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The 2-d wave equation wy = Aw, t € (0,7, on the half-plane z; > 0
controlled by the Neumann boundary condition wy, (0, z2,t) = 0(z2)u(t) is
considered in Sobolev spaces, where T > 0 is a constant and v € L*>(0,T")
is a control. This control system is transformed into a control system for
the 1-d wave equation in modified Sobolev spaces introduced and studied
in the paper, and they play the main role in the study. The necessary
and sufficient conditions of (approximate) L°°-controllability are obtained
for the 1-d control problem. It is also proved that the 2-d control system
replicates the controllability properties of the 1-d control system and vise
versa. Finally, the necessary and sufficient conditions of (approximate) L>°-
controllability are obtained for the 2-d control problem.
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1. Introduction

Consider the wave equation on a half-plane
wy = Aw, x1 >0, 20 €R, t€(0,7), (1.1)

controlled by the Neumann boundary condition
Wg, (0, x2,t) = 0(z2)u(t), xe €R, t € (0,7), (1.2)

where T' > 0, is a constant, u € L*°(0,T) is a control, J is the Dirac distribution,
A = (0/0x1)*+(0/dx3)*. Control system (1.1), (1.2) is considered in the Sobolev
spaces (see Secs. 2 and 3).
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Note that most of the papers on controllability of the wave equation deal with
bounded domains and consider LP-controllability (2 < p < +00) (see, e.g., [8, 11—
14, 18] and others). Controllability problems for distributed parameter systems
on domains unbounded with respect to the space variables have not been fully
investigated. L°°-controllability and approximate L°°-controllability of the 1-d
wave equation on a half-axis were investigated at a given time and at a free time
in [4-7, 15-17]. Controllability problems for the 2-d wave equation on a half-plane
controlled by the Dirichlet boundary condition were studied only at a given time
in the context of controls bounded by a hard constant in [3]. Controllability
of the 3-d wave equation in R? were studied in [2]. In the present paper L*-
controllability and approximate L°°-controllability are considered at a given time
and at a free time for the 2-d wave equation on the half-plane 1 > 0, where the
equation is controlled by the Neumann boundary condition. In the case of the
Neumann boundary control, the results on L°°-controllability at a given time are
similar to those obtained in [3], where the equation controlled by the Dirichlet
boundary condition was studied. However, the studying of the control problems
at a given time differs from the studying of these problems at a free time. Thus,
the methods used in the present paper essentially differ from those applied in [3].
We have to study some new spaces of the Sobolev type, the convergence in the
spaces, and some operators acting in these spaces to investigate the controllability
problems at a free time. Using these spaces and their properties, the necessary
and sufficient conditions of (approximate) L*°-controllability are obtained at a
given time and at a free time in the case of the Neumann boundary control.

The sketch of the paper is the following:

1. It is proved that control system (1.1), (1.2) under initial condition (2.1) is
equivalent to control system (2.2), (2.3) (Sec. 2).
(

2. It is proved that if control system (2.2), (2.3) is approximately L®-controllable
at a free time, then each solution to (2.2), (2.3) is of the form W(x,t) =
w(|z|,t) (Sec. 4), i.e., system (2.2), (2.3) is one-dimensional.

3. The operator ®, transforming control system (2.2), (2.3) to auxiliary 1-d
control system (4.1), (4.2), is introduced and studied (Sec. 3).

4. Applying the operator @ (see Sec. 3), it is proved that control system (2.2),
(2.3) replicates the controllability properties of auxiliary control system
(4.1), (4.2) and vice versa (Sec. 4).

5. Necessary and sufficient conditions of (approximate) L>°-controllability are
obtained for auxiliary control system (4.1), (4.2) at a given time and at a
free time (Sec. 5).
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6. Necessary and sufficient conditions of (approximate) L°-controllability are
obtained for the main control system (2.2), (2.3) at a given time and at a
free time (Sec. 6).

The conditions of (approximate) L°°-controllability for the main control system
(2.2), (2.3) are illustrated by the examples in Sec. 6.

Note that auxiliary control system (4.1), (4.2) is considered in the modified
Sobolev spaces that are the main objects as well as the main tools for studying
the control problems in the present paper. There are two types of these spaces:

e the space Hg[l /9] of the distributions g € 8 such that we have G € H{ for
G(x) = g(|z]), s € R;

e the space HS[I/Q} that is the Fourier transform of Hg[1/2]v s €R.

These spaces are introduced and studied in Sec. 3. In particular, some embedding
properties are proved for the pairs Hg[1/2]’ H? and Hg[l/ﬂ’ Hi, s € R. The
operator ® introduced and studied in the same section also plays an important
role in the paper. This operator is an isomorphism of a subspace Hf of H§ and
HS[IM such that A®f = ®(f"), f € HS[IM. Here, HJ is the subspace of Hj
such that F' € Hj iff there exists f € H§[1/2] under the condition F'(z) = f(|z|),
s € R. Using the operator ®, we can reduce control problem (1.1), (1.2), (2.1)
to an auxiliary control problem for the 1-d wave equation (see (4.1), (4.2)). We
should notice that control problem (4.1), (4.2) has been investigated in H{ in
[5]. However, we have to study this problem again because the convergence in

the space Hg[l/ 2 differs from that in H§. Therefore the controls solving the

(approximate) L>-controllability problem for (4.1), (4.2) in H; U2 differ from
those solving this problem in H{. In particular, to construct the controls we have
to prove Lemmas 7.1-7.7 that are rather complicated. Thus, using the operator ®

and the modified Sobolev spaces Hg[l /9] and HS /2]

, we solve the (approximate)
L*°-controllability problem for control system (1.1), (1.2) at a given time and at
a free time.

This study may be treated as an attempt to extend the class of operators
transforming 1-d wave equation into more general equations (see, e.g., [7, 15, 16]).
Note that the controllability problems for the wave equation with a variable
potential were studied in [7] by reducing them to the controllability problems for
the wave equation with a constant potential with the help of some transformation
operator acting in the classical Sobolev spaces. In the present paper, we observe
a similar transformation. The operator ® may be treated as a transformation
operator transforming 2-d control problem (2.2), (2.3) in the classical Sobolev
spaces into 1-d control problem (4.1), (4.2) in the modified Sobolev spaces.
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2. Problem Formulation

Let n € N. Let 8(R™) be the Schwartz space of rapidly decreasing functions
of n variables and 8'(R") be its dual space of tempered distributions (see, e.g.,
[10, Chap. 1]). Denote by H}(R"), s,l € R, the following Sobolev spaces:

H(R") = {p € SR") | (1 + |DP)*/2(1 + [a)/%p € 2(R™) },
1/2
Ioli = ([ [0+ DB+ Py e o)

where | - | is the Euclidian norm in R, D = (—id/0x1,...,—i0/0xy,), n € N.
It is well known [10, Chap. 1] that |jo|li < [l¢|f, 8’ < s, I! <, ¢ € H}(R").
Therefore, H C Hf,, is a continuous embedding, s’ < s, I’ <.

