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In the paper, we consider a system of the linked Navier—Stokes/Fokker—
Planck/Poisson equations which describes the flow of viscous incompressible fluid
with highly dispersed infusion of charged particles. These mixtures of fluid (or
gas) and solid dispersive phase can be found both in nature (aerosols) and tech-
nical appliances (electrostatic precipitators).
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In the flows of these mixtures solid particles are subjected to hydrodynamic
(Stokes), gravitational and electrostatic forces. They are also subjected to a
random impact from the thermal motion of fluid molecules. Speeds of solid
particles in the flow differ significantly (the local speed distribution is close to the
Maxwell one). Moreover, the motion of the solid phase fractions with different
particle sizes is different. Therefore the solid phase of the mixture should be
described with a distribution function of the particles over the coordinate, speed
and size.

In the paper, we assume that solid particles are spheres and their radii r. lay
in the range (0,¢), where ¢ is a small parameter which characterizes the sizes of
particles and the average distance d. = O(E%) between the neighboring particles.
We also assume that the charges ¢. are of the same sign and proportional to
some power of radii r.: g ~ grf (1 < k < 2) (this matches experimental data for
highly dispersed aerosols [1]).

In this case, the system of equations which describes suspension motion has
the form

1
(2;:—i—(u-Vw)u—l/Amu—i-a//r(u—v)fdvdr—Vp—g; reQ,t>0, (0.1)
0 R3
div, u =0, (0.2)
1
—Ayp = q//rfdv dr, x €, (0.3)
0 R3

68{ + (v V) f +divy[[y(z,0,t) f]l = 0, Avf 2 €Q,v€E Rs, t>0, (0.4)

L= Dl — o - SLVeb@ ) fa g (05)

Here: u = u(z,t) and p = p(z, t) are the velocity and the pressure of the fluid;
f = f(z,v,r t) is a normalized solid particle distribution function with respect to
the coordinates = € Q, velocities v € Rz and reduced radii r = = € (0; 1] (where
¢ is the maximum particle radius); g, (1 — Z—?)g are the vectors of gravitational
and Archimedean forces; A, and A, are notations for the Laplace operators over
the variables x € R3 and v € Rj3, respectively; V, is the gradient operator; the

scalar product in R3 is denoted by - : u-v = Z?:l WiV, U+ Vg = 2?21 uiﬁ.
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The numeric parameters «, G and v are expressed in terms of mixture char-

acteristics 9 5
Vpo q

a = 6 v, = a5 9 = T a3

i p 212 U 4Ampied—*r

where v = p% is the kinematic viscosity of the fluid, u is the molecular viscosity,
p0, p1 are the densities of the fluid and solid phases (pg < p1); o, is the diffusion

coefficient caused by the thermal movement of the particles. By the Einstein

formula [2, 3],
6mure o
or = kT mg b

where k is the Boltzmann constant, T is the absolute temperature, m, is the solid
particle mass, 7. is its radius; r = =, 0 = kT 873;%5.

The perturbed system of the Navier-Stokes equations (0.1)-(0.2) and the
Poisson equation (0.3) are considered in a bounded space domain Q C R3(z €
), while the Fokker—Planck equation (0.4), which depends on the parameter
r € (0, 1], is considered in the phase space of R3 X R3 ((z,v) € Q x R3).

We assume that for the velocity vector wu(z,t), the electric field potential
¢(x,t) and the particle distribution function f(z,v,r,t), the following homoge-
neous boundary-value conditions are fulfilled :

u(z,t) =0, z€0Q,t>0, (0.6)
o(x,t) =0, €, t>0, (0.7)
f(z,v,mt) =0, (x,v)eX,t>0,rec(0,1], (0.8)

where ¥~ = {(z,v) € 02 x Rz : (n(z),v) < 0}, and n(z) is the vector of outer
normal to 9 at the point x € Q. Condition (0.8) means that the particles do
not enter the domain €2 from outside and if the particles reach the boundary from
inside they stick to it.

We complement equations (0.1)—(0.5) and boundary conditions (0.6)—(0.8)
with the initial conditions:

u(z,0) = ugp(z), =€, (0.9)

flz,v,r,0) = fo(z,v,7), (x,v)€ Qx R3,1re(0,1], (0.10)

where ug(z) € H}(Q), fo(z,v,r) are given initial field of fluid speeds and initial
particle distribution function, respectively. Moreover, divug = 0, fo(z,v,7) >0
and fo(z,v,7) =0 when (z,v) € X~

Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 3 269



O. Anoshchenko, S. legorov, and E. Khruslov

The goal of the paper is to prove the existence of weak solutions of the problem
(0.1)—(0.10).

R e m ar k. The problem is considered with homogeneous boundary con-
ditions. The inhomogeneous case with the boundary conditions u(x,t) = U(z),
¢(x,t) = ®(x) when z € 09, t > 0; f(x,v,rt) = F(x,v,r), where (z,v) € ¥,
r€[0,1] (U(z),®(z) € C2(89), [5oUdS =0, F(z,v,r) € C*(0Q x R3 x [0,1]))
can be reduced to the homogeneous case.

The solvability of the initial-boundary value problems for the coupled kinetic
(Fokker—Planck, Vlasov) and hydrodynamic (Navier—Stokes, Stokes) equations
was studied in [4, 5] for the case of monodispersible (solid phase with particles
of the same radius) and in [6, 7], for the case of polydispersible solid phase. Nu-
merous papers are dedicated to studying the solutions of the initial-boundary
problems for the coupled Vlasov/Poisson and Fokker—Planck/Poisson equations
[8-14]. The system of the linked Navier—Stokes/Vlasov/Poisson equations which
describes the flow of a polydispersible suspension of charged particles was con-
sidered in [6]. In the paper, the existence of global weak solutions of the initial-
boundary value problem in a convex domain {2 and with the normalized radii of
solid particles bounded from zero (r > a > 0) was proved.

In the present paper, we prove the existence of global weak solutions for the
system (0.1)—(0.4), i.e., for the polydispersible suspension of charged particles in
an arbitrary domain Q without lower bound for the particle radii (0 < r < 1).
The outline of the paper is as follows. In Sec. 1, we define a weak solution for
the problem (0.1)—(0.10) and formulate the main result. In Sec. 2, we regularize
the system (0.1)—(0.4) by cutting the force of interaction between the particles
and the fluid, limiting the particle velocity, and define weak solutions for the
regularized system. Then we construct the finite-dimensional approximations of
the solution by using the Galerkin approach for the Navier—Stokes system and
solving the regularized problem for the Fokker—Planck equation. Subsequently
we apply the Schauder fixed point theorem. In Sec. 4, we prove the compactness
for the approximations constructed in Sec. 3. Finally, in Sec. 5 we pass to the
limit in the dimension and in the cutting parameter in the approximate integral
identities. As a result, we get the required integral identities for the weak solution
for the problem (0.1)-(0.10).

