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Schrédinger equation with steplike potentials. We give necessary and suf-
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1. Introduction

Among various direct/inverse spectral problems the scattering problem on
the whole axis for one-dimensional Schrodinger operators with decaying poten-
tials takes a particular place as one of the most rigorously investigated spectral
problems. Being considered first by Kay and Moses [31] on a physical level of
rigor, it was thoroughly studied by Faddeev [20] and then revisited independently
by Marchenko [38] and by Deift and Trubowitz [12]. In particular, Faddeev [20]
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considered the inverse problem in the class of potentials which have a finite first
moment (i.e., (1.2) below with c_ = ¢4y = 0 and m = 1) but the importance of the
behavior of the scattering coefficients at the bottom of the continuous spectrum
was missed. A complete solution was given by Marchenko [38] (see also Levitan
[37]) for the first moment (m = 1) and by Deift and Trubowitz [12] for the second
moment (m = 2) who also gave an example showing that some condition imposed
on the aforementioned behavior is necessary for solving the inverse problem.

The next simplest case is the so-called steplike case where the potential tends
to different constants on the left and right half- axes. The corresponding scatter-
ing problem was first considered on an informal level by Buslaev and Fomin in [§]
who studied mostly the direct scattering problem and derived the main equation
of the inverse problem — the Gelfand-Levitan-Marchenko (GLM) equation. A
complete solution of the direct and inverse scattering problem for steplike poten-
tials with a finite second moment (i.e., (1.2) below with m = 2) was solved rigor-
ously by Cohen and Kappeler [10] (see also [11] and [25]). While several aspects
in the steplike case are similar to the decaying case, there are also some distinctive
differences due to the presence of spectrum of multiplicity one. Moreover, there
have also been further generalizations to the case of periodic backgrounds made
by Firsova [21, 22, 23] and to steplike finite-gap backgrounds by Boutet de Mon-
vel and two of us [7] (see also [39]) and to steplike almost periodic backgrounds
by Grunert [26, 27]. We refer to these publications for more information.

Our aim in the present paper is to use Marchenko’s approach for the gener-
alization of the results of [10] to the case of steplike potentials with finite first
moment which turns out to be much more delicate than the second moment.
Note that this question is partly studied in [4]. In fact, we will also give a com-
plete solution of the inverse problem for potentials with any given number of
moments m > 1 and any given number of derivatives n > 0 which has important
applications for the solution of the Korteweg—de Vires (KdV) equation.

As is well known, the inverse scattering transform (IST) is the main ingredient
for solving and understanding the solutions of the KdV (as well as the associated
modified KdV) equation. In fact, applications of the IST to the initial value
problem for KdV were already considered by many authors (see, for example, the
monographs [13, 38, 44]). For the steplike case this was first done in by Cohen
[9] and Kappeler [30]. For more general backgrounds we refer to [24] and to the
more recent works [16, 18, 19] as well as the references therein. For the long-time
asymptotics of solutions, we refer to [44, 32, 43, 5, 6] and to [1, 28, 40, 34, 15, 35,
36] for more recent developments. In a forthcoming paper [14], we will apply the
inverse scattering transform to solve the Cauchy problem for the Korteweg—de
Vries equation for initial conditions in the class of potentials investigated in the
present paper, extending the results from [19].
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We consider the spectral problem

2

(L) = g fa) + @) () = \(@),  we® (L)

with a steplike potential ¢(z) such that
q(x) = cy, as x — Foo,

where cy,c_ € R are in general different values. Everywhere in the paper, we
assume that ¢ € L (R) and tends to its background asymptotics ¢, and c¢_ with

loc
m "moments” finite:

+oo
/0 (1+ 2™ (la() — et | + la(—2) — c_)dz < oo, (1.2)

where m > 1 is a fixed integer.

Definition 1.1. Let m > 0 and n > 0 be integers and f : R — R be an n times
differentiable function. We say that f € L (Ry) if f9)(x)(1 + |z|™) € L*(Ry)
forj=0,1,...,n.

The notation f € £2 (Ry) means that fRi |f(2)|(1 + |z|™)dz < co. By this
definition, £J(R+) = L'(Ry) N LL (R) and LIR) ={f: fD e LYRy), 0 <

Definition 1.2. Let ¢y be given real values and let m > 1, n > 0 be given
integers. We say that g € L (c4,c-) if q(-) ==q(-) —cx € L1 (R1).

Note that ¢ € LY (cy,c_) if condition (1.2) holds. If ¢ € L% (cy,c_) with
n > 1, then, in addition,

/(1 F12™)|q® (@)|d < 00, i=1,....n. (1.3)
R

The aim of this paper is a complete study of the direct and inverse scattering
problem for potentials from the classes L (c4,c_). In particular, we propose
necessary and sufficient conditions on the set of scattering data associated with
such potentials. The following notations will be used throughout the paper:
Abbreviate

c=min{c_,cy}, ¢ =max{c_,cy}, (1.4)
and D := C\ X, where ¥ = ¥* U X! with X% = {A\* = XA +i0,\ € [c,00)}
and X! = {\ = X\ —i0,\ € [c,00)}. We treat the boundary of the domain D

as consisting of two sides of cuts along the interval [¢, 00) with the distinguished
points A\* and ! on this boundary. In Eq. (1.1), the spectral parameter A belongs
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to the set clos(D) where clos(D) = DU X* U X! Along with \, we will use two

more spectral parameters
ky =/ \—cx, (1.5)

which map the domains C \ [c4, c0) conformally onto C*. Thus there is a one-
to-one correspondence between the parameters k4 and A.

2. The Direct Scattering Problem
2.1. Properties of the Jost solutions

In this subsection we collect some well-known properties of the Jost solutions
for (1.1) with ¢ € £(c,c_) and establish additional properties of these solutions
for a potential from the class L], (¢4, c_) with m > 2 or n > 1. All the estimates
below are one-sided and hence are generated by the behavior of the potential
on one half-axis. For ¢qi(-) = ¢q(-) —cx € L (Ry), m > 1, n > 0, introduce
nonnegative, as x — +o00, nonincreasing functions

+o0 . +o0
O-:I:,i(x) = j:/ |q§?(§)]d§, a-:l:,i(x) = j:/ U:t,i(g)dga 1= 07 17 cee, N
‘ ’ (2.1)
Evidently,
01i() € Loy 1(Re), m > 1, 44(-) € L, 5(Rx), m > 2, (2.2)
+i(z) | 0 as oz — +oo, for ¢y € LT(Ry), i=0,1,...,n. (2.3)

Lemma 2.1. ([38, Lemmas 3.1.1-3.1.3]). Let q+(-) = q(-) — c+ € LI(Ry).
Then for all X € clos(D) equation (1.1) has a solution ¢+ (A, x) which can be
represented as

+o0
(N, x) = eFhET 4 Ko (z,y)etFvdy, (2.4)

x

where the kernel K4 (x,y) is real-valued and satisfies the inequality

1 T+ R N x +
| Ky (z,y)| < 50£0 <2y> exp {ai,o(aj) — 040 < 5 y> } ) (2.5)

Moreover,

+oc0
Ky (z,2) :j:;/x 0o (€)dE.

The function Ky (x,y) has first-order partial derivatives which satisfy the inequal-
ity

< (2.6)

0K+ (x1,x2) il 1+ T2
0x; 1\ T2
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1 1+ T2 . . Tl + T2
< 20%0 () o+,0 5 exp ¢ +,0(21) — T+ 5 -

The solution ¢+ (N, ) is an analytic function of k+ in CT and is continuous up
to R. For all A € clos(D) the following estimate is valid:

1 i
< ((H,o(ﬂf) — G40 <33 + Vf\>> o Imlka)wtonole) —(2.7)
+

For ki € R\ {0} the functions ¢+ (N, x) and ¢4 (A, x) are linearly independent
with

¢i()\,$) _ e:tikix

W(¢i(>\, ')a ¢i()" )) = :F21kia
where W (f,q) = fg' — gf’ denotes the usual Wronski determinant.

Formulas (2.5) and (2.6) together with (2.4) and (2.2) imply
Corollary 2.2. Let g+ € L2 (Ry), m > 1. Then

8K:t(l‘, )
ox

and the function ¢4 (A, x) is m — 1 times differentiable with respect to ki € R.