Let ¥ : 8§(R™) — 8(R™) be the Fourier transform operator. For ¢ € §(R")
we have (Fp)(0) = (2m) /2 Jrn e "o p(x) dr and for f € 8'(R™), ¢ € §(R™),
(Ff, ) = (f,F~1p). Tt is well known [10, Chap. 1] that F is an isometric isomor-
phism of H§(R") and H)(R"), s € R. A distribution f € §'(R") is said to be odd
with respect to z1 if (f, o(x1,22,...,2,)) = —(f, o(—z1,22,...,24)), ¢ € S(R™),
and be even with respect to z1 if (f, p(z1,z2,...,2,)) = (f, o(—x1, 22, ..., 2)),
€ §(R™).

Set n = 2, Ry = (0,400). For s,l € R, denote by ﬁls(RQ) the subspace
of the distributions in Hj(R?) that are even with respect to z1, and denote
H* = Hi(R?) x H3 '(R?) and H; = H(R?) x H? ,(R?), with the norms |||-[||*
and |||-|||;, respectively.

Set s = 0,1,2. Denote also Hg = {p € LR, x R) | 3¢ € Hi(R?) o(z) =
@(z) a.e. on Ry x R} with the norm [Jo[l; = % 1215, ¢ € HE, @ € HE(R2),
o(x) = p(z) ae. on Ry xR, and H;® = (H;)' with the norm [f[j =
sup{|(f, )|/ ¢l | lely # 0}, f € Hy®. Evidently, for each f € H;* there exists
the unique fe ITIO_S(R2) such that ]?'R s f. Moreover, for each J/‘\E ﬁJS(R2)

+

we have f = f‘RerR € H,°. In addition, [|f,° = % H]?H;S for f € 3H;* and

fe Hy°(R?) such that J?‘ = f. One can see that
R+ xR

H) =L*(Ry x R), lells = ”90H%8 .o e HY;
56 = {p € HY | 2, € 3G and i, € KT},
1
lello = llellag + 0w 3 + 0w ll3g  » € H;

Journal of Mathematical Physics, Analysis, Geometry, 2015, vol. 11, No. 1 21



L.V. Fardigola

HE = {pe | (VE,1=1,2, Qg € 9{8) and (g, (+0,22) =0 a.e. on R)},
2
Jello = llellag + 2@z llsg + 2 0z llgg + 2 [Pz12s o
+ "90961961“:]{8 + H‘pxzxzuﬂ{g » P E f]-fg

We treat equality (1.2) as the value of the distribution w at x; = 0 (see
Definition 2.1 below). Set 8 = 8(R), 84 = {¢ € 8 | suppy € R.}, and 8t =
{o € C®°(Ry) | Vk = 0,00¥m = 0, 00 zF¢(™ € L>(R,)}. By analogy with the
definition of the value of a distribution of one variable at a point [1, Chap. 1],
we give the following definition for the value of a distribution of several variables
at a line.

Definition 2.1. We say that a distribution f € (87) x 8 x (8%) has the
value fo € 8' X (8T) on the line x1 =0 (i.e., f(0,x2,x3) = fo(x2,23)) if for each
© € 84 x 8 x 8T we have (fo — fo,0) — 0 as a — +0, where fo(z1,22,23) =
flazy, zo, z3).

Consider control system (1.1),(1.2) under the initial condition

w(z,0) = w(x), wi(z,0)=w?, z1 >0, z €R, (2.1)
in the spaces H;®, s = 0,1,2. Here w) € H}, w) € H§, (%)Sw 1[0, T) — H,°,
Wo(:, 1) WY
0 2 0 0 _ 0
s=0,1,2, A : Hj — H,*. Denote by W(-,t) = <W1(-,t)> and W = (W(1)> the
0

even extension of (ij) and (ZS) , respectively, with respect to z1, t € [0, 7).
t 1

Then, (%)SW 0, 7] — IA{*S, s=0,1, W ¢ H!. If w is a solution to problem
(1.1), (2.1), (1.2), then W is a solution to problem
d 0 1 0
oo (2 Vwomao (D), con e
W('7 0) = W07 (23)

where § € H; ?(R?) is the Dirac distribution with respect to x. Due to the Poisson
formula (see, e.g., [19, Chap. 3]), we have

Wa ) =2 <(—\9”|2)*w8>+1H(t2—’3«"|2)*W?

27 Ot N o2 2 — EE
H 2
/ - T ’f'P u(t - €) de.

where * is the convolution with respect to z. Let W be the restriction of W to
Ry x R x [0,7]. Taking into account Lemmas 7.8 and 7.9, we obtain

(Wi )as (0,22, t) = 6(x2)u(t). (2.4)
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Therefore, if W is a solution to problem (2.2), (2.3), then W7 is a solution to
problem (1.1), (2.1), (1.2). Thus, control problems (1.1), (2.1), (1.2) and (2.2),
(2.3) are equivalent. Further we will consider control problem (2.2), (2.3) instead
of control problem (1.1), (2.1), (1.2).

3. Spaces and Operators

Let us give definitions of the spaces used in the paper. Set n = 1. For s,l € R
denote H; = Hj(R), and denote by H ; the subspace of even distributions in H}.
Further throughout the section we will assume s € R.

Introduce the space HS[A/Q] = {p € Hg,l/g | 3p € H? ¢ = /|p|@} with

0

the norm [¢l%_y 51 = ||/ /17|
/

(Hg[—1/2]> with the strong topology, i.e., |f’93[1/2] = sup{|(f, cp)|/|gp]2[71/2] |

0
‘90’2[_1/2} # 0}, f € Hgs[l/g}- Evidently, ‘f’gs[l/g] = H\/ ‘P‘f“_sv VS Hgs[l/Q]'

One canhsee that HS[—1/2] and HES[I/Q} are complete. Since \/|p| < /14 p?, it
is seen that

, ¢ € HY_, 5, and its dual space H® =

lellg—1jo < 19191/ @ € Hyoajops 1 %spjoy S W12 ss1s0s £ € HY yr)ne (31)

Therefore, Hg[—1/2} C Hg—1/2 and H° 5 C HES[I/Q] are continuous embeddings.

s+1/

According to Lemma 7.1, if f € HESWQ], then f € H:i/j/?
Introduce the spaces Hg[_l/Q] = SFHS[—I/Q] and Ho_s[lm = ?HSS[I/Q] with
s[—1/2 s[—1/2 —s[1/2
the norms |<p\0[ 12— |97<p\2[_1/2], © € HO[ 20 and |flo /2 _ ’?f‘(is[l/QP

!/
fe H()_S[l/2]. Evidently, HO_S[I/Q] = (Hg[_l/Q]) . One can see that HS[_I/Q] and

