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1. Introduction

Let 05 (0 < a < 1) be a regularized fractional derivative (the Caputo deriva-
tive), that is,

t
O, ) = ml_a) % / (t = ) u(a, T)dr — tCu(z,0)| . (L1)
0
Let ©Q be a doubly connected bounded domain in R™ with the boundary
00 =3xlux? (81N¥? = @). Denote Qr = O x (0,7), Xt =X x (0,7), i = 1,2,
T>0.
We need to find the function u(zx,t) satisfying the equation

0 .. .
E(J:,t,ax,at>u:f(x,t), in Qp, (1.2)
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with the initial and boundary conditions

Ule=0 = up(z), =z € Q, (1.3)

uls = 1 (z, t), B (x,t, (i) uls2 = o(x,t), te€(0,7T), (1.4)

where
L <$,t, 5 ,at> = 0, jzl @i (0.0 g Z:a,(x B, — @b, (135)
B( ) Zb 25— +bo(ast)
We assume
I/§2 < Z aij(a:,t)&gj < M§2 for all (w,t) S QT, (1.6)
ij=1
Zbl-(a:,t)ni(x) < —0<0 forall (z,t) € X%, (1.7)
i=1

where n(z) is the unit outward normal to 2 at the point .

Fractional diffusion equations were applied to numerous problems in biology,
chemistry, hydrology, etc. (see, for example, [1, 14, 23], Chapter 10 in [17] and
Chapter 5 in [16]).

In [9], Kochubei found the expression for the fundamental solution I',(x,t)
to the Cauchy problem

ofu — Au= f(x,t), (z,t)€R"x(0,T), (1.8)

u(z,0) = up(z), =e€R", (1.9)

in terms of Fox’s H-functions (see also [22]). In [19], Pskhu represented I'y(x, )
using Wright functions

—a,8;2) Zkvra— ,ﬁe((),l). (1.10)

Besides, some estimates of I', (x, t) and its derivatives are derived in [9, 19].
The Cauchy problem for the operator £ (z, , 8:0 ,0f) (see (1.5)) and fractional
order parabolic systems were studied in [3, 10].
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The papers [4, 15, 21, 24] give the results on solvability of some initial bound-
ary value problems for linear and quasilinear fractional diffusion equations in
Sobolev spaces.

H. Lopushans’ka and A. Lopushans’kyi [13] proved the theorem on the exis-
tence and uniqueness of the solution to the space-time fractional Cauchy problem
in spaces of generalized functions.

Kemppainen used in [6] the boundary integral approach to prove the existence
of the solution for a time-fractional diffusion equation with Robin boundary con-
dition in the space of continuous up to the boundary functions.

Clément, Londen, Simonett obtained in [2] the existence, uniqueness, and
continuaty on quasilinear parabolic equation with time-fractional derivative. They
considered this derivative in spaces of continuous functions having a prescribed
singularity as t — 0.

In [18], R. Ponce described the well-posedness (or maximal regularity) of the
abstract fractional differential equation (3 > 0),

u(t) = Au(t) + / a(t — s)Au(s)ds + f(t), t € R,

—0o0

in C"(R; X), v € (0,1), where A is a closed linear operator defined on a Banach
space X.

The aim of this paper is to extend classical theory [12] to the case of the
problem of fractional order and to prove solvability of problem (1.2)-(1.4) in
Holder spaces. We consider the case n > 2. The one-dimensional case was
studied in [11].

The paper is organized as follows. In Sec. 2, we define the functional spaces
and state the main result. The estimates of solutions of model problems are given
in Sec. 3. In Sec. 4 we prove the main result. Appendix contains the proof of
some auxiliary assertions used in Sec. 3.

2. Holder Spaces and the Main Result

Let us define the Holder spaces used in this paper. Let Q be a domain in R",
Qr=Q x(0,7),0 € (0,1).
By CY%(Qr), we mean the set of functions defined in Q7 and having a finite
norm
vl = lwlar + (),
where

wlor = sup  fw(z, )],
(I,t)GQT

0 0 (%)
(W) =) + W) 2,
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0 _
(w>§3%2T = sup sup |w(z,t) —w(y,t)||z —y| 0
z,y€Q t€(0,T)

0 _
(W) =sup sup |w(z,t) — wlz,7)|[t — 7|70
z€Q t,7€(0,T)

Let Db = —fr 1 = (li,sla), [l = L+ ... + Lo By CEF(Qr),
L..oxl
(k =1,2), we mean the set of functions w(x,t) with a finite norm (m = 0,1),

k+9 1 k+6
w50 = N o Dlwlg, + (W)Y,
|| +2m<k

k 1+0

(k+0) _ am 1yl
<w>a,QT - Z <at Dyw CVQT + Z tQT

|l|+2m=k |l|=k—1

By the symbol CSJ{)G(QT), we denote the subspace of C**%(Qr), (k=0,1,2)
consisting of functions w(z,t) such that 0f™ul;—¢ = 0, where m = 0 for k = 0,1
and m = 0,1 for k = 2. With the help of local coordinates and partition of unity,
all these spaces can be introduced on manifolds Z%F, E%.

If @ = 1, then the spaces CkT9(Qr) coincide with the classical Holder spaces
H*0"5%(Qr) (see Chapter I in [12]).

Now we assume that the compatibility conditions

o fe% o . B 8’&0 )
Yi(z,0) = uo(x), O w1<x,0)—ijzlau(cc 0)2 axzax] +Zaz U

i=1

+ag(z,0)ug(z), = € B, B (m,(), i) uo(z) = ha(z,0), = € X2 (2.1)

hold.
The main result of this paper is the following.

