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In the paper, we study the g-state (where ¢ = 3,4,5,...) Potts model
with special external field on a Cayley tree of order k > 2. For antiferro-
magnetic Potts model with such an external field on the Cayley tree of order
k > 6, the non-uniqueness of weakly periodic (non-periodic) Gibbs measures
is proved. The weakly periodic Gibbs measures for the Potts model with
zero external field are also studied. It is proved that under some conditions
imposed on the parameters of the model there can be not less than 29 — 2
such measures.
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1. Introduction

The Potts model on the Cayley tree and its Gibbs measures were studied in [1]-
[4]. In [5], the ferromagnetic three-state Potts model on the Cayley tree of order
two was studied, and it was shown that there exists a critical temperature T, > 0
such that for T' < T, there are at least three translation-invariant Gibbs measures
and an uncountable number of non-translation-invariant Gibbs measures. In [6],
the results of [5] were generalized to the Potts model with a finite number of
states on the Cayley tree of an arbitrary (finite) order.

In [7], for an antiferromagnetic Potts model on the Cayley tree it was shown
that the translation-invariant Gibbs measure is unique.
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The Potts model with a countable number of states in a non vanishing external
field on the Cayley tree was considered in [8]. It was proved that this model has
a unique translation-invariant Gibbs measure.

Recently, in [9], there were described all translation-invariant Gibbs measures
for the Potts model with zero-external field on the Cayley tree of order k > 2 .
It was shown that at sufficiently low temperatures their number is 2¢ — 1.

In [10, 11], a notion of weakly periodic Gibbs measure was introduced, and
some Gibbs measures were found for the Ising model.

Weakly periodic ground states and weakly periodic Gibbs measures (coin-
ciding with the translation-invariant ones) for the Potts model were studied in
[12].

In [13], the existence of weakly periodic (non- translation-invariant) Gibbs
measures of the Potts model was proved.

This paper is devoted to the weakly periodic (non-periodic) Gibbs measures
for the Potts model with special external field on the Cayley tree. The paper
has the following structure. In Sec. 2, we introduce the main definitions and the
background. In Sec. 3, we give the results obtained for weakly periodic Gibbs
measures. The proofs of all results are given in Sec. 4.

2. Definitions and the Background

Let 7% = (V, L) be a uniform Cayley tree, where each vertex has k 4 1 neigh-
bors with V' being the set of vertices and L, the set of edges.

It is known that 7% can be represented as G}, which is the free product of
k + 1 cyclic groups of the second order (see [7, 14, 15]).

Fix an arbitrary element o € V and correspond it to the unit element e
of the group Gi. Without loss of generality, we assume that the Cayley tree is
a planar graph. Using aq,...,ar+1, we numerate the nearest neighbors of the
element e, moving in the positive direction (see Fig.1). Now we numerate the
nearest neighbors of each a;, ¢ = 1,...,k +1 by a;aj, 7 = 1,...,k + 1. Since all

a; have the common neighbor e, we give a;a; = a? = e to it. Other neighbors
are numerated starting from a;a; in the positive direction. We numerate the set
of all nearest neighbors of each a;a; by a;ajaq, ¢ = 1,...,k + 1 starting from

a;aja; = a; in the positive direction. Iterating this argument, one gets a one-to-
one correspondence between the set of vertices V of the Cayley tree 7% and the
group Gy.

The group representation given above is called the right representation, since
in this case if x and y are the nearest neighbors on the tree and g, h are the
corresponding elements of the group Gy, then g = ha; or h = ga; for some 7 or j.
Similarly, one can define the left representation.
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aaa, aaa, a,q,a, a,aa, aaa, aaa, aaa4, a,a,a,

aa, aa,

Fig. 1. Some elements of the group G2 on the Cayley tree of order two.

In the group Gy, let us consider the left (right) shift transformations defined
as follows. For g € Gy, let us set

Ty(h) = gh,(Ty(h) = hg), Vh e Gj.

The set of all left (right) shifts in G}, is isomorphic to the group Gy. Any trans-
formation S of the group G} induces the transformation S of the set of vertices
V' of the Cayley tree.

Therefore, we identify V and Gy,.

Note that the set {T, : ¢ € G} is a group with respect to the operation
TyTy = Typ, and it is called a group of transformations.

