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We construct a two-dimensional sphere in the three-dimensional Eu-
clidean space which intersects a circular cylinder in three given points and
the corresponding weighted Fermat—Torricelli point for a geodesic trian-
gle such that these three points and the corresponding weighted Fermat—
Torricelli point remain the same on the sphere for a different triad of weights
which correspond to the vertices on the surface of the sphere. We derive a
circular cone which passes from the same points that a circular cylinder
passes. By applying the inverse weighted Fermat—Torricelli problem for dif-
ferent weights, we obtain the plasticity equations which provide the new
weights of the weighted Fermat—Torricelli point for fixed geodesic triangles
on the surface of a fittable sphere and a fittable circular cone with respect
to the given quadruple of points on a circular cylinder, which inherits the
curvature of the corresponding fittable surfaces.
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1. Introduction

The weighted Fermat—Torricelli problem states that:

Given are three points A1, As, A3 in the Euclidean plane, three positive real
numbers w; (weight) which correspond to the vertex A;, find a point X in the
Euclidean plane that minimizes the sum of the weighted Euclidean distances
F(X) = wi[[ A1 X || + wa | A2 X | + ws || A3 X].

The solution of the weighted Fermat—Torricelli problem is named as the
weighted Fermat—Torricelli point F. E. Torricelli was the first to discover the
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isogonal property (or 120° property) of the weighted Fermat—Torricelli point
LA1FAy = LAsF A3 = LAsFA; = 120° for equal weights. B. Cavalieri was
the first who stated that if at most one angle ZA;A;A; > 120°, then F' = A; for
wy = wy =ws, 1,5,k =1,2,3,1# 5 # k (see [2, 4]).

The isogonal property of the equally weighted Fermat—Torricelli point holds
in Riemmanian manifolds ([3]) and in an Alexandrov surface of the bounded
curvature ([5], in the surface of polyhedra).

We introduce a problem of the (curvature) plasticity of a surface which passes
from four given points in R? :

Problem 1 (Problem of plasticity of fittable surfaces in R3). Suppose that
F is the corresponding weighted Fermat—Torricelli point of a geodesic triangle
NA1AA3 on a C? complete surface M with weights wy, wa, and ws. Find a
fittable Alexandrov surface M’ of the bounded curvature which passes from Aj,
Ao, As, and F such that F is the corresponding weighted Fermat—Torricelli point
of ANA1A2As on M’ with weights w), wh, and wh.

In this paper, we apply the weighted Fermat-Torricelli problem for geodesic
triangles on certain surfaces in the three- dimensional Euclidean space, the inverse
weighted Fermat-Torricelli problem, in order to derive the equations which allow
us to compute the weights corresponding to the fittable surfaces for three fixed
points and a fixed fourth point (weighted Fermat-Torricelli point) located at
the interior of the geodesic triangle for the case of a two-dimensional sphere
in the three-dimensional Euclidean space which intersects a circular cylinder in
three given points and the corresponding weighted Fermat—Torricelli point for a
geodesic triangle and a fittable circular cone which passes from the same points
that a circular cylinder passes.

2. Plasticity of a Sphere and Circular Cone with Respect to a
Circular Cylinder in the Three-Dimensional Euclidean Space

Let A (A1A2A3)~ be a geodesic triangle, for instance, on a circular cylinder
2?2 +y? =1 for 2y < z < z and Fo = Ay ia the corresponding weighted Fermat—
Torricelli point for given weights wi, we, and ws.

By A; = (cosyj,sing;, z;), we denote the points located on the circular
cylinder 22 + y? = 1, by (a;;)c, the length of the geodesic arc A;A;, by 7; =
(cost,sint, b;;t), the circular helix from A; to Aj, by (a4jx)c, the angle formed by
A;A; and AjAy, by A;p, the projection of A; to the circle of the cylinder which
passes from A; = (1,0,0), by wo, the angle ZAg,A;Ag, by 2o, the linear segment
ApAop, and by Lo, the linear segment A;Aq, for 7,5,k = 0,1,2,3, ¢ # j and
J#k.

