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We consider first the n x n random matrices H,, = A, + U, B,U,,, where
A, and B,, are Hermitian, having the limiting normalized counting measure
(NCM) of eigenvalues as n — oo, and U, is unitary uniformly distributed
over U(n). We find the leading term of asymptotic expansion for the co-
variance of elements of resolvent of H, and establish the Central Limit
Theorem for the elements of sufficiently smooth test functions of the cor-
responding linear statistics. We consider then analogous problems for the
matrices W,, = S, UT,U,, where U, is as above and S,, and T}, are non-
random unitary matrices having limiting NCM’s as n — oc.

Key words: Random matrices, Central Limit Theorem, Limit Laws.

Mathematics Subject Classification 2010: 60F05, 15B52 (primary); 15A18
(secondary).

1. Introduction

In the recent decades the asymptotic properties of eigenvalues of various ran-
dom matrices have been of great interest (see, e.g., [3]). This paper deals with

the entries of functions of two classes of random matrices.
The first class consists of the n x n Hermitian random matrices

H=A4+U*BU

and .
H=V*AV + U*BU.

Note that here and below we do not write the subindex n in various matrices.
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We assume that A and B are non-random Hermitian matrices, V and U
are independent unitary random matrices uniformly distributed over the unitary
group U(n), i.e., having the normalized Haar measure as their probability law.
Besides, we assume without lost of generality that A and B are diagonal:

Aji = ajdjk, Bjk = Bjdjk-

Note that while the probability distributions of eigenvalues of (1.1) and (1.2)
coincide, this is not the case, in general, for entries.
The second class consists of the matrices

W = SU*TU (1.3)

and R
W =V*SVU*TU. (1.4)

Here we assume that S and T are unitary non-random and diagonal, V and U
are the same as in (1.2).
Let
G(z) = (A+U*BU — 2I)~! (1.5)

be the resolvent of (1.1). We use the same notation for the resolvents of (1.1)
and (1.2) and for the resolvents of the ensembles (1.3) and (1.4). The complex
variable z will vary over the set Im z # 0 for (1.1) and (1.2) and over |z| # 1 for
(1.3) and (1.4).

Introduce the normalized eigenvalue counting measure (NCM) of any n x n
Hermitian matrix M as follows:

No(@) = #A\"M eq 1=1,... ,n}n"",

where (2 C R and {)\l(n’M)} are the eigenvalues of M. Analogously, for any n x n

unitary matrix @), the NCM is defined for any interval Q C T = {z € C: |z| = 1}.
A standard tool to study the fluctuations of eigenvalues are the linear eigen-
value statistics [2—4]

n +o0

Nolg] = Tro(Hn) = 3 oM = n / SN (), (1.6)

=1 e
where ¢ : R — C is a measurable and bounded function, e.g.,
Ny -] = TrG(2), p.(N) = (A —2)7L. (1.7)

In [3, 4], this study is based on the following two useful propositions:
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Proposition 1.1. If ¢ : R — R, ¢ € L-vector space with the norm || - | and
we have:

e the variance Vy[p] = Var{N,[¢]} admits uniform in the n bound Vy,[p] <
Clll|? for all p € L;

o there exists a dense linear manifold L1 C L such that the Central Limit
Theorem is valid for N [¢] with ¢ € Ly, i.e., if Zyzg] = E {eix/\m‘p}}, then
there exists a continuous quadratic functional V : L1 — Ry such that uniformly
in x on any compact

lim Z,[z¢| = e~ " VIel/2, Vo € Ly,
n—oo
then V' admits a continuous extension to L and the Central Limit Theorem is

valid for all N7[¢] with ¢ € L.

Proposition 1.2. For any s > 0 and

+oo +oo

S| ~ 1 ik
ol = [ @2kl Pak, o) = 5 [ o),

—0Q0 —00

we have Var{N,[¢]} <

+oo +oo
< C|lell, / dye Yy?s1 / Var{Tr G(z + iy) }dx.
0 —oo

These tools allow one to prove the Central Limit Theorem for sufficiently
wide classes of test functions of the linear eigenvalue statistics, provided that it
is proved for some special classes, e.g., analytic or even ¢, of (1.7), for a certain
domain of z’s. Accordingly, we will first prove the Central Limit Theorem for the
elements Gj; of the resolvent and then generalize it by using the analogs of the
above propositions. Note that Gj; and N,[p];; == ¢(H);; (or ¢(W);;) are not
the linear eigenvalue statistics (1.6) but just certain statistics of eigenvalues and
eigenvectors. We will thus essentially use the linearity of Ny, [p];; in ¢.

2. Covariance of Resolvents of (1.1) and (1.2)

We will need the Stieltjes transform

+oo
B N, (d\)
—n TG = / n
g(z) =n""TrG N

of the NCM of (1.1).
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Let Ny 4 and N, p be the Normalized Counting Measures of A and B. We
assume that the measures converge weakly to the probability measures N4 and
Npg:

lim N, 4 = Ny, nlggo Ny,.p = Np. (2.1)

n—oo

We will also need the following result obtained in [1, 2]:

Theorem 2.1. Consider the nxn random Hermitian matrices (1.1) (or (1.2)),
where A and B are non-random, satisfying condition (2.1). Then there exists a
non-random measure N such that the Normalized Counting Measures of eigen-
values of (1.1) (or (1.2)) converge weakly with probability 1 to N.

Moreover, the Stieltjes transform

+00
o= [ 14

. , Imz # 0,

of N is a unique solution of the system

f(z) = fa(hp(2)),
f(z) = fB(ha(2)), (2.2)
f7Hz) = 2z — ha(z) — hi(2),

where N
N d\
faB(z) = / i’B(Z)v (2.3)

f is the Stieltjes transform of a probability measure and ha p are analytic in C\R
functions verifying the conditions

f(z)=—2"1+0(zY), hap(z)=2+o0(2), z— . (2.4)

The first result of this paper is as follows:

Theorem 2.2. Consider the random matrices (1.1) and (1.2), where A and
B are non-random, satisfying condition (2.1), and ||A||,||B|| < M < oco. Then
we have for Gy and z1 2 € C\R that

1
Cov{Grk(21), Gkr(z2)} = ESn(Zl, z9) + rn(21, 22), (2.5)
where in the case of (1.1),

((Galhp(21)) — Ga(hp(22))) )’ ( 1 1 > , (2.6)

5f 5z Shp

Sn(z1,22) = 5z ohg
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and in the case of (1.2),

of

Sn(z1,22) = 5= = f(21) f(22), (2.7)

i which

6z =z1 — 22, 6f = f(21) — f(22),
ohg = hB(Zl) - hB(Zz), GA(Z) = (A - ZI)_l,

and the remainder r,(z1, z2) admits the bound
(21, 22)| < C/n?/2,

where C' is independent of n and is finite if min{|Im 21|, |Im 22|} > 0.

