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In this paper, a boundary version of the Carathéodory inequality is
studied. For the function f(z), defined in the unit disc with f(0) = 0,
Rf(z) < A, we estimate a modulus of angular derivative at the boundary
point zg, R f(20) = A, by taking into account the first two nonzero Maclaurin
coefficients. The sharpness of these estimates is also proved.
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1. Introduction

In recent years, a boundary version of Schwarz lemma was studied by D.
Burns and S.G. Krantz ([2]), R.Osserman ([7]), V. N. Dubinin ([4]), B. N. Ornek
([8]) and others. On the contrary there was published the book ([1]), where the
authors studied the sharp real-part theorems (in particular, the Carathéodory
inequalities), which are frequently used in the theory of entire functions and in
the analytic function theory.

The Carathéodory inequality states that if the function f is holomorphic in
the unit disc D = {z:|z| <1} with f(0) = 0 and ®f < A in D, then the

inequality
2Ar

< = 1.1
fEI <1 =7 (L.1)

holds for all z € D, and moreover,
| f(0)] < 2A. (1.2)
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The equality is achieved in (1.1) (for some nonzero z € D ) or in (1.2) if and
only if f is a function of the form

2Aze"
&)= 13 em
where 6 is a real number ([1], p. 3, 4).
On the other hand, if f(2) = cpzP + cp112P ... p € N is a holomorphic
function in the unit disc D = {z : |z| < 1} and if Rf < A for |z| < 1, it can be
seen that the Carathéodory inequality can be strengthened by standard methods:

2A|z|P
< 7
and
lep| < 2A.

The classical Schwarz lemma states that a holomorphic function f, mapping
the unit disc D into itself with f(0) = 0, satisfies the inequality |f(z)| < |2| for
any point z € D, and |f’(0)| < 1. The equality in these inequalities (in the first
one, for z # 0) occurs only if f(z) = ze, 6 is a real number (see [5]). From
the Schwarz lemma, it is known that if a holomorphic function f, mapping the
unit disc into itself with f(0) = 0, extends continuously to a boundary point 2
with |20| = 1, |f(20)] = 1, and f’(z9) exists, then |f’(20)| > 1. This result of the
Schwarz lemma and its generalization are described in literature as the Schwarz
lemma at the boundary.

In ([7]), R. Osserman offered the following boundary refinement of the classical
Schwarz lemma. It is very much in the spirit of the sort of result we wish to
consider here. That is,

, 2
‘f (ZO)‘ > W (1.3)
and
| (z0)| > 1, (1.4)

under the assumption f(0) = 0, where f is a holomorphic function mapping the
unit disc into itself and zq is a boundary point to which f extends continuously,
and |f(20)| = 1. Moreover, the equality in (1.4) holds if and only if f(z) = ze'?,
where 6 is a real number. Also, zp = 1 in inequality (1.3), the equality occurs
for the function f(z) =z (z+a)/(1+az), 0<a<1.

If, in addition, the function f has an angular limit f(z9) at zp € 9D, |f(z0)| =
1, then by Julia-Wolff lemma, the angular derivative f’(zp) exists, and 1 <

[ (z0)| < o0 ([9]).
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Moreover, if f(z) = 2P + cpr12PH1...., then

(1.5)

Moreover, the equality in (1.5) occurs for the function f(z) = 2P (z + ) / (1 + vz),
0<~y<L

We studied the boundary Carathéodory inequalities as an analog of the bound-
ary Schwarz lemma. We estimated a modulus of angular derivative of the function
that satisfied the Carathéodory inequality by taking into account the first two
nonzero Maclaurin coefficients.

2. Main Results
We have the following results.

Theorem 1. Let f(z) = cpzP + cpr1zPt ... ¢, 20, p > 2, p €N, be a
holomorphic function in the unit disc D and let Rf < A for |z| < 1. Further,
assume that for some 2y € 0D, f has an angular limit f(z0) at 2o, Rf(z0) = A.
Then the angular derivative f'(29) exists, and

2
W%M>AG+ 2(24 — loyl) ) (1.6)

447 — ‘CP‘Q + 24 |cpi1]

Moreover, the equality in (1.6) occurs for the function

P
1) = 14 2P
Proof Consider the functions
_ f(®) o
w(z) = 24— 1(2) B(z) = 2*.