H, W2 are complete. Taking into account (3.1), we get
s—1/2 s|—1/2 s|—1/2 —s[1/2 —s+1/2 —s+1/2
lells ™ < lela ™2, o € H VA 1A < 110 f e HTHY (32

Therefore, HS[_I/Q} - Hg_l/Q and HO_SH/2 - Ho_s[l/Q] are continuous embed-
dings. According to Lemma 7.1, if f € H()_S[l/2], then f € H:;;;UQ. For f €
Ho_s[l/2], by analogy with [10, Chap. 1], setting F = Ff and f, = (1+ |D|?)*/2f,
we obtain

1 00 00 ’ izp 1|2 1z
—s[1/2 —s € -
1f1o " = 1P g2 = (27T/ / (1+5%) ‘F(p)‘Q,z?dudp>
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( JIEE fs<x>12dxdz)”2

27 ) Jge | 2]

( [[ b=t dw)” .
2m J Jr2 ]a:—y|2 y . '

Denote by H 95[1 /9] and flg W2 the subspaces of even distributions in H 95[1 /9]

and H, , respectively. Now set n = 2 and introduce the subspaces
H = {G € Hi(R?) | 3g € 8, G(x) = g(|2])},
— {F e H'R?) | 3f €8, F(z) = f(|a))}

of Hg (R?) and H?(R?), respectively. If f € HY, then there exists the unique
feHY s[1/2 Such that F(z) = f(]z]), € R?, and

IFNS = v/ £132- (3-4)

Therefore, H? is isomorphic to H. 0/2 Hence the space H? is complete. Due to
[10, Chap. 1], the Fourier transform 9’ is an isometric isomorphism of Hg(R?)
and HO(R?). Therefore, J is an isometric isomorphism of Hj and HY. Thus H
is also complete. R N

Let HO[1 /9] and 19 : H? — Hg[l /2] be the isomorphisms of H? and HS[I /9]
mentioned above. We have I°F = f iff F(z) = f(|z]), z € R%.

Denote ® : H, 2% Hy2, D(®) = Hy 2,

®f = (F 12T f,  feD@)

Taking into account (3.4), we obtain

Theorem 3.1. ® is an isomorphism ofﬁg[1/2] and H. In addition, | ®f||) =
VAl f e D@), s = 2.

We also need
Theorem 3.2. We have A®f = ®(f"), f € ﬁg[lﬂ], s> —2.

Proof. For fe ﬁg[l/Q], we have

ARf=—5"" (jo]’ (I2)'Ff)) = = (5112 7") (p°FS) = B(S").

That was to be proved. [
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Theorem 3.3. Let a >0, f € H0[1/2]

iff suppG C Dy = {x € R? | |2 Sa}

, and G = ®f. Then, supp f C [—a, a

Proof. Dueto Theorem 3.1, G € H). Put F = Ff and g = FG. Then,
g(o) = F(la]), o eR. (3.5)
First, let supp f C [~a,a]. Due to Lemma 7.1, f € Hl/;/2 c 8. Applying
the generalized Paley—Wiener theorem [9, Chap. 3|, we may conclude that F
can be extended to an entire function of the order < 1 and the type < a. Since
G € H) C L?(R?) is even, we obtain that g € L?(R?) and it can be extended to
an entire function of the order < 1 and the type < a. Applying the Paley—Wiener
theorem, we obtain supp G C [~«, a]?. Therefore, supp G C D, because G € Hg.
Now, let supp G C D,. Then, supp G C [~a, a]?. Applying again the Paley—
Wiener theorem, we obtain that g € H8 and it can be extended to an entire
function of the order < 1 and the type < a. Moreover,

< 2 |1@10el% < 2 G0 el eC 3.6
o) < 5= 161G < oG, sec (36)
because G € Hg. Therefore F' is a regular distribution, F' is of a polynomial
growth, and F' can be extended to an entire function of the order < 1 and the
type < a. Applying the generalized Paley—Wiener theorem [9, Chap. 3], we
obtain supp f C [, a]. The theorem is proved. [

Denote H?* = HE x H3 ™! and H, = HO x HY

+_1, and consider them as subspaces

of H* and IA{S, respectively.
One can see that the following two theorems hold.

Theorem 3.4. Let f € D(®) and f' € L¥(R) N L'(R). Then, (®f) (z) =
\ffoo _f1©de
ENCErS

Theorem 3.5. Let G € D(®71), g =1,°G, rg € L'(R), and rg € L®(—a,a)

for each a > 0. Then, ( IG) (&) = \/5 goo \7%'

4. Transformations between Two-Dimensional and
One-Dimensional Control Systems

Consider control system (2.2), (2.3) and the auxiliary control system

%Z(-,t): (<d/2§)2 é) (1) + @ %(M(t), Le(0,T),  (4.1)
7(-,0) = Z°, (4.2)
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with the same time 7" > 0 and the same control v € L*°(0,T'). Here ¢ € HO_Q[I/Z]
is the Dirac distribution with respect to €, (%)°Z: [0,T] — H™M/2 s = 0,1,
20 € Fil/2,

For given T > 0 and W € H! (Z° € H[/2)), denote by R2(WY) (RL(Z9),
respectively) the set of the states W’ € H! VANS H/ 2| respectively) for which
there exists a control v € L*>°(0,7T) such that problem (2.2), (2.3) ((4.1), (4.2),
respectively) has the unique solution W (Z, respectively) and W(-,T) = W'
(Z(-,T) = Z", respectively). Denote also R%(Z°) = Upwo R(Z°), j = 1,2.

Definition 4.1. A state W0 € H' (Z° € H'/2)) is called L*-controllable
with respect to system (2.2), (2.3) ((4.1), (4.2), respectively) at a given time
T > 0 if 0 belongs to RA(W?) (RL(Z°), respectively) and approzimately L>-
controllable with respect to this system at a given time T > 0 if 0 belongs to the
closure of R4 (Z°) in H! (the closure of RL(Z°) in H!1/2), respectively).

Definition 4.2. A state W° € H! (Z° I/-\Il[l/g]) is called approximately L°-
controllable with respect to system (2.2), (2.3) ((4.1), (4.2), respectively) at a free

time if 0 belongs to the closure of R%(Z°) in H' (the closure of RAL(ZP) in H/2),
respectively).

Theorem 4.1. Let u,(t), t € [0,T,], n = 1,00, solve the approzimate L>-
controllability problem with respect to system (2.2), (2.3) for a state W° € H!.
Let W™ be a solution to (2.2), (2.3) with w = up, T =T,, n=1,00. Then, this
solution is unique, W° € H!, W (,t) € HY, t € [0,T},], n =1, 00.