Remark 2.3. In the case A = al, (1.1) and (1.2) coincide, and hence (2.6)
and (2.7) coincide as well. Indeed, we have

1

Ga(hp(z)) = a—hp(2)

I = fa(hp(z)I = f(2)I

and, by the resolvent identity, we have

Ga(hp(21)) — Ga(hp(22))
ohp

= Ga(hp(21))Gal(hp(22)) = f(21)f(22)].

Moreover, if also B = 1, then the r.h.s. in (2.6) is zero since
hp(z) =z — 0, dhp =0z,

i.e., there is no randomness at all. And this is only the case where the leading
terms (2.6) and (2.7) of the covariances are both zero.

R em ark 24. The results similar to Theorem 2.2 for various random ma-
trix ensembles with independent matrix entries were recently obtained in [7-9].
In these papers, as well as in Theorem 2.2, the asymptotic regime for the vari-
ance is a classical one, i.e., n~!, but the validness of the Central Limit Theorem
(CLT) strongly depends on the probability distributions of the matrix entries. In
Gaussian case, CLT is valid, otherwise it is not valid in general.

Example 25. Consider (1.2) with A = B and Ng(d\) = ad(A+ 1)+
(I1—-a)d(A—1),0<a<1. Then (2.2) reduces to the quadratic equation

(22 = 4)f*(2) = 4(2a = 1)f(z) =1 =10
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with the solution

22a—1)  /42a—-1)2+22 -4
22 -4 22— 4

fz) =

and the resulting measure

VA= N0 =N
TA+2)(2—N)

N(dX)= [a - H S +2)+ B - a] +<5(/\ —2)+ Xo g (VA

+

where X[x_ x,] 18 the indicator of the segment [\, A\1], and

z, x> 0;

Ar = £2¢/1 — (20— 1)2, [x]+—{0 <0

Thus, we have in this case:

At® | 900 1)+

S(z1, 22) uler)u(z) w(z1)  w(z)

(22a—1) —w(z1))(22a — 1) — w(z2))
u(z1)u(z2)

where u(z) = 22 — 4, w(z) = \/4(2a — 1)2 + 22 — 4.

3. Proof of Theorem 2.2

In what follows, by (...) we denote the integral in U (conditional expectation)
with respect to the normalized Haar measure of U(n) and by E {...}, the double
integral over U and V (expectation) in (1.2). We denote by a° = a — E{a} the
centered random variable. We will use the following two facts [1-3].

Proposition 3.1. Let H,, be the space of the n x n Hermitian matrices and
® : H, — C be a continuously differentiable function. Then we have for any
X € Hy:

(®'(U*MU) - [X,U*MU]) =0,

where
[My, Ms] = My My — My M.

Proposition 3.2. Let ® : U(n) — C be a continuously differentiable function.
Then
1 O :
Var{®(Un)} == E{|@(Un)[*} — [E{®(Un)}]* < — > E{|9'(Un) - EVYU, P,
Jk=1
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where {EUF) }” _; s a canonical basis in the space My, of all n x n matrices:
EUGR = {E] )}"q 17 Ez(iz )= 0jpOkg-

Proof of Theorem 2.2. We start from the case (1.1). In Proposition 3.1,
choosing ® = (TrE(k’k)G(zl))o Gac(z2) and using the resolvent identity for the
pair (H, A), we obtain

(T EMDG(1)) (Gl22) [X,UBU) G(22)), >
+<<TrE(k’k)G( 1) [X,U*BU]G(z )) (z2)>

n
Then we take X = E(@b) and apply the operation n=! 3" to the result. This
a=1
yields the matrix equality

(Grr(21)0n,B(22)G(22)) = (G (21)gn(22)U" BUG(22))
L <[U*BU, G(zl)EWﬂ)G(zl)} G(22)> ,

where
Snp =n 'TrU*BUG. (3.1)

Rewrite U* BUG by using the resolvent identity for the pair (H, A) as U*BUG =
I — (A — 2)G. After regrouping the terms, we get

Fulz2) (A = ho p(22)1) (Goa(21)G () = - ([U°BU, 6o EFVG (1) Giz2))

(GG (2)U BUG () — (Goa() B p(:2)G ), (32)
where
Fo2) = Blon (). hn(z) =2 = et (33)
In view of ||A]|,||B|| < M, we have the bounds
IGEI < o D < s @ =—2+0(1). ()

m
0,8(2)] < 2 ,mei)B:sup/\)\\an7A7B(d)\)§Mk,

2M M
w1 ) () 2 el (1
ol 2 7 (12 o) (el 2 14 (1 - )

valid uniformly in n in the domain
Tos={z€C:|Rez| <allmz|, Imz| > B}, 8> (2a + 6) max{M, M} (3.5)
and k=0,...,4
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Thus,
o a(2)| 2 2D, (3.5
and the matrix A — hp(2)I in (3.2) has the inverse
Ga(z) = (A= hnp(2)]) " = Galhyp(2)) (3.7)
bounded uniformly in n and z € T :
Jan < (75250 o

Furthermore, multiplying (3.2) by G A(z2) from the left then applying the ope-
ration Tr E(*K). and regrouping the terms, we obtain the relation

COV{Gkk(Zl), Gkk(ZQ)} = <sz(zl)Gkk(752)> = %’Y(Zl, 22) + Ry, (39)
where
Aerz) = (<éA<zZ>U*BUG<zl>>kk (GG
<GA > k<G(z1)U*BUG(zQ)>kk), (3.10)
Ry = (B{GTu(21) (22) G (22)U" BUG )

— E{G}(21)0; 5(22)Gal(22)G(22)}
+ n~!'Cov { (éA(ZQ)U*BUG(Zl)>kk ; (G(Zl)G(ZQ))kk}

—n~'Cov { (éA(zQ)G(zl)>kk : (G(zl)U*BUG(zg))kk}> . (3.11)

Now the Schwarz inequality for the expectation E{...} and (3.8) yields for z,
z12 € Lo g,

|Ry| <

|Z|VaI‘1/2{Gkk(Z)} <MVar1/2{gn(Z)} + Var1/2{5n,B(Z)}) <ﬂ26 52

1|z
ATy
nl="g

+Var!/? { (éA(ZQ)G(zl))kk} Var!/2 {(G(zl)U*BUG(zz))kk}> : (3.12)

— (o + 3)M> -1

(Var'? { (Gatz2)U" BUG(=1) )} Var' {(G(1)G ) )

458 Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 4
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Besides, by Proposition 3.2, we have

n . . 2
Var{G(2)} < 1 Z E {)TrE(k’k)GU* (E(t,J)B _ BE(J,t)) UG‘ }
n jt—1
2
- - Z {j (BUGE®PGU™) (UGE(’“”“)GU*B)U’ }
]t 1
4M*?
= 1
5 (3.13)

and, analogously,

Var { (GA(zg)U*BUG(zl)>kk} < i]\gﬁ (ﬁ ﬁ(_ ;\3)]\4) . (3.14)
2
Var (GG} < s
~ AM? (3 — (a+3)M\ 2
Var{(GA(Z2>G(ZI>>kk} S ( B—2M ) ’
4
Var {(G(z1)U* BUG(22)),,} < 12% .
It was shown in [1, 2] that
Var{g,(2)}, Var{6, p(2)} = O(n™?). (3.15)
Thus, we have that
Ry = 0(n=3/?) (3.16)

uniformly in z € ', g.
It was shown in [1, 2] that

(G(2))) = Ga(z) + O(n M.
Thus, using the resolvent identity, we can write the matrix relations:
(Ga(z)U"BUG(21) ) = Galz) (U BUG(:))