We set b1 = % and big == %, where 0 < ¢; < 7, for 4,7 =1,2,3 and ¢ # j.
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We need the following two lemmata proved in [12] and [11] (see also in [12]):

Lemma 1. [12, Theorem 1, p. 173]. The ezact location of the weighted
Fermat—Torricelli point Ay = Ao(zo,Y0,20) of A (A1A2A3) -, composed of three
circular helizes on the circular cylinder, is given by the following three equations:

1+ b12b13
V14031 + b2,

2
14 biabis
— arccot 1-—
V14 b3\ /1+ b,

1+ biobis w§ — w% — w%)
V1 bl V14 b
2 2 02 .2

wg = arctan by + arccos (

cot (arccos

14 b%2g02 2wyws
<_ Lt biobus — /1= ( L+ biobig )2 cot (arccos —w§ — w% — w%)
V1+bi5y/1+ 015 V1 +b5/1+ b7 2wy ws
1+b°
n + ;3803):| (2.1)
2 .2 .2
sin (arctan b13 — wp + arccos W) 1+ b%3g03
20 = sin wy (2.2)
. wd—w?—wl
SIn | arccos W
and
22
sin (arctan b1z — wo + arccos W) 1+ b%3<p3
Ly = COs wo (2.3)

. w2 —w? —w?
sin | arccos %
wiws

We consider the same points A;, Ag, A3, and Ag on a sphere S(Ayp, R) and we
denote by A (A1A2A3)g the geodesic triangle on S(Ag, R), by (aij)s, the length
of the geodesic arc A;A;, by (aji)s, the angle formed by A;A; and A;Aj and
w;, the weight which corresponds to A; and minimizes the objective function
wi(ao1)s + wh(ao2)s + wh(aos)s for i,75,k =0,1,2,3 and ¢ # j # k.

We set
_ sin(k(a;x)s)

— sin((ojor)s)
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for i,7,k =1,2,3 and ¢ # j # k, where

__[VE K=} >0
iW/—K it K <0.

Lemma 2. [13, Theorem 2.4, p. 115]. A finite set of solutions of the weighted
Fermat—Torricelli problem on the K-plane(two-dimensional sphere, hyperbolic
plane), which yields the global minimum point Ay (weighted Fermat—Torricelli
point), is given by the following equation with respect to the variable z = sin(ap13)s :

2
c3 . C2Z2 2%
= | £sin(a23)s/1 — <> — cos(a123)s <61 >

C2 1

c3 . C3
= . sin(ag13) g cos(aize)s V1 — 22 + o cos(a213) s cos(a132)s2

2
+(sin Ozmg)s\/l—(ij) [— sin(2(ag13)s) 2V 1—22 + cos(2(ao13)s) 22 + sin2(a213)5} .
(2.4)

We recall the inverse weighted Fermat-Torricelli problem on a C? surface in
R? first stated by S. Gueron and R. Tessler in R? ([2, 8, 9, 10]):

Problem 2. [2, p. 449], [8, Problem 3.2, p. 61] [9, Problem 2, p. 52], [10].
Given is a point Ag € NA1A3As on a C? surface in R3. Does there exist a unique
set of positive weights w;, normalized by wi+w2+ws = 1, for which Ag minimizes

wi(ao1)g + walap2)g + w3(aos)g,

where (ag;)q s the length of the geodesic arc AgA;?

Lemma 3. [2], [8, Proposition 3.2, Corollary 3.3, p. 61] [9, Proposition 5,
p. 52|, [10]. The solution of the inverse weighted Fermat—Torricelli problem on a
C? surface in R? is given by

1

+ sin a0 sin a0k
SN &0k S &0k

w; =

(2.5)

fori,5,k=1,2,3 and i # j # k.

We assume that A; = (x;,y;,2;) and Fo = Fg = Ao = (zF, yr, 2r) are located
at the intersection of the circular cylinder C' and the sphere S(zg, yo, 20; R) for
i=1,2,3.
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Theorem 1. The following equations provide the plasticity of a sphere derived
by a circular cylinder with respect to the fized points { A1 A2AsAo} for a different
triad of weights w1, wa, w3, and Wi, wh, wh such that Fo = Fg = Ay :

1

- 1 sin (a;05) s sin (aor)s
+ = - - -
s (ajOk)S s (a]0k)S

Wy

(2.6)

fori,j,k = 1,2,3 and i # j # k , the angles (cuoj)s are determined by the
equations