Generally, the scheme of the proof is the same as that described in [6], but
there are difficulties caused by the diffusion term in the Fokker—Planck equation
and the absence of the lower bound for particle radii. In order to get over these
difficulties, we construct different approximating functions by using the methods
developed in [7].
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1. Definition of Weak Solution for Problem (0.1)—(0.10) and
Formulation of Main Result

Let ©2 be a bounded domain in R3 with a smooth boundary 9€2. We use the
following notations: G = Qx R3 (z € Q,v € R3); (,)a, -, )a I'lla, ||| are the
scalar products and the norms in Ly(€2) and Lo(G), respectively; @ = € x (0, 1],
D =G x(0,1), 7 € (0;1; ¥ = 992 x R3,* = {z,v,€ Q; +n(z) v > 0);
n(z) is the outer normal to 99 at the point z € Q; H}(2) is a Sobolev space
of the functions equal to zero at 9Q; J = J(Q), J3 = J}(Q) are the closures of
divergence-free vector functions from C3(Q) in La(Q2) and HE(Q), respectively;
HE(R3) is a closure of the set of functions ¥(v) € C!(R3) having a compact
support by the norm [[¢[|1 = [|V¢)| 1, (rg); Lo, (@ x [0,T], Hj(R3)) is a space of
functions with values in Hg(R3) defined in @ x [0, 7] and having a finite Le-norm

with the weight o,
T

I£12 = / / | £ orddrdt.
0 Q

We assume that initial data for the problem (0.1)—(0.10) fulfill the following
conditions:

up(z) € JEQ),  folz,v,7) >0, folx,v,7) € Loo(D). (1.1)
Moreover, 3k > 0, a > 2 (which depend on fy € Lo (D)) such that
sup|fo(z,v,r) exp(q%)] <A< (1.2)
D
and
/(7‘_9 + 73|02 fol(x, v, r)dedvdr < Ay < co. (1.3)

D

It is clear that the set of these functions fo(z,v,r) is dense in Li(D).
We will be looking for weak solutions for the problem (0.1)-(0.10) in the
following classes of functions V1" > 0:

u(z,t) € Up(Q) = Loo(0,T; J()) N Lo (0, T; J3 (2));
$(w,t) € e7(Q) = L2(0, T Hy (2));
f(z,v,7,t) € Fr(D) = Loy, (Q x [0,T); H(R3)) N Loo (D x [0,T7).

Definition 1.1. The triple of functions (u, ¢, f) € Ur(Q) x &7 () x Fr(D) is
a weak solution of the problem (0.1)—(0.10) if the following identities are satisfied:

1
/OT{<ua Ct +u- vxC>Q - V<v$u7 VwC>Q - a(//r(u - U)dedT’, C>Q

0 Rs3
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+(9, Q)a}dt + (uo,¢(0))a = 0, (1.4)
T 1
{<vx¢7 vzﬁ)ﬂ - g< T‘fd’l)d?‘, 77>Q}dt =0, (15)
/ /]

T 1
//{<f7§+v'vw§+rr’vv§>G_Ur<vva vv§>G}drdt
0 0

1
+ [ (f0,£(0))gdr =0 (1.6)
/

for any vector function ((x,t) and the functions n(xz,t), {(z,v,7,t) which satisfy
the following conditions:

C € UT(Q) N LOO(Q X [OvT])a Ct € L2(Q X [O,T]), C(:U,T) = 0;
n € dr(Q);
£€Fr(D), &(z,0,r,T)=0, &g =0 (S5 =% x (0,1 x [0,7])

&, T73VLE, 1TIVLE € Li(D x [0,T]) N Loo(D x [0, 7)), (1.7)

where {(x,v,7,t) has a compact support with respect to v € Rs.
If the above conditions are satisfied for any T > 0, then the solution (u, @, f)
is called global.

The main result of this paper is the following.

Theorem 1.2. Let the initial data uo(x) and fo(x,v,r) satisfy conditions
(1.1)~(1.3). Then if in condition (1.2) supa > 2, then there exists a global solu-
tion (u, @, f) for the problem (0.1)—(0.10). In case where supa = 2, there exists
a weak solution (u, ¢, f) € Up(2) N ®7(Q) N Pr(D) when T < sup k(33) L.

Theorem (1.2) is proved in Secs. 3-5.

The next theorem describes some properties of the weak solution for the
problem (0.1)—(0.10).

Theorem 1.3. The weak solution {u(z,t), ¢(x,t), f(x,v,r,t)} has the prop-
erties:

(1) the function f(x,v,r,t) is continuous with respect to t in the topology Li(D);

(ii) f(z,v,rt) > 0;
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(iii) [, f(x,v,r t)dedvdr < [, fo(x,v,r)dzdvdr;

(iv) the vector function u(x,t) and the function ¢(x,t) are continuous with re-
spect to t in the weak topology La(Q2);

(v) the estimate

2 2 31,,12
s (fulfy + V0l + [ ol Fdodvar
D

T

Jr/(uvggun%f2 + /r(u — )2 fdzdvdr)dt < C
0 D

is valid, where C' depends on ug and fy.

2. Initial Boundary Value Problem for the Fokker—Planck
Equation

In this section we consider a special (regularized) initial-boundary problem
for the Fokker—Planck equation (0.4)—(0.5) and establish some properties of its
solution. These properties are used to construct approximations for the main
problem (0.1)—(0.10) solution from Sec. 3.

Let Vg be a ball in Rg with the radius R; OVg denote its boundary: Vg =
{UGRgZ |’U‘ <R}, 8VR:{’U€R3Z |U‘:R}.

Consider the initial-boundary problem in the domain Q x Vg x [0,T7:

%+U-fo+divv[Ff(x,v,t)f] —o,Ayf =h, (z,0,t) € QxVrx][0,T], (2.1)
f(z,u,t) =0, (z,v,t) € Qx Vg x[0,T], (2.2)

flz,v,t) =0, (x,0) €N x Vg, v-n(z)<0,te][0,T], (2.3)

f(.%’,U,O) = f0($7U)7 (l‘,’U) € Q) x Vg. (24)

The vector function I'®(x, v, t) is defined by the equality
TR (z,0,t) = B, (u(z,t) — v)Or(Ju — v|?) — v, Vad(z, ) + g1, (2.5)

where Or(s) = O(3), O(s) is a C%(0,00) function such that ©(s) = 1 when
s < 3, 0(s) =0 when s > 1, % <0, B = Br 2 v =y 3t 0, = or~?,

€ (0,1]; f&(z,v,7) = fo(z,v,7)Or(Jv]); fo(z,v) and h = h(x,v,t) are given
functions.
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A function f(z,v,t) € Lo(Q x [0, T]; H}(VR)) is a weak solution for the prob-
lem (2.1)—(2.4) if it satisfies the equality

T
///{f(gi+U'V§)+(Fﬁf—0’rvvf)-Vv§+h-§}dazdvdt

0 Vg Q
://f(ﬁg(:v,v,())dzdv (2.6)
Vr Q

for any function &(z,v,t) € HY(Q x Vg x [0,7]) such that £(z,v,T) = 0, &|spy =
O,£|E;T = 0, where Spr = {(z,v,t) € Q x Vg x [0,T]}, T}y = {(z,v,t) €
00 x Vg x [0,T], n(z) - v > 0}.

The following theorem is true.

Theorem 2.1. Let u(z,t) € Loo(Q2 X [0,T]), Vzo(z,t) € Loo(©2 x [0,T7]),
h(z,v,t) € La(Q x [0, T); H-Y(VR)), fo(z,v) € La(Q x V).

Then for all 7, R (0 < r <1, R > 2) there exists a weak solution for the
problem (2.1)—(2.5) in the class

Y = {f € Ly(2 x [0, T]; HY(VR)), g{ +v-Vaof € Lo(Q x [0,T]; H 1 (Vg))}.