Proof. Since the controls u,(t), t € [0,T}], n = 1, 00, solve the approximate
L®°-controllability problem with respect to system (2.2), (2.3) for the state W°
ﬁl, we have

W, T)II" =0 asn — cc. (4.3)

Put VO = FWO V(. ) = FW"(.,t), t € [0,T,], n = 1,00. For n = 1,00,
applying the Fourier transform with respect to = to system (2.2), (2.3) with
U = Uy, T =T, we obtain

7= (o o) (1) reom o

™

V(-,0) = VY, (4.5)

where (%)SV:[O,T] — ﬁ_s, s=0,1, V0 ¢ ﬁ1. Hence, for n = 1, 00, we have
that

n COS(t|0’|) sin(t|o|) ) ( 0 1 t ( sin(&|o]) > )
\Y% o,t) = lo] Vo) — = o] w, p
(:2) <|0|sin(t|a\) cos(t|o|) (o) W/o cos(€|o]) €3] (5 |
4.6
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is the unique solution to (4.4), (4.5). Thus W is the unique solution to (2.2),
(2.3). Taking into account (4.3), we get

IIVEC TN =0  asn— oc. (4.7)

Set Un (t) = un(t)(H(t) — H(t — T)) — un(—t)(H(t+T) — H(t)), t € R; vy = Flhy;
on(0) = va(lo]) = vn(lol), (o) = va(lo]) + va(lo]), o € R?, n = 1,00. Taking

into account (4.7), we get
2,
V) — \/7I/n
™

2
’U|V8 - \/7ﬂn
T

Since ]HI(I) is complete and V¥ ¢ ﬁl, we have V0 ¢ }ﬁll. Therefore, W° ¢ HL.
With regard to (4.6) we obtain V"(-,t) € Hy, t € [0,T5,], and thus W(-,¢) € HC,
t €[0,7,], n =1,00. The theorem is proved. [ ]

0 0

— 0 as n — oo.
0

— 0 and
0

Taking into account (4.7), we obtain

Corollary 4.2. Let T >0, u € L>(0,T), and WO € H. Let W be a solution
to (2.2), (2.3). Then, W(-,t) € H°, t € [0,T].

According to Theorem 4.1 and Corollary 4.2, we can consider the L>-controll-
ability problems with respect to system (2.2), (2.3) in the spaces H* instead of
the spaces H®, s =0, 1.

Theorem 4.2. Let T >0, u € L®(0,T), Z° ¢ H/J, WO = &7Z0. Let Z be
a solution to (4.1), (4.2) and W(-,T) = ®Z(-,1), t € [0,T]. Then W is a solution
to (2.2), (2.3), W € H!, and W(-,t) e H°, ¢ € [0, T).

Proof. We have
&5 =F 1 (1%,) 7 F5 = V. (4.8)

Taking into account Theorems 3.1, 3.2 and applying ® to (4.1), (4.2), we obtain
(2.2), (2.3) for WO = ®Z° and W(-,T) = ®Z(-,t), t € [0,T]. Hence W is a
solution to (2.2), (2.3). Moreover, W% € H!, and W(-,t) € HO, ¢ € [0,7]. The
theorem is proved. [

Theorem 4.3. Let T > 0, u € L®(0,T), W0 € H!, 720 = & WO, Let W
be a solution to (2.2), (2.3) and Z(:,T) = <I>_1W(/-\, t), t € [0,T]. Then, Z is a
solution to (4.1), (4.2), 2° ¢ H'W2 | and Z(-,t) e H'V/2, ¢t € [0, T7.

Proof Taking into account (4.8), Theorems 3.1, 3.2 and applying ®~*

0 (2.2), (2.3), we obtain 4.1, 4.2 for Z° = ®*W° and Z(-,T) = @ 1W(,1),
t € [0,7]. Hence Z is a solution to (4.1), (4.2). That was to be proved. [
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Theorems 3.1, 4.1-4.3 imply

Corollary 4.5. Let W° ¢ H! and Z° = & 'WO. Then the following three
assertions hold:

1. The state WO is L>-controllable with respect to system (2.2), (2.3) at a
given time T > 0 iff Z° is L>-controllable with respect to system (4.1),
(4.2) at the same time.

2. The state WY is approzimately L>-controllable with respect to system (2.2),
(2.3) at a given time T > 0 iff Z° is approzimately L>-controllable with
respect to system (4.1), (4.2) at the same time.

3. The state WY is approzimately L -controllable with respect to system (2.2),
(2.3) at a free time iff Z° is approximately L>-controllable with respect to
system (4.1), (4.2) at a free time.

Thus, 2-d control system (2.2), (2.3) replicates the controllability properties
of 1-d control system (4.1), (4.2) and vise versa.

5. Auxiliary Control Problem

In this section we study auxiliary control problem (4.1), (4.2). Using the
Fourier transform method, by analogy with [4, Proposition 3.2 and Lemma 6.7],
we obtain the following two propositions.

Proposition 5.1. Let Z° € H!V/2) 4 ¢ L°°(0 T), U(t) = u(t)(H(t) — H(t —
T)) —u(—t)(H(t+T)— H(t)), and 0~ 1?/{( )= inOU(,u) du, t € R. Then,

Z(T) = £(T) + (zo _ <SZ;?2{4>> , (5.1)

where 7 is the unique solution to (4.1), (4.2),  is the convolution with respect to

&, and

5(5 + T) + 5(§ - T) i g) (f T)) (5‘2)

B (€
5(-,T)—§ <6/(£+T)_5/(£_T) 5( )—1—5(5 T)
sin(Tp)
1 1 [ cos(Tp)
R (5.3)
V2r psin(Tp) COS(pTP)

Proposition 5.2. Let £ be defined by (5.2), s € R. Then we have

NEC,T) * FIIF2 < Vorz w6 f1f2,  fe B2 (5.4)
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Theorem 5.3. A state Z° € H/2) js approximately L -controllable with
respect to system (4.1), (4.2) at a given time T > 0 iff

Z? =sgné 7z,
supp Z° C [T, T).

Moreover, the controls u,(t) = 7' (tn/(n—1))xnp(tn), t € [0,T], n = 2, 00, solve
the approzimate L -controllability problem with respect to system (4.1), (4.2) at
a given time T > 0 for the state Z°, where p € C1(R) is the function determined
by (7.5).

Proof. Necessity of (5.5), (5.6). Let Z° be approximately L>-controllable
with respect to system (4.1), (4.2) at a given time 7" > 0. Then there exists
a sequence of controls {u,}22,; C L*°(0,T) such that l1Zn (-, D12 = 0 as
n — oo, where Z" is the unique solution to (4.1), (4.2) for u = u,, n = 1, cc.
According to Propositions 5.1 and 5.2, we get

120 — 07U, "2 - 0 and |29 — sgn €Uy |/ — 0 as n— oo, (5.7)

where Uy, (t) = w, (t)(H(t) —H({t—T)) —up(—t)(H{t+T)— H(t)), and 0~ U, (t) =
ffoo Un(p)dp, t € R, n =1,00. Taking into account Lemma 7.2, we get

|sgn &(Z8 — U,)°/2 = 0 as n — . (5.8)

Comparing (5.7) and (5.8), it is seen that (5.5) holds. Note that suppd~'U, C
[~T,T],n =1,00. From (5.7) it follows that the sequence {9711, }°°; converges
weakly to ZJ in H8[1/2]. Hence (5.6) also holds.