- w (&4(2’1) - éA(32)> +0(n~ I, (3.17)

(G(21)C(2)) = 5% (Gata1) ~ Ga(z2)) + O,

<éA(Zz)G(zl)> — Ga(z) (G(z1) = (GA(Zl(S)hm:A(ZQ)>

(ZléA(Zl) — ZQGA(22)>
0z

+0(nYHI,

(G(21)U*BUG(2)) = — (G(21)AG(22))+O0(n 11
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It was shown in [2] that

L 6(2p)ona .
(G(21)AG(22)) = AG A(21)G a(22) — Ga(21)Ga(z) +O(n NI,

0z0f
where
Ap=E{6,5}, Aa=E{n"'Tr AG}, 6Aa 5 = Aap(z1) — Aap(2),

Ap\ Ap(z) B Ap(z)
5<f>_ T FG)

Using this relation, we obtain

0AB [~

(G(a)U" BUG(2)) = £5 (GA(zl) _ éA(zz)) +O(n Y.

Substituting these expressions into (3.9), we obtain (2.5) with (2.6).
Now we pass to the case (1.2). Repeating the same steps, we arrive (cf
(3.2)) to

fu(22) (VFAV = hy p(22)1) (G (21) G (22))
fn(22) (Gix(21))
+ opl < [U*BU, G(zl)EW)G(zl)} G(ZQ)>
+ {Grr(21)9n(22)U" BUG(22))
= (Gir(21)0;, p(22)G(22))
Then, multiplying this relation by Gy« v (22) = (V*AV — hng(22))"! from the

left then applying the operation TrE®**).  taking the average E{...} of the result
and regrouping the terms, we obtain the relation (cf. (3.9))

Cov{Gri(1). Gie(22)} = Cov {Gia(). (Gv-av(z2)ie ) (318)
i@fn(le) (E {éV*AV(zQ)U*BUG(zl)}kk E{G(21)G(22) by

-E {éV*AV(ZQ)G(Zl)}kk E {G(Zl)U*BUG(ZQ)}kk> +

where R; can be estimated by (3.12), and by the same arguments (Proposi-
tion 3.2), we have again (3.16) Ry = O(n~%/2). On the other hand, repeating our
procedure for

d = (TFE(k’k)éV*AV(Zl)> Gac(22),
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we obtain
Cov {sz(zl), (éV*AV(ZQ))kk}
= Cov {(éV*AV(Z’l))kk‘a (éV*AV(ZZ))k‘k} + Ry
— Cov {(V*@A(zl)V)kk, (v*éA(Z2)V)kk} + Ry, (3.19)
where
Ro = = (BUG-av ()si(2) Ca(2)U" BUG:2))

—E{(Gvav(21))i05 5(22)Ga(22)G (22)}.

Analogously, we obtain
R2 = O(n_3/2).

Besides, it was shown in [3] that
/ VieVirdV = 0710,
VeU(n)

/ ViV ViskVigdV = (n(n + 1)) (813150130, + 01314 01515)-
VeU(n)

Thus, we have
E{(Gveav(2)m} = B{(V*Ga(2)V)}
= “TeGa(z) = f(2)

and

Cov {(V*éA(zl)V)kk, (V*éA(ZQ)V)kk}

= - i : (rlzTr Ga(z1)Ga(z) — %Tr éA(zl)%Tr éA(22)> (3.20)

1(5f _ﬂaﬁ@g>+om4)

n \ 0hn.p
Moreover, taking the expectation E{...} of (3.17), we obtain

~ o
E{GV*AV(ZQ)U*BUG(zl)} — <Z16h§(21>

E{G(z1)G(z2)} = (g—i—O(n_l)) I,

Sf + O(n1)> I, (3.21)
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B{Grar (G} = (5l +0(™)1
E{G(z)U*BUG(z)} = (5?23 + O(n—l)) I.
Substituting (3.20) and (3.21) into (3.18), we obtain (2.5) with (2.7). [

Remark 3.3. It was proved in [5] that the functions h4 g in the system
(2.2) are not only analytic in C\R, but are also the Nevanlinna functions obeying
asymptotics (2.4):

hap(z) =2+ o0(z), z— oo.
Using this, we can carry out the proofs of the above theorem not only for the
region I', g, but for the whole C\R. In this case,

Imha p(z)| > [Imz|, z € C\R.
Thus, once we have proved the convergence of (fy, hn 4, hn,B) to the solution of

the limiting system (2.2), we have h, p(z) — hp(z), z € C\R and, hence, the
matrix G4 of (3.7) admits the bound

IGa2)ll < C (3.22)

uniformly in z in a compact set K C C\R and sufficiently large n with an n-
independent C| finite for Im z # 0. Since Proposition 3.2 provides the bounds
(3.13) and (3.14) for the variances for any z € C\R, we can estimate all above
remainders for any z € C\R.

4. Central Limit Theorem for the Entries of Functions of (1.1)
and (1.2)

In this section we use (2.6) and (2.7) for the covariance to prove the Central
Limit Theorem for the entries of the resolvent and then for the entries of the
sufficiently smooth function of the matrices (1.1) and (1.2). The first result is

Theorem 4.1. Consider the ensembles (1.1) and (1.2) satisfying the condi-
tions (2.1) and ||A||,||B]| < M < oo, then /n (Grr(z) — E{Gkr(2)}) converges
in distribution to the complex Gaussian random variable £(z) + in(z) with zero
mean and the covariances:

Var{¢(z)} = 27 'Re(S(z,2)+ S(2,7%)),
Var{n(z)} = —2"'Re(S(z,2) - S(z,3%)),
Cov{&(2),n(2)} = 27'Im(S(z,2) — S(z,%)),

where S(z1, z2) is defined in (2.6) and (2.7) for (1.1) and (1.2), respectively.
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P roof. The proof follows the proof of the corresponding theorem for the
fluctuations of ngp(z) in [2].

Since the proofs for the ensembles (1.1) and (1.2) coincide, let us prove the
theorem only for the ensemble (1.1). Consider Re\/nGY,(2) and its characteristic
function

Fu(t) = E{u(t)}, $(t) = exp {itRev/nGi(2)} (4.1)

To prove the convergence of Rey/nGj, () to the Gaussian random variable a(z)
with zero mean and variance u(z) = Var{a(z)}, it suffices to obtain the asymp-
totic relation

—Fo(t) = —u(2)tF,(t) + o(1), n — oo, (4.2)

uniformly in ¢ on a compact interval.
Differentiating (4.1) with respect to ¢, we obtain

SR = " (B0 (20) + BROG =)D,

where 21 = z, 20 = Z. To find E{y/n(t)G5,(21)}, we use Proposition 3.1 with
® = 1)°(t)Gye(z1) and repeat the procedure similar to that used in the proof of
the preceding theorem. This leads to the relation

itF, (1)
2

E{Vn(t)Gyp(21)} = (Y(21,21) + (21, 22)) + O(n /),

where the function + is defined in (3.10). This relation and the analogous relation
for E{\/n(t)Gy.(22)} lead to (4.2) with

w(z) =471 (S(21, 21) + S(22, 22) + 25(21, 22)) .