Theorem 2.1. Suppose that
217 22 € C2+07 Qjj, A5, AQ € Cg(QT)7 bi)bU € C01¢+0(E%—') 7’7.] = 17 SN LD (22)

and assumptions (1.6), (1.7), (2.1) hold. Then for every function ug € C?(9),
f€CUQr), 1 € CHO(EL), g € CLH(X2), problem (1.2)~(1.4) has a unique
solution u € C2+(Qr) satisfying the estimate

01 a2l a,%2

ulGhr < C (Juolg ™ + 118, + alh) + el ). (23)
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Further, let us recall that

¢
1 v(x,T)
I t) = : d 2.4
rotet) =5 | G 24
0
is the Riemann—Liouville fractional integral of order v > 0, and
oF .

Djv(z,t) = %It To(z,t), k—1<y<k, keN, (2.5)

is the Riemann-Liouville fractional derivative of order 7 (see Chapter 2 in [8]).
We put

I%0(z,t) = v(x,t), DSv(z,t) =1, ‘v(z,t) if ¢<O0. (2.6)
It can easily be checked that
opv(w,t) = DY (v(a, ) — v(x,0)). (2.7)
The properties of Wright functions ¢(—a,d,z) are described in detail, for
example, in [19, 20, 7]. We put conventionally in (1.10) that F(ik) =0ifk €
NUo.
Lemma 3.3.1 in [20] implies
d(—a,0,—z) >01if 2> 0, > 0. (2.8)

To this end, we prove the following auxiliary result.

Lemma 2.1. Let§ € R. The Wright function ¢(—a, 0, —z) with z > 0 satisfies
the inequalities

(1,4 6L,
6(—a, —5,—2)| < ¢ exp(—o2T3) (2.9
z, if 6 e NUO.
P r o o f. The estimate
lp(—a, v, —2)| < ¢ exp(—ozﬁ) for all v € R (2.10)

follows immediately from Lemmas 2, 3 in [19], and thus inequality (2.9) for § ¢
N0 is proved.
For 6 € N0, we use the formula (see (2.2.5) in [20])

o(—a,—k,—z) = azd(—a,—k+1—a,—z) — kd¢(—a, —k + 1, —2). (2.11)

By using this formula and the method of induction, one can easily prove

k
d(—a,—k,—2) =az Yy (-1 i o(—a,—m+1—a,—2). (2.12)

m!
m=0

Combining (2.10), (2.12), we obtain (2.9) for 6 € N(JO0. The proof is finished.
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3. Model Problems
An important role in the proof of Theorem 2.1 is played by the estimates of

the solutions to the following three model problems. Firstly, we determine the
function u(x,t) as the solution to the Cauchy problem (1.8), (1.9). Secondly, we
find the function v(z,t) as the solution of the first boundary value problem in
the half-space R} = {z € R" : x,, > 0}:
Ofv—Av =0, (z,t) e R} p =R} x (0,7),
v(xz,0) =0, z € R", v — 0 with || — oo,
v(@',0,t) = &2, t), 2’ = (21, ,xp_1) € R¥L (3.1)

Thirdly, we find the function w(z,t) as the solution of the oblique derivative
boundary value problem

Ofw — Aw =0, (z,t) € R} » =R} x (0,7),

w(z,0) =0, x € R", w — 0 with |z| — oo,

n
0
Y (@, 0,8) = U t), o' = (21, 1) €RVL (3.2)
T
i=1
Here h = (hy,...,hy) is a constant vector.

We assume that
up € C*HY(R™), f € CHRY);

uo(z), f(z,t) =0 for all |x| > R > 0, (3.3)

B e C2PREY), W e CLRY )

Oz’ t) =0, W(a',t)=0 forall |z'| > R> 0. (3.4)
Owing to (3.4), we can take
d(2',t) =0, Y(2',;t)=0, t<O. (3.5)

Lemma 3.1. Let assumptions (3.3) hold. Then the solution of (1.8), (1.9) is
represented as

u(z,t) = Lo x f)+ (D?_IFQ %1 Ug)

= /t/Fa(m—y,t—T)f(y,T)der/D?‘lFa(w—y,t)uO(y)dy,

0 R»
- iy -
where Ty (z,1) 2 [ A7 2 exp(— )t d(—a,0, =A™ Y)dA. (3.6)
0
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P r o o f. We take the Fourier transform in the spatial variables x and the
Laplace transform in t,

Flu = / o, t)exp(—iz - O)dr, €= (E1.....60),
J

Llu] = /u(a:,t) exp(—pt)dt. (3.7)
0
Problem (1.8), (1.9) then reduces to the relation (see (2.253) in [17]):

PO — p* L Flug) + €% = f, (3.8)

here uw = F[L[u]]. By (3.8), we have

_ f pafl
IS R e e )
— [exp(-(" +EPINANT + [ 5 exp(-7 + PN Fluol.  (39)
0 0
Combining ,
P fexp(—€P)] = (4m0) 5 exp(~ 121, (3.10)
Ly exp(—(p"A)] = 4~ p(—a, 1, — A~ (3.11)
(see (3.2.7) in [20]),
DY (% (=, g, — M) = L (—a, p— v, ) (3.12)

(see (8) in [19]), and the convolution formula, we deduce (3.6) from (3.9). The
lemma is proved.