Sufficiency of (5.5), (5.6). Put Uy, (t) = Z3(nt/n — 1) xnp(nt), Uy (t) = U (),
t € R, n = 2,00. Here ¢ € CY(R) is the function determined by (7.5). Due to
Lemma 7.4, we see that suppU,, C [-T,T], n = 2,00, and (5.7) holds. Applying
Propositions 5.1 and 5.2, from here we get

NZ" )" 0 asn— oo,

where Z™ is the unique solution to (4.1), (4.2) with u(t) = wu,(t) := Uy(t), t €
[0,T], n = 2,00. Thus, the controls u,, n = 2,00, solve the approximate L>-
controllability problem for the state Z°. The theorem is proved. [

Analyzing the proof of Theorem 5.3, we obtain

Corollary 5.4. A state Z° € H!1/2 s 1°°_controllable with respect to system
(4.1), (4.2) at a given time T > 0 iff (5.5), (5.6) hold and

70 € L*(R). (5.9)
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Moreover, under conditions (5.5), (5.6), and (5.9) the control u(t) = Z3'(t), t €
[0,T], solves the approzimate L>°-controllability problem with respect to system
(4.1), (4.2) at the time T > 0 for Z°.

Theorem 5.5. A state 70 ¢ HU/2) s approzimately L°°-controllable with
respect to system (4.1), (4.2) at a free time iff (5.5) holds.

Proof  Necessity of (5.5). Let Z° be approximately L>-controllable
with respect to system (4.1), (4.2) at a free time. Then there exist a sequence
{T,}22, C (0,40) and a sequence {u,}>,, u, € L>(0,7,), n = 1,00, such
that

11Z" (¢, TP =0 asn — oo, (5.10)

where Z" = (é%
n = 1,00. Put Up(t) = u,(t)(H(t) — H(t — Ty)) — un(—t)(H(t + T,,) — H(t)),
t € R, n=1,00. According to Proposition 5.1, we have

) is the unique solution to (4.1), (4.2) with T'=T,, and u = uy,

2(Z5 (2, Tn))e =(Zo' — Un)(x + Tp) + (20 — Un)(z — Ty)
+ (29 — sgnéUy) (x + T) — (2] — sgn EUy, ) (z — To,),

2770 (x,Ty,) =(Z — Uy (x + Tp,) — (28 — Up)(x — T},)
+ (2 —sgné&ln) (@ + T) + (21 — sgné&ln)(a — Tn).

Therefore,

2(ZY — Un)(x) = (Zij(x — Tn, Tp) + 2§ (2 + T, T)),,

+ 20z — T, T),) — 2z + Tp,, Tp)

2(Z9 — sgnéUy,)(x) = (Z8(x — T, T) — Z(z + T, Tp)),
+ 72V (x — T, Ty) + 2V (z + 10, T).

Taking into account (5.10), we obtain
120 — 07U, °0/2 0 and  |Z9 —sgn €,/ 0 asn — oo, (5.11)

Applying Lemma 7.2, we obtain (5.5).

Sufficiency of (5.5). Let {T,,}72; C (0,+00) be a nondecreasing sequence
under the condition T}, — oo as n — oo. Let ¢ € C%(R) be an even function
such that 0 < ¢(£) < 1, £ € Ry ¢(§) =1, [¢] < 1/2; ¢(§) =0, [{| = 1. Put
Zr(€) = Z9()(E/Ty), Z = sgn€Z, € € R", n = T,00. Due to Lemmas 7.2

and 7.5, we obtain zn = %2 € ﬁ1[1/2], n = 1,00. Evidently, condition (5.5)
1
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holds for Z", n = T, 00. For each n = T, 00, applying Theorem 5.3, we can find
some controls u} € L>(0,T},), k = 2,00, such that H]ZZH]”UQ} — 0 as n — oo,
where Z¥ is the unique solution to (4.1), (4.2) with T = T,,, u = u}, and Z° = Z",
k = 2,00. For each n = 1, 00, set k,, = 2,00 such that

1
llzg, 1 < (512)

and denote by Z" the unique solution to control problem (4.1), (4.2) with T' = T5,,
u = uy , and the given initial state 79, Then Z™ — 7™ is the unique solution to
(4.1), (4.2) with T' = T,,, u = uj’ , and the initial state Z° — Z", n =1,00. For
n = 1,00, taking into account Proposition 5.1, we get

([ H(E+T)(Z8 = Z5)(& + Tn) + H(T — €)(Z) — Z)(Ty, - €)
H (& +To) (28 = Z) (6 + To) + H(To = (2§ — 25) (Ta =€) )

According to Lemmas 7.2 and 7.7, we obtain

1[1/2]

|[|z" —z¢ ||| —0 asn— oo (5.13)

Summarizing (5.12) and (5.13), we see that
Nzt < l|1ze =z (I + )z ||| = 00 as n— .

Thus, the controls uy , n =1, 00, solve the approximate L>-controllability prob-
lem with respect to system (4.1), (4.2) at a free time for Z°. The theorem is
proved. [

6. Main Control Problem

In this section we study control system (2.2), (2.3) using the results of Secs. 4
and 5. Theorems 3.3, 4.1, 5.3, 5.5 and Corollaries 4.2, 4.5, 5.4 yield the following
three theorems.

Theorem 6.1. A state WO € H! is L-controllable with respect to system
(2.2), (2.3) at a given time T > 0 iff

WO e H, (6.1)
d
W) =& (sgnwdg (‘I'_lwg)) , (6.2)
supp W° € Dy, (6.3)
& 'WY ¢ L(R), (6.4)

where Dy = {x € R? | |z| < T}.
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Theorem 6.2. A state WO € H! is approximately L -controllable with re-
spect to system (2.2), (2.3) at a given time T > 0 iff (6.1)—(6.3) hold.

Theorem 6.3. A state WO € H! is approximately L°°-controllable with re-
spect to system (2.2), (2.3) at a free time iff (6.1) and (6.2) hold.

Example 6.1 Let wi(r) = 3H(1 —r?)(1 —r?)32, wi(r) = 2H(1 —

r3)((2 — 3r?) In V1= VTl_TQ - 3V1—7?), r € R, and W?(a:) = 9(|a:|), r € R?
0

j = 0,1. Evidently, conditions (6.1) and (6.3) hold for W = (&;?) and T > 1.