Theorem 1. The group of the left (right) shifts on the right (left) represen-
tations of the Cayley tree is the group of transformations of the Cayley tree (see
[7, 15]).

For an arbitrary point 2° € V, we set W,, = {z € V|d(2°,z) = n}, V,, =
n
U Wi, L, = {< 2,y >€ Ljz,y € V,}, where d(z,y) is the distance between

m=0
the vertices « and y in the Cayley tree, i.e., the number of edges in the shortest

path joining the vertices x and y.

We consider the model where the spin variables take values in the set ® =
{1,2,...,q}, ¢ > 3, and are placed at the vertices of the tree. Then a configuration
o on V is defined as a function z € V' — o(x) € ®. The set of all configurations
coincides with Q = ®V.
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The Potts model with external fields is defined by the Hamiltonian

q
o)=—-J Z do(@)o(y) — Z Z Qi 205 (z)s (1)

(x,y)eL i=1 z€V

where J, &, = (1,2, ..., 0ge) € RY, and 6;; is the Kronecker symbol.

If J > 0 (resp. J < 0), then the model is called a ferromagnetic (resp.
antiferromagnetic) Potts model.

We define a finite-dimensional distribution by a probability measure p in the
volume V,, as

,un(an) = Z;1 exp{ BH Un Z ha(x)7 } (2)

J?EWTL

where 3 = 1/T, T > 0 is a temperature, Z; ! is a normalization factor, {h, =

(hl,x, ... hqm) € R%,x € V'} is a collection of vectors, and
q
Un) =—J Z 60’(:0)0’(y) - Z Z ai,x(sia(x)'
(z,y)E€Ln i=1 z€V,

The distribution (2) is said to be compatible if the equality

Z Nn(o'n—l Vv Wn) = Nn—l(on—l) (3)

wn €EPWn

holds for all n > 1 and 0,1 € ®»~1. Here, 0,,_1 V wy, is the union of configu-
rations. In this case, there exists a unique measure x on ®" such that for all n
and o, € ®"»,

n{olv, = on}) = pnlon).

The measure is called the split Gibbs measure corresponding to Hamiltonian
(1) and the vector-valued function h,,xz € V. N

The following statement describes a condition for h; and ¢, ensuring the
consistency of i, (0y,).

Theorem 2. Probability distributions p,(oy), n = 1,2,..., in (2) are com-
patible iff for any x € V the following equation holds:

he = a + ZF (4)

y€S(x)
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where o = (OZIN,anQ,gJ ce ,qu,Lx) € Rq_l, Qi = ﬁaz,x - ﬂ&q,x§ hy = (hl,m cee
hqfl,x), h@w = hi,z — hq@ + (ﬁ&w — ﬁ&q,x), and F: h = (hl, e hqfl) € Re-1
F(h,0) = (F,...,F;—1) € RI71 s defined as
(0 -1 + 5 et + 1
E =In q_{ h. )
0+ 5_1¢€

and 0 = exp(J3), S(x) is a set of direct successors of x.

P roof. The proof is similar to that of Theorem 5.1 in [4].

Let Gy/G3, = {Hx, ..., H,} be the quotient group for a normal divisor G}, of
index r > 1.

In this paper, we consider the case where «, does not depend on z, i.e.,
ap =a=(ag,...,aq1).

Definition 1. A collection of vectors h = {hy, x € Gy} is said to be Gy,
-periodic if hy, = hy for all v € G,y € G}. A Gi— periodic collection is said to
be translation-invariant.

For x € Gy, by x| we denote the unique point of the set {y € Gy, : (z,y)} \
S(z).

Definition 2. A collection of vectors h = {hy, x € Gy} is said to be G,
-weakly periodic if hy = h;j for v € Hj,x| € Hj,Vx € Gy,.

Definition 3. A measure p is said to be G}, -periodic or weakly periodic
if it corresponds to a G}, -periodic or a weakly periodic collection of vectors h,
respectively.

3. Weakly Periodic Measures

The level of difficulty in describing weakly periodic Gibbs measures depends
on the structure and index of the normal subgroup relative to which the period-
icity condition is imposed. From [4], we know that in the group Gy, there is no
normal subgroup of odd index different from one. Therefore, we consider normal
subgroups of even indices. Here, we restrict ourself to the case of indices two.