We formulate the properties and estimates for the solution f(z,v,t) we will
require for further proof. We use the following notations: |- |e, |- |1, | - |2 are
norms in the spaces Loo (2 X VR), L1(Qx VR), La(Q X VR); || |loos || - |2 are norms
in the spaces Loo(€2 x [0,T]) and La(2 x Vg x [0,T7]), respectively.

(j) Positivity: if fo > 0 and h > 0, then f > 0;

(Jj) Loo estimate: if fo € Loo(©2 X Vi) and h € L1(0,T; Loo(2 x VR)), then
[ € Loo(©2 x Vi x [0,T]) and the following estimate is true:

t
FOlo < |folooe™" + / €494 [ (s) s
0

(Jij) L1 estimate: if fo € L1(2 x Vi) and h € L1(Q x Vg x [0,T]), then f €
Loo(0,T; L1(Q x VRg)) and

t
If()1 < |folr —i—/\h(s)hds;
0
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(jv) L2 estimate: if fy € La(Q2 x Vg) and h € La(2 x Vg x [0,T1]), then f €
Loo(0,T; Lao(Q2 x VR)) and

t

2 —5
FOB + 20, [ V.56 Pds < [l 004 2 [ 0949009 R
0 0

(v) Continuous dependency on the initial conditions and coefficients. Assume
that f;(x,v,t) is a solution for the problem (2.1)—(2.5) which corresponds to
{foiswi, i, hi}, (i = 1,2), moreover, fo; € La(Q2 X VR), u; € Loo(2 % [0,T7),
V¢ € Loo(2 x [0, ]) h € Ly(2 x Vg x [0,T]). Then for V§ > 0, the
following inequality is true:

max |[f(1)]3 + oIVl 1113 < (Lfoll3 + 44‘[},,> (38 +0)T

+(B3II[U]IIEO+73||[de>]||§o)( |f02|2+ ||h2|| )@t

where [-] denotes the difference [u] = u3 — ug.

The proof of Theorem 2.1 and properties (j)—(v) for the case ¢ = 0 are given
in [7]. The proof is completely similar to that for ¢ # 0 and we do not give it
here.

3. Regularization and Construction of Approximate Solutions
for Problem (0.1)—(0.10)

Consider the following regularization for the problem (0.1)—(0.10):

aalz—f—u Vau — VAxu—f—oz//TGR(|u—v|2)(u—v)fdvdr—pr:g, (3.1)
0 Vg

divu =0, (x,t) € Qx[0,T],

u=0, (z,t)€0x]0,T], (3.2)
u(z,0) = up(z), =€, (3.3)
1
A2 — N =g rOgr(|v|) fdvdr, z € Q, (3.4)
[
d
6=20=0, zeon (3.5)
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%:v Vo f + div, [T (:z: v, t)f] = oAy f, (z,0,t) € Qx Vg x[0,T],

(3.6)

=0, (z,u,t)€QxdVgx10,T], (3.7)
f=0, (z,0,t) €90 xVrx[0,T], v -n(x) <0, (3.8)
f(z,v,0) = f&(z,v), (x,v)€Qx Vg, (3.9)

where ¢ > 0, Vg, Or(s), [E(x,v,t) and fI are the same as in Sec. 2.

The weak solution for this problem is introduced in the same way as in defi-
nition (1.4)—(1.6): (u, ¢, f) € Ur(Q) x &7(2) x Fr(Dr) (Dr = Q x Vi x (0,1]),
and the following integral equalities are satisfied:

T 1
/ [, G+ - Val)a — v{Vat, Vo — af / / rOn(|u — v[2)(u — v)
0 0 Vg
x fdvdr, ()a + (g, ()a}dt + (uo,((0))o = 0, (3.10)
T 1
/ (0006, Aumbar + (Vo Vb — g / / rOpfdudr,n)}dt =0, (3.11)
0 0 Vg

T 1
//{<f7£t+vv$£+rr 'vv€>G_0'r<vvf7 vv£>G}drdt
0 0

1
+/ FE (0 gdr =0 (3.12)
0

for any vector function ((z,t) € Ur(f2) and the functions n(z,t) € &7(Q), &
Fr(Dpg) which satisfy conditions (1.7) and the condition &(x,v,r,t) = 0 Wh
(x,v,r,t) € Q x IVgx x [0,1] x [0,T].

We construct the approximate solutions {u(™, ¢, f(™} for the problem
(3.1)-(3.9) by using the Galerkin approximations for u(™(z,t). Let {y*(2)}32,
be an orthonormal basis in Ly(€2) which consists of eigenfunctions of the problem

v (z) =0, zedn.
Let
Zd“ )™ (z (3.13)

276 Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 3



Global Weak Solutions of the Navier—Stokes/Fokker—Planck/Poisson Linked Equations

where C,gn)(t) € C10,T] are unknown functions which satisfy C,En)(O) =
Jq uo(z)¥*(z)dz = Cop. We calculate the corresponding approximations Q)
and f(™ as the solutions for the problems (3.4)(3.5) and (3.6)—(3.9), respec-
tively. In these problems, ¢(z,t) = s (x,t), f(z,v,rt) = f(")(a:,v,r, t) and

PR(z,0,6) = B,Or(u™ — o) (@ (,1) — v) = 3, Vo™ (a,t) + g1.  (3.14)

To find C’,i") (t), we require that equality (3.10) be true for v = u(™, ¢ = ¢,
f = f™ for all vector functions ¢(x,t) = h(t)y* (k = 1,2... ) where h(t) €
C*(0,T), h(T) = 0. This results in the relation

xu —i—a//r@R |u (n) —v[ )( —v)f (")dxdr ¢k>

0 Vg
+u (V™ Vo)) g = (g,0%)q, k=1,...2n, (3.15)

which is a system of differential-functional equations for the coefficients C’,(Cn) (1),

C’(” +Z¢MC —i—a//r@;ﬂZC’

I,m=1 0 Vg
n

< (3" Ok — ) fdvdr, pF)g = gy, (3.16)

k=1

with the initial condition
c™(0) = Cop, k=1...n. (3.17)

Here wklm = @Z)kml, wlm = &ml and g, are defined by the equalities: @Zklm =
<¢l Iwm wk>97 wlm = V< xwk7 Va:"(/fl>§27 gk == <ga ¢k>ﬂ

Lemma 3.1. For alln, R and € > 0 there exzists a solution {u(™, ™ fM}
for the problem (3.16), (3.17), (3.4)~(3.9), where u(™ is defined by (3.11) and TR
is defined by (3.12).

Proof We denote by w = {e(t),p(x,t)} the elements of the space
B = (C[0,T))™ ® L2[0,T; C?(2)], where e(t) = {e1(t)..en(t)} is an n-component
vector function from (C(0,7))", ¢(x,t) € La2(0,T; C*(Q2). The norm in B has

the form
n

1 T 1
Jull = e (5™ @1 + ([ [6laede)?.
1 0

1<t<T 4
1=
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Let K be a bounded closed convex set in W
K={weB: |w|<C(R,e,T);€,(0)=copi=1...n}. (3.18)

The constant C'(R, e, T') will be chosen further; cy; are defined by equalities (3.17).
Let w® = (e§(t)...€2(t); ¢°(z,t)) be an arbitrary element in K. Assume that

ul(z,t) =Y e () (z). (3.19)
k=1

After solving the problem (2.1)—(2.5) for u(z,t) = u%(z,t) and ¢(x,t) =
#°(x,t), we can get its solution fO(z,v,r,t) defined for all x € Q, v € Vg, r €
(0,1], t € [0,T]. If T is defined as in Theorem 1.2, then sup |f%(z,v,r,t)| < Ag
which follows from (1.2) and property (jj) of the solution for the problem (2.1)—
(2.5) (see Sec. 2).