K.i(x,-), e L0 [(Ry), m>1, (2.8)

Note that the key ingredient for proving estimates (2.5) and (2.6) is a rigorous
investigation of the integral equation (formula (3.1.12) of [38]),

+oo +oo ysE
Ka(oog) =5 [ 0@+ [ do [ 7 gsla— pKsta—pa+9as

2 Jeg

(2.9)
To further study the properties of the Jost solution we represent (2.4) in the form
proposed in [12]:

+oo

(N, x) = eF=? <1 +
0

Bi(w,y)eﬂikiydy> : (2.10)
where

+oo
Bi(r,y) = 2K+ (2,2 +2y), Ba(z,0) = + / 4 (€)de. (2.11)

X
and Eq. (2.9) transforms into the integral equation with respect to +y > 0,

+oo

+oo
Baleg) =+ [ aus)ds+ /+ do /Oydﬁqim—ﬂ)Bi(a—ﬁ,m. (2.12)
Tty

T+y

Equation (2.12) is the basis for proving the following
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Lemma 2.3. Let n > 1 and m > 1 be fized natural numbers and let g+ €
L (Ry). Then the functions Bi(xz,y) have n + 1 partial derivatives and the
following estimates are valid forl < s <n-+1:

0* s
‘(%lays—lBi(‘r’ y) + q(i & (z+ y)‘ < Ci(l‘)yi,s(w)Vi,s(l‘ +9), (2.13)

where

1—
vai(@) = (oei@) +1a@)1), 122 veal@) i=owol@),  (214)

)

)

Il
=)

and Cy(z) = Cx(x,n) € C(R) are positive functions which are nonincreasing as
T — Foo.

P roof. Differentiating Eq. (2.12) with respect to each variable, we get

0B+ (x, oty
ia(;y) =Fqr(z+y) — / q+(8)Bi(s,x +y — s)ds, (2.15)
OBy (z, Tty +00
280 gt [ aslBalsrry-s)dst [ au(@)Bla)da.
: : (2.16)
From these formulas and (2.11), we obtain
9Bx(,0) OB (x,y) L[ i
T —wuer Y —Fa@g ([ w@da)
8B:t(x7y) 8B:|:(-'17,y) /ioo
= B . 2.1
9y or 1 g+ (a) B (o, y)da (2.17)

We observe that the partial derivatives of B4, which contain at least one differ-
entiation with respect to x, have the structure

oP _
darayr D@ y) = Fed @+ y) + Dapilz )+ (2.18)
T 8p_1
+/ Qi(ﬁ)mBi(&x—i—y—ﬁ)df, p>k>1,
z+y Y

where D4, ,(x,y) is the sum of all derivatives of all integrated terms which
appeared after p — 1 differentiation of the upper and lower limits of the integral
on the right-hand side of (2.15). The integrand in (2.18) at the lower limit of
integration has the value

or—1

Qi(f)w

Bi(g, T+y— §)|§:x+y = qi(x + y)Bi,Pfl(x + y)v
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where .

Bir(§) = ;Bi(ﬁ,t)\to- (2.19)

Thus, further derivatives of such a term do not depend on whether we differentiate

it with respect to x or y. The same integrand at the upper limit has the value
61'71 . . . . .

g+ (x)WBi (z,y), and it will appear only after a differentation with respect to

x. Taking all this into account, we conclude that D4 , i (z,y) in (2.18) can be

represented as

ak s 83_2
Do) = (1-0(k. 1) 8,)k§jaxks( D)y s Belnn) ) =Dyl ),

where §(r, s) is the Kronecker delta (i.e., the first summand is absent for k = 1),

and
p—S

—2
D(6) g;d@,s )Baa(€)). (220)

see (2.19). If we differentiate (2.16) with respect to y, then for p > 2 we get

ap B _ (P*l) D
a7 (r,y) = Fqr (r+y)+ Dip(z+y)

T ap—l Foo 8p—1
+ = B ,x+—d+/ L BL(&,y)de,
[, @ gty -0t [ @ 5B v
where Dy ,(§) is defined by (2.20). We complete the proof by induction taking
into account (2.11) and estimates (2.5), (2.6) in which the exponent factors are
replaced by the more crude estimate of type Cy(x). [ ]

2.2. Analytical properties of the scattering data

The spectrum of the Schrédinger operator L with the steplike potential (1.2)
consists of an absolutely continuous and discrete part. Using (1.4), introduce the
sets

¥® = [¢40), TW:=[¢ ¢, T=x@uzn®,

The set X is the (absolutely) continuous spectrum of the operator L, and %(1)
and 22 are the parts which are of multiplicities one and two, respectively. As
mentioned in the introduction, we distinguish the points on the upper and lower
sides of the set . Note that the set ¥ is the preimage of the real axis R under the
conformal map k4 () : clos(D) — C* when ci < cx. For ¢ € L% (cy,c_) with
m > 1 and n > 0, the operator L has a finite discrete spectrum (see [2]), which we
denote as Xg = {A1,..., A\p} where Ay <--- < A, < c. Our next step is to briefly
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describe some well-known analytical properties of the scattering data ([8], [10]).
Most of these properties follow from analytical properties of the Wronskian of the
Jost solutions W(A) := W (¢_(A,-), ¢+(A,-)). The representations (2.4) imply
that the Jost solutions, together with their derivatives, decay exponentially fast
as x — too for Im(k+) > 0. Evidently, the discrete spectrum ¥, of L coincides
with the set of points, where ¢ is proportional to ¢_, and their Wronskian
vanishes. The Jost solutions at these points are called the left and the right
eigenfunctions. They are real-valued, and we denote the corresponding norming

constants by
-1
= ([ o)

Lemma 2.4. Let g € L} (c4,c_) withm > 1, n > 0. Then the function W(X)
possesses the following properties:

(i) It is holomorphic in the domain D and continuous up to the boundary ¥ of
this domain. Moreover, W (A +10) = W(A —i0) # 0 as X € (¢, +00).

(i1) It has simple zeros in the domain D only at the points A1, ..., \, where
AW - _
(o) = (2.21)

Items (i)—(ii) are proved in [7] for ¢ € £(c,c_), but the proof remains valid
for g € L(cy,c_). Aswe see, the only real value apart from the discrete spectrum
where the Wronskian can vanish, is the point c. If W(c) = 0, we will refer to this
case as to the resonant one.

To study further the spectral properties of L, we consider the usual scattering
relations

TN+ (N, x) = dx (N, x) + R=(N) o= (N, z), as ki(A) € R, (2.22)
where the transmission and reflection coefficients are defined as usual,

Ti()\) — W(¢i()‘)>¢i(/\)) o W(¢:F()‘)>¢:I:()‘))
- W(ex(A), 8+(N)) W(g5(A), 6+(N))’

Ri(N) =

k+ € R.

(2.23)
Their properties are given in the following

Lemma 2.5. Let g € L) (c4,c—) withm > 1, n > 0. Then the entries of the
scattering matriz possess the following properties:

I. (a) To(A+1i0) =T (A —i0) and RL(A+10) = Ry(A —i0) for kL(N\) € R.
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TL(N)
TL(N)

(b) = R:(\) for X € 2 when cy = c.

(c) 1 —|RL(N)]? = Zi T (N)|? for A e (2.
+

(d) Re(W)Tx(\) + R=(A\)T(N\) =0 for X € £,
() TL(\) =1+ 0\ "'?) and RL(\) = O(A"Y?) for X — .

II. (a) The functions T+ (\) can be analytically continued to the domain D
satisfying
21k, (NT (N = 21k (TN = W(N), (2.24)
where W () possesses the properties (i)—(ii) from Lemma 2.4.
(b) If W(c) =0, then W(X) =iyv/A—c(1+40o(1)) where v € R\ {0}.
ITI. Ri(\) is continuous for k+(\) € R.
Proof Properties I. (a)—(e), II. (a) are proved in [7] for m = 2, and
the proof remains valid for m = 1. Property III is evidently valid for k1 # 0 by
(2.23), the continuity of the Jost solutions, and the absence of resonances. Since

W(¢) # 0 by Lemma 2.4, it remains to establish that for the case ¢ = ¢4 the
function Ry is continuous as k1 — 0. Since ¢4 (ct, ) = ¢4 (cs, z), the property

Ri(cy)=—1 if W(cy)#0 (2.25)

follows immediately from (2.23). In the resonant case, the proof of II. (b) will
be deferred to Subsection 2.4. ]

Since we have deferred the proof of II. (b), we will not use it until then.
However, we will need the following weakened version of property II. (b).