Let ¢ > 3 be arbitrary, ie., 0 : V — ® = {1,2,3,...,¢q}. We describe the
G-weakly periodic Gibbs measures for a normal subgroup G7, of index two. We
note (see [4]) that any normal subgroup of index two of the group G has the

form
Hy= {w e Gy : wa(ai)—even} ,

1€A
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where ) # A C N, = {1,2,...

Consider G/H4 = {Ha, Gy \ Ha} the quotient group.
For simplicity, we set Hy = Ha, H;

.k + 1}, and w;(a;) is the number of letters a; in
the word x € Gj. Let A C Ny and H4 be the corresponding normal subgroup of
index two. We note that in the case |A| = k + 1, i.e., in the case A = Nj, weak
periodicity coincides with ordinary periodicity.

= G\ Hy. The H4 are weakly periodic

collections of vectors h = {h, € R~}

: ¢ € G} have the form

hi, J}lEHo, x € Hy
h. — ho, 93¢€H0, r e H
v hs, iL'lGHl, x € Hy
hg, x‘LEHl, r € H.

Here hi = (hily hz‘g, .

yhig—1), 1 =1,2,3,4. By (4), we then have

hy = (k — |A[)F(h1,0) + [A[F(h2, 0)
h2 = (|A| = 1)F(h3,0) 4+ (k+ 1 — |A|)F(h4,0)
= ([A] = 1)F(h2,0) + (k+ 1 — [A])F(h1,0)
h4 = (k — |A])F(h4,0) + |A|F(hs,0).
We introduce the notation z;; = exphij, A\; = exp(a;),i = 1
1,2,...,q — 1. The last system of equations can then be rewritten as
a k—| Al |A]
o — s (0— 1)21]4—2 1 z1;+1 (60— 1)22]"‘21 1 z0i+1
lj ] ZZ 1 21+ ZZ 1 22+
k+1—| A
2o = )\ (9 1)Z3]+Z Z3z+1 ]+ZZ 1 4’L+1
2] J 27, 1 23+ z 1 z4;+
ot k+1—|A|
P )\ (9 1)227 Zz 1 z2;+1 9 1 ZlJ+Zz 1 eri»l
31 J Zz 1 220t _ Zl7,+9
A
or = \s (0—1)za5+ Ef 11Z4z+]- (6-1) Z3J+Z;1 1 z3;+1 4]
\ 4'7 J Zl 1 245+ 1_1 23+ ’
here j =1,2,3,...,q— 1.
We consider the map K : R4 — ]R4(q D defined as
A
Z/ o )\ (9 1)21]4‘21 1% 1:+1 ]‘FZZ 1 Z2z+1 ‘ I
=7 9 240 ) 22040
. |A]-1 k+1—] A
o )\ 9 1 Z3]+ZZ 1 z3;+1 9 1 Z4J+ZZ 1 Z41+1
Z2j J st 2ait
7, 1 ? z 1 g
|A]—1 k+1—]A]
Z _ )\ 9 1 22]+ZZ 1 z2;+1 9 1 Z11+Zz 1 eri»l
37 J 1 1Z21 _ le+9
o) k—|A A
-\ Z4J+Zz 1 ! zgi1 (6-1) Z3]+ZZ 1 Lot
24‘7 J _q 24i+ — . z3i+ ’
\ 'L 1 T 'L 1 T
here j =1,2,3,...,q— 1.
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We introduce the notation
Ly ={(21,22,...,2¢-1) € R i =20= .= 2, Zpy1 = oo = zg—1 =1}, (8)
My, = {(z1), 2 2B) 0y e R . ;00 e 1 =1,2,3,4}, (9)
here m=1,2,...,q— 1.
Lemma 1. 1) For any fited m > 1, A > 0 and

(A difl<i<m
)\Z_{lifm<i<q—1, (10)

the set My, is an invariant set with respect to the map K, i.e., K(M,,) C Mp,.
2) For a = 0, the sets My, are invariant with respect to the map K for all
m=1,2,...,q— 1.