—dzgoh1 + dagshi + dsgiha — d1g3, ha — dagihs + d1ga2h3

:U = — 5 27
0 f392h1 — fagzhi — f3,g1he + figzha + fag1hs — fig2hs3 2.7)
o — _dsfohi — daf3hi — d3fiho + di f3ha + dafihs — di fahs (2.8)

f3g2h1 — fagshi — fsgiha + figshe + fagihs — figahs ' '
o= d3fag1 — daf3gr — d3fi92 + di f3g2 + daf193 — d1f293 (2.9)

f3g2h1 — fagshi — fagihe + figshe + fagihs — figahs’ '
w) +wh +wh =1, (2.10)

where

fi= (@i —xp), (2.11)
g1 = (Yi —yr), (2.12)
hl = (ZZ' — ZF), (213)

d; = 0.5[(1’2' — aJF)(.Z'z + xp) + (yz — yp)(yz +yp) + (ZZ — ZF)(ZZ + ZF)] (2.14)

Proof  Let A(A1A2A43), be a geodesic triangle which is composed
of three circular helixes on a circular cylinder z2 + y? = 1 for z; < z < 29,
and F¢ be the corresponding weighted Fermat—Torricelli point. By unrolling the
cylinder, we get an isometric mapping of AA;AsAs to the Euclidean plane R2.
From Lemma 1, we derive the exact location of Fo = (zF,yr, 2F).

We construct a sphere S(Ay(xo, Yo, 20), R) which passes from A = (x1,y1, 21),
A2 = (332,:1/2,22), A3 = (xg,y3,2’3) and F = (xp,yp,zF).

The bisectors of the linear segments A; F pass from M; = (ZE2e Wtie zitzre)
and intersect at Ag = (xo, Yo, 20), such that ||A;Ao|| = R, for i = 1,2,3 (Fig. 1).

Thus, we get

(i —zr)r+ (yi —yr)y + (2i — 2F)2
= 05[($Z — xp)(xz + $F) + (yl - yp)(yz + yF) + (Zi — ZF)(Zi + ZF)] (2.15)
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for i = 1,2,3. The intersection of the three planes (2.15) gives (2.7), (2.8), and
(2.9).

Thus, we get
R=—— = /(i — 20+ (5 — ) + (1 — )%, (2.16)
VK
L 2 )2 2\ 2
cosOjp =1 — 1 <(33z xF) + (yz yF) + (Zz ZF) > : (2.17)
2 R
(a;r)s = Rb;r, (2.18)
and

(aij)s = RO;j (2.19)

for i,5 =1,2,3, i # j.
Therefore, the angles (aj0j)s are determined by the spherical cosine law in
AAiAjAk .

cos k(a;j)s — cos k(ap;)s cos k(apj)s

sin £ (ao;) s sin k(ao;) s

(ejoj)s = arccos (2.20)

Then, by applying Lemma 3, we obtain (2.6). ]
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Fig. 2.

Remark 1. We note that there is a particular case where A;, As, A3, and

F can be located on a circular cylinder z2? + y? = Rz with the radius g and on
a sphere 22 4+ y? + 22 = R? with the radius R. The intersection of this circular
cylinder and the sphere is called a Viviani curve with one point of self-intersection

(Fig.2, [6, Example 1.2.4 (a), p. 5]).

We consider the intersection of a circular cylinder C : 22 + y? = 1 for z; <
Z < 2z and a circular cone Co : (x — x0)% + (2 — 20)? = (%)2 (x— H)?. By H,
we denote the height of the circular cylinder and by 71, the radius of the circle
which corresponds to the basis of the circular cone.

Theorem 2. The following equations provide the plasticity of a circular cone
derived by a circular cylinder with respect to the fized points {A1A2A3Ao} for a
different triad of weights wi, wa, ws, and W}, wh, wh such that Fo, = Fo = Ay :

1
e 1+ sin (aio5)co sin (aiok)co (221)
sin (ejok)co ' sin (ajok)co
and the angles (coj)s are determined by the equations
1\ 2
(21— 20)* + (21 — 20)® = (é) (z1 — H)?, (2.22)
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(w2 — 20)? + (22 — 20)° = (%)2 (20 — H)?, (2.23)
(25 — 20)° + (23 — 20)% = (ﬁl)g (25— H)?, (2.24)
(zr —20)* + (2F — 20)° = (%)2 (zr — H)?, (2.25)
where
wh + wy + wh = 1. (2.26)

Proof. By considering a fittable circular cone Co : (x —x0)? + (2 — 29)? =
(%)2 (z — H)?, which passes from the points Ay, As, A3, and Fgo, = Fo = Ao,
we get the system of equations (2.22), (2.23), (2.24), and (2.25) with respect to
the four variables xq, yo, 71, and 2o = H, which can give numerically the vertex
A of the circular cone.