The solution f(x,v,,t) being defined, we can find the vector function e!(t) =
{el(t)...el(t)} as a solution for the linearized system (3.16) of the form

dey, ~ o ~ le!
pTas Z Vkime] € + ;ﬂ)k €

I,m=1

1 n n
va( [ [ror( Yo Pt — o3 vl o) fdedr, o =a (3:20)
0 Ve I=1 =1
with the initial condition
er(0) = Cog. (3.21)
This Cauchy problem for the linear system of equations has a unique solution.
Then, for given fO(x,v,r,t) we solve the boundary problem (3.4)—(3.5), where
f = f%w,v,rt), and find ¢'(z,v,r,t). Using the well-known estimates for the
solutions of boundary problems for elliptic equations [16] and embedding theorem,
we get ¢ (z,v,7,t) € W) C C3(Q). Therefore the operator A is defined:
A: K — (C0,7)" @ La2(0, T; C2(£2)). Taking into account the theorems on
the continuous dependency of the solution on the coefficients and the right-hand
side for the problems (2.1)—(2.4), (3.17), (3.18) and (3.4), (3.5), we can conclude
that A is a continuous operator.
We now show that C'(R,e,T) can be chosen such that L maps K into itself,

[w’]| < C(R,e,T) = |lw'|| < C(R,e.T).
We rewrite the problem (3.17)—(3.18) in terms of the vector function ¢!(z,t) =
S h_ e () () in the following way:

1
1
(o + V! + “/ / rOr(u’ = v*)(® —v) fdvdr, ¥*)o

dt
0 Vg
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+u(Vul, Vg = (g, ¥ q, k=1,2...n, (3.22)
ut(z,0) = ug(z), (3.23)

where u(z, t) = Sp_, 0 (00 ().
After multiplying the k-th equation by e,lg and summing all equations for
k=1...n, we will obtain

1
1d
gl BV o = fos o —a( [ [ rOu(in® o)’ ) duar, o
0 Vg
(3.24)
As Vtu(z,t) € H} (), the first term on the right of (3.24) can be estimated
in the following way:

v 1
g, ut)al < ZVul I+ —~lgll3, (3.25)

where A is the smallest eigenvalue of the operator A in 2 with zero boundary
conditions.

Similarly, by taking into account properties (jj) and (jjj) of the solution f°
for the problem (2.1)—(2.5), we can estimate the second term:

1
|a<//r@R(|u0 o) — ) fodvdr, ul)a)

0 Vg

2 2
< < Va3 + %max(e:”ﬁfo) / fodxdvdr
I/)\ Digr

Digr

14
< 1Vullle + Co(R, T), (3.26)

v
4

where the constant Cy(R,T) depends on the initial function fo(z,v,r), and due
to its properties (1.1), (1.3), Co(R,T) < oo for all T'> 0 if a > 2. If a = 2, then
Co(R,T) < oo for T < k(3v)7L.

From (3.24)-(3.26) we get

T

1112 1112 2 2

\V4 dt < C T

s, '+ v / IVt 3dt < luold + C(lgll%
0

+COo(R,T)T) = C1(R, T). (3.27)

The following estimate is true for the solution ¢'(z,t) for the problem (3.4)-
(3.5) [16]:
615y < CEIQIE @
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where C(e) > 0 does not depend on ¢t and

1
Q(x,t) :q//r@R(\vao(x,U,T,t)dvdr. (3.28)

0 Vg

We estimate the norm of @ in Lo(2) similarly to (3.23), i.e., taking into
account properties (jj) and (jjj) of the solution fU for the problem (2.1)-(2.5)
and properties (1.3)-(1.4) of the initial function fo(x,v,r). Then we use the
embedding theorem and obtain the inequality

T T
J 16 eyt <€ [ 1611yt < Cr(c). (3.20)
0 0

Due to the Parseval identity, (3.28) and (3.29) result in

n

T
g 3(el0) + J 19! ade < CuR.T) + Cr(0)
= 0

1 1
Choosing the constant C(R,T,e) = C{(R,T) + C}(¢) in the definition of
K, we notice that w! = {e!(t), ¢! (z,t)} € K if w® € K. This means that the
operator A maps K into itself. Now we show that its image AK is compact

in (C(t))" x Ly(0,T,C%(€2)). To this end, we estimate the derivative dditl. We

multiply the k-th equation from (3.22) by % and sum all equations from 1 to n:

vd

2 dt

1

—a( [ r@n(lu® — o) (u® — o) dudr, ul)o.
0

gy + 5 — IVl [ = (g, u)a — (u” - Vau', up)o

Then we estimate the terms on the right-hand side by using the Young inequality
to obtain

vd
2dt

where the constant Co(R,T") is the same as in (3.26). Integrating this inequality
by t € [0,T], we get

1
Al le + 5 2 1Vutlle < lglié + [u'lE o) IVut i + Co(R, T),

T T

1 v

3 [t + 51Vt @1 < Tlgla+ o0l [ 190 e
0 0
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+Co(R. T) + ||V (0)]3. (3.30)

Due to the eigenfunction properties ¥*(z) € H?(Q), the norms ||u°| and
[Vut(0)||q are finite (but depend on n and R). Therefore, (3.30) results in

T
/ lubl3dt < C(u, R, T)
0

and then, according to the Parseval identity, we get

T n 661 2

Zk <
/Z(8t> dt < C(u, R, T).
0

k=1

As a result, the vector function e!(¢) is in the space W}[0,T] which is com-
pactly embedded into C[0,7]. To finish the proof of the compactness of the
operator A, we will use the following lemma [17].

Lemma 3.2. Let By,B and By be Banach spaces such that By C B C By,
By and B; are reflexive, and the embedding of By in B is compact. Consider the
Banach space

dv
W ={v: veLy(0,T; By), v = pr €L, (0,T; B1)},
where 0 < T < oo and 1 < p; < 00, i=0,1. The norm in the space W is defined

as a sum
HUHLPO(O,T; By) T ||UtHLpO(0,T; Bi)-
Then the embedding of W in Ly, (0,T; B) is compact.

