 2 (Second decomposition lemma). We have:

D(f+u, f) = Zs (f +u, f,v), (3.14)
Df+u f)= ZS (f +u, f,v), (3.15)
-1\ X
S§1)<f+u,f,v>=a<f j >p_2{5<2><u,v), (3.16)
SP(f +u, fo)=(1-a) (f;fz 1>§_2{S(1)(u,v). (3.17)

The first two equalities are trivial, the second two follow from the bijection

As(f +u, f,0) 2 A(u,v) x Aa(f) % Oo(f + 0, ), (3.18)

where O2(f +wv, f) is the set of sequences of 0 and 1 of the length f+ v such that
there are exactly f symbols 1 in the sequence and its last symbol is 1. The proof
is analogous to that of the first decomposition lemma. The factor « in (3.16) is
a contribution of the root in the weight.

Combining these two decomposition lemmas and changing the order of sum-
mation, we get recurrent relations (2.7), (2.8) with initial conditions (2.9).

Let us denote the set of double closed walks of &k and m steps over 1, N

by D](C{V) def W( )« W) For dw = (w®,w?) e DI(CJ,\Q, we denote a(dw) =

250 Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 2



Eigenvalue Distribution of a Large Weighted Bipartite Random Graph

a(wM)a(w®), dVP) (dw) = dNP) (wD)dNP) (2, €N () = €N (1))
x £WNe) (w(2)).
Then we obtain
oo - L 3 €0V (dw) {Ea(dw) Ed™)(dw)

N2
dw=(w) w®) )EW(N>

k,m

Ea(w®) EdV?) (wV) Ea(w®) EdNP) (w(2))} : (3.19)

For the closed double walks dw = (w),w?) e D,(CJ\Q, we denote ngy(f,g) =
Ny (f5 9)+1ny,e (f, g). Introduce a simple non-oriented graph G g, = G, UG 2
for the double walk dw = (w W w®)eD (N), ie., Vaw=V,0)UV, 2 and Eg, =
E, 1UE, 2. Then, we can rewrite 3.19 in ‘the followmg form:

o 1 o e naw(€)
C](C]YT;P ) _ = Z g(N, )(dw) H ]Eaedw( a0 |:dgN,p):|
dw=(w®), w(Q))eW(m e€E 4y,

H Ea?w“)(e)E[de)} w (€ H B n @ le [d( )] n (2 (e)

eEEw(l) eeEw(l)
1 |Edw|
=32 Z f(N’O‘)(dw) <7) H Xndw(e
dw:(w(l),w(Q))GW,i]\Tg e€F 4
IE ) +HIE (2]
_<N) H Xn (e H Xn_ (@) (- (3.20)

e€k,m GEE w(®)

To perform the limiting transition, N — oo, it is natural to divide D,(CN) into
classes of equivalence. The double walks dw = (w), w®) and du = (uV),u?)

from D( ) are equivalent if and only if their first walks are equivalent and their
second Walks are equivalent:

dw ~ du < <w(1) ~u® A w® ~ u(2)> .

Let us denote by [dw] the class of equivalence of the double walk dw, and by
]_-IEN) the set of these classes. Then (3.20) can be written in the following form:

|Edw| — _
Npa)_ 1 o prlaN|([a N =1)... ([a N| = [V} yo| +1)

(N)
[dw}efkym
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xlaN]([aN]=1)...([a N] = [V} yeo | + 1)
<(N = [aN])(N = [aN] = 1)...(N = [a N] = |V ,0] +1)
X(N=[aN)N =[aN]=1)...(N = [a N] = [Va 0 [ + 1)

E +|FE —|E
p‘ W [TE @) = Eawl

X | | Xndw(e)_ E TE 1 Eawl | | an(1>(e) | | an(2>(e) . (321)
N @) w(2)
EEEdw eeEw<1> eeEw<2)

Let us define a formal order of the passes for the double walk dw = (w™"), w®)e
(N)
D,

dws — 51),1f1<z<k‘
WPtk 1<i <k +m,

Let us denote the set of all minimal double walks of D,(CAQL by g,ian Then we

obtain

‘de|_|Edw|_1
NC’( P2) Z v(dw) lim N e

H Xndw(e)

— _|E w
WEGK m N=oo p | e€Eqy,
pc(dw)
T Ne(dw) H (e H Xn, @ || (3.22)
eGEw(l) eEE w(2)

where ¢(dw) is the number of common edges of G,y and Gy, i-e., c(dw) =
Byl + [Eye | — [Eduwl,

A(dw) = (2@ (1 = a)Vu ) (1 g8 gl =)

% (aﬁ(w@))(l — o)V =B0®) 4 g a)ﬁ(w<2>)a\Vw(2>I—ﬁ(w@))) .