Lemma 2.6. If W(c) =0, then in a vicinity of point ¢, the Wronskian admits
the estimates

_ O(()x—c)_l/Q) for XeXx
1 =3 ’

= 2.2
W) { O((AN=¢)Y279) forxeC\ %, (2.26)
where § > 0 is an arbitrary small number.

Proof We give the proof for the case c. = ¢, ¢4 = ¢, (the other one is

analogous). Thus the point k_ = 0 corresponds to the point A = ¢. To study the
Wronskian, we use (2.24) for 7_(\). First we prove that 7_ is bounded on the
set Vo := {A\(k_) : —e < k_ < &} for some € > 0. Indeed, due to the continuity
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of ¢4 (N, x) with respect to both variables, we can choose a point xy such that
¢+ (c, mg) # 0, respectively |p (X, 20)| > %|d4(c,0)| > 0 in V- for sufficiently
small €. Then by (2.22),

’R— <)‘)¢—(/\7 .’B()) + m’
’¢+()‘7 xO)’

Thus, for a real A near ¢ we have W~1(\) = O((A —¢)~/2). For a non real \, we
use the fact that the diagonal of the kernel of the resolvent (L — A\I)~!

¢+()" :E)Qb*()‘v :C)
W)

T (N)] = <C, Aev.

G\ z,x) = , Ae D\ Xy,

is a Herglotz—Nevanlinna function (cf. [42], Lemma 9.22). Hence, by virtue of
Stieltjes inversion formula ([42], Theorem 3.22), it can be represented as

et Im G(€ + 10
G(X, 0, 0) = / = (55 :):xo’xo)dﬁ +G1(N),
where G'1()) is bounded in a vicinity of ¢. But G(& + 10, zo, z9) = O((€ — ¢)~/?),
and by [41, Chap. 22] we get (2.26). ]

In what follows, we set :‘i;-t := y/c+ — Aj such that i/i;-t is the image of the
eigenvalue A\; under the map k4. Then we have the following

Remark 27. For the function T4 (), regarded as a function of variable
k:l:v

ReSiH?: Ti()‘) = i(luj):tl/yjia where ¢+()‘j7x) = :ujqb*()‘j’x)' (227)

2.3. The Gelfand—-Levitan—Marchenko equations

Our next aim is to derive the Gelfand-Levitan—-Marchenko equations. In addi-
tion to I. (e), we will need another property of the reflection coefficients.

Lemma 2.8. Let ¢ € L(cy,c_). Then the reflection coefficient Ry (\) re-
garded as a function of k+ € R belongs to the space L'(R) = L%ki}(R).

P roof Throughout this proof we will denote by fs+ = fs+(ks), s =
1,2,..., functions whose Fourier transforms are in L!(R) N L%(R) (with respect
to k+). Note that fs 1+ are continuous. Moreover, a function f, + is continuous
with respect to k+ for k+ = k=()\) with A € ¥®) and f, 1 € L%k;}(R\ (—a,a)),

where the set R\ (—a, a) is the image of the spectrum %(?) under the map k().
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Denote by a prime the derivative with respect to . Then (2.4)—(2.6) and
(2.1) imply

¢i()\7 0) =1 + fl,i, lei()\, 0) = :Flki ¢i()\,0) + f2,i7
p+(X,0) =1+ fax, ¢L(N0)=Fiks dp+(X,0) + fa+.

Since
C:F - C:l:

2k
then W(¢+(A), ¢+(N)) = f5 + for large k+. By the same reason,

(I+o0(1)) as [|ks| — oo, (2.28)

W) = 2iVA(1+0(1)) as A — .

Remember that the reflection coefficient is a bounded function with respect to
ki € R by I. (b), (c). Moreover, for |ki| > 1 it admits the representation
Ri(\) = f67ik£1. This finishes the proof. ]

Lemma 2.9. Let ¢ € LY(ci,c_). Then the kernels of the transformation
operators Ky (x,y) satisfy the integral equations

+oo
Ki(w,y)+ Felw+y) £ [ Kilw.s)Fils+y)ds =0, +y>+r, (2.29)
where
Fe(e) =2 [ Re(yeseran, + 3 4Fem
+(T o . + + jZIVj
1 ET N2 ke |1 iikixd)\, =C,
+{4ch V)2 k|t cr=¢ (2.30
0, C4+ = C.

Proof. To derive the GLM equations, we introduce two functions
Gi(\ z,y) = (Ti()\)gbjF()\, z) — eﬂFi’fﬂ) ety 1y s 4y

where x, y are considered as parameters. As the functions of A, both functions are

meromorphic in the domain D with simple poles at the points A; of the discrete

spectrum. By property II, they are continuous up to the boundary X% U X,

except at the point ¢, where one of these functions (Gx(X,z,y) for ¢ = c¢4) can

have a singularity of order O((A — ¢)~'/27%) in the resonant case by Lemma 2.6.
By the scattering relations,

Te(Ngr(\ a) = T2 = Ry (Mg (A, @) + (92(A, 2) — eTH7)
=S11(A ) + Se2(A 2).
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It follows from (2.4) that

1 .
2/ Syo(\, x)eF ik, = Ki(x,y).
T JR
Next, according to Lemma 2.8 and (2.8), we obtain
Ri(NW) Ky (z,s)e*++s) ¢ L%ki}(R) X L}S}([x, +o0)) for x,y fixed.

Using again (2.4) and Fubini’s theorem, we get

S Siq(N)eFFEvdly
27'(' R ’
1 +oo )
= Fra(r+y) £ - / Ki(z,s)Re(N)etF=0+9) dg dfe,
RJz
+oco
=Fi(x+y) £ Ki(x,s)Fr+(y+ s)ds,

xT

where we have set (r for "reflection”)

1 .
Fri(z):= / Ri(N)etk=2dl, . (2.31)
’ 2 R
Thus, for +y > +x,
1 +o0
Py / Gi(\, z,y)dks = Ki(x,y) + Fre(z +y) £ K (x,s)Fr+(y + s)ds.
R T

(2.32)
Now let C, be a closed semicircle of radius p lying in the upper half-plane with
the center at the origin. Set I', = C, U [—p, p|. Estimates (2.3), (2.7), (2.28), and
I. (e) imply that the Jordan lemma is applicable to the function G4 (A, z,y) as
a function of kL when +y > +x. Moreover, formula (2.27) implies

d+(Nj, ) Resm;t TL(\) = i’YJj-ECbi()\j>$)7

and thus

P P

E Res, + GL(\, z,y) =1 E ’yfqﬁi()\j,w)e¥“jiy
J

i=1 i=1

+oo

=i (Fdi(m +y) + Ki(x,s)Fg+(s+ y)ds) ,

(2.33)

T
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where we denote (d for discrete spectrum)
P +
Faae) = 3 e,
j=1

Now let ¢+ = ¢, which means that the variable k+ € R covers the whole con-
tinuous spectrum of L. Then the function G4 (A, z,y) as a function of k1 has a
meromorphic continuation to the domain C* with poles at the points i/{?t. By
use of the Cauchy theorem, of the Jordan lemma and (2.32), for £z < +y, we
get

1 p
lim — G\ x,y)dk_ = iZResmi G\ x,y) = Ki(x,y)
p—o0 27 Jr, = j

+oo

+Fi(r+y £ Ky (z,s)F +(y+ s)ds.
x

Joining this with (2.33), we get equation (2.30) for the case c+ = ¢. Unlike to this,
in the case ¢4 = € the real values of the variable k4 correspond to the spectrum of
multiplicity two only. Then the function G4 (\, x, y) considered as a function of k.
in C* has a jump along the interval [0,1b4] with by = \/cx — ¢ > 0. It does not
have a pole in by because by Lemma 2.6, the estimate G4 (A, z,y) = O((k+—by)?)
with —1 < a < —1/2 is valid.