The functions w(z) and B(z) are holomorphic in D, and |w(z)| < 1, |B(2)| < 1
for |z| < 1.
That is,

24— f(2)]* = |f(2) =24 = |f(2)]* — 2R (f(2)24) + 442
= |f(2)] —4AR (f(2)) + 44>

From the hypothesis, since Rf(z) < A and 4ARf(z) < 442, we consider

24 — f(2)]* > |f(2)]> — 4ARf (2) + 4ARf(2) = | f(2)]*.
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Therefore, we obtain
<1.

‘ f(2)
24— f(2)

By the maximum principle, for each z € D, we have

[w(z)| < [B(2)]-

Therefore,
-5

is a holomorphic function in D, and [t(z)| < 1 for |z| < 1. In particular, we have

(1.7)

||
= — <
H0)] = 52 <1

and | |
/ _ |Cp+1
1t'(0)] = VR

If |t(0)] = 1, then by the maximum principle, we have gg% =e% and f(2) =
%ﬁ‘zigz, where 6 is a real number. For the function f(z), (1.6) holds. Further we
24z0e” and thus 1t(0)| < 1.

may assume f(z) # e
. . zow'(20) -
Moreover, since the expression fw(z(o)o) is a real number greater than or equal

to 1 (see [7]) and Rf(z0) = A yields |w(zp)| = 1, we get

zow'(20)

zow'(20) _
w(zp)

w(z0) = v/l

Also, since |w(z)| < |B(2)|, we take

1—Jw(z)| _ 1-|B(2)]
T—lz] = 11—z

Because f(z) has an angular limit at zp, then w(z) has an angular limit at 2
and from the Julia-Wolff lemma the function w(z) has an angular derivative at
zp. Passing to the angular limit in the last inequality yields

|w'(20)| > | B'(20)] -

Therefore, we obtain

D) ot (a)] 2 [ o) = 2 C,

w(zp)
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The composite function
T(z) = 715(2)1(0)
1 —t(0)t(2)

is holomorphic in the unit disc D, |T'(z)| < 1, T(0) = 0, and |T'(20)] = 1 for
zg € OD.
From (1.3), we obtain

2

1 [t(0)[?
7o) =

— 2‘t,(zﬁ)‘
11— {0)t(20)
1 Jt(0)? "(zO) w(z0)B'(z0)
(

1T (20)| =

20) B2%(2)

_ 1— [t(0)? w(z0) ||z0w'(20) 208’ (20)
1= #O o[ [BE [l B
L+ [E0)] ¢ /

< Tjﬁ@ﬂHWQMVWB@wu

and ) )
< +1t(0

11 |T(0)] = 1[40

It can be seen that

3; [ (20)] — |B'(z0)]} (1.8)

T'0) = t'(0
(1= o)
£(0)
1— [t(0)
and
1#(0)] 2l 24 |cp1]

T(0)| = = - '
Ol =1 0p - ()" el

Since w(z) has an angular derivative at zp, the function f(z) has an angular
derivative at zg. Thus, we take

‘w/(ZO)‘ — 2A’f/(20)‘ )
24 = f(z0)[?
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Also, we have |B’(zg)| = p for zp € 9D. Let us substitute the values of |77(0)],

|w'(20)|, |B'(20)| and [t(0)] into (1.8). Therefore, we obtain
‘Cp‘ /
2oy < E ()
Cpt1 c
17 2l = Tl \pa— G
S EE TR
24 —lepl 124 = f(z0)[? ’

9 2
244~ 1ol)  2a-je) _ 24180
~ P 2 Al  2A T ] = 2A— (o)l

—-Pp

and
2 2
2(142 - lo)  2a- el 2417Co)
— |epl? + 24 |cpy1| 24 + |y T 24— f(20)