Thus, we have proved the theorem for Re\/nGj,(2). Other assertions can be
proved in a similar way. [

Consider now the arbitrary test function ¢ : R — R. The following analogs of
Propositions 1.1 and 1.2 not for the linear statistics N, [¢], but for the elements
Nol@lie = ©(H) gy, are valid:

Proposition 4.2. If ¢ : R — R, ¢ € L-vector space with the norm || - | and
we have:

o the variance Vy,[¢)j; = Var{\/nN,[plkk} admits uniform in n bound V[ <
C|lpl|? for all ¢ € L;

o there exists a dense linear manifold L1 C L such that the Central Limit
Theorem is valid for /nN @k with ¢ € L1, i.e., if Zy[xp] = E {eix\/ﬁNﬁ[@]kk} ,
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then there exists a continuous quadratic functional Vi, @ L1 — Ry such that
uniformly in x on any compact

lim Zn[g;@] = emeV[‘P]kk/Q’ \V/QO € Ly,

n—oo

then Vi admits a continuous extension to L and the Central Limit Theorem is
valid for all \/nN7[plee with ¢ € L.

The proof of this proposition coincides with the proof of Proposition 1.1 in
[3] since the statistic N, [¢]gr remains linear in ¢ although it depends not only
on the eigenvalues of H but on its eigenvectors too.

Proposition 4.3. For any s > 0 and ||p|? = fj;o(l + 2|k)%| (k)2 dk, we
have Var{N,[p];;} <

—+00 —+o0
< gl / dye vy / Var{G;(a + iy)}dz.
0 —00

The proof of this proposition follows the proof of Proposition 1.2 from [4] with
one simple modification: we consider Var{\,[¢];;} as a bounded quadratic form
for any fixed n generating a positive self-adjoint operator in a proper space. We
will present below in all details the proof of the analog of this proposition for the
unitary case.

Following [4], we consider the test function ¢ : R — R from the space H4(R)
possessing the norm

—+o00
loll? = / (1+ 20> |6(p)Pdp, s > 2.

—0o0

Theorem 4.4. Consider the ensembles (1.1) and (1.2) satisfying the condition
(2.1) and ||A],||B|| < M < oo, and hence supp N being compact, xn(X\) being
its indicator; the function ¢ : R — R, ¢ € Ha1(R), € > 0 and N, [p];; being the
corresponding statistics. Then the random variable

VNG [0l = VNG [@ler — VRE{N, [@lrrk }

converges in distribution to the Gaussian random variable with zero mean and
the variance

+00 +00
1 . ,
Vil = lim 5 [ [oOu)e0a) @z 8) (uvim, datime)o (i O)dhads,
1,72
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where

(T2 - 5) (21, 22) == —Re (5(21, 22) — 5(21,22))
and S(z1,z2) is defined in (2.6) and (2.7) for (1.1) and (1.2), respectively.

Proof. First of all, let us note that the bound (3.13) implies

1 C
. < 1
Var{Gu(z +iy)} < — (dist{x + iy, supp Ng, })*
1 C

n (y? + (dist{x, supp Nu, })?)?’

Thus, due to the fact that supp Ng, C [-2M,2M] and Proposition 4.3, we have

“+oo +oo
Var{\iNalglu} < Cligl,. / dye vy / nVar{G(z + iy) dz
0 —00
“+oo
< Cliyll,,. / dye vy~ dr < C gl ..
0

Then, according to Proposition 4.2, it suffices to prove the theorem for any
dense set in Hoio([—2M,2M]), say, for any ¢ analytic in some domain in C
including [—-2M,2M], e.g., for a polynomial ¢. Note that due to the Cauchy
theorem,

VNS [Pler = V1Y (ere(Hn) — E {pp(Hn)})
=1

= @ 0(2) (—Gri(2) + E{Grr(2)}) d=

21

T
= [ e)enea

r

where I' is any closed contour in the complex plane encircling the segment
[-2M, 2M] in the real axis. Define the characteristic function

Zn(z) = E{ey(2)}, z € R,

where

enla) = VIR = exp § ~YIE [ ()G (2)a

r
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Since Z,,(0) =1 and

x x

enli) = 1+ [ o)y, Zuw) =1+ [ Zuto)an (43)

0 0

it suffices to prove that there exist the subsequences {Z,, ()} and {Z,, (z)} that
converge uniformly on any finite interval, and

lim Z, (x) = Z(z), lim Z (z)=—zV|p]Z(x).
n;j—00 nj—00 J
Besides, due to the Cauchy theorem,

Lenw) = o) [ ol2)Gru(ez (4.4)
I

n o
2@ = Y [ ele)B (@G} da,
where we choose the contour I'y C Dy in the domain
Dy ={z € C: p=mindist(z, [-2M,2M]) > 4M}.

To find E {e;, (z)Ggr(z1)} in both cases (1.1) and (1.2), we apply the same pro-
cedure as in the previous section and obtain the analog of (3.9) for the case

(1.1):

COV{e ( Gri(21)} = (en(2)Grr(21)) (4.5)
\/»27_‘_ / (22, 21) de—i-\ng,
where
1 o o ~ *
Ry = W(E{en(az)gn(zl)GA(zl)U BUG(z1)}
—E{ei(x)&i,g(zl)éA(Z1)G(Z1)}+jﬁlfw(22)R4(227zl)dzz>
and

Ry(z2,21) = E{en(@) (Ga(21)U" BUG(z)) | (G(22)G(21))5 |

—-E {en(w) <GA(21)G(22))Zk (G(Z2)U*BUG(21))Zk}
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{en (GA 2)U* BUG(Zg))Zk}E{G(zg)G(Zl)}kk
{en (GA G(z2 ) k}E{G(ZZ)U*BUG(Zl)}kk
+E{Ga(:)UBUG(z)} | B {en(r) (G(22)G(21))i)
~E{Ga(=)G(z)} E{en(®) (Glz2)U" BUGG1))i}

where the contour I'y C Dj;. Besides, for z € Dy, we have the bounds

1 1
an (A < o lon(2)| 2 g, mindist(ha, 5, (2) (M, M]) = 201,
z
1 1
< < — <1.
IGa) < 7 1G5, (8,1, DI < 577 len(@)] <1

Moreover, by using (3.12)—(3.15), it can be shown that
Ry=0(n""?)

uniformly for 219 € 2, Q-compact, 2 C Dys. Thus, we obtain
Rz =O0(n~'/?)

uniformly in x on any finite interval and in z; 2 € Q, Q-compact, 2 C Djs. Then,
using (4.5), we obtain

xZn(x)

VnE{e, (2)G(21)} = —

/M@W@xmm+om1%
I
xZn(x)

- 2T /90(22)5(21,22)6122 +O(n*1/2),
)

uniformly in z on any finite interval. Substituting this into (4.4), we obtain

Zp(x) = 0(21)(22)S (21, 22)dz1dz0 + O(n™1/3),

I'y T'y

uniformly in z on any finite interval in view of the finiteness of the contours I'y o,
which completes the proof due to the analyticity of ¢(21)¢(22)S(#1, 22) in 21 2 for
21,2 € (C\[—QM, QM].