For large p > 0, put b, = by + p~

, introduce a union of three intervals
¢ =[—p Y iby — p U [, iby + p U fib, — p L, ibp + 1,

and consider a closed contour I', = C,UC),U[—p, —p~']U[p™1, p] oriented counter-
clockwise. The function G4 (A, x,y) is meromorphic inside the domain bounded
by F/p (we suppose that p is sufficiently large such that all poles are inside this
domain). Thus,

1 p
lim — ¢ Gi(\z,y)dks =iy Res,+ G+(\,z,y) = Kx(z,y) (2.34)
p—o0 27 F;} = 15
+oo
+ Fra(z+y) + Ki(z,s)Fr+(y + s)ds
1 /0 ’
+ — (Ge(A+10,2,y) — GL(A —1i0,z,y)) dk+.
2 iby

In the case under consideration, that is, when c4+ = ¢, the variable k+ = ik, k > 0,
does not have a jump along the spectrum of multiplicity one, and the same is true
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for the solution ¢ (A, z). Thus the jump [G4] := G+ (A+10,z,y) —G+(A—i0, z,y)
stems from the function T (\)é=()\, ). By (2.24) and 1. (b), we have T4 T =

—I5T 1= —R+ on ¥, To simplify the notations, we omit the dependence on
A and x. The scattering relations (2.23) then imply

Thoy —Thog = —Tx (EWL Rﬂb?) = *ﬁTﬁbi
and, therefore, [G+] = —e™F+YTL (A +10) T (A +i0)d+ (A, x). Set
X(A) = T4 (A +10)T= (A +10), X € [

By use of (2.4), we get

1 0
% b (Gi(A—f_lvavy)_Gi()‘_lo’xvy))dki
ibt
+oo
=F+(z+y £ Ki(x,s)Fy+(s+y)ds,

T

where

1 0 . 1 C . d\
Fx,i(l‘) /b X()\)eﬂ:lk‘ixdkxi - X()\)eﬂ:lk‘iaj
+

:% i 47 ¢ ‘/)\_Ci.

Combining this with (2.34), (2.33), and (2.31) and taking into account that by
(2.24),
xX(N)

VA —

gives (2.30) for the case cx =¢. |

= TN kx|t >0, € (c0),

Corollary 2.10. Put Fi(z) := 2Fy(2z). Then equation (2.29) reads
Fy(x+y)+ Bi(z,y) £ / By(z,s)Fy(z+y+s)ds =0, (2.35)
0

where By (x,y) is the transformation operator from (2.10).
This equation and Lemma 2.3. allow us to establish the decay properties of

Fy(x).

Lemma 2.11. Let ¢ € L, (c+,c—), m > 1, n > 0. Then the kernels of the
GLM equations (2.29) possess the property:

IV. The function Fy(x) is n+ 1 times differentiable with F', € LT (Ry).
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P roof. Differentiation of (2.35) j times with respect to y gives
+o0

@4y + Byt | B )P @+y+s)ds=0. (230
0

Set here y = 0 and abbreviate Hy j(z) = Bij?y(x, 0). Recall that estimates (2.13)
and (2.14) imply Hy j € Lo (Ry),j=1,...,n+1. By changing the variables
x4+ s=¢&, we get

. +oo .
PO+ Heyo)+ [ Batog - 0P ©dg 0. (230)

Formula (2.11) and the estimate (2.5) imply
|B(2,€ — )] < 0 0(€)e7 01 020(0),
and from (2.37) it follows that
B (@)lem0200) <|Ha () fo~020)

+ / o oi0(s)e 70| F) (5)|ds

=|Hz j(2)le 0@ + &y j(x), (2.38)
where ¢4 j(z) ==+ fxioo ]Fj([j)(s)|e_&i70(5)ai70(s)d5. Multiplying the last inequal-
ity by o4 () and using (2.1), we get

:Fdi (D (x)e 750 < |Hy j(x)|og o(x)e20%0@),
x

By integration, we have

+oo
Dy j(x) < £Ce+3(®) Hy j(s)o+o(s)ds.

T

This inequality implies @4 () € L} (Ry) because Hy ; € E?nﬂ_j(Ri), j>1,
o0 € LL 1 (Ry). Property IV now follows from (2.38). [ ]

2.4. The Marchenko and Deift—Trubowitz conditions

In this subsection we give the proof of property II. (b) and also prove the con-
tinuity of the reflection coefficient R+ at the edge of the spectrum ¢ when c4 = ¢
in the resonant case. As is known, these properties are crucial for solving the
inverse problem but they were originally missed in the seminal work of Faddeev
[20] as pointed out by Deift and Trubowitz [12], who also gave a counterexample
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which showed that some restrictions on the scattering coefficients at the bottom
of the continuous spectrum were necessary for the unique solvability of the in-
verse problem. The behavior of the scattering coefficients at the bottom of the
continuous spectrum is easy to understand for m = 2, both for decaying and
steplike cases, because the Jost solutions are differentiable with respect to the
local parameters k4 in this case. For m = 1 the situation is more complicated.
For the case ¢ € £9(0,0) the continuity of the scattering coefficients was estab-
lished independently by Guseinov [29] and Klaus [33] (see also [3]). For the case
q € L%(cy,c_) property II. (b) is proved in [2]. We propose here another proof
following the approach of Guseinov which will give us some additional formulas
of independent interest (in particular, when trying to understand the dispersive
decay of solutions to the time-dependent Schrédinger equation, see, e.g., [17]).
Nevertheless, one has to emphasize that the Marchenko approach does not re-
quire these properties of the scattering data. In [38], the direct/inverse scattering
problem for ¢ € £§(0,0) was solved under the following less restrictive conditions:

1) The transmission coefficient T'(k), where k? = ), is bounded for k¥ € CT in a
vicinity of k = 0 (at the bottom of the continuous spectrum);

2) limyg_g kT (k)(R(k) +1) = 0.

Our properties I. (b) and IT imply the Marchenko condition at point ¢. Namely,
if W(c) # 0, then property (i) of Lemma 2.4 implies W (c) € R, and from I. (b)
it follows that Ry (ct) = —1 for ¢ = c4. The other reflection coefficient R+ (c_) is
simply not defined at this point. Of course, it has the property R+(¢) = —1 (cf.
(2.25)), because W(¢) # 0, but we do not use this fact when solving the inverse
problem. Our choice to give conditions I-IIT as a part of necessary and sufficient
ones is stipulated by the following. First of all, getting an analog of the Marchenko
condition 1) directly, without II. (b), requires additional efforts. The second
reason is that in fact we additionally justify here that the conditions proposed
for m = 2 in [10] are also valid for the first finite moment of perturbation. The
proof is given for the case ¢ = c_, the case ¢ = c; is analogous.
Denote by hi(\, z) = ¢+ (), z)eT* % for ky € R, then (2.10) implies

+oco
he(\) = he(A,0) =1+ / B (0, y)e Wy,
0

+o0
M) =00 = £ [ L Ba0. ey,
0

We observe that for ¢ = ¢_ we have 2ik;(c) = —b = —2y/cy —c— < 0, and
therefore, in a vicinity of ¢,
A—c

=2 S 2.39
ky —ib/2’ (2:39)

(V) =1+ / By (0, y)e e Mvdy,  7(A)
0
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where 7()) is differentiable in a vicinity of ¢ and 7(c) = 0. Since B4 (0,y)e™% €
LYRy) and By .(0,y)e " € LY(R,), s = 1,2,..., then
—¢1(¢, 000", (X, 0)+04 (A, 0)¢, (¢, 0) = hy (\)D/ () — hy () (M)
+(21k +0)h i (hy(N) = C(A = ¢)(1+0(1)), A—c
(2.40)

Now consider the function ®(\) = h_(A\)h’_(¢) — h_(c)h"_(\) where k_ € R. One
can show (cf. [17]) that it has a representation

d(N) = 2ik_W(k_), where U(k_)= [ H(y)e 2¥-dy, (2.41)
R_

with H(z) := D(x)h_(c) — K(z)h"_(c),

roo
/ B_(0,y)dy, D(%)Z/ 9220, 1)dy.

Note that the integral in (2.41) is to be understood as an improper integral.
Using (2.35) and (2.36), one can get (see [29]) that the function H(x) satisfies
the integral equation

1w - [ HF @ity =n-@ ([ B00F @ty - ).