According to Theorem 3.5, replacing /72 — £2 by p, we get
8 /2 Lr(1—r2)3/2
LW :\[H 1-¢? / ) g

/e
:i\/zH(l_52)/o (1€ —p)dp = \F(l—ﬁ), EER. (6.5)

Therefore, (6.4) also holds. Let us verify (6.2). Taking into account Theorem
3.4, replacing £ by r cosh p, we obtain

0 —1yx70 2 ! 4_125
]10@ (Sgnfdg( W0)> :H(].—'r ) \/ﬁ

In
=H( - TQ)/ " (4 — 12r% cosh? p) dp
0
1++v1—1r2
= 2H(1 —r?) ((23r2)ln+ r 3\/17’2) =wi(r), reR.
r

Hence (6.2) is also valid. Thus, the state WY is (approximately) L>°-controllable
with respect to system (2.2), (2.3) at a given time 7" > 1 according to Theorems
6.1 and 6. 2 Since (P *1W0)/ E LOO(R) (see (6.5)), we conclude that u(t) =
( 1W0) = —4fH t(1 —t2), t € [0,T], solves the (approximate)
Lm—controllablhty problem Wlth respect to system (2.2), (2.3) at the time 7" > 1
for WJ.

2_ / 2
Example 6.2 Let w)(r) = W, wi(r) = %((1;2)25/2 In \/11:22 +
W), r € R, and W?(a:) = w; %(z]), € R?, j = 0,1. Evidently, condition
0
(6.1) holds for W = <¥8> Let us verify (6.2). According to Theorem 3.5,
1
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replacing /12 — £2 by p, we get

—1ywo rdr
(87Wo) \/>/ (14 r2)3/2\/r2 —¢2
_ p 21
_\/;/0 (1+52+p2)3/2—\£1+§27 ¢eR. (6.6)

According to Theorem 6.2 and (6.6), the state W° is not approximately L*°-
controllable with respect to system (2.2), (2.3) at any given time 7" > 0. Taking
into account Theorem 3.4, by replacing £ by r cosh v and substituting tanhv = p
into (6.6), we obtain

T 1w | — Y B&-1de
§]IO<I> (Sgnf @£ (® WO)) - /r (1+£2)3,/e2 — 2

/OO 3r2 cosh? v — 1 p /1 (3r2 —1+p*) (1 —p?)
= V=
o (1 +72cosh?v)3 0 (1+7r2—p2)3

—at [ e [ [
o Trr2 = 7 g W= o T4

B 3 n r2—2 1\/1—{—7‘2—1—1 T
C2014) A+ Vi1 2

Hence (6.2) holds. Thus, the state W is approximately L*-controllable with
respect to system (2.2), (2.3) at a free time according to Theorems 6.3. Now, let us
construct some controls solving the approximate L°°-controllability problem with
respect to system (2.2), (2.3) at a free time. Let ¢ € C?(R) be an even function
such that (&) = 1if |¢] < 1/2, (&) = 0if [¢] > 1, and 0 < €] < 1if 1/2 <
|€] < 1. With regard to (6.6), we get (‘I'*lwg)/ € L>(R). According to Lemma

7.7, we see that the controls u(t) = ('13_1\7\78), tY(t/T,) = —[ HtQ = (t)T),
t € [0,T,], n = 1,00, solve the problem mentioned above for each sequence
{T,,}5°; € (0,+00) such that T}, — oo as n — oo.

(1)(1"), r € R.

7. Auxiliary Statements

In this section we prove some auxiliary assertions used in Secs. 2—6.

Lemma 7.1. If F € H® and F = F/\/|p|, then F € H />, s € R.

1/2+s’
Proof. Evidently, pF € H) . Set Fy = (1+ p2)8/2*1/4F fo= *1F0.
Then, pFy € HY and f) € Hy. Put g(x) = fi(z) and 0 'g(z) = [ g(¢)d,
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z € R. We have

|z
071 g()] < gl A de =l lgll,  wek.

Therefore,

|| d
-1 (0 0 €T ax _ 0
HaﬂyﬁwM¢A(Hﬂw—ﬂMM

Hence,

lotgy , < «wgmg+wwﬁmsﬁwﬁ

Since there exists Cy € C such that fo = 07 tg + Cp, it is seen that fo € H* /20
Fy e Hf3/2. Hence, F = (1 + p?)1/4=5/% ¢ H1/32/2. The lemma is proved. ]

0[1/2]

Lemma 7.2. If f € H, is odd, then sgnx f € Hg[lm and |sgnxf]8[1/2] <

el

Proof. Setg=sgnzf. Taking into account (3.3), we obtain

oo
_2//|f dd+2//|f WE 4y .
|z — !2 |~”U+y|2
Since |z 4+ y| > |z —y|, x > 0, y > 0, we see that
||°[1/2 / / lo@) = alw)l” ddx<4/ / lo(z 2|dda:
\Jf y\ Ix—yl
f(z) = fF(y)I? 0[1/2]
=4 —d de <2 .
/0/0 p—yp T (11 )

That was to be proved. [
Lemma 7.3. Let [ € Hé[1/2] and supp f C [—a,al. Let fn(zx f( )
x € R, n=2,00. Then, supp f,, C [-a+1/n,a—1/n], [f ]GHI/[I/2 n=2
and
|f — fn|(1)[1/2} —0 as n — oo. (7.1)
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Proof. Evidently, supp f, C [-a+ 1/n,a—1/n], n =2,00. Put F =5Ff
and F,, = Ff,, n = 2,00. Then, F,(p) = ”T_lFO (";1p), p ER n =200

Therefore, for n = 2, 0o, we have
1/2
~1\|?
F (np) dp)
n

—1 S
Fale™ " = 1Pl = = </ (1+0%) Iol
n 2 1/2_ n 1[1/2]
[ areyairera) = i w)

n —00
“n—1

Thus, f, € Hé/[l/m, n = 2,00. Now, let us prove assertion (7.1). We have

‘f f ‘0[1/2] < |F F ‘1[1/2] + |F ‘1[1/2], n = 2,00.

According to (7.2), the second summand in the right-hand side of this estimate
tends to 0 as n — oo. Therefore, to prove (7.1) it is sufficient to prove

|F = Fulifs =0 asn— oo, (7.3)
We have

(P =Fla) < [ 0@ |re-r ()
0
+HH(p2—\/ﬁ) <F— - Fn>]

n—1

2
dp

(7.4)

1[1/2]

Taking into account Lemma 7.1, we see that f € Hi/;/z Moreover, f € HY,
3/2

because supp fo C [, o] and H73/2 - H03/2 [10, Chap. 1]. Then,

@ 3a3
Pl < [ f@lde <2008, per
Hence,

/|p|§%(1+p2)s|p| Fy(p) - F <n;19> 2

< a1 \/ (74" < (11)° =0 asn— e

dp

Thus, the first summand in the right-hand side of (7.4) tends to 0 as n — 0.
Since Fy € H?[1/2] and F;, € H1[1/2}7 n = 2, 00,we see that the second summand
also tends to 0 as n — oo there. Hence (7.3) holds and (7.1) is valid. That was

to be proved. n
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Lemma 7.4. Let f € HS[I/Q} and supp f C [—a,al. Letf, = gn * ©n, where
gn(z) = f (%» on(z) = np(nz), r € R,