Remark. Letusrecall the fundamental solution to the Cauchy problem
for the heat equation

2
Dy (z,t) = (47t) /2 exp(—@). (3.13)
We can rewrite I', in a more convenient form
Lolz,t) = /Fl(:c, Nt o(—a, 0, = A\t™Y)d A (3.14)
0
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and use below the well-known estimate

nti) ||

[DiL1(, )] < eA™ 72 exp(~C-)

(3.15)

in analysis of T'y(x, ).
We assume that
hn < =80 <0, |W|< M,. (3.16)

Lemma 3.2. Let assumptions (3.4), (3.16) hold. Then the solutions of (3.1)
and (3.2) are represented as

t
al'y T
v(z,t) = _2(8xn ko P) = —2 / / O, (@ — oy xn,t —T)O, T)dy', (3.17)
—oo R™
[ or,
w(z,t) = (G *2 V), where G(x,t) = —2/(%@ — hA, t)dA. (3.18)
0 n

The proof of this Lemma is given in Appendix 5.1. In our analysis we follow
very closely the classical approach of V.A. Solonnikov (see Chapter IV in [12]).
First, we derive the estimates of DY D'T',(z,t) (v € R, |I| > 0). Then we establish
some integral estimates of I, G and their derivatives. Finally, we estimate Holder
constants with respect to ¢ and z of the potentials (I'y* f), (' %1 @) and (G2 ®).

Lemma 3.3. Let v € R, |[| > 0. The function T'y(x,t), defined by (3.6),
satisfies the following estimates (3 = §):

1
|Dy DT (z,t)| < et === (j2ft ™) exp(—o (|2t ™) TF),  (3.19)

here (z > 0),
1, if m <3, n+ |l|, if v € NU{0},
m(2) = q logz[+1, if m=4, p(vl) =
247 ifm > 5, n+ || +2, if v ¢ NU{0}.

The proof of this lemma is given in Appendix 5.2. Estimates (3.19) are estab-
lished in [19] for the case 0 < [I| < 2.
Estimates (3.19) allow us to deduce the integral estimates of Iy, G.

Lemma 3.4. The following estimate holds:

/ypgra(;r,mdt < Cla|™2 M 41 > 3. (3.20)
0
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Lemma 3.5. The function G, defined by formula (3.18), satisfies the following
estimates:

/|D;G(a;,t)ydt < Clz|™ 2N o<1 <2, (3.21)
/tﬁ/glG% o, t)|dt < Clz| 32, i=1,...,n, (3.22)
0
/t‘sﬁ\DtaDiG(x,tﬂdt < ClzP M =01, 6 >0, (3.23)
0
/ DG (1) |da’ < CtPC, ¢ eR, (3.24)
]Rn—l
/ DEG, (2, 0)|de’ < Ct%, k=01, i=1,....n, (3.25)
Rnfl
/ |DLG(z,t)|da’ < Ct3~1P o< 1] < 2. (3.26)
Rnfl

Proof of Lemma 3.4. By (3.19), we get
o0
IDiLa(at)] < € [ 9700ty (ale) exp(—o(alt )79
0
By the change of variable t — A = |z|t~”, we obtain
o0
DTl )] < el 42 [ A5 ) exp(-oATT)aA < e 421,

where we used the definition of v, and the assumption n + |I| > 3. The proof is
finished.

Proof of Lemma 3.5. Begin with considering the expression > ., (z; —
hiA)%. We claim that

n n—1
% 1
E 2 2 § 2 2 2 2 0 :

i=1 =1

51§ Journal of Mathematical Physics, Analysis, Geometry, 2016, vol. 12, No. 1
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It follows from (3.16) that for any a € (0, 1),

n n—1
Z )2 > Z (x; —anz—/\+h2/\2)+x + h2\?
i=1 i=1

n—1
1
> (1—a?) ;x? - <a? - 1> MEN? + 5202 4 22,
P . 2 1 Mg .
utting a” = 5 (14 542 ), we derive (3.27).
0 0
Let us establish (3.22), (3.26). The rest of estimates can be proved by the

same arguments.
Apply (3.18), (3.19) to see

[e.e]

J= /t3/2|Gxi(x,t)|dt
0
< c/dt/tﬁ/Q—ﬁn—l%+2(|x — B ?) exp(—o(|z — dA|t~%)TF ) d.
0

Consider the cases n = 2 and n > 3 separately.
If n = 2, then from the inequality

(I10g 2| + 1) exp(~0]2|75) < CJz| 4 exp(~ 22/ 77) (3.28)

and (3.27) it follows that

o0 e}

B/2—28—1 [z — hA| —1/4 o |z — hA| L
JSC/dt/t ( 7 ) exp( 2( 5 )T=5 ) dA
0 0
(0.0 o , L )\ L
< B/2-25-1,17'[\ -1 _ oo 7]\ 1 _00 A2
<@ [ at [ e TN exp(- D5 T
0 0

here and below o depends on Cy. By the change of variable t — s = |2/|t 7, we

deduce

o0
1 .d
J < C(Cp) /x %s 7exp(—@31*5)—s
s 4 s
0

C(Cy)|z’ \*5 /34 exp(—zosliﬁ)ds < C(Co)|:c'\*%. (3.29)

0
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Analogously, for n > 3, we get

oo o0

J < C/dt/tﬂm_ﬁn_l(W)Z_HGXp(—U(Lr_h/\|)11)d/\

0 0

oo o0

<cic) [ar [t e 2 ) ep- 2 () may
0 0

< C(Co)a:'|g_"/s_5 exp(—%sﬁ)ds < C(CO)];,;’|%—"_

Use this inequality and (3.29) to obtain (3.22).
By (3.18), (3.13), (3.14), we have

D;’G@?v t) =2 hy, t)d,u
—2/d/\/cha L@ = by, ) B(—a, 0, = M) dp.
0 0
Using (3.15), (2.8) and the change of variable y' = /Z , we obtain

J = / DLG(a, £)]da’
Rn—l

_ 2
< C/d)\/ N eXp(_Cthqﬁ(—a,O,—)\ta)d,u.