By property IV, we have F € LY(R_). Using this and (2.5), one can prove that
H € L1(R_), and therefore ®(\) = 2ik_¥(0)(1+o0(1)) with ¥(0) € R. Moreover,

¢- (A, 0)¢" (¢, 0)=¢- (¢, 0)¢" (A, 0) = =2ik_h_(A)h—(c) + 2(A)
=2ik_(h_(c)* +¥(0))(1 +O(1)), A—c,
where h_(c) € R. Combining this with (2.40), we get the following

Lemma 2.12 ([2]). Let ¢ = c_. Then in a vicinity of ¢ the following asymp-
totics are valid:

(a) If 9—(c,0)p1(c,0) # 0, then

PeN0)  dh(e0) _ oy L) (e 0)
o n0)  di(e0)  CATY S =ia VA -l +o();

(b) If ¢' (c,0)¢', (c,0) # 0, then

6:(00) d4(c0) _ 5\ 4 $-N0) 6(c0) .o oA
F00)  d(e0) "R g “ 5 =ia/A—c(l+o(1),

where o, & € R.
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Now suppose that W(c) = 0, that is, ¢_(c,z) = Co1(c,x) with C € R\ {0}
being a constant. Therefore at least one of two cases described in Lemma 2.12
holds true. Since the functions ¢ and ¢_ are continuous in a vicinity of ¢, then
in the case (a) we have ¢_(\, 0)¢4 (A, 0) = B(1 +o(1)) with 8 € R\ {0}. Thus,

W(X) =6-(X, )6+ (), 0) (2:883 B i:ﬁc 83

¢4 (A, 0) | ¢h(c0) .
o0 T ¢+<c,0>> =lefvA-dl+olt),

where af € R. In fact, v = af # 0 because of property (2.26). The case (b) is
analogous, and thus II. (b) is proved. To prove the continuity of the reflection
coefficient R_ at ¢ when ¢ = c_ it is sufficient to apply a ”conjugated” version of
Lemma 2.12, which is valid if we consider the asymptotics as A — ¢, A € YD, to
formula (2.23).

We summarize our results by listing the conditions of the scattering data
shown to be necessary in the present section, and we will show them to be also
sufficient for solving the inverse problem in the next section.

Theorem 2.13 (necessary conditions for the scattering data). The scattering
data of a potential g € L7, (c4,c_),

87?1(04-76—) = {R+()‘)a T+()‘)7 \% A— ct+ € R; R—(/\)v T—()‘)7 V A—c_ €R;
Al,...,)\pe(—oo,g),’yf[,...,vl,iER+}, (2.42)

possess properties I-111 listed in Lemma 2.5. The functions Fy(x,y), defined in
(2.30), possess property IV from Lemma 2.11.

3. The Inverse Scattering Problem

Let S (c4,c—) be a given set of data as in (2.42) satisfying the properties
listed in Theorem 2.13.

We begin by showing that, given Fl(x,y) (constructed from our data via
(2.30)), the GLM equations (2.29) can be solved for Ki(x,y) uniquely. First
of all, we observe that condition IV implies F}y € Egj_ll(Ri) (and therefore

Fy € LY(Ry) N L (R)) as well as Fy is absolutely continuous on R for m = 1.
Introduce the operator

+oo

(Faaf)y) ==+ ; Fy(t 4y +2z)f(t)dt.

The operator is compact by [38, Lemma 3.3.1]. To prove that /+F , is invertible
for every x € R, it is sufficient to prove that the respective homogeneous equation
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y) + Jp, Fe(y +1t+22)f(t)dt = 0 has only the trivial solution in the space
L*(Ry). Consider first the case ¢ = c_ and the equation

+/OOF+(y+t+2x)f(t)dt:0, f e LMR,). (3.1)
0

Suppose that f(y) is a nontrivial solution of (3.1). Since F(z) is real-valued,
we can assume f(y) to be real-valued too. By property IV, the function Fl (t) is
bounded as t > z and hence the solution f(y) is also bounded. Thus f € L*(R4),
and

0:27r< f)fly dy+/ Fy(y+t+2x)f(t) dydt) Z’y FN,2))?
R

-(M)?

[ m(ﬂmwﬂ [ Ree fi -+ [ (7.

where k := ki = /A —cy,
fva) = [ eV p(y)dy, and - f(k) = /oo e f(y)dy

Ry

Since f (A, x) is real-valued for A < ¢4, the corresponding summands are nonne-
gative. Omitting them and taking into account that (cf. [38, Lemma 3.5.3])

/ Ry (Ve F(—k) F(k)dk < / Ry (0|7 (k) 2dk,
R

we come to the inequality [;(1 — |R+(A)])|f(k:)\2dk < 0. By property I. (c),
IRy (\)| < 1 for A # ¢y, therefore, f(k) =0, i.c., f is the trivial solution of (3.1).

For the solution f of the homogeneous equation (I + F_ ;)f = 0 we proceed
in the same way and come to the inequality Jo(1 — \R_(N)If(k_)2dk_ < 0,
where [R_(\)| <1 for A > c;. Thus, f f(k) is a holomorphic function for k € C*,
continuous up to the boundary, and f ( ) = 0 on the rays k2 > ¢, —c_. Continuing
f(k) analytically in the symmetric domain C* via these rays, we come to the
equality f(kz) = 0 for kK € R. The case ¢ = ¢4 can be studied in a similar way.
These considerations show that condition I'V can in fact be weakened:

Theorem 3.1. Given S)},(c4,c_) satisfying conditions I-1II1, let the function
Fy(z) be defined by (2.30). Suppose it satisfies the condition

IVYek  The function Fy (z) is absolutely continuous with F'. € L*(Ry)NLE (R).
For any xg € R there exists a positive continuous function T+(x,xg), decreasing
as ¥ — oo, with 7+(-,2¢) € L*(Ry) and such that |Fy(z)| < 74(x,20) for
+x > t+xg.

Then
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(i) For each x, equation (2.29) has a unique solution Ki(x,-) € L'([z,£00)).

(ii) This solution has first order partial derivatives satisfying

d
K (@, 2) € LH(Re) N Lige(R),
(#ii) The function

+o0
¢\, x) = eFhET & Ky (z,y)e vy (3.2)

T

solves the equation

' (2) F 2(a) Ko, 1) = (he)y(a), w R

(iv) If Fy satisfies condition IV, then qi(z) = F2L Ky (z,2) € L7 (Ry).

Proof. If Fy satisfies condition IV for any m > 1 and n > 0, then at least
Fi € LY(Ry), and we can choose 74 (x,2¢) = 74 (7) = fRi |F'(x + t)|dt. Since
|Fy(z)| < 74(x) and 74(-) € LY(Ry) is decreasing as  — 400, condition TV"eak
is fulfilled.

Item (i) is already proved under the conditions Fy € L'(Ry) N L (R) and
F' € Ll _(R) which are weaker than V" Therefore, we have a solution
Ki(z,y). To prove (ii), it is sufficient to prove that B , = a%Bi(ac,O) €
L'[zg, +00) for any x¢ fixed, where By (x,y) = 2K+ (z,x + 2y).

Let £2 > +zy. Consider the GLM equation in the form (2.35). By (i), the
operator I + ﬁ:l:lx generated by the kernel Fy is also invertible and admits the
estimate ||[{I + F, +}71|| < CL(z), where Cy(x), z € R is a continuous function

with Cy(z) — 1 as * — £oo. Introduce the notations

Ti,l(x):/ L (¢ + )| dt, Ti,o(m):/ By (t+ 7)|dt.
Ry

Ry

Note that |Fy(z)| < 741(z). From the other side, |Fi(z)| < 274 (2%, 220), where
74(x, o) is the function from condition TV¥°3, From (2.35), we have

/ | B+ (2, y)ldy < [{I +T:i,x}_1\|/ |Fi(y +2)|dy < Ca(a)reo(z)  (3.3)
R4 Ryt
and, therefore,

| B (,9)| <[F(x +y)| + / | B (, 5)F(x +y + 5)|ds (3.4)

Ry
<73 (2x + 2y, 2x0) (1 4+ Cx(x) 74 0(2)) < C(x0)72 (22 + 2y, 220).
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Being the solution of (2.35) with absolutely continuous kernel F., the function
By (z,y) is also absolutely continuous with respect to = for every y. Differentiate
(2.35) with respect to z. Proceeding as in (3.3), we get then

/|Bix<:c yldy <I{I+ Fea) (/ / Ba (e, 0F(t 4+ y + ) |dedy

|FL(y + x)!dy>§ Ci(x) (r£1(2) + Cx (@)1 (2)T20(2)) -
(3.5)

Ry

Now set y = 0 in the derivative of (2.35) with respect to z. By use of (3.3), (3.5)
and IVV®E we have then

o (2) + By (,0)] < / (Bl ()Pt + ) |di + / \Ba(a, OV EL(t + o) dt
R4 Ry

<Cy(2)(1 4 Cr(x)T20(2)) T 1 (2) 74 (22, 220) + Hi (),

where Hy(z) = [p, [Bx(z ) FL(x +t)|dt. By (3.4),

Hy(x) < C’(mo)/ T+ (22 + 2t, on)\ﬁ’/i(x +t)|dt < C(xo)T+ (22, 220) 74 1 (),
Ry

which implies
Bl o (2,0)| < |F'(2)| + C(x0) 721 () 7+ (23, 220). (3.6)

Therefore, under condition TVV® we get ¢i(z) := By ,(x,0) € LY(R*) N
Ll _(R), which proves (ii).