Since |24 — f(20)]* > (R (24 — f(20)))? = A2, we get

2 2

2 (447 — |, 2) 24—l , 2417 (0)__ 217 (0)
2 P>

“lepl + 24 eppa| 24+ [yl 24 — f(20)[” A

2(24 — |e))? A _
+ — < 20)| -
(4"42 - |Cp|2 + 24 cp11] "2 = ‘f ( 0)‘

So, we get inequality (1.6).
Now we shall show that inequality (1.6) is sharp. Let

and

zp
Then .
—
Fi(z) =24
(1+27)
and "
(1) =22,
="
Since |cp| = 24, (1.6) holds. ]
Theorem 2. Let f(z) = cpzP + cpr12Pt ... ¢, >0, p > 2, p €N, be a

holomorphic function in the unit disc D and f(z) have no zeros in D except
z =0, and let Rf(z) < A for |z| < 1. Further, assume that for some z € 0D,
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f has an angular limit f(z9) at zo, Rf(z0) = A. Then the angular derivative
1 (20) exists and

%
A 2|cp| (In 5
|f’(2’0>‘ = 5 p— o] ) , (1.9)
2 ey (55) = lepal
where |
C
lep1] <2 |epIn (ﬁ) ‘ . (1.10)

In addition, the equality in (1.9) occurs for the function f(z) = 2A1j_%, and the
equality in (1.10) occurs for the function

et n(5h)

1+2 cp\?
1+ zPe1-—= In ﬂ)

f(z) =24

where 0 < ¢, < 1 and In (20—2) < 0.

Proof. Letc,>0. Let w(z), t(z) and B(z) be as in the proof of Theorem
1. Having in mind inequality (1.7), we denote by Int(z) the holomorphic branch
of the logarithm normed by the condition

Int(0) = In (2%) <o0.

The function | 1 £(0
t(z) —Int
o) It(2) = Int(0)
Int(z) 4 Int(0)
is holomorphic in the unit disc D, |b(z)| < 1, b(0) = 0, and |b(zp)| = 1 for
zo € 0D. Since f(z) has an angular limit at zp, w(z) has an angular limit at
zo and from Julia-Wolff lemma the function w(z) has an angular derivative at
zo. Thus, since w(z) has an angular derivative at zp, the function f(z) has an
angular derivative at zp. From (1.3), we obtain

2 o] = |2In¢(0)] t'(20)
1+ [0/(0)] = |b(0)‘_]lnt(zo)+lnt(0)]2 t(20)
B 121nt(0)| /s
"~ |Int(z0) 4+ Int(0)]? [#z0)]
_ |21In¢(0)| w'(z0)  w(20)B'(20)
lInt(z0) + Int(0)|* | B(z20) B2 (20)
—21Int(0)

" 0 + gty N B
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and
2 —21nt(0)
<

1+ 0(0)] ~ In®(0) + arg2t(zg

It can be seen that

) {|w'(z0)] = |B'(z0)]} - (1.11)

21nt(0) t'(z)

"= i) i) 1o
and
oy — L PO _ 1 fepl
YO = Gimro) t(O)‘_—angg el

Let us substitute the values of |b/(0)|, |w'(z0)|, |B'(20)| and In¢(0) into (1.11).
We obtain

9 —21Int(0) 2A1f'(20)|
< — 3 P
1— — el = In2¢(0) + arg?t(20) | |24 — f(20)]

2lep1n( 2

Replacing arg?t(z) by zero, we have

) 2 (Al )
- ol = (o) {|2A—f<zo>2 !

2|ep|In lenl

p|
2A

and

20 () 1 f Al
L
j 3 |

—lepr1|  In (% 24 — f(20)[?

Since |24 — f(20)]* > (R (24 — f(2)))? = A2, we get

2
2]cp| (mﬂ) o 2A1fGo)l 21 (=0)]
2|cp| In <%> —lepa| A= G T A

Thus, we obtain (1.9) with an obvious equality case.
Similarly, the function b(z) satisfies the assumptions of the Schwarz lemma
([5]), we obtain

Lo [2Int(0)] t'(0)
L= YO = o T e | 10) ’
and
. -1 lept1]
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Therefore, we have inequality (1.10).
Now we shall show that inequality (1.10) is sharp. Let

where L 22
o4 el—z ™24
9 =24 )
Then
9(0) = ¢
and
g'(0) = Cp+1-

After simple calculations, we get

c
Cp+1 = 2¢p1n <ﬁ) .

cpln <|26§1|> ‘ .