Then, by unrolling the circular cone Co along A A, we derive an isometric
mapping from Co to R?, which determines the angles (aijk)o = (@ijk)co, and
obtain (2.21). m

Taking into account that A is the vertex of the circular cone, ry is the radius
of the circle ¢(P,r1) at the basis of the cone, H is the height of the cone, we
denote by ¢o the angle ZA;PAg,, where Ag, is the point of intersection of AAg
and ¢(P,r1), and by xgo, the length of the linear segment AgA, and we consider
the lemma proved in ([12]).

Lemma 4. [12, Theorem 2, p. 177-178]. The ezxact location of the weighted
Fermat—Torricelli point Fo, of NA1AsAs on Co is given by the following two
equations:

Too = \/(1 + H2) + (am)g —2v1+ H2(a01)g cos(a(ng + ZA3A1A), (227)

where

sin(a213) — cos(aw13) cot (a102) e, — ggi;;g cot (a103)00>
I

o = arccot
013 < (a13)0

(a12)o

— cos(a13) — sin(ae13) cot (102) o, +

(a10)0 = sin (@13 + (@103)co) (@13)o0
sin (@103) ¢ '

(cvioj)co = arccos (wp)* = (wi)* — (w;)Q
105 )Co 2(w()(w/') s

i)\
fori,j,k=1,2,3,i#j#k, and

V1+ H?
Po = TlAlAAo(woo, (a10)g)- (2.28)
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R emark 2 Forgiven xg, gz and (a1p)o, the system of two nonlinear
equations (2.27) and (2.28) gives numerically w}, w), taking into account that
/! / /

Example 1. Given are A = (cos0,sin0,0), Ay = (cos §,sin §,0.8),
Az = (cos §,sin ¢, 2), on the circular cylinder 2?2 +y? =1.

The isometric mapping of the circular cylinder to R? induced by (¢, z) yields
the points A7 = (0,0), A5 = (5,0.8), A3 = (§,2). Thus, the corresponding
Fermat-Torricelli point of AAjA,AL F' = (0.8404027,0.8536775) gives Fo =
(0.667163,0.744912,0.8536775) for w; = wy = w3 = %

Given A1, As, As, Fo, we calculate the center of the fittable sphere xg, yo, 20, R
from the equations (2.7)—(2.14): zop = —1.31848, yo = —1.60442, 2y = 1.31278,
R =3.11013.

From (2.17), (2.18), (2.19), (2.20), and (2.6), we derive that

ag03)s = 2.10237 rad,

)
(alog)s = 1.99478 TCLd,
(
(a103)5 = 2.18604 'rad,

which give
wi = 0.33281,
wy = 0.315291
and
wg =0.3519
such that

wy + wh + wh = 1.

As a future work, we consider the following problem that may provide some
perspectives on the plasticity of geodesic triangles on some C? complete surfaces
in R3 :

Problem 3. Suppose that F' is the corresponding Fermat—Torricelli point of
a geodesic triangle NA1 Ay Az on a C? complete surface M with positive weights
w; such that
w1 + wg + w3z = 1.

Find a fittable Alexandrov surface M' of a bounded curvature which passes
from A1, As Az and F such that F' is the corresponding Fermat—Torricelli point
of NA1 A3 Az on M, with positive weights w}, satisfying the equations

/ / /

and wy = w} or wy = w) and we = wh.
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Remark 3. If the points Ay, As, As are not fixed and belong to the surface
of a circular cylinder, then there is an isometric mapping which is deduced by
unrolling the circular cylinder by the line (generator of cylinder) which passes
from the weighted Fermat-Torricelli point Ag of A (AA;A2A43), and the corre-
sponding weighted Fermat—Torricelli point of A (AA;A3A3)p on the Euclidean
plane coincides with Ap, which yields w; = w} and we = w).

We are interested in the derivation of non-isometric mappings of fittable sur-
faces which solve Problem 3, which could also lead to a new way of creating
two-dimensional fittable hyperbolic spaces (Plasticity of hyperbolic spaces).

Finally, we note that Problems 1 and 3 may provide an alternative characte-
rization of a Wald curvature ([7]) by placing geometric properties of the weighted
Fermat—Torricelli problem for geodesic triangles into Wald’s nonlinear quad.
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