Gr,m is a finite set. Gy, has at most 2 connected components. But if Gy, has
exactly 2 connected components, then V, ) NV, o =@ = E, 0 N E, 0 =9 =
c(dw)
c(dw) = 0 = (HeeEdw Viw(e) ~ Nc((dw) [eer e Va (1) (€) [eer () Vnw(z) (6)) =0.
Hence the contribution of such minimal double walks to NV C( P20 i equal to 0.
Otherwise, G4, is a connected graph and |V,,| — |Ey| — 1 < 0. Thus (i) of
Theorem 2 is proved.

Let us define a cluster of an essential walk w as a set of non-oriented edges
incident to a given vertex v of Gy, (v is a center of the cluster). Therefore
the cluster is a subgraph of the skeleton G,. Also, let us define an ordered
cluster of the essential walk w as a cluster of the essential walk w with the
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sequence of numbers 1., (eg), nw(e1), ..., ny(e), where {e,}._, is a sequence of
edges of the cluster ordered by time of their first passing. We can derive from
two decomposition lemmas that the number of passes covering the ordered cluster
with numbers 2j, 2iy, 2i, ... 2i; (s = Y_5_14;) is equal to

l
s! H .
r=1

l
S(S — il)(s — il — ig) .. .il Hzr'
r=1

L , j+s—1
n(jiit,io, ... i) = (‘7 ) (3.23)

j—1

Indeed, the steps to the center of ordered cluster v are uniquely determined by
the choice of steps from the vertex v. We can choose the steps from v along the
edge ey in (ijzl) ways. After that we can choose the steps from v along the
edge e; in (isl_—ll) ways. Then we can choose the steps from v along the edge es in

(S—il—l

iro1 ) ways, and so on. Thus, the number of the passes covering the ordered

cluster with numbers 27, 241, 2i9, ...24; (s = Zé‘:1 ij) is equal to

j+S—1 s—1 S—’i1—1 S—il—iz—...—il_l—l o j+8—1
j—1 i1 — 1 in—1 )7 ip—1 S\ j-1

S!il (S—il)!ig (S—il—ig—...—il,ﬁ!il
S(S — il)!ill (8 — il)(S — il — ig)!ig! o (8 — il — ig i Z.lfl) O!il!'
But it is evident that the numbers in (3.23) and (3.24) coincide.
Let us define the weight of the ordered cluster by

(3.24)

!
0(js 1,42, .., i) = n(j;ix, iz, ..., 1) H(PX%)- (3.25)

r=1
Combining (3.25) with (2.4) and estimating CikFe F < k! < CokFe ", we obtain
0(j;i1,00,...,41) < 2C5s%(1 4 p)°. (3.26)

Let us define the ordered skeleton as a skeleton with all ordered clusters and a
chosen root. First we define the weight of the ordered skeleton as the number
of passes covering it multiplied by H (P Xny(e))- From (3.26), we get that

e€ by
the weight of the ordered skeleton of essential walk w from & is not greater than

C’fk% (14p)*. We can regard the ordered skeleton of essential walk as a half-plane
rooted tree in which for each edge there is a natural number assigned to it. To
calculate the number of all ordered skeletons corresponding to 2k-th moment, we
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consider all appropriate half-plane rooted trees with ¢ edges and all distributions
of k — i undistinguishable balls into ¢ distinguishable boxes. It is seen that the

k )
27! k—1
number of all ordered skeletons is not greater than E <'(i1)' ( - >> < 93k
i!(2 1\7—
i=0

Thus (iii) of Theorem 2 is proved.
Acknowledgement. The author is grateful to the referee for valuable re-
marks.
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