According to this lemma, we introduce the Banach spaces By = Wi(f),
B = 02(9), Bl = LQ(Q) and

W = {(z,t) : ¢(x,t) € La(0,T5 W5 (Q)); ¢; € L2(0,T; La(2))}.  (3.31)

Then all the conditions of Lemma 3.2 are satisfied, and if we prove that aai’tl €
L2(0,T; L2(92)), then we will prove the compactness of embedding of space (3.31)
in Ly(0,T; C%(Q)). By the definition of the function ¢!'(x,t), its derivative

o1 (2, t) = 8%1 is a solution of the boundary problem

1
0
AP — App = q//r@ﬂ@\)%ﬁ(w,v,r, t)dvdr, x€Qx[0,T], (3.32)
0 Vg
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| Doy
Ol (a,t) = Sh(x,t) =0, @€ x[0,T] (3.33)

Taking into account (2.1) for the function f°(z,v,r,t), (3.32) can be rewritten in
the form

1 1
gAngtl —Aqﬁ% = —q//rv-szo@R(M)dvdr—q//r@R(\v])

0 Vg 0 Vg

1
xdivv(Ff(w,v,t)fo)dvdr—i—q//arAUfOGR(M)dvdr. (3.34)
0 Vg

Here T'B(x,v,t) is defined by (2.5), where u(z,t) = u®(z,t) and ¢(z,t) =
#°(z,t). Multiply (3.34) by ¢;(z,t) and integrate it with respect to = € (.
Then, after integration by parts with respect to v and x, we get

dm@%ﬁwvﬁ%zq/Wwwuﬂﬂemmmmwr
Dir

+q / g@R(\uo — o) (u® = v) - V,Or(|v]) ¢} dwdvdr
Dir

—q / r]_kvmo~VU@R(|U\)f0¢gdxdvdr+q/gl-vv@R(m)f%gdmdvdr

Digr Digr

+q / %AU@R(|U|)fO - prdxdvdr = F(t), (3.35)
Dir
where DlR =0 x VR X (0, 1]
Now we apply the Friedrichs inequality
lo£ 118 < CIVer s, (3.36)

and estimate the right part of (3.35) with the account of properties (jj) and (jjj)
of the solution fO(z,v,r,t),

1 38 _
FO] < 5IV6H I + CRIL+ [0 o) max(e ™) [+~ ffidudvdr,

Dir
(3.37)
where f{? is the initial function for the problem (2.1)—(2.5).
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Since w® = (°(t), ¢°(z,t)) € K and therefore

/¢0|%’2(Q)d‘r < C(R7€7T)7
0

from (3.35)—(3.37) we can conclude that

T
/ |6 3dt < C(R, e, T)
0

and T is chosen according to Theorem 1.2.

Thus, we have proved that the operator A continuously maps a closed bounded
convex set K C (C[0,T))" x Ly(0,T; C%*(Q)) into itself and its image A(K) is
compact in (C(0,T))"x L2(0,T; C?(£2)). According to the Schauder theorem, the
map A has a fixed point w € (e1(t)..e,(t), ¢(z,t)) € K. The sequence w' = Alw?
(w* — w in By = (C(0,T)" x Ly(0,T; C3())) when i — oo) corresponds to
the sequence of the solutions f? for the problem (2.1)—(2.5) which converges in
Loo(Dg x [0,t]) and in Lo, (Q x [0,T], H}(Vg)) due to property (v) (Sec. 2).
Taking the above into account as well as (3.15), (3.16), (3.20), (3.4)—(3.5) and
(3.6)—(3.9), we can conclude that the limit functions ugf)a(:n, t)y=> e,(f) (t)pr(x),

qb(n) (z,t) and fRa(x v, 7, t) satisfy the identities

A 6 ) 9aC = (T, T

/ / rOR(Ju™ — o)) — o) fPdvdr, (™) + (g, ot

0 Vg

+{uo, (" (0)a =0, (3.38)
T

/ (A0l Aamo+ (Va6 Vo
//r@R lv|) f dvdr naldt = (3.39)

0 Vg

T 1
//{ Rg? ft +v- me +FR(UR57V¢RE7 ) vv§>G + UT<VUf]({2a vv€>G}drdt
0 0
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1
+ [ (fo', €(0))qdr =0 (3.40)
-

A™(T)=0 VYm <n,

and arbitrary functions &(z, v, r, t) which satisfy (1.7) and n(x,t) € La(0, T; WZ()).
If now we pass to the limit in these identities for n — oo, R — oo and € — 0,

we will obtain (1.4)—(1.6) which define the solution for (0.1)-(0.10). To this

end We have to study the compactness properties for the set of approximations

{ Re’gbRs’fRa’ :1,2,-.-,€>0,R>0}.
4. Compactness of Approximations

Lemma 4.1. The following uniform (with respect to R, €) inequalities are
true:

0< f@ o) <A (0<t<T), (4.1)
/ (x,v,r,t)dzdv < /fo z,v,r)dzdv  Vr >0, (4.2)

where Gr = Q x Vr and the constant Ay only depends on the initial function
folz,v,r); the time T is defined in the same way as in Theorem 1.2.

P r o o f. These inequalities follow from properties (j), (jj) and (jjj) of the so-
lution for the problem (2.1)-(2.5) and properties (1.1)—(1.3) of the initial function

fO(x7Ua 7").

Lemma 4.2. There exists a function Rr(e) : (0,00) — (0,00) such that for
allmn=1,2..., >0 and R > Rp(e) the inequality

max {[luf) |3 + / o2 fiddedvdr + | Asy L [13 + IV 6523}

0<t<T
Digr

/HVUREHQdH//r@R uly) — o) uly) — o2 fiy)dedvdrdt < Ay
0 Dir

is true, where Digp = Q x Vi x (0,1], and the constant As depends on g, fo,T
and the parameters o, 3, v, o; T is defined in Theorem 1.2.
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P roof It follows from (3.16) that e,(gn)(t) € C10,T], and therefore due
to (3.11) and the properties of eigenfunctions, ug’)e(x,t) e CHQ x [0,T)) N
C(0,T; C2(Q)) and fij)(z,v,7,t) € Log(Dg x [0,T]) N Lao, (Q x [0, T}; Hi (VR))-
Thus, if the initial function f&(x,v,) is smooth enough (Vr, f&(x,v,7) € CL(GR)),
then the weak solution fj(%ng(x v,r,t) for the problem (2.1)-(2.5) is strong, i.e.,
f € Ly(2 x [0,T], WE(Vg) N Wi (GR x [0 T])) Similarly, the weak solution
qﬁ%) for the problem (3.4)—(3.5) is strong: ¢R,g e W(Q) N W2(Q). We multiply
the k-th equality (3.22) by cé )(t) and then sum all equalities from 1 to n. Taking

into account (3.12), we come to the equality

1d

o Rl R T

+a / rOr(Ju™ —v|?) (™ —v) - ™ fPdzdvdr = (g, u™)q. (4.3)
Dir

Here and further the subscripts R and e are temporarily omitted for simplicity.
Now we obtain an estimate for ¢(™) (,t). According to (3.4)~(3.5), the deriva-

tive ¢§n) = a‘g(:) is the solution for the boundary problem

t
'fl
6A2¢§n) — (n) q/r@R 8f dvdr x €2
0
(™)
¢t:8¢n =0 x €.