Repeating literally the corresponding part of the proof for Theorem 3.3.1 from
[38], we get item (iii) under condition TV*¥eak,

Now let Fi satisfy condition IV for some m > 1 and n > 0. As we have
already discussed, in this case one can replace 74(z,x¢) by 7+ 1(z), and then
formulas (3.6) and (3.4) read

|Bx(z,y)| < Clzo)T(z +y),  [Bralw,0)] < Clao)ri y(2)-

Since 74 1(z) € L1 (Ry) and Til(:c) € L0 (Ry) for m > 1, then ¢u(x) €
LY (Ry). To prove the claim for higher derivatives, we will proceed similarly.
Namely, in agreement with previous notations, we set

reil@) = | F. FO@+z)dt, i=0,...,n+1,
+
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and also denote D )( Y) = 8# Bi(x y). Denote by ( ) the binomial coefficients.
Differentiating (2.35) 7 times with respect to x 1mphes

Ff><m+y>+D§?<x,y>=—Z(l.> / F) @ +y+ D8 (2, t)dt,
Ry

=0

and, therefore,

[ 109wy <l + Fi,m}lu{ [ 10+ ay
+

R+
xz(?)/ / |F£)<:v+y+t)D§f”(az,t)!dtdy}
j=1 J Ry JRy
Soi,i( 7}@ 1( +Z7'i,] piz J (z)],

where Cy ;(z) == Ki|[{I + Fr.}7!| = K;Cyi(z) with K; = max;<; (;), and
p+,j(z) is defined by the recurrence formula

p+0(2) = C1(®)74,0(2), pt,s 1= Ot s(2)[T,5-1( +ZT¢,J ) p+,s—j ()]

Thus, for every 1 =1,...,n+ 1,

[ it
Ry

—~

V@, y)|dy < pai(z) € L9 (Ry).

Respectively,

@) = 109 @,0)] < [FO@)| + (j)a,ju)pﬂ_j(x) € £O,(Ry),

j=1
which finishes the proof. [

Our next aim is to prove that the two functions ¢4 (z) and ¢_(x) from the
previous theorem do coincide.

Theorem 3.2. Let the set S (cy,c ) defined by (2.42) satisfy conditions I-
IIT and IVYeK. Then q_(x) = qy(x) =: q(x). If S (cy,c_) satisfies conditions
I-IV, then g € L] (c4,c_).
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P roof. This proof is a slightly modified version of the proof proposed in
[38]. We give it for the case ¢ = ¢_. We continue to use the notation %(?) for
two sides of the cut along the interval [¢, 00) = [cy, 00), the notation ¥ for two
sides of the cut along the interval [¢, 00) = [c_, 00) and we also keep the notation
D=C\ZX.

The main differences between the present proof and that from [38] concern
the presence of the spectrum of multiplicity one and the use of condition TV Veak,
Namely, recall that the kernels of the GLM equations (2.29) can be split naturally
into the summands Fy = F\ y + Fy;  + F.; and I = F, _ + F; _ according to
(2.30).

We begin by considering a part of the GLM equations

+oo
Gi(z,y) =F+(v+y)+ Ky(x,t)F, 1+ (t +y)dt,

T

where K4 (z,y) are the solutions of GLM equations obtained in Theorem 3.1. By
condition TV™Ve2K  we have F, 1+ € L*(R), therefore for any fixed z,

/ Fri(z+ y)eﬁyki dy = Ri()\)eiixki,
R
and, consequently,
/ Gi(z+y)eT Yy = RL(N)pL(\, x), ki €R, (3.7)
R

where ¢ are the functions obtained in Theorem 3.1 and the integral is considered
as a principal value. On the other hand, invoking the GLM equations and the
same functions ¢4, we have

Gi(z,y) = —Ki(z,y) Z'V] TRV (Ag, @)

1 ITf( )I ik (€

7471' .k (©) Wo (¢, a)de, y>u,

and

p
G (z,y) = —K_(z,9)+ > _7;eY6_(\j,z), y<uw
j=1

Since for two points k' # k”

too e:ti(k/fk”)m
/ e:l:l(k’—k”)ydy _ 17’
. k' — kM
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then
. z . +o00 )
/ Gz, y)e M Vdy = / Gy(w,y)e ™ Vdy — [ Ky (z,y)e "y
T ( ,z)elkr O~k (V) p o (ks —r )z
ey = o ik
(3.8)
and

. +o00 ) x .
/ G (z,y)e™rdy = | G_(w,y)e"Vdy - / K_(z,y)e*vdy
R —o

T

P olik—+r] )
_ o\, x) ——— . 3.9
3 e-00) =g (3.9
Since for k+ € R
+o0 . .
+ K:t($, y)e¥lkiydy = ¢:|:(>‘7 'T) - e$1kiwa
then, combining (3.8) and (3.9) with (3.7), we infer the relations
Ri()‘) gbi()‘? IE) =+ ¢i(>\, l‘) = Ti()‘)9$()‘a I)a ki € Ra (310)
where
1 ; r ;
0_(\, ) := e‘k”—k/ G (z,y)e F+¥dy
)= 7 ( " G
ST ()PWL (&N (N, A,
_/\()\+§x§+zj+g 36)7
c €= 2V¢ — A
1 ik_x oo ik_y . —W—()‘ﬁ)‘?x)
9+(A,1’) = m e + : G_(a:,y)e dy+ ;’YJ )\_7& s
(3.11)
and
Wi (€A 2) = ids (§ 0)e Ok () 1 ke (V). (312)

It turns out that in spite of the fact that 64+ (X, z) is defined via the background so-
lutions corresponding to the opposite half-axis R, it shares a series of properties
with ¢4 (A, x).
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Lemma 3.3. The function 0+ (\, z) possesses the following properties:

(1) It admits an analytic continuation to the set D\ {cy,c_} and is continuous
up to its boundary .

(73) It has no jump along the interval (—oo, c4|, and it takes complex conjugated
values on the two sides of the cut along [ct,00).

(iii) For large X € clos(D) it has the asymptotic behavior 0+ (\, x) = e *F+¥(1 4

o(1)).

(tv) The formula W (0+(X,x), 0x(N\,x)) = FW(A) is valid for X € clos(D),
where W () is defined by formula (2.24).

Proof The function T L(\) admits an analytic continuation to D by
property II. (a). Moreover, we have Gx(z,-) € L!([z,400)). Since e*¥+¥ does
not grow as +y > 0, then the respective integral (the second summand in the
representation for 1) admits analytical continuation also. The function 64 does
not have singularities at the points {A1,...,Ap} since T 1()\) has simple zeros
at Aj. The function W= (&, A, ) can be continued analytically with respect to A
for £ and z fixed. Next, consider the Cauchy type integral term in (3.11). The
only singularity of the integrand can appear at the point ¢ = c_, because in the
resonance case T_(c_) # 0. Thus, if W(c_) = 0, then the integrand in (3.11)
behaves as O(€ —c_)~1/2. By [41], the integral is of order O(€ — ¢_)~1/279 for ar-
bitrary small positive delta, moreover, T’y '(\) = C'\/A — c—(1 +0(1)). Therefore
for A — c_,

5\ a) = {0(@ — )9, %f W) =0, (313)
O(1), if W(e_) #0.
Since W (cy) # 0 by II. (a), then T;l()\) = O(\ — cy) /2, respectively
o_(\z) =0 (()\ - c+)_1/2) . 0.(0\z)=0(1), - cs. (3.14)

Properties (i) of Lemma 2.4, and II. (a) together with (3.11) and (3.12) imply
that 0, and 0_ take complex conjugated values on the sides of the cut along
[c,00). Since Wi (£, A\, z) € R when \,& < ¢y, then 0L (A\,z) € Ras A <c_. Due
to property I. (b), we have T-'T_ = R_ on both sides of the cut along [c,¢],
and from (3.10) it follows that

0. =¢_T '+¢_T 'cR.