The case (1.2) can be treated in a similar way. [
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5. Covariance of Resolvents of (1.3) and (1.4)

Now we prove the analogous results for the product. Define N, s and N, r,
the NCMs of S and T for any interval Q C T = {z € C: |2| = 1},

Nos(Q) = #{sMeq i=1,... n}n ",
Nor(Q) = #{tMeq 1=1,... nn" (5.1)

We assume that the measures converge weakly to the probability measures Ng
and Np:

lim N,s=Ng, lim N,7 = Nr. (5.2)
n—oo

n—oo
As in the additive case, there is the way to express the NCM of the product in
terms of NCMs of the factors, using, for example, the following result [6]:

Theorem 5.1. If S and T satisfy the condition (5.2), then the NCM N, of
(1.3) converges weakly with probability 1 to the non-random probability measure
N, and the Stieltjes transform

o) = [ 21 (5:3)
T

of N is a unique solution of the system

B zAg(2)
. zAT(2 .
As(z) = fr T+ 2f(s))
fR) A +2f(2) = As(2)Ar(2),

where f(z), Ag(z), Ar(z) are analytic for the |z| < 1 functions verifying the
conditions

Ag(0) =m¥, Ap(0) =m). (5.5)

Despite its bulkiness, when compared with (2.2) in the additive case, the
system (5.4) gives a useful observation:

Remark 5.2, (Divisors of the uniform distribution on T.) If we consider
(5.4) as the definition of the free multiplicative convolution Ng X Ny = N of the
measures on T, we can use it to obtain all divisors of uniform distribution on T
with respect to K. Indeed, for the N-uniform distribution, we have f(z) = 0 and

Ar(z) = fs(zAs(2)),
As(z) = fr(zAr(z)),
Ag(z)Ar(z) = 0.
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Thus, where are only two possibilities: we have the purely trivial solution
(f(2) =0, As(z) =0, Ap(z) = 0), which implies m(sl) = m(Tl) = 0, and at least
one of the measures (say, Ng) is uniform. In the last case, 0 = Ap(2) = fg(z) =

mg), Ag(z) = fr(0) = m(Tl)(;é 0 in general) and where are no more options.

Thus we have to distinguish the cases f(z) =0 and f(z) # 0.

Theorem 5.3. If S and T' are non-random satisfying the condition (5.2) and
f(2) =0, then we have for Gy, and |z12] <1,

Cov{Grr(21), Grr(22)} = n 1S, (21, 22) + Tn(21, 22),

where
e in the case of (1.3) and 0 = Agr(2),

fr(0)
1 — 2122 f4(0) f1(0)

Sn(z1,22) = (Ske)?, (5.6)

o for 0= Ap(z) = fs(2), Ag(z) = mlY,

S’n(zl,zz) = (SGS <mg«1)2’1> GS <m§})22>>
kk

N2
Y
x| fr(0)Sg; — B (GS (m(Tl)ZH) - Gs (m(Tl)22>> ;
o kk
(5.7)
e in the case of (1.3) and 0 = Ag(z) = fr(z) and in the case of (1.4),
Sn(zl, ZQ) =0 (5.8)

and
Irn (21, 22)| < C/n=3/%,

Proof We use the scheme of the proof of Theorem 2.2: first we consider
the ensemble (1.3) and then the ensemble (1.4). In Proposition 3.1, taking & =
(TrE(k’k)G(zl))o Gac(z2) and using the resolvent identity for the pair (H, A), we
obtain

< (Tr E(k”“)G(zl)>o (G(22)S [X, U*TU) G(22)),.

~_—

+ <(Tr E®NG(2)8 [X,UTU] G(z1)> Gac(22)> = 0.
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n
Then, taking X = E@ and applying the operation n~* >~ to the result, we
a=1
obtain the matrix equality

(Grer(21) (1 + 229n(22))G(22)) = (Gip(21)0n,5(22) U TU G (22))
tn! <[U*TU, G(ZI)Evak)G(zl)s} G(z2)> :
where
ons =n 'TrSG. (5.9)

Rewrite G by using the resolvent identity for the pair (W, I) as G = 2~} (SU*TUG
—TI). After regrouping the terms, we have

1+ Zan(ZQ)
22

= (U0, 6N EMIG()S| Gla))
+ (Gir(21)8, p(22)UTUG(22))

(S = pns(22)1) (Gp,(20) U TUG(22))

— 22 (Gpp(21) 95 (22)G(22)) » (5.10)
where B{6, 5()}
. . z n,S\%
) = Blga(2)), pus(e) = 77 (5.11)
Besides, we have the bounds
IGEI € ) 1ga(2)] € T, Pus(2)] € |2 £1
= 1 n T n,S = 117 0 )
11— [2]| 11— [2]| 11— [2]|
H 1 1 1
< — < — —. 12
on(@ < gy Bl <5 lewn(I < 5 lel < g (512)

Thus the matrix S — p,, g(22)1 in (5.10) has the inverse
Cs(2) = (S = pus(2)1) ™" = Gs(pn,s(2))

uniformly in n bounded IGs(2)|| < 2 for |2| < 1/4. Next, multiplying (5.10) by
Ggs(z2) from the left, we obtain the relation

(Grr(2)UTUG(22))

_ ;szj;b(z?) (Gs(z2) [U°TU. G(2) B#HG(21)S] G(=2))

+ (G5 () B2 U TUG )

— 22 (G195 (2) G5 (22) Gz2))

470 Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 4



On the Fluctuations of Entries of Matrices...