Multiplying (3.4) for f™ by ¢(™(z,t), integrating by parts with the account
of (3.5), we obtain

2 (n) ., £(n)
AR+ Lol =g [ Or(u) Vo - of Odvdvds
Dir
+43 / rOR([u™ — o) (™ —v) - V,O(|v))¢™ f" dzdvdr
Din (4.4)
—qy / r W™ - V,0r(v))¢™ - fMdzdudr + q / rq1 - VyOr([v])
Digr Digr
<9 (0 dududr + g0 [ 148, 0n(loo" £V dudodr.
Dir

Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 3 285



O. Anoshchenko, S. legorov, and E. Khruslov

Now we multiply (2.1) by 73|v|? and integrate with respect to (z,v,7) € Dig
and with the account of (2.5). Then, after integrating by parts with respect to
x €  and v € VR, we obtain

7 r3]v|2f(")da:dvdr -2 / r@R(\u(") — 0\2)(u(") —v)- vf(”)dxdvdr

Dir Digr

+2v / rV$¢(") . vf(”)dxdvdr -2 / r3q - Uf(”)d:cdvdr — 6o / r2
Dip Dir Digr
x f M dzdvdr = — / 3 o*ng - vfMdS,dvdr + o / r? R (9af dxdvdr, (4.5)
s
IR I'r

where ETR ={(z,v,r) € 02 x Vg x (0,1] : ny-v > 0}, ['1gp = Q x dVi x (0,1],

n, is the outer normal to 9€), n, is the outer normal to 0Vkg.
According to the properties of the solution for the problem (2.1)(2.5), f(™ >0
everywhere and f(") = 0 on I'1g, and then % < 0 on I'ig. It follows that the

right-hand side of (4.5) is not positive. Taking this into account, we obtain the
inequality from (4.3)—(4.5),

2 L OV gem2 4 oY Ag)2 a/3 2 p(n)
+ \Y +e A + r°lv dxdvdr
th(H I3 5q|| ™[l ﬁq” ™l 3 S )
Dir
+v||[Vu™ |3 +a / r@R(|u(")—0\2)\u(")—U|2f(")d:cdvd7“§/g'u(”)dx
Q

+ % / g - vf ™ dedodr + 30460 r=2 M) dadvodr

Digr Dir
+ay / T OR(u™ — o) (™ —v) - V,O(|jo) ¢ f " dadvdr
Dir
+% r*A,Or(v))e™ f" dzdvdr
Dir
2
_ % r IV, - V,0r(|v])o™ £ dzdvdr
D1r
7
_%’Y V2™ - o(1 — OR(|o) f M dedvdr = 3" I, (4.6)

Dir k=1

where I, (k = 1...7) denote all summands of the right-hand side of the above
inequality. The first three summands can be easily estimated by using the
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Minkowski and the Friedrichs inequalities (for u(™ eJ' (Q)) with the account
of Lemma 4.1 and properties (1)—(3) of the initial function fo(x,v, ),

1] < SI9u®lo +Cr,

|| g% / 3|2 f ™ dzdvdr + Cs, (4.7)
Digr

|I3] < Cs,

where C1, Cs, C3 do not depend on n, R and T > 0 is arbitrary.
To estimate other summands, we use the following estimate for the Green
function G(z,y) of the problem (3.4)—(3.9):

max |G(z,y)| + max V.G (x,y)| < Ce™ !,

which can be obtained with the account to the form of the fundamental solution

I'(z,y) for (3.4) . o
z—y

T(z,t)=———
(z,) e r—ls

and the smoothness of 9S2.

From this estimate and Lemma 4.1, it follows that the solution ¢(x,t) for the
problem (3.4)—(3.5) satisfies the inequality

16, )l L) + V(- )| L) < Ce™! / rf"™ (z,v, 7, t)dzdvdr
Digr

< Coe™t  (Vt). (4.8)

Taking into account the properties of the function ©(|v|), Lemma 4.1 and prop-
erties (1.2), (1.3) of the initial function fo(z,v,r), we obtain

<G [ r@n(u® = oP)u® — o fdsdodr +
Digr
Cs Cs
Il < 2 Mol < 5 (4.9)

To estimate the integral I7, we should notice that ©g(|v|) = 1 when |v| < g
and therefore we integrate only for |[v| > £. Thus,

V2 oz’y
s

|I7] <

/ r| Voo™ - [v]2 (1 — Og(|0])) f ™ dedvdr
Dir
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and, applying (4.8), we get

ﬂayCo
Y0

2¢

17| < / rlv|2 ™ dzdvdr. (4.10)

Dir

We now factorize f = f% . f% and 7 = 71 -7~ 1 and estimate the integral on the

right-hand side of (4.9) by applying the Young inequality (for ¢ = % and p = 4)

/ rlo]? £ dudvdr < . / r3[v[2 £ dadvdr
DlR DlR
L[ 5pm
—|—4 r—° f\Y" dxdudr. (4.11)
Dir
From (4.10), (4.11), Lemma 4.1 and properties (1.2),(1.3) of the initial function
fo, we get the estimate

Cy

1
ceR>2

|1I7] < (4.12)

071 /r3|v]2f( dzdudr +
c 2D1R

We now integrate inequality (4.6) with respect to ¢. Then, taking into account
(4.7), (4.9) and (4.12), we obtain

2 (n)|2 Xy my2 . ¢ 3|2 £(0)
s (1 + STITO I + 51860 + § [ ol dodvd)
Dir

/HVU "|3dt 4+ — //T@R (Jul™ — o) [u™ — v|? f™ dzdvdr

0 Dir
Cy C C T
§(01+C2T+C3)T+( 3+75+ 61 +08) 1
ceR2 Rz cR2 cR2
a  GiT 3 n)|2
+ (4ﬁ + i )0<t<T / |v|? ™ dzdvdr + Huo IR
D1ir
ﬂ / ol £ dwdvdr+ﬂ (| A™(0)[1& + IV ™ (0)][3). (4.13)
Dir

The constants C; (i = 1,...,8) on the right-hand side of this inequality are
independent of n, e, R. We choose R such that 45+ C7T < 25, ie,R> (igC%T)Q,

and set Rp(e) = (i—g(hT )2. To prove Lemma 4.2, we have to prove that the last
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summand on the right-hand side of (4.13) does not depend on n, ¢ and R. To
this end, we multiply (3.4) (for t = 0) by ¢(™ (x,0) and integrate it over Q. After
integrating by parts and applying (3.5), we get

ellag™(0)13 + Vo™ (0) 13 = /sz(ﬂf)%”)(wao)dx, (4.14)
Q

where

?) :q/l/r@%(\v])fo(x,v,r)dvdr.

0 Vg
We now show that Qr(z) € L3 () uniformly with respect to R. Since 0 <
2

Or(lv]) <1, we have
1

Q%(x)d 7 fo(z,v,r)dvdr)dx.
foow

Multiplying and dividing the integrand by r~2(1 + 7’6|v|2)% and then applying
the Holder inequality with the conjugates % and 3, we obtain

w\w

!Qz(x)d 2/ O/VZ (14 r%|v|?) f3 dvdr)
1
x(//dedr)%dm. (4.15)
0 Ry

Hence, taking into account the equality

// 1+r6|v| A5 ool = /(1+d|w|) =C <oo (4.16)

0 R3
and properties (1.2), (1.3) of the initial function fo(z,v,r), we can conclude that

1
/dix < q%\folgo /(r_3 + 7“3\1}]2)f0(x, v,r)dzdvdr < A.
Q

D

Therefore, estimating the right-hand side of (4.14) with the Holder inequality, we
obtain

ellAg™(0)13 + Vo™ (0) 3 < HQRHL%(Q)||¢(n)(O)HL3(Q) < AV (0)lq-
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Here we used the embedding theorem for Wi (Q) and L3(Q). From the above
inequality it follows that

e Ap™M(0)[I3 + Vo™ (0)[14 < C,

where C does not depend on n, €, R. Thus Theorem 4.2 is proved.
We also require the lemma below.