The change of variable ¢ = \% and assumption (3.16) give

reo [y

[e.9]

- )dA/exp(—Ca()gQ)dg.

0
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Estimate (2.9), formula (2.11) and the change of variable A — n = t% imply

-1 1
771 Ey exp(—anl—la dn < CtP= 1Pl if o < |1] < 2.

The proof of (3.26) is finished.
Now we estimate Holder constants of the potentials derived in (3.6), (3.17),
(3.18).

Lemma 3.6. The following estimates hold:

02(To * f) > ! ®
— S O(f)orns (3.30)
< 8332895] a.R™ ’RT
O(Tax )\ 79 ©
<ax> < C<f>a,Raga (3.31)
1 tR”
(DT 1 0)) . < Cu) (3.32)

k+
(DS 1T+ ug)) 2

k+60
i Y < Clug)"EP, k=0,1. (3.33)

Lemma 3.7. The following estimates hold:

(G 2 0Dy < OO (3.34)
O GruNE, <cw)l 2T, (3.35)
OG0y <O 5, (3.36)
(G2 Wiz, < COAER (3.37)
(Cr0)ish 2 < CW) s (3.38)

The proof of Lemma 3.6 follows the same line as the proof of (2.1), (2.2) in
§2, Chapter IV [12] and is based on estimates (3.19), (3.20). Thus it is omitted.

Proof of Lemma 3.7. Similarly to Chapter IV [12], we write the potential
(G, *2¢) in the form

(G, %2 9)(@,1) = / dr / G (@ — sy D)W — ) — ()Y
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N / dr / Gy (2 — 2, T (W 1) — (1)) dyf
0 Rn—1

(' t) /dT / G, (2 — o 2, T)dy. (3.39)

Now we represent the difference (Gg; %2 ¥)(z,t) — (G, *2 ¢¥)(T,t) as the sum of
seven integrals

(ze *2 111)(% t) - (GIZ *2 7#)@, t)

|z —z|1/8

/ dr / Gfﬂz (J’J - y,7 T, T)(w(ylv t— 7-) - QZJ(y/, t))dy,
0 n—1

|z—z|1/8

/ dr / GEZ (f/ - y/,fn’ T)(¢(y/> - 7-) - w(y/7 t))dy/

0

/ ir / (@ — o nT) — Gy (@ — o T 1) — ) — 0 )y

lz—7|1/8  Rn-

+ / (W' 1) — (e, £))dy’

K

- / (' 1) — B, £)dy’
K

+ / dy/ O/(Gﬂﬂz (LL’/ - y/) Tn, T) - G@ (EI - ylvifw 7'))(1/1(?//7 t) - 1/}(5/7 t))dT

—(p(@, (2,1 /dT/G — T, )dx’zgli, (3.40)

here we use the notation

K={y eR": |2/ —¢| <2z -7}

60 Journal of Mathematical Physics, Analysis, Geometry, 2016, vol. 12, No. 1
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Applying (3.25) to I, I, we obtain
|x—x|1/8

(%)

2= o
]+ 1) < ) 2. / P51y < o)) o - a3l (3.41)
s T

As for I3, we represent it as

Iy = Z / dT/d)‘ / Gine (0 — 0y ) (h — Tk)

|x |1/ 8

Xyt =7) =¥, t)dy,
where n =7 + A(x — 7). By (3.26), we get
(%)

( fa _q_ _
[I3] < ey >tR” |z — 7| / 2 1 Bar < C<¢>t,Rg—1‘m — 7. (3.42)

|x—7|1/8

With the help of (3.21) we derive

| Ls] + |I5] < C<1/1>37R;_1 (/ ‘q;/ _ y/,&*(nfl)dy/ + / Iz — yl|9(n1)dy/>
K 7'~y | <3[z—2]

< ()l = 71", (3.43)
R
Now we have
1 %
Is= / / / nine (M =Y s, T) (@, — Te) (Y (Y, ) — (T, t))dr,
k 1an WK 0 s

where n =7 + A(x — Z). One can easily check that
lz =z < =y, F-y|<2n -y

forany n =T+ ANz —T), ¥y € K, A € (0,1). From this fact and estimate (3.21)
it follows that

[Fol = e{v) ]R” ile =2 /d)\ / ' —y'|" "y’

0 [n'—y'|>|z—z|
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<), il -3,

2R (3.44)
Then we decompose I7 into the sum
oo
F= @@ -ve ) [ dr [Gul — iy
lz—z|t/8 K
|z —7z|1/P