0 if le] =1
ox)=2|(lz] - 1)? f1/2<|z|<1, z€R, n=200  (7.5)
1/2 -2 if |z <1/2

Then supp fn, C [—a, af, [fa] € Hé/[l/Q] NCYR), n =2,00, and
|f— fn (1)[1/2] — 0 as n — oo. (7.6)

Proof. According to Lemma 7.3, we have suppg, C [-a+ 1/n,a —1/n],
gn € Hé[1/2], n = 2,00, and (7.1) holds. Since ¢, € C'(R) and suppp, C
[—1/n,1/n], n = 2,00, we see that supp f, C [~«,q], fn € 1'173/[1/2]()01@&)7
n = 2,00. Let us prove (7.6). Put ® = Fp. We have

1/2 1
D¢ = \/% </0 (1/2 — 2*) cos(éx) dx + /1/2 (x —1)% cos(Ex) d:1:>
8 2sin(£{/2) —sin¢ _ 16 sin(§/2) sin(&/4)

- , eR.
V2 &3 Vam &3 .
Using the Tailor formula, we get
2 si 2) — si

‘\/27@(5) - 1‘ — 8 Sm@/ég siné _ 1’ < |52| EeR. (1.7)

Therefore,
i 2) si 4

(\/27@(@ - 1’ _ S/ );n(g/ ) _ 1’ < g ek, (7.8)
We have

£ = o™ <1 = gula™ +1gn = fl)"P . m=2oe. (19)
Put F = 5Ff, G, = Fgn, ®, = Fpn, n = 2,00. Then ®,(p) = ¢ (%), Gn(p) =
2=l By (21 p), n = 2,00. Taking into account (7.2), applying (7.7) for |p| < v/n

and (7.8) for |p| > \/n, we get
0

1[1/2]
— On = |F,(1—+V271®,
7 = onlt (- vare)|
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1 / 2\8 2 Pz
<= (1+0%)" 1ol [Fa(p)]® =5 dp
2 ( lpl<v/n n?

) 1/2
s p
+9/ (1+ 027 ol | Fulp))* 55 dp)
PENG n?

1 0 2 2 0

Since F € H1[1/2]’ we have |f — gn |S[1/2]

— 0 as n — oco. Due to Lemma 7.3,

lgn — fn (1)[1/2] — 0 as n — oo too. With regard to (7.9), we obtain (7.6). That
was to be proved. [

Lemma 7.5. Let ) € CY(R) and suppy € [-1,1]. If f € H8[1/2] and fa(:v) =
f(@)(z/a), z €R, a >0, then fq € HSWQ], a>0.

P roof. Taking into account (3.3), we have

!f\o[l/Q] // /(@ 2 s dy dx < oo. (7.10)
!x - y!
Setting I_o, = (—o00, —al, I = [—a,al], I1e = [a,+00, we get
. 2
(‘falg[lm) = Z Jr 1 where Ji; = // ol a2( Ol dy dx.
k,l=—00,0,+00 Ty x1I, ‘(L’ - y‘
(7.11)

According to Lemma 7.1, f € L% (R). Set M = max{|¢/(¢)| | £ € [—a,d]}.
From the mean value theorem it follows that |¢(z/a) — ¢(y/a)| < L(z —y),
(z,y) € [~a,a]®. Then

Jfoo,foo :JJroo,Jroo - 0, (712)

/(@) = f()?
w2 ff ﬁ e

s // olbla/e) —v/a)f

|z -y
2
<2 (’f|0[1/2]> +4M (HfHL? IO)> , (713)
If Y(x/a)|?
Jfooo JO —00 —//IOXI y|2 d dx
f(x)y (:z:/a)|2 2
Iovd v < 2M (HfHL2 ) : (7.14)
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J+ooo—<]0+oo—// @@/l 4
onl+oo |5U—y|

|f (@) (x/a)? 2
= —————dx <2M . 7.15
e (111221 (7.15)
Summarizing (7.10)(7.15), we get | falg /2 < oo, e  fa € H0[1/2}7 a > 0. The
lemma is proved. ]

Lemma 7.6. If f € HS[I/Q] is odd, then [j° W dzr < co.

Proof According to Lemma 7.2, we have sgnx f € H,, 0[1/2] Therefore,
H(z)f € Hg [/ 2], where H is the Heaviside function. Hence,

/0 / / ]x+y|2 dyda;<oo,
because
/ / Ia:erI2 d de +/ / e |x_y|2 ) (lH(:c)fIB“”]f < 0.

The lemma is proved. [

Lemma 7.7. Let ¢p € C?(R) be even; 0 < ¢(z) < 1, 2 € R; ¥(x) = 1,
o] < 1/2; () = 0, 2| > 1. Let f € Hy?, fo(x) = H(x)f(2)(1 - ¢(z/a)),

r€R,a>0. Then\fal[l/2 — 0 as a — oo.

Proof. According to (3.3), we have

// Mdydz%o as a — 00, (7.16)
R?\[-a,a]

|z — yl?

2 .
because for a = 0 this integral is equal to (]f]0[1/2]> < 00. Set fo(z) =

f(x)¢(2z/a), * € R, a > 0. From Lemma 7.5 it follows that f, € HO[I/Q}
Hence,

4 [ p |fo(@)? Y f (@) ~ fal@)®
— d d
3a a/2 fo(@)]" dw < //2 L= a/ = //2 / |1‘ - y|2

=)@~ fWE
< //RQ\[_(I/2 o dydx — 0 , (7.17)

|z —y|?
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. 2
because for a = 0 the last integral is equal to (|f — fa|8[1/2]> < 0.

First, let us estimate Hfa]]g[lm. Set I} = [—00,a/2], I = [a/2,a], I3 =
[a, +00]. Then
o[1/2]\ 2 > | fa(@) = fa(y)?
(1£al3"") =k;1 Ju, where J = //M |x_y‘2 dydz. (7.18)
We have
Ji1 =0, (7.19)

) — 2
e ff UOZIWE,,
12><12

\iﬂ \
_ |f(z) = fy)I*
_//13X13 —r dy dz, (7.21)
J12—J21—//I ; \2’1 (Z/’sﬂ dy dx
< [ 11 >|2‘1(”“”//§)’2 i, 1.2
00 T 2
J13 = J31 —//I [ ||$f_ y‘g dy dr = / I|f—(cz|/2 dl‘, (7.23)

o 2
2
+2//13><12 ’2|’¢ y/ T2| d dx

IgXIQ ‘xiy‘

a 2
2 [ Pl (7.24)

la —yl?