Thus we obtain

lepr1] =2

We note that inequality (1.3) has been used in the proofs of Theorems 1 and
2. Therefore, there are both ¢, and c,41 in the right-hand side of the inequalities.
But, if we use (1.4) instead of (1.3), we obtain a weaker but simpler inequality

(not including ¢,41). It is formulated in the following theorem.

Theorem 3. Under the hypotheses of Theorem 2, we have

A 1. eyl
/ > — Zln=R)

The equality in (1.12) holds if and only if

1+zei0 ‘p
2Pe1—zeid ln( )

where 0 < ¢, <1, In (26—2) <0, and 0 is a real number.
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Proof. From the proof of Theorem 2, using inequality (1.4) for the function
b(z), we obtain

) B 121n¢(0)| t'(20)

1 < !b(Zo)‘— ]1nt(z0)+lnt(0)!2 t(20)
_ —21nt(0) { 2Af'(20)] _p}
2 4(0) + arg2t(z0) |24 — f(z0)> ' J

Replacing arg?t(zg) by zero and since |24 — f(zg)|2 > (R(24 - f(zo)))2 = A2
we get

1< | (z0)]| m(_i) (G117l -»). (113

Therefore, we have inequality (1.12).
If | f/(20)| = % (p— +1n %) , from (1.13) and [b'(20)| = 1 we obtain

b(z) = ze?
and

Int(z) —Int(0) 4
nt(z) + Int(0) -

Therefore, we take

1+ ze'? Cp
i) = T (5h)
zeiO c
t(z) = eitzeig ln(ﬁ)’
w(z) o Egm(gg)
B(z) ’
i0 e
f(2) — P T:Zze In( %)
24— /(%)
and "
Zpeizzz'e 1“(2%)
f(z) =24 — .
l+zel. ln(el)
1 —|— Zpelfzeze 2A
|
Consider the product
~z—a
— ag
B = .
n(2) H 1—az
k=1 k
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The function B, (z) is called a finite Blaschke product, where ay,ag, ..., a, €
D. Let the function f(z) satisfy the conditions of the Carathéodory inequality and
also have zeros a1, a9, ..., a, with order ni,ns,....ng, respectively. Thus, one can
see that the Carathéodory inequality can be strengthened by standard methods
as follows:

) < 2AIZP | Ba(2)]
[f2)l < 1= S 1B(e)] (1.14)
and
lep < 2A] ] lax! - (1.15)

k=1
Inequalities (1.14) and (1.15) show that inequalities (1.1) and (1.2) can be strength-

ened if the zeros of the function which are different from the origin of f(z) in
inequality (1.6) are taken into account.

Theorem 4. Let f(z) = cpzP + cpr12Pt ..., cp#Op 2, peN, bea
holomorphic function in the unit disc D and let Rf(z) < A for |z| < 1. Assume
that for some zg € 0D, f has an angular limit f(zo) at zg, Rf(z0) = A. Let
ai,az,...,ay be the zeros of the function f(z) in D that are different from zero.
Then the angular derivative f'(29) exists, and

n 2
2 (2AH jax] - rcpr)
k=1

A "1 — Jag?
|f/(20)‘ > D+ | | 2 2
2 k=1 |ZO - ak‘| 2 n 2 n
= 4A2 | T1 lawl ) = lepl” + 241 cppa] T |axl
k=1 k=1
(1.16)
In addition, the equality in (1.16) occurs for the function
1
flz)=2A1—- ————— |,
1 + Zpkl;ll f:ai:z
where ay,as,...,a, are positive real numbers.
Proof. Let w(z) be asin the proof of Theorem 1 and ay,aq,...,a, be the

zeros of the function f(z) in D that are different from zero. The function

z—a
=Tl
l—akz
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is holomorphic in D, and |B;i(z)| < 1 for |z| < 1. By the maximum principle,

for each z € D, we have
jw(z)| < [Bui(z)].