Therefore, 6, has no jump along the interval [c,¢]. At the point ¢ = c¢_, the
function 64 (x, \) has an isolated nonessential singularity, i.e., a pole at most. But
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at the vicinity of the point ¢_ we have 6, (\,z) = O(T-*(\)) = O\ — ¢ )~/
Thus this singularity is removable,

0,(\z)=0(1), \—c_. (3.15)

Items (i) and (ii) are proved.
The main term of asymptotical behavior for 04 (A, z) as A — oo is the first
summand in (3.11). Thus, by I. (e) and (2.28),

0+(\ @) = T (A7 4 o(1) = eTF+%(1 4 o(1)),

which proves (iii). Property (iv) follows from (3.10), (3.2), and (2.24) by analytic
continuation. u

Now conjugate equality (3.10) and eliminate ¢+ from the system

Rigr+ ¢r =051,
= k+ € R,
{ Rigpr + ¢y =014, =

to obtain -
¢+(1 — |R+|?) = 0+T% — Ry0-Ty.

Using I. (c), (d) and II shows for A € ¥(?) that is for k, € R, that
Trds =05 + R0+ e x®.

This equation together with (3.10) gives us a system from which we can eliminate
the reflection coeflicients Ry. We get

Ti(pstr — 0103) = ¢80y — oy, XeX®. (3.16)

Next introduce a function

¢+()‘v .’L‘)d)_ ()" x) — 9+()‘7 x)g_ (Av CC)

B(N) = (N, z) = o ,

which is analytic in the domain clos(D) \ {A1,...,Ap, ¢, ¢}. Our aim is to prove
that this function has no jump along the real axis and has removable singularities
at the points {\1,..., Ay, ¢,¢}. Indeed, from (3.16) and (2.24) we see that

P+ (N, )0 (N, x) — oL (AN, x)0L (N, x)
2ik4 ’

d(N\) =+ Aex®,

By the symmetry property (cf. II. (a), (iii), Theorem 3.1 and (ii), Lemma 3.3),
we observe that both the nominator and denominator are odd functions of k.,
therefore ®(\ +i0) = ®(A —i0), as A > ¢, i.e., the function ®(\) has no jump
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along this interval. By the same properties I1. (a), (iii) of Theorem 3.1 and (ii)
of Lemma 3.3, the function ®(\) has no jump on the interval A < ¢ as well. Let
us check that it has no jump along the interval (¢, ¢) also. Lemma 3.3, (ii) shows
that the function 6, (), z) has no jump here. Abbreviate

(@] = B(A +10) — B(A— i0) = 6, [ﬁ;} —0, [w C aele?),

and drop some dependencies for notational simplicity. Using property I , (b)
and formula (3.10), we get

[gb] _ ¢ T_+¢ T _ (¢p-R_ +¢_)T- 0. T T_

174 2ik_ 2ik_ o 2ik.
that is,
-1 _ 0404 |T-|?
oxs {W =0 (3.17)
On the other hand, since ik; € R as A < ¢, we have
0_ 0_T, 1
— | = = 0_T,]|. 1
[W] [ 2k, } 2k 16T ] (3:18)

By (3.11), the jump of this function appears from the Cauchy type integral only.
Represent this integral as

S / © G (2,8) (1) (b (A) + (€)= O- BT ()] dg
omi ), 2ik_(€) £-A

and apply the Sokhotski-Plemejl formula. Then (3.18) implies

9 9; :9+¢+‘T—|2
Tlw 2%k

Comparing this with (3.17), we can conclude that the function ®(\) has no jumps
on C, but may have isolated singularities at the points F' = Aq,..., Ay, c_, c4 and
0o. Since all these singularities are at most isolated poles, it is sufficient to check
that ®(\) = o((A — E)~ 1), from some direction in the complex plane, to show
that they are removable. First of all, properties I. (e) and (iii), Lemma 3.3
together with (2.24) and (3.2) imply ®(\) — 0 as A — oo. The desired behavior
®(A) = o((A — cx)7 1Y) for A — cy is due to property IT and estimates (3.13),
(3.14), (3.15). Next, to prove that there is no singularities at the points of the
discrete spectrum, we have to check that

¢+($7)‘j)¢7($7)‘j) :9+($,)\j)97($,)\j>- (3.19)
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Passing to the limit in both formulas (3.11) and taking into account (2.24) and

(3.12) gives
dW
9$()‘k‘7 .T) = K(/\k) Qﬁi()\k,l‘) ’7;‘:7

which together with (2.21) implies (3.19). Since ®(\) is analytic in C and ®(\) —
0 as A — oo, Liouville’s theorem shows

O(z,\)=0 for NeC, zeR. (3.20)

Corollary 3.4. Ri(cy) = —1 if W(ex) #0.

Proof. Inthe case ¢ = c_ discussed above we have W(cy) # 0. Formula
(3.20) implies that instead of (3.14) we have in fact 6_(z,\) = O(1) as A — c4.
Since T4 (c4+) = 0 and ¢(z, c4+) = ¢(x,cy), then by (3.10) we conclude Ri(c4) =
—1. The property R_(c—) = —1 in the nonresonant case is due to I. (b), (2.24),
and the property W(c_) € R\ {0}, which follows in turn from the symmetry
property (i) of Lemma 2.4. [ ]

Formula (3.20) implies
dr( N z)p_ (N x) =0, (N, 2)0_-(\,z), AeC, zeR (3.21)

Moreover,

oL\ 2)0s (N z) = (N 2)0s (N z), Aex®. (3.22)
It remains to show that ¢4 (A, z) = 0+ (\, z) or, equivalently, that for all A € C

and r € R
o) D-u0) _ 0:00a)
0*()‘7'75) ¢+()\,J})
We proceed as in [38], Sec. 3.5, or as in [7], Sec. 5. We first exclude from our
consideration the discrete set O of parameters z € R for which at least one of
the following equalities is fulfilled: ¢(E,z) =0 for E € {\1,...,A\p,c—,cq+}. We
begin by showing that for each = ¢ O the equality ¢4 (), ) = 0 implies the
equality 9+(;\,w) = 0. Indeed, since \ ¢ {\1,...,\p,c—,cq}, we have W(j\) #0
and therefore by (iv) of Lemma 3.3, 0_(\,z) # 0. But then from (3.21) the
equality 0+(5\, x) = 0 follows. Thus the function p(A, z) is holomorphic in D. By
(ii) of Lemma 3.3, it has no jump along the set (c_,cy), and by (3.22), it has
no jump along A > cy. Since ¢4 (cy,z) # 0, then (3.14) and (3.15) imply that
p(A, ) has removable singularities at ¢4 and c_. By (iii) of Lemma 3.3 p(\) — 1
as A — oo, and by Liouville’s theorem p(A,z) = 1 for z ¢ O. But the set O is
discrete, therefore, by continuity, ¢+ (A, z) = 6+ (A, z) for all A € C and z € R. In
turn, this implies that ¢_(z) = ¢+ (x), which completes the proof of Theorem 3.2.
|

1.
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4. Additional Properties of the Scattering Data

In this section, we study the behavior of the reflection coefficients as A — oo
and its connection to the smoothness of the potential. One should emphasize
that the rough estimate I. (e) is sufficient for solving the inverse scattering
problem (independent of the number of derivatives n), because this information
is contained in property IV of the Fourier transforms of reflection coefficients.
That is why we did not include the estimate from Theorem 4.1 proved below in
the list of necessary and sufficient conditions. On the other hand, this estimate
plays an important role in application of the IST for solving the Cauchy problem
for the KdV equation with a steplike initial profile. Lemma 4.3 and Theorem
4.1 clarify and improve the corresponding results of [7] and are of independent
interest for the spectral analysis of L.

We introduce the following notation: We will say that a function g(\), defined
on the set A := XN {\ > a > ¢}, belongs to the space L?(c0) if it satisfies the
symmetry property g(A +i0) = g(A —i0) on A, and

g
/a O < o

Note that this definition implies g(\) € L%ki}(R\ (—a,a)) for sufficiently large a.
Theorem 4.1. Let g € L) (c4,c—), m,n > 1. Then for A — oo

dS n+1

Ri(N) =g+ sMXN 2, s=0,1,...,m—1,
dks. ’

where gy s(\) € L?(c0).

Note that the case n = 0, m = 1, already follows Lemma 2.8 since (using the
notation of its proof) Re(\) = fs+ki' admits m — 1 derivatives with respect to
ky for m > 1, and féj[ € L%ki}(R \ (—a,a)). The general case will be shown
at the end of this section. Using Lemma 2.3 and formula (2.17), we can specify
an asymptotical expansion for the Jost solution of equation (1.1) with a smooth
potential.