Multiplying this relation by iS from the left, regrouping the terms according to

the resolvent identity and applying then the operation TrE®*-*).  we obtain
o 1
Cov{Grr(z1), Grr(z2)} = (Grp(21)Grn(22)) = —7(21,22) + B, (5.13)
where
N S S ((SCs(=)U"TUG(2))  (G(21)SC (=)
’ 1+ 20 fn(22) kk ok
- <5GS(ZQ)G(ZI)>M <G(21)SU*TUG(22))kk> , (5.14)
1 ~
Ry =————— |E{G} o, SG U*BUG
s =1 ) (BlGR1)3 5 (22)5Gs (2)U" BUG(=2))

— ZQE{GZk(Zl)QZ(ZQ)GA(Z2)G(Z2)}
+ n~'Cov { (SéS(ZQ)U*TUG(Zl))kk ) (G(ZI)SG(Z2))kk}

—n"'Cov { (565(22)(;(21)) " (G(zl)SU*TUG(ZQ))kk}) . (5.15)

Now the Schwarz inequality for the expectation E{...}, (5.12) and the bound
[|Gs(2)|] <2 for |z| <1/4 yield for |z|,|z12] < 1/4,

|Rs| < 6Var1/2{Gk.k( )} (Var'/2{g(2)} + Var'/2{s, 5(2)} )

+ fg (Var1/2 {(565(22)U*TUG(21)) kk} Var!/2 {(G(21)8G (22)),.}
+ Varl/? { (SGS(ZQ)G(zl)) kk} Var'/2 {(G(21)SUTUG(22)) kk}) . (5.16)

Besides, by using Proposition 3.2, we have

Var{Gu,(z)} < = Z {‘TrE(’”“ GSU* (E(W)T TEG )UG’ }
jt 1

2
~- - Z E{‘ (TUGE®HGSU*); — (UGERR GSU* T)tj‘ }
jt 1

4
< 1 5.17
— n’l—‘zH‘l’ ’Z|# ? ( )

and, analogously,

Var {(G()SG) € s A # 1

n|l
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Var (G2)SUTUGE) ) €~ 1
Var{(SéS(ZQ)U*TUG(Zl)>kk} < 71\1—8\z|]4’ |z| < %,
Var { (8Gs(=)G()) ) n\18|z||4 2] < i

On the other hand, by using Proposition 3.2, in the same way, for |z| # 1 we
obtain

Var{g,(2)}, Var{s, p(2)} = O(n™?).
Thus, we have that
Rs = O(n™3/?)

uniformly in |z, |21 2] < 1/4. Besides, in [6] it was proved that
(U*TUG(2)) = Gg(z) + O(n™ ") (5.18)

uniformly in |z| < 1/4. Due to this relation and Proposition 7.1, for 0 = f(z) =
Agr(z) we have

<SéS(ZQ)U*TUG(Zl)>kk = (Sés(zz)és(zl)>kk +0(n™)

= (5G30) +0Mm™) = (S,

(G(21)SG(22))i, = - lej;j}gzi))f}(o) Sir+0(n™h),
<Ség(zg)G(z1)>kk - ”"’ile) (sés(@)és(zl))kk +om™Y
= O(n™ ).

Substituting this into (5.14), we obtain (5.6). Analogously, in the case 0 = f(z) =
Ar(z) = fs(2), As(2) = my, we have

<S(~¥g(22)U*TUG(z1)>kk = (SGS (m(T)zg> Gg (m(Tl)zl)>kk +0(n™Y),
(G(21)SG(22)) g, = f7(0)Sjy +O(n™ 1),

<SéS(ZQ)G(21)>: ; miV <SG5 (m&%) Gs (m&%))kk +0(n™h),

M _
(G(21)SUTUG(22)) . = —L <21G5 (m;>z1) pNer <m(T)zQ>> +0(n 1)
kk
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and then we obtain (5.7). In the case 0 = f(z) = Ag(z) = fr(z), we have
(G(21)8G(22))yy = O™,
(8Gs(z)G(x)) = O™
and (5.8).

Now we turn to the ensemble (1.4). Following the scheme of the proof of
Theorem 2.2 we arrive (cf. (5.10)) to the relation

1+ Z2fn(z2)
z2

= ) g )

ol < [U*TU, G(zl)EWG(zl)s} G(Z2)>

+ (Ghi(21)05, p(22) U TUG(22)) — 22 (Gpe(21) g5 (22) G (22)) -

Multiplying this relation first by Gy«gy (22) = (V*SV — pn.s(z2))71 and then by
2y Ly*SV from the left, applying then the operation TrE®*¥). taking the average
E{...} of the result and regrouping the terms, we obtain the relation

(VESV' = pn,s(22)1) (G (21) U TUG(22))

Cov{Gpr(21),Grr(22)} = %’iizg)cov {Gkk(zl)a (éV*SV(ZQ))kk}
+ ;H;M (E{V*SV@V*SV(zg)U*TUG(zl)}kkE {G(21)V*SVG(22) }

_E {V*SV@V* SV(ZQ)G(zl)}kk E {G(zl)V*SVU*TUG(ZQ)}kk> + R, (5.19)

where Rg = O(n_3/ 2). Using the same arguments as in the proof of Theorem
2.2, we obtain

152 o { G (o), @v-sv 2
z2

_ pn,S(Zl)pn,S(ZQ) Cov {(éV*SV(Zl))kka (éV*SV(ZQ))kk} + O(n*3/2)

2122

_ pn,S(Zl)pn,S(ZQ) (:LTI” 65(21)65(22) N AT(ZI)AT(32)> + O(n_3/2) _ O(n—3/2)

nz12o
(5.20)
for 0 = f(z). Moreover, due to (5.18) and Proposition 7.1, we have
E{G(21)V*SVG(22)},, = O(n'),
E{G(z2)V*SVU*TUG (22)} ), = 5(; j ) +0(n ) =0
for 0 = f(z). Thus we finally arrive to (5.8). [
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Theorem 5.4. If S and T are non-random, satisfying condition (5.2) and
f(2) # 0, then for Gy, and |z12] < 1 we have

Cov{Gr(21),Grr(22)} = n 718 (21, 22) + (21, 22),

where
e in the case of (1.3),

((pn,s5(21)Gs(pn,s(21)) = pn,s(22)Gs(pn,s5(22))) ki)
(21 — 22)(21f(21) — 22f(22))

22pn,5(21) — 21pn,5(22))

Sn(z1,22) =

7122(pn,5(21) = pn,s(22))’ (521
e in the case of (1.4), we have (cf. (2.7))
Snor,20) = IOV In2) g o g ) 5.22)

Z1 — %9
and |rp (21, 22)| < C/n_3/2.

Remark 55 (cf. Remark 2.3) Note that in the case S = oI, when (1.3)
and (1.4) coincide, the expressions (5.21) and (5.22) coincide as well. Therefore
we have

025 (2) L 142f)

pns(z) = — 7=, Gspns(z)) = I

=TT 2f() 7 s () s

Example 5.6. (cf. Example 2.5) Consider the case S = T" and the measure
Ng(d\) = ad(A+ 1)+ (1 —a)d(A—1), 0 < a < 1 for the ensemble (1.4), again
having two point masses o and 1 — « at the points —1 and 1, respectively. Then
(2.2) reduces to the quadratic equation

(2P2(2) + 2f ()= 42— 2) — 20— 1)2 =0

with the solution

1 Ve 1T+2-22+42a—-1)2(z1+2-2)
2 2(z71+2-2)

and the resulting measure

B 1 /1—-22a—1)%—cosb
N(df) = 2a —1]6(A— 1) + 77\/ Ty X[o..,0-1(0)do,

where x(o, ¢_] is the indicator of the segment [0_, 6] and

0, = arccos(1 — 2(2a — 1)?), 0_ = 21 — arccos(1 — 2(2cr — 1)?).

474 Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 4



On the Fluctuations of Entries of Matrices...