Case a # 0. Let us consider the case @ # 0 and \; given by (10). For
z € M,,, we denote z; = z;;,© = 1,2,3,4;j = 1,2,...,m.. Then on the invariant
set My, the system of equations (6) has the form

( _ —m\ F 1Al |4
2= A (M) <(9+m Dz+g—m

mz1+0+qg—m—1 mzo+0+q—m—1

_ (0+m—1)z3+q—m
72 = )\< mz3+0+qg—m—1

)
25 = A <(0+m 1)zo+q— m)
)

|A]-1 k+1—|A|

(0+m—1)z4+qg—m

)

mzat0tq—m—1 )
>k+1 |A| (11)
)

e
0+m—1)z1+q—m
(S

E
L

mzo+0+qg—m—1
2=\ <(c9+m 1)za+q—m

mzi1+0+g—m—1

(6+m—1)z3+q—m
mz3+60+q—m—1

k—|A] 4]

mz4+60+q—m—1
We introduce the notation
@+m—-1)z4+qg—m
fm(2) = .
mz+0+qg—m-—1

It is easy to prove the following
Lemma 2. The function f,(z) is strictly decreasing for 0 <0 < 1,1 <m <
q — 1 and it is strictly increasing for 1 < 6.

Proposition 1. Let z = (21, 22, 23, 24) be a solution of the system of equations
(11). If z; = z; for some i # j, then z1 = 2z = 23 = 24.

We consider an antiferromagnetic Potts model (i.e., 0 < 6 < 1).
Let |A| = k. Then the system of equations (11) has the form

21 = A (fin(22))*

2 = A (fn(23)" 7 (fin(24)) 12)
23 = A (fn(22)) 7 (fin(21))

2= A(fm(z3))F .
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The solving of the system (12) can be reduced to the analyzing of the following
system of equations:

{ 2= (F(2) 7" fanA(fin(23))F) (13)

Introduce the notation

Y(=) = A () A (2)5). (14)

Then we reduce the system of equations (13) to the form

22 = (23)
{ 23 = Y(22). (15)

The number of solutions of the system (15) coincides with the number of solutions
of the equation ¥ (1(z)) = z.

Lemma 3. Let vy : [0,1] — [0,1] be a continuous function with a fized point
€ € (0,1). Assuming that the function ~y is differentiable at & € (0,1) and that
v (&) < —1, we have the values xg,x1 such that the inequalities 0 < zo < £ <
x1 <1 hold and ~(xo) = x1, y(x1) = xo (see [16], p. 70).

It is known (see [4], p. 109) that for antiferromagnetic case we have a unique
translation-invariant Gibbs measure corresponding to the unique solution of the
equation z = A\f¥ (2). We let z, denote this solution.

Proposition 2. For k > 6 and X\ € (A, A, ), the system of equations (15)
has three solutions (z., z), (25, 23), (25, 23), where Ao, = bF, i =1,2, and

(k_1_\/k2_(ak+1)(1_9)(9+q_1)z*]%1

b ;
1 2(mzx+0+qg—m—1)2 oy (16)

by — (k=14+VEZ—6k+1)(1-0)(0+q—1)z, F
2= 2(mzx+0+g—m—1)2 :

We have thus the following theorem.
Theorem 3. Let |A| = k,k > 6, and X\ € (A, \ey). Then for the antiferro-

magnetic Potts model with special external field (given by (10)) there are at least
two H4— weakly periodic (non-periodic) Gibbs measures, where A, = bf,i =1,2.
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Case o = 0. In this case, the system of equations (6) on the invariant set
My, m=1,2,...,qg—1 can be reduced to the following system of equations:

o (0+m—1)z1+g—m k—14] (0+m—1)z0+qg—m 4]
1= mz1+0+q—m—1 mzo+0+q—m—1
(0+m—1)z3+g—m |A]-1 (0+m—1)z4+q—m
mz3+0+qg—m—1 “mzg+0+q—m—1

)k—i—l |A]
((9+m71)22+Q*m)‘A| 1 ((9+m 1)z14q— m>k+1 4]

22

Z3 mzo+0+qg—m—1 mz1+0+qg—m—1

oy — (6+m—1)z4+qg—m k—14] (0+m—1)z3+q—m
4= mz4+0+qg—m—1 mz3+0+q—m—1

\AI

The following proposition is similar to Proposition 1.

Proposition 3. Let m € {1,2,...,q — 1} be fized and z = (z1, 22, 23, 24) be
a solution of the system of equations (17). If z; = z; for some i # j, then
21 = 29 = 23 = 24.