Lemma 4.3. For 0 < § < T the following estimate is true:

T—6
[ e+ 0) —uolar < ct,
0

where C' does not depend on n, €, R.

The proof of this lemma can be found in [7] (Lemma 4.1). Consider the sets
of the functions

U={u(x,t), 2€Q,te0,T],neN, e>0, R> Rp(e)},

&= {7 (x,1), 2 €Q,t€[0,T), neN, >0, R> Rp(c)},
F={f%(x,v,r1), (x,v) € OxRy, 7 € (0,1, t €[0,T], n €N, £ > 0, R > Ry(e)},

where f;?(:ﬁ, v, r,t) is continued by zero for [v| > R, Rp(e) is defined in Lemma
4.2, T is defined in Theorem 1.2.
Taking into account Lemmas 4.1-4.3, we conclude the following:

1) theset U is *-weakly compact in L (0,7"; J(€2)) and compact in Lo (2x [0, TY);
2) the set @ is *-weakly compact in Lo (0,T; Wi(Q));

3) the set F' is *~weakly compact in Lo (D x [0,7]) and weakly compact in
Log, (Q % [0,T); Hy(R3)).

These compactness properties are used for passing to the limit for n — oo,
e — 0, R — oo in identities (3.37)—(3.38) to obtain the required identities (1.4)—
(1.6) for the weak solution (u, ¢, f) for the problem (0.1)-(0.5).
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5. Passage to the Limit in (3.38)—(3.40)

We assume that e = L and R = Cn?, where C' = (48T C7T) T is defined in
Theorem 1.2, and C7 is defined in Lemma 4.2.

We consider the sequences of approximating functions {u(™ (z,t)}, {¢™ (z,)}
and {f("(z,v,r,t)}. By virtue of Lemmas 4.1-4.3, the sequences are in the
sets U, ® and F', respectively, and therefore we can chose the subsequences
{u™) (2, 1)}, {6™)(2,t)} and {f")(z,v,r,t)} converging to some functions
u(z,t), ¢(z,t), f(x,v,r,t) by means of 1), 2) and 3). We keep the previous
notations for these subsequences. We now show that the limit functions u(z,t),
¢(z,t) and f(z,v,r,t) satisfy identities (1.4)—(1.6).

1. Taking into account that (™ converges to u strongly in Lo(Q x [0, 7)) and
*weakly in Loo (0,75 W4 (Q)), and f™ converges to f *-weakly in Lo, (2% [0, T7]),
we pass to the limit in identity (3.38). This is done exactly in the same way as
in [7]. As a result, we get (1.4) for u(x,t) and f(z,v,r,t).

2. To obtain (1.5), we pass to the limit in identity (3.39) for ¢ = 1 and
n — oo. The first term in it tends to zero. Indeed, as n € Ly (0,7} WQQ(Q)),
according to Lemma 4.2,

T

E / (6™, Anyd| < = / 186" o Anllad:

0

< g / |Anlladt =0 (n— oo). (5.1)

Further, taking into account that ¢(™ (z,t) — ¢(z,t) *-weakly in Lo (0, T; Wi (£2))
and n € () C L1(0,T; W4(Q)), we pass to the limit in the second summand
T T

Jim [(9.00, Vajadt = [ (9.0, Vit (5.2)

0 0
In order to pass to the limit in the third term, we present it in the following

/// O ([v)) f™ dvdr, n)q /// " dvdr, n)odt

0 0 Ry 0 0 [u[>R

way:

+ / / r@™ ) pdadvdrdt = 11 + 137, (5.3)
0 Dp

where Dr = D N{|v| < R}, R is a big number chosen below.
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Similarly to (4.15), we obtain

1 1
n) #(n 3 rdvdr 1
Jif [ ot // T
0 |v[>R

Q 0 >R

X /(r—3 + 73v|?) fodzdudr.

D

Since the integral (4.16) converges and the initial function fy satisfies condi-
tions (1.3), we can make the right-hand side of this inequality be small enough
by choosing R big enough. Thus, taking into account n(z,t) € ®p(Q) C
L2(0,T; L3(£?)), we may conclude that for any § > 0 there exists R(d) such that

M <s (5.4)

uniformly with respect to n if R > R(9).

We choose a small § and a corresponding R(8). Since ©™(|v|) =1 in Dpys)
for n big enough, the function 7 - n(z) (extended with 0 outside Dg(s)) belongs
to L1(D x [0,T]). Then, taking into account the *-weak convergence of f to f
in Loo(D x [0,T7]), we can see that

HILH;OI§% %) —/ / r fndzdodrdt. (5.5)

0 Dpgs)

In [7], it is proven that f(”)(x,v,r,t) converges to f(x,v,rt) in the weak
topology L1(D) uniformly over ¢t. Therefore, due to Lemma 4.1, f(x,v,r,t) €
Li(D x [0,T]). Taking into account (5.3)—(5.5), we pass to the limit for n — oo
and 6 — 0 to obtain the third summand in (1.5). We now recall (5.1), (5.2) and
obtain (1.5) for ¢(x,t) and f(z,v,r,1).

3. To obtain (1.6), we pass to the limit for n — oo in identity (3.40). It
can be done easily for the first, second and fourth summands. Indeed, from the
*_weak convergence of f( to f in Lo (D x [0,T]) and (1.7) it follows that

T 1
/ / ™, &) adrdt = / / ) g dadvdrdt — / / f - &daxdodrdt
0 0

T 1
//ﬁ &) gdrdt. (5.6)
00
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The support of the function f(z,v,r,t) with respect to v being compact, v-V,€ €
Li(D % [0,T7). Thus we get

T 1
T

//<f(n)7 v - Ve€)adrdt = / / f(n)v -V &dxdvdrdt
0 D

0 0

T 1
— O/ I[ fv -V édrdvdrdt = / 0/ fiv-Vab)adrdt. (5.7)

Moreover, due to the weak convergence of f(™ to f in Lo, (Q x [0,T]; Hi(R3))
(o, =0r7®, Q=Qx[0,1)) and (1.7), we have

1 T 1

/ / o (V V&) gdrdt — / / 01 (Vo f, Vol adrdt (5.8)

0 0 0

[e=]

for n — oo.
To pass to the limit in the third summand, we rewrite it in the form

1 T
/ » V€ adrdt = //ﬁr2f(n)@(n)(|u(n) —1)|2)
0

0 D
T

x (u™ — v) - V,Edxdvdrdt + //yr—2f(">vqu(”) - Vyp&dzdvdrdt
0 D

St~

T

4 / / fMgy - Vogdrdodrdt = 17 (€) + IV + 1), (5.9)

0 D

where I'™ = TR, @™ = @ for R = Cn2.
Due to the *-weak convergence of f(™ to f,

n—oo

T
lim I( ) &) = //f91 - Vyédxdvdrdt. (5.10)
o 0D
We now show that
T
lim I(n) = )= //ﬁr_Qf(u —v) - Vy&dadvodrdt. (5.11)
0 D
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We present the difference I fn) (&) — I1(&) as follows:

4
V) - L =S BM), (5.12)
=1
where

T
B (€) = Br2(f" = f)(u —v) - Voédadvdrdt,
/1
T
Bén)(g) — //BT‘_Zf(n) [@(n)(|u(n)_U|2)—@(n)(|U—U|2)](’LL(n)—’U)'vadl’dvdrdt,
0 D
T
Bzgn) (&) = //57“_2f(n) [@(n)(|u —v]?) = 1] (u(”) — ) - Vy&dadudrdt,
0

T

Bin) &) = //ﬂr_zf(") (u™ — ) - V,&dzdvdrdt.
0D

According to (1.7), &(x,v,r,t) has a compact support IR¢ &(z,v,7,t) = 0 for

|| > Re¢ and, moreover, r—2V,& € Lao(D x [0,T]). Consequently, r—2(u(z,t) —

v) - Vo€ € L1(D x [0,T]). Therefore, due to the *-weak convergence of f to f

in Loo(D x [0,T7),

BI(€) =0 for n— oo, VE. (5.13)

Further, taking into account that f( € Lo, (Dx[0,T]) and 72V, € Loo(Dx
[0,77) uniformly with respect to n and using the Cauchy inequality, we obtain

T
PO e[ [ ]I~ op) - 00 (u— o) Pdsdodrar)
0 pl<he

T
3 (n))(2 L 3101t
(R ([ [u™3de)® + R QI3 T, (5.14)
0

Due to the convergence of u(™ (z,t) to u(z,t) in Ly(€2 x [0,7]) and the prop-
erties of the functions ©)(s), we have [7]:

n—oo

0 [v|<Re

T
lim / / / 0 (Jul™ — v[2) — 0 (|u — v[2)2dadvdrdt = 0.
Q
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Therefore, from (5.14) we can conclude that
B{M(€) =0 for n — oo. (5.15)

To estimate B?En) (&), we split the domain 2 into two parts:
O = {(z,1) € Qr : Ju(z, )] < A}, Qg = O\ Qifp.

Since u(x,t) € La(Qr), mesQs, — 0 for A — co. We now present Bén) (£) in
the form

B{"(€) = BYY(¢) + BG(€), (5.16)

where
T 1

By (¢) —// / /ﬁ?“Zf(")[@(”)(|u—v]2)—1](u—v)-VU§da:dvdrdt(i—1,2).
0 0 w[<Re Q4.

Since |u — v|? < (A + R¢)? for x € QfY, for n big enough (n > N(A, Ry)),
0" (Ju — v|?) = 1, and therefore

B{(€) =0 for n>N(A Re). (5.17)

Taking into account that (0 — 1) f(") is bounded uniformly with respect to
n and using the Cauchy inequality, we obtain

r

T 1 T
n VPR 1 n 1
p@isotf [ [ [ Bhaaarani g [1u i mog s,
0

0 0 u|<Rs 02,

where C'is independent from n and A, |Q4,| = mesQ4;.

By virtue of properties (1.7) of the function &(x, v, r,t), the first factor in the
inequality above tends to zero when mes Q?T — 0, and therefore ng) & — 0
when A — oo uniformly with respect to n. It follows from (5.16), (5.17) that

Bgn)(f) —0 for n—oo V. (5.18)

We now estimate the summand Bin) (&) using the Cauchy inequality and tak-

ing into account the boundedness for f(® in L. (D x [0,T]),

r

T T
2
B < C1rg [ - ulpan ([ [ Vel ydvdrdry}.
0 0 D
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Due to the convergence of u(™ to u in Ly(Qr) it follows that
Bin)(f) —0 for n—oo VE. (5.19)

Combining (5.12), (5.13), (5.15), (5.18) and (5.19), we obtain (5.11).
In order to pass to the limit in Ién), we will use the lemma proved in [18].

Lemma 5.1. Let 2 be a bounded domain in Rs with a smooth boundary OS2
and ¢-(x) be the solution for the problem:

eN2p. — Ap. =F (z€), (5.20)
_ 0¢ _
$e =0, e5-=0 (x€0Q), (5.21)
where e >0, F € Ly(Q) (p> £).

Then
/|V¢€ — V¢oldx — 0 fore — 0
Q
uniformly with respect to F' such that || F||p, ) < C.

We introduce the notations:

1
F®) (1) = q / / rFO (2,0, 7,6)0 ([o]) dodr,

0 Rs

1
F(x,t) :q//rf(x,v,r,t)dvdr, o(x,t) = /G(x,y)F(y,t)dy,
Q

0 R3

cb(”)(ﬂc,t)/G(")(x,y)F(”)(y,t)dy, 60 (x,t) = [ Gla,y)F" (y,t)dy,

Q

where f is the *-weak limit of f(® in Lo (D x [0,T
function of the problem (5.20)—(5.21) for ¢ = 1; G(,
e=0.

It is clear that ¢(™ (z,t) is the solution for the problem (5.20)-(5.21) for & = 1
and F = F((z,t); ¢ (z,t) is the solution for e = 0, F = F("(z,t). As shown
above (see (4.15), (4.16)), F"(z,t) € Ls(Q) uniformly with respect to n and t.
Thus, by Lemma 5.1, ’

—

— 2

), G (x,y) is the Green
) is its Green function for

<

Vo™ — V™1, ) — 0 for n— oo (5.22)

uniformly with respect to t.
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Taking into account the *-weak convergence of f(™ in L., (D x [0,T]), we can
prove that F("(z,t) converges to F(z,t) uniformly with respect to ¢ in the weak
topology L1(£2). This can be proved similarly to [7].

Since the integral operator with the kernel V,G(z,y), which maps L1 () into
itself, is compact (see [19]), it follows that

IV$ =Vl —0 for n— oo (5.23)

uniformly with respect to .
Considering (5.22), (5.23), we notice that

V0™ — Vidllp, @ — 0 for n— o0 (5.24)

uniformly with respect to ¢.

Now we rewrite the summand Ién) (€) from (5.9) in the form

T
() = / / 2 f b - Ve dadvodrdt
0 D

T
+ / / Y2 (V0™ — V,0) - Vo ededudrdt = ISP (€) + 150 (€).  (5.25)
0 D

By (1.7), the vector function r 2V & € Lo (D x [0, T]) has a compact support
(&(x,v,r,t) =0 for [v]| > R¢) and V¢ € L1(€2) and hence
r72V.¢ - V& € Li(D x [0,T]). With the account of the *-weak convergence of
f™ to f,

T
lim ISV (€) = / / V2 fV o0 - VpEdadodrdt. (5.26)
0 D

We continue the function V¢ (z,t) — V,¢(z,t) in D x [0, T] assuming that
it does not depend on v and n for |v| < R and is equal to zero for |v| > Re.
Then from (5.24) it follows that

”Vxﬁb(n) - vxd’”Ll(D) —0 for n— o0

uniformly with respect to ¢.
Since 1 2fMV,& € Loo(D x [0,T]) due to condition (1.7) and Lemma 4.1,

we conclude that Iég) — 0 for n — oo.
Then according to (5.25), (5.26),
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n—~o0

T
lim Ién)(f) = //’yr_Qfoqﬁ-Vvédxdvdrdt. (5.27)
0D

Combining (5.9)—(5.11) and (5.27), we obtain the third term in identity (1.6)

and thus prove (1.6). Theorem 1.2 is proved.

Theorem 1.3 can be proven similarly to that in [7] with the estimates of

Lemmas 4.1-4.3 being taken into account.
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