Lemma 4.2. Let g € L, (cy,c_) and g+ (x) = q(x) —cx. Then for large ki €
R, the Jost solution ¢+ (N, x) of the equation Loy = Ap+ admits an asymptotical
expansion

~ Ut n(A )
A _ ik 4+ Uj;l(a}) o u:l:,n(x) +,nA, 41
pr(A,x) =e <Uﬁ:,0(x) Uik ot (£2ik )" + (£2ik4)nF1 ) (4.1)
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where
+oo
uo(@) =1, ugpp(x) = / (W (6) — qe(€uss(©)de, 1=1,....n. (42)

Moreover, the functions U (A, x) and %Ui,n()\, x) are m—1 times differentiable
with respect to ki with the following behavior as A — 0o and 0 < s <m — 1:
65
oks.

o° (1 0
Uz n(\ z) € L2 (o), ok, <ki6:L'Ui’n(>\7$)) € L*(00). (4.3)

Proof. Formula (2.17) implies

s s +oco s—1
0 Bi(l’,y) _ 0 Bi(l'vy) +/ q:l:(a)a Bi(aay)

oys - &Bays—l ays—l

da, s>1. (4.4)

Integrating (2.10) by parts and taking into account (4.4) with s = n + 1 and
Lemma 2.3, we get

, 1 (-=1)" 9" 'Bi(z,0)
Fikzr _1+-_— B 4. ’

(—1)"*1 [ 9"B(x,0) i/im o
(£2ik)n+1 oy™ 0 Ox Oy

+oo on .
- qi<a>aynBi<a,y>da) eﬂl’fﬂdy}. (45)

+ B:t(xvy)

Set
lal_lBi('xu 0)

g1 , 1 <n+1.

ui,l(:c) = (—1)
Then (4.4) implies (4.2). Put

wm@Belay) (4.6)

Uy 1(z,y) = (=1) a0 LS

By (1.2), (1.3), (2.1), (2.14), and (2.13), we have vy ;(-) € £2 _;(Ry). This
implies

0
ui,n+1(x7 ')a %ui,n+1(x> ) S ‘an—l(Ri)' (47)

Comparing (4.1) with (4.5) gives

+o0
UsnOha) =@+ [ (gpuennen (4.9
0 T

+00 .
« [ qi<a>ui,n+1<a,y>da> et2ikey gy
T
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where the function w4 p41(x,y), defined by (4.6), satisfies u4 pi1(x,0) =
Ut nt1(x). From (4.2), it follows that the representation for w; 4 (z) involves
q$_2) (x) and lower order derivatives of the potential. Thus u4 p41(z) can be
differentiated only one more time with respect to x. But we cannot differentiate
the right-hand side of (4.8) directly under the integral. To avoid this, let us
first integrate by parts the first summand in this integral. By (4.6), we have
(%ui,n(a:,y) = —ug pt1(x,y). Taking the derivative with respect to x outside
the integral, we get

+o0 b

) d ) +oo .
St (e, ey = 2 (1) 2k [ sl )y ).
0 €T dx 0

According to (4.2), we have v/, (x) + v ,(z) = ¢ (z)us n(x) and therefore

0 ) g+ (z)us n(x) /ioo 0 +9ik
—Usn(\ x) = 2iky [ — =0 — Ut Y
Gin’ (A 2) o ( (2ik4) + 0 ﬁxui (@, y)e y

+oo .
¥ / Ut (2, y) g () e 240 dy,
0
which together with (4.7) proves (4.3). [

Our next step is to specify an asymptotic expansion for the Weyl functions

¢ (A, x)
o+ (N, x)
for the Schrodinger equation. Note that due to estimate (2.7) and continuity of
6 (x) for any b > 0 there exist some ko > 0 such that for all real k1 with |ky| > ko
the function ¢+ (A, ) does not have zeros for |z| < b. Therefore, m4 (k+,x) is
well-defined for all large real k+ and z in any compact set K C R.

m (A, x) = (4.9)

Lemma 4.3. Let g € L] (cy,c_). Then for large A € Ry the Weyl functions
(4.9) admit the asymptotic expansion

M n(A, x)
m(k,z) = inf+z i21f) + W (4.10)

where
d -1
mi@) = a@), mie) = —m) = S m@m), (@411)
j=1

and the functions my n(X,x) are m — 1 times differentiable with respect to ki
with
88

——m,(\z) € L*(c0), s<m-—1, Vzek. (4.12)
ks,
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Remark 4.4. The recurrence relations (4.11) are well-known for the case
of the Schrédinger operator with smooth potentials and are usually proven via
the Riccati equation satisfied by the Weyl functions. Our point here is the fact
that (4.10) is m — 1 times differentiable with respect to ki together with (4.12).

Proof  We follow the proof of [38], Lemma 1.4.2, adapting it for the
steplike case. From (4.9) and (1.1), we have my(\, z) = ikt + k1 (A, x), where
K+ (A, x) satisfy the equations

Ky (N o) £ 2ike ke (N, z) + ni()\,x) —qi(x) =0, kKe(\z)=o0(1), \— 0.

Introduce the notations ¢4 (A, z) = e F+2Q, , (), x), where (cf. Lemma 4.2)

o Usn(A )
Qi,n(A, '1") e Pi,n(A’ $) + (:|:2ik:|:)n+1’ (413)
g, uxa(z) U n ()
Pyn(Ax) =1+ (2ik) 4+ (E2ik) (4.14)
Then
P,i n(/\7$) U,i n()‘vx)Pﬂ: n(Avx) —Ux n()‘7x)Pi n()‘7x)
k(N z) = — : : ’ ’

Pi,n(/\al') (i2iki)n+lpi,n(>\ax)Qi,n()‘vx)

Decompose the first fraction in a series with respect to (2ik+)~! using (4.14).
Since Pt (A, x) # 0, then for z € K and sufficiently large A we get

M _ Z /{i’-(x) + fi,n(Avx) (4.15)

(£2iks)] | (£2iks )’

where k4 j(x) are polynomials of uyj, [ < j, and the function fi ,(A, ) is in-
finitely many times differentiable with respect to k4 for sufficiently big k4, and

/

a—lf()\,x) € L*(0), 1=0,1,... (4.16)

ok,
Correspondingly,

_ - Kt ,j(T) Kin(A, )
re(hz) = ]z; (22 | (k)" (4.17)
where
U:/t,n()‘7$) Ui,n()Vx)P:/I:,n()‘?x)

I<c:|:7n()\, x) = fiyn(k‘, a?) +

2ik:Qin(N\2)  2ikiPin(N 2)Qrn(N2)
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Taking into account (4.2), (4.7), (4.3), (4.13), (4.14), and (4.16), we get

a—nin()\,x) € L*(x), s<m-—1,Vzek.
ok

Next, due to (4.2), the functions u;(x) depend on ¢(=2)(z) and lower order deriva-
tives of the potential and can be differentiated at least twice more with respect
to = for | < n. Since the function ¢4 (A, x) itself is also twice differentiable with
respect to z, the same is valid for Uy (A, z) and s+ (A, x). Hence each summand
of (4.14) can be differentiated twice, and we conclude that all k4 j(z), j <n, in
(4.17) are differentiable with respect to x, and so is k4 , (A, x).

Next, for a large A, we can expand ki with respect to v/A and represent
m+(\, ) using (4.17) as my(\, z) = £ivV A + &+ (A, z), where

. B " Ry j(2) Mt n (A, x)
Re(\ x) = Z (:I:Qijxﬁ)j + @iV

=1

Here 74 j(z) are some other coefficients, but they also depend on the potential
and its derivatives up to order n — 1, i.e., one time differentiable together with
Ran(A, x) with respect to . Moreover, mi (A, ) satisfies the same estimates
as in (4.12). But £+ (), z) satisfies the Riccati equation

7O x) £ 20V ke (N ) + k2 (N ) — g(x) =0,

and therefore k4 j(x) = k_ (z) = my(z), where my(x) satisfies (4.11). [

)

Corollary 4.5. Let q € L (c4,c—) withn > 1 and m > 1. Then for any
K CR, x € K and sufficiently large A > ¢, the function

Fen(h @) = K (mehe) = me(\,2))
is m — 1 times differentiable with respect to ki with

ifin(A,:v)eﬁ(oo), 0<s<m-—1.
ok’

The claim of Theorem 4.1 follows immediately from (2.23), evaluated for
x €K, (2.8), (4.9), Lemma 4.3, and Corollary 4.5.
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