+ / dr / Gy, (2 =y 2, T)dy’) = (@, t) — (@@, t)(J +J"). (3.45)
0 K
By (3.22), we obtain

o

|J'] < |z —§|_1/2 / dT/T’B/2|GIi($/ — vy wp, T)|dy

|x—f|1/ﬂ K

_ dy’
<cr—z|V?* | — <. .
< clz — T / gy S c (3.46)
K
Before proceeding to prove
J" <e, (3.47)
we establish the identity
n—1 9
2 2 ar',,
—_°r il o
G(z,t) ™ oz, t) + I - /hZ oz, (x — hA, t)dA
=1 0
Gi(z,t) + Ga(z,t). (3.48)
Since
n—1
d (1N Ol
—TDo(x — hAt) = — hi—(x — hA\,t) — hp,——(x — hA, 1),
dA (2 Art) ; ox; (2 At) ox; (@ Art)
we obtain
n—1 (o] o0
ol ol
To(nt) = — Z}/h 5o (o= b 1)~ hn/ (o= B\
=0

Hence (3.48) is true.
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Now we consider the cases a) ¢ # n and b) i = n. For the case a), we get

|z —z |1/ P

J' = / dr / G — v, @y, T)1idSy
0 D

|z —z |1/ P

= / dT/GQ({L'/ — y’,xn,r)yidSy/,
0 v

here ¥ = {y’ : |2/ — ¢/| = 2|z — Z|} and v is the unit outward normal to ¥ in
R"~!. By (3.19), we obtain

|z—z|1/6
7" < / dT/|Gg(x'—y',xn,T>\dsy,
0 b
|e—z |1/ P 00
1 1 4
<c / dT/d)\/Tﬁ( My 0(€) exp(—o€T8)dS,, (3.49)
0 0 2

where € = |2’ —y' — hA|775.
If n =2, we use (3.28), (3.27) to get

\x—f\l/ﬁ o0
dr 1 oo _L_ o0, AL dA
" — — - -
0 0 T
|e—z|1/8
1 d
<c 21 exp(—@zlf ) &
4 ple=® T
0 8
By the change of variable z = |z — Z|77%, we get
o
1
|7 < c/z5/4 exp(—%zﬁ)dz <e¢, n=2,i#n. (3.50)

1

In a similar way, we get (see (3.49)) for n > 3 and i # n,

o0
1

1 d
|J"| < ez — 7" 2 /(‘ ° 7] e exp(—%zl‘ﬁ)i <c (3.51)
r—T z
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Here, let us recall that meas Y = 2112712 0 2|z —=|)" 2

In the case b), by (3.48), (3.18) we have

n—1
oG 2 JdI'y, 1 oG
e = om0 T g 2 higy (@t

1=

The sum in the right-hand side of (3.52) is already estimated.
In remains to prove

|x— :L‘|1/ﬁ
/ dT/! — @y, T)|dy < c.

By (3.14), we get

e}

or 1 Ty lz)?, _
9=~ [ Znyn/2 — e (—a, 0, = AETY)dA.
a$n (47‘_)”/2/ \ eXp( 4)\) ¢( a, VU, )
0
In view of (2.8), we have
ol

We establish the identity

o0 Fa
= —Q/dt / gmn(x',xn,t)d:c’ =1.
0 Rn—1

Then (3.53) follows immediately from

oo Fa
I" < c/dr / |(;xn(a:’,xn,7)\dx’ =—
0 Rn—1

First, let us recall the identity (see (10) in [19]):
o0
/gb(—a, 1—a,—2z)dz = 1.
0

We use (3.54) and (2.11) to rewrite the integral I in the form

o0

3

1 22\ Tpd) o QAdE
1:7(471_)”/2 /eXp <—4>\> oz /¢ —a, 1—a, — At~ )tl—l—a / xp(—
0

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

dx’
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Tn

Then we change the variables 2/ — ¢/ = %\, t—=n=MN"%\X—u= A to get

I= 2/exp —M—Q d,u/gi)(—oz 1 —a,—n)dn / exp(—|y,|2)dy/.
(47)n/2 4\ ’ ’ ZD)
0 0 Rn—1
We apply (3.56) and
+00 9
/ exp(——)dz = 2/

to obtain (3.55).
Thus the proof of (3.47) is finished.
Using (3.41), (3.42), (3.43), (3.44), (3.45), (3.46), we obtain (3.34).
In Appendix 5.3, we derive

(G *2 ) (1) /dT / DyG(z' — o @y, T)

Xyt =7) =¥, 7))dy. (3.57)
In order to prove (3.35), we estimate the following difference (¢ > ?):

Of (G2 ¢)(2,t) = 7 (G xg ) (2, 1) =

/dT / DG’ =y yan,t = T)((y', 1) — (Y, 1) dy’

2t—t R™—

/ dr / DEG(x' —yf s an, T — 1)WY ) — (. B)dy’
2%t—t Rn—
2t—t

+ /dT /(D?G(x’—y’,xn,t—r)—DgG(a:’—y’,xn,t—T))

ER
<y, m) =, )dy
2t—t A
+ [ar [ 0w - ol )DRGE ot )y = Y
oo Rr-1 i=1
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By (3.24), we obtain

Bl 4Bl <et) 2 | [ @-n) et

R
2t—t
t
140 _
+ /(t—T)“Ga—ﬁ—ldT < () 2|t -3 (3.58)
R
2t—t
and
21—t
3] < c(why 5 1)/6”/ / DEFLG(a! —y g, s — 7)(T — 7) F 0y
t Rn—1
2%t ¢
1+9
tR” 1 /dT/ T)%ads
7
t 20—t
(1+9 ba—2 (+£la) 2
pRnL /ds /(t dr < c(y) L0 |t —t|2. (3.59)

To this end, we obtain from (3.24), integrating with respect to 7,

L) = /X¢@¢ywmmwﬂflcwuwm%ﬂ@—wmy
Rnfl
(1+9

< ()l =188 = ) e - (3.60)

Inequalities (3.58)—(3.60) yield estimate (3.35).