Thus, for this case we have

224 2120+ 25 —2(21 + 22) + 1

21+ 29 + 4(20& — 1)2

- 1 u(z1)u(22)
S(z1, ) 577 + 2ers, <w(z1) + w(zz))
(21)  u(z)

GG G,

where u(z) = (z — 1)2, w(z) = /(271 + 2 — 2)2 + 4(2a — 1)2(z~1 + 2 — 2).

Proof of Theorem 5.4. Following the proof of the previous theorem for
the ensemble (1.3) up to the relation (5.13), we use (5.18) and Proposition 7.1 to
obtain

<SC~¥5(z2)U*TUG(z1)>kk - (sés(@)és(zl))kk Lo
(Pr.s(:1)Gs(21) = pus(22)Cs(z2))

kk —1
= +O(n™"),
s = prs () (™)

(pn,s(m)és(m) — pn,s(22)és(22)) o 0Ag

<G(Z1)SG(22)>M<: = 52’5(Zf) +O(7’L71),
N () (orsG)Gs() —pus(2)Gs()
<SG5(22)G(21)>M T4 Pn,s(21) = pn,s(22) +0E,
<G(21)SU*TUG(22)>M€ _ (21 <G(Z1)> _552 <G(22)>)kk + O(?’Lil)
(pns(:1)Gs(z1) = prs(22)Gis(22))

kk -1
= @) .
5 +0(n™)
Substituting this into (5.13), we obtain the assertion of the theorem for the
ensemble (1.3). To complete the proof for the ensemble (1.4), we follow the
path of the proof of the previous theorem up to the relations (3.9)-(5.20) and
substitute into (3.9)—(5.20) the relations below:

* ~ * _ 5(Zf) n—l
E {V SV Gy-sy (22)U TUG(zl)}kk = s O(n™Y),
E{G(z1)V*SVG(22)}y, = 5?—25 +0(n™Y),
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E{V*SVéV*Sv(Zg)G(Zl)}kk - ””ile) 5(55) + oY,
E{G(21)SV*SVU*TUG(22)},;, = 5(;5)%—0(71_1).

After simple algebra we obtain the assertion of the theorem for the ensemble
(1.4). [

6. Central Limit Theorem for the Entries of Functions
of (1.3) and (1.4)

In the same way as in Section 3, we will prove the Central Limit Theorems
for the elements of the statistic function ¢ of the matrices (1.3) and (1.4) using
the explicit formulas (5.21) and (5.22), respectively. To apply the scheme of the
proof of Theorem 4.4 with the dense set of test functions, we have to satisfy
the conditions of Proposition 4.2. Thus we need the analog of Proposition 4.3
below to have a priori bound for the variance of the statistic. Let us consider the
function ¢ : T — C from the Hilbert space Hs(T), s > 0 with the norm

+00 n
P P 1 0N —ik6
el = 30 1+ 210 6= 5 [ etehe o,

Proposition 6.1. For any ¢ € Hs(T), s > 0, and any random unitary W
we have the bound

—+o0o ™
Var(Nalelis) < Cullpll? [ dee ! [ Var(ReQ(ete?)ds, (6.)
0 —Tr

where Q(z) = (W + 21) (W — 2I)7Y, |2] < 1.

Proof  We just follow the proof of the analogous proposition for the
Hermitian case from [4]. Consider the operator Ds : Hs(T) — L?(T) defined for

any ¢ € H,(T),

(Dstp)y, = (1 + 2[k[) "y
For fixed n, Var{N,[y];;} is a bounded quadratic form in the Hilbert space
Hs(T) with the inner product (u,v)s = (Dsu, Dsv), where (-, -) denotes the inner
product in L?(T). Then there exists a positive self-adjoint operator V;; which
defines the quadratic form

Var{N,[¢];;} = (Vjje, p) = Tr(ILV;;11,),
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where II, is the modified projection operator Il,u = p(u, ¢)/||¢||r2. Besides, we
have

Tr(IL,Vj1L,) = Te(I, Dy Dy VD Dlly) < || DIl |PTe(Dy Vi DY),

S

where || DsIL,|| < ||Ds¢||r2 = ||¢|]s. On the other hand, for any u,v € L*(T), we
have

+oo
T'(25)(Dyu,v) =T(2s) > (1+ 2|k|) iy
k=—oc0
+oo +o0
_ / dte 71 Y ()M aya,
0 k=—o0
+o00
= / dte 't (Pt x u, Po—t % v)
0

“+oo s T T
= / dte %51 / do / / Pi(0 — NP—e (0 — p)u(N)v(p)dAdp,
0 -

—TT —T

where I' denotes the I'-function, -*- means the convolution of functions, and P, (0)
is the Poisson kernel with the parameter 0 < r < 1,

1—r2 14 ret?

T 1—2rcosf+r2 1 et

P.(0)

This implies the explicit form of the integral kernel of T'(2s) (D5 2u, v),

+0o0 T
['(28)D;%(\, ) = / dte 1?71 / dOP,—+(0 — \)P.—:(0 — )
0 -
and
+oo ks
[(2s)Tr(D; VDY) = /dtett251/d9 (VjjPot(0— ), Pt (0 —))
0 -
+oo iy
= / dte~tt?s~1 / dOVar{N,[P,(0 — .)];;}
0 -7
+oo s
= /dte_ttQS_l/Var{Rerj(e_tew)}dG,
0 —7
which completes the proof. [
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Before formulating the main result of this section, we should note that al-
though the solution of the system (5.4) and the formulas (5.21), (5.22) are defined
only for |z| < 1, in the case f(z) # 0, we can always define them also for |z| > 1.
Indeed, using the new variables

2f(2)
v = s
B zAg7(2)
psr(z) = T 70y
one can rewrite the system (5.4) in the form
v(z) = sps(2)),
¥v(z) = Yrlpr(?)),
2p(z) = ps(2)pr(z),
where Fon(2)
zJsT\z
YT T T e )

On other hand, under the condition f(z) # 0, |z| < 1, using the integral repre-
sentation (5.3), one can define 1(z) for |z| > 1 via the formula

(&)

Then, using the system above, we obtain

()=
psT | Z | = ———
z) psr(2)

Thus, in the case f(z) # 0, the system above and hence the system (5.4) are valid
for any |z| # 1. Moreover, since the corresponding bounds in (5.12) depend in
fact on the distance form z to the unit circle, then Theorem 5.4 with the formulas
(5.21), (5.22) is also valid for any |zq 2| # 1.

The main result of this section is as follows:

Theorem 6.2. If S and T are non-random, satisfying condition (5.2) and
f(2) #0, and the test function ¢ : T — R, ¢ € Hate(T), € > 0, then

VNG [0l = VNG @]k — VRE{N,[@]rr}

converges in distribution to the Gaussian random wvariable with zero mean and
the variance

1 A A ,
Vipl = lim 2//@(6101)90(6292)(R1,2'T) (r1e™, r2e™")d6, b,

1 ,T‘QTl 47T
—T —T
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where

T(z1,22) : = z1225(21, 22),

(Ris-T)(21,2) : :T(zl,ZQ)T(zl,212> T<1,22>+T<1,1),

<1

and S(z1,z2) is defined in (5.21) and (5.22) for (1.1) and (1.2), respectively.