Applying the mean value theorem, we obtain [ (z/a) — ¥(y/a)| < %|m —yl,
(x,y) € R?, where M = max{[¢/(£)] | || < 1}. Therefore,

x/a) — a 2 2 a
| PP = gy < 55 [ (P s 1)

‘.Z' a/2

Journal of Mathematical Physics, Analysis, Geometry, 2015, vol. 11, No. 1 39



L.V. Fardigola

z/a 2 a
Ll gy AT @) — a2 o

et e < S [
< MQ/;| @) de, (7.26)

1 < 2 [ Py
<5 [ wray .

Summarizing (7.16)—(7.27), we get

of1/2 [f(z) = fy)? |f (z)]? .
[ falo (//]R@\ Caf2ase2 T —y® dydr +2/ m—a/Qd

3M?
+ / |f(z )|2dx> —0  asa— oo.
a/2

a

Analogously, taking into account Lemma 7.6 and applying the assertion

Cll/a ‘f/($)|dl“§//2|f()|2 dx — 0 as @ — o0

a/2 T

instead of (7.17), we obtain that \(fa)’|(1)[1/2} — 0 as a — oo. Thus, ]fa\é[l/z] —0
as a — oo. That was to be proved. [

Lemma 7.8. Let u € L*¥(R4), p axl IS \/52_% —&)d¢, and p*
be the restriction of p to Ry x R x R+. Then

pT(0,19,t) = 78 (w2)u(t). (7.28)

Proof Onecan see that

)=~ () [ e Py VETPu - 9,

Let a >0and ¢ € 84 x 8 x8T. For x € R?, ¢ € Ry, and t € R, set

QT
(xq)? + x%

we)=(2) [ - onwe

p(z,§) = A Yo (, )u(t — &) dt.

falr,€) = H(E® — (am)? — 23)/&2 — (0m1)? — o3 — wd(x2),

g
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Therefore, (7.28) is equivalent to
<fa7§0> = (ga,w — 0 as a — 0. (7.29)
We have <f0m ()0> = Z;l’:l <fg;a 90>7 Where

fhteg) = SME = =D (oo (e — o - VE = @)

(aw1)? + 23
aw1/E2 — (awl)
(awq)? + x2

fala,6) = (H (& — (aw1)® — a3) = H(E® — (ax1)?)) ,

(0.6 = VE= @ PH(E ~ (o)) (5 — o))
fa(@,€) = 7d(z) (VE = (021 PH(E2 ~ (aw)?) ~ [¢]) . (2,6) R x Ry
Since 1) € 8T x § x 8T, we get ¢ € 8T x § x 8§ and

M
(1+a7)>(1+€%)°

where M > 0. Applying the mean value theorem, we also obtain

oz, §)| < (z,6) € R* x Ry, (7.30)

CEl |1 [F| o !
(1+a2f)s(1+ €2
where Cfé >0,k=0,1,1=0,1, s = 0,00, [ = 0,00, because ¢(0,z2,&) = 0 for

z2 € Rand € € R, ‘
Now, let us estimate < fé, ¢), 7 = 1,4. Taking into account (7.30), we obtain

— (ar1)? — 23) 23| 2190(, &)
ouQD /// \/ 041'1 —[E%((Oé.f1>2 —|—IE%) d.l‘df

‘90(251,1'275) - ‘P(xlaoaé)‘ < (.TU,f) € RQ X R—H (7'31)

o0 d *© d

§2M7Ta/ 1 5621 2/ 3 5 = Mr?a, (7.32)
o (I+z9)*Jo 1+¢
2 H _ 2
‘ fa,QO <2M // alzi|\/&? — (axq) / 04;171) 5) dxs dry de
gz (1+22)( 1+§2 ()2 + 23
d oo

<2Ma / 7100 / - = Mra < Mr2a. (7.33)

1 -+ .731 0 1 + E
In (7.33) we have used the inequality |f — arctan 1| <z, z > 0. Applying again

this inequality and (7.31), we obtain

Oé!€$1|
U200 < [[]| oo o) - ol 0.0) dra g
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3/4
<9 // al&x] Cll2l|x1| o T dxo
T e A2\ 1+27 Jy o (ax)? + 23

ng o0 d$2
—t —— | dz1d
Jr(1 + x%)Z Ls/4 (arq)? + x% 1 dg

_ // €] aCiiz? I (ary)? + a3/?
S Jre (14 €2)2 1+ a? (ax1)?

26’88 U as/
+—55 | = — tan —— dxid
(a %)2 5 arctan ’ N r1 d€

© dy [ £de
< (CUgl/2 4 000,174 / 1 /
_< o’ "+ Cpa ) o 1+ady (1+é&?

—or <C’1121a1/ 24 ngal/“) . (7.34)

Taking into account (7.30), we get

(75, o) <dr /0 N ( /0 " o1, 06) day

# [ (1= VE= @) loten0.6)ldn ) de

1

§47r04/ / z1|e(x1,0,8)| dxy dE
o Jo
*° d > d
§4M7T04/ 3313321/ 752 = 2Mn2a. (7.35)
o (IT+a1)*Jy 1+¢
Summarizing (7.32)—(7.35), we obtain

|(fa, 0)| < TM7?a + 27 (C’11210z1/2 + 088a1/4) —0 asa— +0.
Thus (7.29) holds for each ¢ € 8 x 8§ x 8*. That was to be proved. |

Lemma 7.9. Let g € ﬁg(R2), flz,t) = %% g, and [T be the

restriction of f to Ry x R x Ry. Here * s the convolution with respect to x.
Then
f(O,l‘Q,t) =0. (736)

Proof. Leta>0,9 €8, x8x8", and @(m,t) = Y(x1, x2,t) =Y (—2x1, 2, 1),
r € R?2and t € Ry, Set U(,t) = Fppv(,t), G = Fg, P(o,t) = %l‘sin(t\al),

U, (0,t) = ¥(aoy,o9,t), and fo(z,t) = f(azi,x2,t), where 0 € R?, z € R?,
t € Ry. Then, (F,,v) = (PG,¥,). Therefore, to prove (7.36), we have to prove

(PG,V,) — 0 as a — +0. (7.37)
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Since P(o,t) = % (;—12 (1- cos(t|a|)))7 we get

(PG, 0,) ///R o (1= cosltlo])) Glo)Wulao, 02, 1) do dt.

We have
Mk|a|k
(1+03)Y2(1 +¢2)’

where M* > 0, k = 0,1, because ¥; € 8§ x 8§ x 8 and 9;(0,02,t) = 0, (02,t) €
R x R;. Hence,

W01, 02, )] < (0,t) € R* x Ry,

oG

1/
PG, ¥,)| <2 M1/ il Thub S}
! >|_/0 1+t2/ m( ot o3
—l—MO/ 01|G()|d0) dos

1/a 01 +02

1/a
<7T/ / G(o1,02)?doy aM?t / doy
\/1—1—02

<(M° + M? ma o 0 0
<(M”+ M7) 2||9||o—> as o — +0.

That was to be proved. [
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