Estimates (3.36), (3.37), (3.38) are proved in a similar manner with the help
of classical methods [12]. The proof of Lemma (3.5) is finished.

Arguing as in §2, Chapter IV [12], from the results of Lemmas 3.4, 3.5 we can
deduce the assertions of the following existence lemmas.

Lemma 3.8. Assume that assumptions (3.3) hold. Then problem (1.8), (1.9)
has a unique solution u € C2*(R%), and

(W2t < C (N + w0)E?). (3.61)

66 Journal of Mathematical Physics, Analysis, Geometry, 2016, vol. 12, No. 1



Solvability in Holder Space of an Initial Boundary Value Problem

Lemma 3.9. Assume that assumptions (3.4) hold. Then problem (3.1) has a
unique solution v € 02+9(R” ), and

(v)afey < C@T5 . (3.62)

Lemma 3.10. Assume that assumptions (3.4), (3.16) hold. Then problem
(3.2) has a unique solution w € C’gjée(R’_f_’T), and

(w)z iy, < Cd0, Mo)(¥) 1. (3.63)

4. The Proof of Theorem 2.1

First we consider the case of zero initial data:
Theorem 4.1. Let assumptions (1.6), (1.7), (2.2) hold. Suppose
ug =0, f€CQo(Qr), Y1 € CLY (D), 2 € CLF (5. (4.1)
Then problem (1.2)—(1.4) for sufficiently small 7 € (0,T) has a unique solution
u € CijBe(QT) satisfying the estimate

6 9 6 6
S8 < e F15h, + [ CE + 1l 52). (4.2)

We prove this theorem by constructing a regularizer. Since it is a standard
procedure (see Chapter IV [12]), we give only a sketch of the proof.

We cover the domain €} with the balls K g\k) and Kg;\) of radii A and 2,
respectively, with a common center £) for sufficiently small A > 0.

The index k belongs to one of the sets: k € N® jf Kik) NX#£0,i=1,2and
keMif KPnon=0.

We take ,

T = xAa, where 3 < 1. (4.3)

Let ¢®) | n(*) be the sets of smooth functions subordinated to the indicated
overlapplng of  such that

> B =1, zeq,
k

[DLCW] + [ Dhn®] < eA= 1] > 0,

We suppose that the boundary %% N Kg;) (1 = 1,2) can be given by the equation

Yn = F(y/)
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in some local coordinates {y} with origin at the point £ (k) where the axis y,, is
oriented at the direction of the outward normal vector n(£(*)) to the surface 7.
We ”straighten” the boundary by the formulae

7=y, 2=y —F).

Let z = Zi(x) be the transformation of the coordinates {x} into {z}.
We denote

0 .o o - 0?
ﬁg(l‘,t, %7815 ) - 8t - igzzl azg(x7t)M7

0 - 0
) = Zi:bz'(%t)awi-

Let E(()k), B(()k) be the operators Ly, By in local coordinates {y} at the point

(€™, 0):
) (e(k) o 9
‘CO (5 0, 5= ay Z azy ayzay]

3,j=1

k 0 " k 0
B(() )(f(k),o,@) - sz( )873/@

%

We set g = (f,11,19) and define a regularizer R by the formulae

Rg—Zn x)ug(z,t),

where the functions u, are found as follows.
If £ € M, we find the function ug(x,t) as the solution to the Cauchy problem

51,6?)%(33,& = fr(x,t), (x,t) € RY,

ug(xz,0) =0, zeR", (4.4)

here fk(x7t> N Ck(x)f(‘rat)
If ke Ny N(Q), we set

fr(z:t) = Q@) (@, ) lo=2,(2), Yin(2:t) = Ge(@)i(@,8)]o=z,(2), 1= 1,2.

If k € N, we find the function uy.(z,t) as the solution to the first boundary
value problem

€™, 0,

0 le} n
E(()k)(g(k:)’o’ %7815 )U;C(Z,t) = fl::(zat)7 (:L',t) € R—l—,Ta
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up(2',0,t) = w'Lk(z',t), (2, t) € R:’}_l, up(z,0) =0, zeR]L. (4.5)

If k € N we find the function uj.(z,t) as the solution to the oblique bound-
ary value problem

0 4
0! (€00, 57, 00 (=,1) = fil=.1),  (a,t) €RY g,

k 0 e
By (€W, 0, 50 (2,0,0) = (2, ), (1) € Ry,
u(z,0) =0, z € R (4.6)

Now we set
uk(,) = w20y, k€ N UN®@,

So we define ug(z,t) for all k.

Due to §6, Chapter IV in [12], we can reduce problems (4.4), (4.5), (4.6) to
the case ag-f) = 0;7. Moreover, we can repeat routine calculations of § 6, 7 Chapter
IV in [12] in order to prove that the parameter &y in (3.16) depends only on §
and g from (1.6), (1.7).

For the sake of convenience, problem (1.2)—(1.4) (with zero initial data) can

be conventionally written in the operator form
Au = g,

where Au is a linear operator determined by the expressions in the left-hand sides
of (1.2), (1.4). Moreover, A : C’ijge(QT) — H(Qr), where H(Qr) = Cg’O(QT) X
0259(2%) X C’éjge(E%) represents the space of functions g = (f, 1, 12) with the

norm 0) 0)
(2+ 1+
‘g|'H(QT) |f|a Q7 + |T/)1|a21 + W ‘CMEQ .