Proof. Asin the proof of Theorem 4.4, we prove the theorem for some
dense set in Ha4-(T) (say, trigonometric polynomials) and then extend it on the
whole Ha1:(T) by using Propositions 6.1 and 4.2. The procedure is the same
with the difference in the representation of the analytic in C\{0} test function
@ via the contour integral by the Cauchy formula. We start with the contour
r=r,u FE UTy/, UT} (see Fig. 1.(a)) encircling the spectrum of the ensemble
(1.3) (or (1.4)) for any realization.

(b)

Fig. 1. Contours (a) and (b)

Of course, this contour has a realization-dependent part (we choose the angle
[ such that the contour I" lies outside the eigenvalues for each realization), but
we can cancel the integrals over Fg and I'T since they are the same contour
integrals in opposite directions. Thus we obtain the integral over the realization-
independent contour I'; UT'; /. (see Fig. 1.(b))

Vgl = -2 [ elacu s
rruly /.
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= \2/7? [ <g0 (rew) re G3,, (rew) - <€:9> 6;0sz (e;@)) do.

The rest of the proof coincides with the proof of Theorem 4.4. ]

7. Appendix

Proposition 7.1. (i) For the ensemble (1.3) for |z| < 1 we have
in the case 0 = f(z) = Agr(z),

St +O(m™"); (7.1)

CasCe = T b

in the case 0 = f(2) = fs(2) = Ar(2),

(G(21)SG(22)) e = Fr(0)Six + O(n™"); (72)
in the case 0 = f(z) = fr(z) = Ag(2),
(G(21)8G(22))y, = O(n7"), (7.3)
and in the case f(z) # 0 for |z| < 1,
0As0ps .~ = 1
(GGl = 5o 8Cs()Gs(e) + 0. (74)

(ii) For the ensemble (1.4) we have in the case 0 = f(z) for |z] < 1,
E{G(21)V*SVG(22)}y = O(nY),
and in the case f(z) #0 for |z| <1,

E {G(21)V*SVG(22)} 1 = ‘%S +O(n7Y).

Proof. (i) Taking in Proposition 3.1 with ® = (G(21)SG(22))ac, We obtain
(G(=1)S [ X, U'TU] G(#1)SG(#2))ac)
+ ((G(21)SG(22)S [X,U"TU] G(22))ac) = 0.

n
Then taking X = E(%b) and applying the operation n ! >~ to the result, we get
a=1
the matrix equality

(On,5 (1)U TUG(21)SG(22)) — (1 + 219n(21))G(21) SG(22))

n <<irﬁ G(zl)SG(zg)S> U*TUG(Z2)>

- <<:LTrG(z1)SG(22)SU*TU) G(22)> =0. (7.5)
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Regrouping the terms by using the resolvent identity and centralized values, we
obtain

1+ 21 fn(21)
21

+ <iTrG(Zl)SG(Z2)S> ({U"TUG(22))

- —HZZ%(Z”S () + 225 () + O

(S = pn,s(21)I) (U'TUG(21)SG(22))

Then taking the inverse Gg(z) and regrouping the terms, we have
(U'TUG(21)SG(z2))
= (G(=)) +

0Ag
0z

) S
1+ Zlfn(zl)

pus(e2)) Gs(en)Gis(ea) + O™, (7.6)

<<:LTrG(21)SG(22)S>

After taking the operation %Tr' over (7.6), we obtain the following relation:
1
<nTI“ U*TUG(Zl)SG(ZQ)> (77)

H;’Miﬂ Cs(21)Cs(22) <:LTrG(21)SG(22)S>
B z1pn,s(22) 0Ag 1, ~ =~ -1
= fo(z) — T 21 (1) 02 ETr Gs(21)Gg(z2) + O(n™ ).

Note that in the case f(z) = 0, we have 2Tr Gs(21)Gg(z2) = 1Tr G%(0) = f5(0).
On other hand, let us consider the modified resolvent

G =UGU* = (USU*T — =)~

Due to the trace property, we have the following identities:

%TrTé(Zl)Tilé<22) = 211 (;Tr UTUG(21)SG(z2) — gn(22)>,
<1 o 1 (/1 1~
ETr USU*G(z)T G(zz)> = <<nTrG(21)SG(zQ)S> - ﬁTrT GT(z2)>
+0(n™?).

Then, using the identities above and the left invariant analog of Proposition 3.1
with ® = (G(21)T'G(22))ac and the procedure similar to that used above, we
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finally obtain

- szil(zz)iTr Gr(21)Gr(2) <:LTr U*TUG(zl)SG(22)>

n <iTrG(z1)SG(Z2)5>

1 OAg\ 1. ~ ~ -
= m <1 - pT(Zl)z25z> ETI" GT(Zl)GT(ZQ) + O(n 1). (78)

Thus, for the pair ((2Tr U*TUG(21)SG(22)) , (1 Tr G(21)SG(22)5)), we have the
following linear system in the case 0 = f(z) = Agr(2):

<:ZTr U*TUG(zl)SG(zg)> o fs(0) <iTr G(zl)SG(zg)S> —0(n Y
/ 1 1 '
—22f7(0) <nTr U*TUG(zl)SG(zz)> + <nTr G(Zl)SG(ZQ)S> = f7(0) + O(n™Y).
Solving this system and substituting the solution

1 B f7(0)
(Fmetensaes) = s

into (7.6), we have for f(z) =0 in all cases

+0(n™Y)

(U*TUG(21)5G(22)) = (G(z2)) + 21 <TllTrG(zl)SG(zQ)S>C~}g(zl)és(zg)+O(n1),

and hence for 0 = f(2) = Agr(2) we have

(U'TUG(21)SG(22)) = (G(22)) + =1 1= lejgcjjlgg))féw((]) és(zl)és(ZQ) + O(nfl).

Then, using the consequence of the resolvent identity

(G(21)SC(22)) = © (S (U TUG(21)SG(z2)) — S (Cl=z2)).  (7.9)

21

we obtain (7.1) for 0 = f(z)
Analogously, for 0 = f(z)

A&T(Z).
fs(z) = Ap(z), we obtain the system

<:LT‘I‘U*TUG(21)SG(22)> = O(n_1)7

<:LTrG(z1)SG(22)S> = fr(0)+ 0™,
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and hence we get (7.2). For the case 0 = f(z) = fr(z) = Ag(z), we obtain the
system

<:LTrU*TUG(z1)SG(22)> o,
<71LT1~G(21)SG(22)5> oY

and then (7.9).
Now we suppose f(z) # 0 and multiply the relation (7.5) by S and take %TI"'
over the result. Thus we obtain

<iTrG(z1)SG(22)S> _ ‘méi‘;(f?f) + oM.

Substituting this expression into (7.6) and then using (7.9), we obtain (7.4).

(ii) The first relation in (ii) is obtained from (7.1)—(7.3) by substituting V*SV
instead of S and taking E {-} since either 1Tr $* = 0 or fr(2) = 0. The second
relation in (ii) is obtained from (7.4) in the same way. [
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