The function )
w(z
t =

is holomorphic in D, and [t;(z)| < 1 for |z| < 1. In particular, we have

t(0) = —2l— <1
2AH \ak\
k=1
and
0] = —%l
2A ] |ak]
k=1

If |t1(0)] = 1, then, by the maximum principle, we have ];,”1((22)) = € and

n
Pl TT 2%
2Pe'? 1] s
k=1

f(z) =24

9

n
Pty Z—0k
1+ z2Pe k-H117ﬁz

where ¢ is a real number. For the function f(z), (1.16) holds. Thus we may

assulne

n
D ol Z—ag
2P I] T
k=1

fz) #24 :

n
P et Z—ag
1+ zPe %"kHl T

and |t1(0)] < 1.
It is obvious that

208 (20) "1 — Jag)?
Bi(x)| = =p+ :
‘ 1 } BI(ZO) k:1|20_ak|2

. . zow’(20) -
Furthermore, since the expression (L}(Z(O)O) is a real number greater than or equal

to 1 (see [7]) and Rf(z9) = A yields |w(zp)| = 1, we get

zow'(20)

zow'(20) _
w(20)

w(zo) = w0
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Also, since |w(z)| < |B1(z)|, we take

1—Jw(z)] _ 1—[Bi(2)]
L—lz[ = 1-14

Since f(z) has an angular limit at zg, w(z) has an angular limit at zyp and from
Julia—Wolff lemma the function w(z) has an angular derivative at zy. Passing to
the angular limit in the last inequality yields

|w'(20)| > | Bi(20)] -
Therefore, we obtain

zow'(20)
w(20)

20 B1(20)

= |w'(20)] = |Bi(20)| = Bi(z0)

The auxiliary function
t —t1(0
Ti(2) = 1(2) — t1(0)
1 —t1(0)t1(2)
is holomorphic in the unit disc D, |T1(z)| < 1, T1(0) = 0, and |T1(z0)| = 1 for
29 € 0D. From (1.3), we obtain

2
— <
L+ [T — |

w'(z0) _ w(z0)Bi(20)

1= O (o) DR

and
2 1+ [(0)] 4 ,
T 70)] = 1= [t(0)] {|w'(z0)| = [Bi(20)]} - (1.17)

It can be seen that )
1 —[t1(0)]

(1- tl(O)tl(z)>2

Ti(z) =

and

|Cp+l‘ n
#(0)] 2A ] |a] 24 |epya| [T laxl
T{(O)‘ = - 2 = = 2 = k:; :
0] (2 :
1— _lepl k:l:[1 lak] | — [l

n
2A ] |ax|
k=1
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Since w(z) has an angular derivative at zp, the function f(z) has an angular
derivative at zp. Let us substitute the values of |T7(0)|, |w'(20)|, |B}(20)| and
|t1(0)] into (1.17). Thus, we obtain

24 .
9 H |ak|+‘cp| 2A|f/(20)‘ 1_|ak|2
: Ty e i Dl &
Airalfie 24 1T ol Jo % il — o

4A2( i m) lepl?

{ (ﬁ %I) cﬁ} 24 1] lax]~lcy| " ,
_ _ !
- ! +p+ Yy el < 2ALEo,
n lzo—ax|® — [2A—f(20)]
442( 17 |ax| —\c,,| +2A4|cpr1| IT |a] 2AkH1|‘lk|+|Cp| k=1
k=1 k=1 =

and since [24 — f(z0)|*> > (R (24 — f(20)))? = A2, we get

n 2
2 <2A T laxl - |cp|) .
he1 +p+21 \ak\ 2’];(1 )\

=120 — axl*

n 2 n
142 (H mr) ol + 24 epa] TT lanl
k=1 k=1

Hence we get inequality (1.16).
Now we shall show that inequality (1.16) is sharp. Let

1
f(z)=2A(1- —
1 + 2P H 1Z:#z
k=1 F
Then . .
_ — 1—
pzP lknl 1Z—a%kz + kz 1— Lakzl 2 H = aa:z
f/(Z) =24 2
n
<1 + 2P [] f_‘&’fg)
k=1
and
ﬁ 1— l—ag Xn: 1— \ak| lfas
pk = = 0-m@)? k¢117@
! _ s
F(1) =24 o
<1 + I 1_?)
k=1 F

300 Journal of Mathematical Physics, Analysis, Geometry, 2016, vol. 12, No. 4



The Carathéodory Inequality on the Boundary for Holomorphic Functions

Since ay, a9, ..., a, are positive real numbers, we have
24 " 1—a? A "1+ ag
=2 ) 5o
4 ;(1—%) 2 ok
n
Moreover, since |cp| = 2A[] |ag|, (1.16) holds. [
k=1
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