On the base of estimates (3.61)—(3.63), we obtain
|RQ\QQT < clglna,); (4.7)

where ¢ does not depend on A and 7, and for any h € H(Q2;), u € C&Ha) (Qr),

246
R~ w2 < 2l %0,
1
ARG — glnar) < 5\9\7{(97) (4.8)

if 7 is sufficiently small and (4.3) is in force. The calculations are simple but
tedious. Inequalities (4.7), (4.8) yield the assertion of Theorem 4.1. It should

Journal of Mathematical Physics, Analysis, Geometry, 2016, vol. 12, No. 1 69



M.V. Krasnoschok

be emphasized that in our analysis we follow very closely the standard technique
found in Chapter IV [12].

To remove the restrictions imposed on the initial data in (4.1) and then ex-
tend the solution from [0, 7] to [0, 7], we reduce problem (1.2)—(1.4) to the new
unknowns with zero initial data a) at t =0, b) at t = 7.

In the case a), we set

() = 100+ 3 a0 5150 + Z £,0) 2% 4y, 0puo(),
i,j=1 ¢ i g
fi(x) = ui(x) — Aug(z), =z € Q.

We observe that ui, fi € C%(Q). By Hesten’s lemma, we construct g €
C2H9(R™), f1 € CP(R%) such that

to(w) =uo(x), filw) = f(2), wEQ.
Then we determine the auxiliary function u(%)(z,t) under conditions
u®(z,0) = ug(z), U (z,0)=ui(x), zeQ, (4.9)

as a solution to the Cauchy problem

~

opu (z,t) — AV (a,t) = f(2), (,1) e RY,

u®(x,0) = Go(x), =eR™ (4.10)
We employ Lemma 3.8 to deduce u(®) € C2T0(R2) and

0 0)
@20 < elfuol & + £, 0)IE).

Now we look for the solution of (1.2)—(1.4) as u(z,t) = v(x,t) + u(®(z,t), where
v is found from the problem of the form (1.2)-(1.4) with zero initial data and
recalculated right-hand terms.
In the case b), we have to find the function u(™)(z,t) € C219(Qy,) satisfying
the condition
u(z,t) = u(z,t), zeQ, telor] (4.11)
where u(x,t) is a local solution of problem (1.2)—(1.4) on [0, 7]. We remark that
(4.11) implies
otu) (z,t) = Ofu(w,t), xe€Q, tel0,7].
It should be noticed that we need to know the function u(™)(z, ) on the whole seg-

ment [0, 7]. This is connected with nonlocal property of the fractional derivative
.
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By Hesten’s lemma, again we can continue u(z,t) to the set R?:
~ (246 246 ~
deCTORY), |ullh) < cully et =ulx,t), (2,t) € Q.
Then we put

ofu(z,t) — u(z,t), ze€R™ tel0,7],
w(z,t) =
ofu(x,7) —u(x,7), x=e€R" telr27].

Obviously, w € C’Z (R%.). We are now in position to determine u(™) as a solution
of the Cauchy problem

ofu) (z,t) — Au (2, t) = w(z,t), (x,t) € RY,
u(z,0) =Ug(z), xR (4.12)
After that we look for the solution of problem (1.2)—(1.4) in the form
u(z,t) = v(z, t) +u'(z, ),
where v(x,t) satisfies (1.2), (1.4), and
v(z,t) =0, x€Q, te]l0,rT]

The boundary value problem of the form (1.2)—(1.4) for v is obtained by transla-
tion in time: t — ¢t — 7 (see also [11]).
We can repeat this procedure in order to prove the solvability of problem
(1.2)—(1.4) on segment [0, 7.
5. Appendix
5.1. The proof of Lemma 3.2

We take the Fourier transform F’ in the tangent space variables z’
F/[’U] = / ’U(JJ, t) exp(—ix/ : §)d$/7 § = (51) oo 7£n—1)
Rn—1

and the Laplace transform in ¢ (3.7). Problem (3.1) then reduces to the ordinary
differential equation (v = F[L[v]])

paa(& xmp) + |€’2fﬁ(§a ZEn,p) - 51'77,2371 (57 SUn,p) =0 (5'1)
with the boundary conditions

v—0, xz,—o00, v(0,p) = 5(5,}9). (5.2)
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We solve problem (5.1), (5.2) to obtain

(& @ p) = exp(—/p* + [€22a) (€, p). (5.3)
We need to prove that
/ ar 2
LF (% = exp(—v/p* + |£|?2y). (5.4)
Then identity (3.17) follows from (5.4) and the convolution formula.
Since
/ ‘$,’2 2 n—l
Flexp(~ 0] = exp(~[20)(4vA)
and

L[t_lgb(_aa 07 _)‘t_a)] = exp(—pa)\)
(see (3.10), (3.11)), we obtain from (3.54)

ar, L T
0

The change of variable A — z = % and formula (3.325) in [5] give

oz, 22

o 2
LF [—zara}:jg / exp(~ 2 — P s — exp(— G+ EPIR).

Thus identity (5.4) is proved.
Then we apply the Laplace transform in ¢ and the Fourier transform in z’ to
problem (3.2) to obtain

CW(E, T, p) + |E2D(E, 2, D) — Wayye, (€, Tnyp) = 0,
<hnwxn+z’h’~£w>|xn:o=M,p), @ —0, @, — o0,

Assumption (3.16) allows us to write

_ (o1 2
e p) — VI IR

— v
S/ Rt T

o0

N / exp(—\/p* + |62 (w0 — hnX) — ih - EA)ANW(E, p) = G(&, 2n, p)W(E, ).
0
Identity (5.4) implies L~ F'~1[G] = =2 [}° 81;a (x — h\ t)d\ = G(z,1).
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To this end, we need to prove that potentials (3.17), (3.18) satisfy the bound-

ary conditions in (3.1), (3.2).
As for (3.1), similarly to the classical case, we need the identity

7 or

-2 [ dt (2 x,, t)da' =1 )
/d /axnu,x,)dm , (5.5)
0 Rn—1

derived above in Lemma 3.7 (see (3.55)).
As for problem (3.3), we see

Zn:h (z,1) ——2/2 O°Ta (z — hA, t)d\
83;2 o axnﬁxl ’

1=

T d or, or,
iy / o= A = —25 % a,1),
0

This fact implies that > | hia%i(G kg W)z, =0 = P.

5.2. The proof of Lemma 3.3

By (3.14), (3.12), we obtain
D' D'T o (z,t) = / DTy (z, N 677 Y (—ar, —v, =A™ V)dA.

We prove (3.19) for v € NUO. If v ¢ NUO, the proof is the same. Inequalities
(3.15) and (2.9) give

oo
jz?

4\

n+lY

|DL DT, (z,1)| < c/)\_ 2 exp(—C——+—
0

AL exp(—o (M) T4 )dA.

By the change of variable A — n = \t—%, we get

o0

n 21
|DLD{Ty ()| < ct/Cmnlih=v=1 / ' exp (—A <|fl + nﬁa)) dn.
0

It is not hard to prove (z > 0)

1

24 ni—a > 0*(04),2ﬁ for all n € (0, 00).
n
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Then it follows that

| Dy Dy Ta(z,t)] < Ctﬁ(z*"*'”)*”fleXp(—U**(tfg)lf )

1] AflzP1
(Bl =) ) an. 5.6
></77 2exp<2<tan+77 n (5.6)
0

We set (B >0, z > 0),

oo
T (2) = /771_75 exp <—B <Z + nla>> dn
n
and claim that
1, m=1,2,3;
In(z) <cq |logzl+1, m=4; (5.7)
22_m, m>5
If m =1,2,3, one can easily see
[o.¢]
Im(z) < c/nl_rg exp (—Bnﬁ> dn <ec. (5.8)
0

If m =4, we get

an T d
Ja2) = [ e (—Bz) Y [epn9 T <c
S
1

n;,n
0
o0
1\ dp U
Jua(z) = /exp (an1*a> — = lognexp (an1*a>
z g #
oo
B o 1
+— /lognnl—a exp <—Bn l—a) dn
1-«a
z
[e.e]
<c||logz|+ /lognnlaa exp (—Bnﬁ> dn | <c(llogz|+1).
0
Hence, it follows that
Ji(2) < Ju1(2) + Ja2(z) < c(|logz| + 1). (5.9)

74 Journal of Mathematical Physics, Analysis, Geometry, 2016, vol. 12, No. 1



Solvability in Holder Space of an Initial Boundary Value Problem

If m > 5, we put ( = 2 and deduce

Tn(z) = 7(@)1%“ exp (—B (é ¥ <z<>1—1a)) ¢
0

/Cl? exp <—Bz> d¢ < 2?77
0

Using (5.8), (5.9), (5.10), we get (5.7). Substituting (5.7) and z =
(5.6), we obtain (3.19).

I3

< cz?~

5.3. The development of formula (3.57)
Estimate (3.24) implies

t
-1
|(G 9 ) (z,t)| < c|\IJ|R7%_1 /Tﬂ dr < c|\IJ|R%_1tﬁ,
0

SO
(G *9 \I/)(.%', t)|t:0 =0.

By definitions (2.5), (2.7) and assumption (3.5), we see
0
02(G %9 ¥) = DX (G *2 ¥) = 5 (I 1 (G*2 1)).

Now we introduce a sequence

t—e
Ug(a:,t)—/dT / G — o wmst— 1)U 7)dy
0 Rn—1

We need to prove that glil’(l) %UE is equal to the right-hand side of (3.57).
First we obtain
t—e
Ue(z,t) = / dr / DG (2 — o o, t — T)U(Y, T)dy

—00 Rn—1

9
ot

+ / Ita_lG(x, - y/,xnjg)ql(y/,';— - €)dy/
]Rnfl
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- / dr / DEG(! — of s en, 7)Yt —7) — Wyt — )y
g Rn—l

Then we consider the difference between %Ua and the right-hand side of (3.57)

(e}

55 = %U5($,t) - /d’T / D?G($/ _ y/,$n,7')(\11(y/,t _ 7_) _ \If(y/,t))dy/
0 Rn—1

- / dr / DEG(' — o0y ) (U 1) — Wt — <))y
15 Rn—l

15
+ / dr / DYG(! — of ens T (Ut — 1) — W(y, 1))y
0 Rn—1

We claim that
lin(1) b = 0.
E—>
Indeed, by (3.24), we get
(Ha) 146 r 1 r ba—1 (H£a) o
[0c] < (W), v (€2 / ' Pdr + / 207l | < (W), 2 e
YT T
€ 0
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