Theorem 4. Let |A| = k and k > 6. If one of the following conditions is
satisfied:

k+1+vVE2—6k+1 — k+1—vk?—6k+1

4k
2) 4= v 1 <0<
then there are at least 27 — 2 weakly periodic (non-periodic) Gibbs measures,

where

0<6 <0y,

4k —kq—q—qVk?—6k+1
4k

4k —kq—q+qVk?*—6k+1

0
1= 4k

o =

(18)

Remark 1. The new Gibbs measures described in Theorem 3 and Theorem
4 allow us to describe a continuous set of non-periodic Gibbs measures different
from the previously known ones.

Remark 2. Ifinstead of (9) we consider M,_;, then Theorem 4 coincides
with Theorem 3 from [13].

4. Proofs

Proof of Lemma 1. 1) For the fixed m, \; given by (10) and z =
(2D, 23 20) 241y € M,,, it is clear that z() € I,,,i = 1,2,3,4. From (8), we
have that z() = (2, ..., z;, 1, ..., 1), where z; # 1,i = 1,2, 3, 4. Using (7), we obtain
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Al

0+q—2+21 0+q—2+22 | _ _

2y = (9+q 2+Z1> <9+q R =lLj=mm+l,..q-1

P 0+q—2+23 41 O+q—2+24 k1A -1 m.m +1 -1

2j = \0+q—2+= 0+q—2+2 =hJ=m, el
Al—-1 1-|A

p 0+q—2+29 lA4l- 0+q—2+24 k1] 4] 1 m.m +1 -1

35 = \O+qg—2+=2 0+q—2+z4 = L) =m, »oed
k—|A| |4l

0+q—2+24 0+q—2+23 _ _
Zhy = <9+q 2+Z4> <9+q Ttz Lj=mm+l,..q-1

\

Consequently, K(z) € M,,.
The second part of the lemma is proved in a similar way.

Proof of Proposition 1
From the system of equations (11), we obtain

2o (BT ()T ()
2o (1), @
2= () () @)
%: <§:EZ§)A1 (;:Ejﬁ)kmﬂ, o

2= (), @)
(22)

~—

5 _ (fm(zl)>"”“4' (fm 2 >'A'—1 (fm(21)> (a6)
24 fm(24) fm(23) fm(23)
Let z = {z1,29, 23,24} be a solution of the system of equations (11) and
z1 = z9. Then from the strict monotonicity of f,,(z) and from the equality

(a2), we obtain that z; = 2o = z3. In this case, from (a4) we obtain z; = zy4,
consequently, z; = zo = 23 = 24.

Let z1 = z3. Then from the strict monotonicity of f,,,(z) and from the equality
(a2), we obtain that z; = z9 = z3. In this case, from (a4) we obtain z; = z4,
consequently, z1 = 20 = 23 = 24.

Let z; = z4. Then from the strict monotonicity of f,,(z) and from the equality
(asz), we obtain that zo = z3. Then from (as), we obtain the inequality

22fm(22) = 2zafm(24)- (19)
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We consider the function

@+m—-—1)z+qg—m—1

9(2) = 2fm(2) = 2 mz+60+qg—m-—1

and calculate its derivative

(9—1+m)m22+2(9—1—|—m)(9—|—q—m—1)z—|—(q—m)(9+q—m—1)‘

¥(z) = (mz+0+4+q—m—1)2

From 0 >0, 2>0, 1<m <g—1and q> 2, we obtain that ¢(z) is a strictly
increasing function. Consequently, (19) is true only when z9 = z4.
The other cases are proved in a similar way.

Proof of Proposition 2. For (14), it is easy to see that
1) 9(z) = 2,
2) the function 9 (z) is defined on R,
3) 1 (z) is bounded and differentiable at z,.
Then, by Lemma 1, for ¢/(2z,) < —1, equation (15) has three solutions of the
form (2., 24), (23,25), (23, 25). The inequality ¢'(z.) < —1 is equivalent to the
inequality

—1 k-1

k
o o k —N\2 _22k
O-DO+g-1Dz" ,  (A-0)(O+q¢—1)=

b*+ (k-1
* )(mz*—i—9—i—q—m—1)2 (mze +0+q—m —1)*

<0, (20)

where b = v/\. Consequently,
(b - bl)(b - b?) < 07

where by, by are defined in (16). Proposition 2 is proved.

Proof of Theorem 4.

Consider the case 0 < § < 1 and |A| = k. Then the system of equations (17)
has the form

z1 = (fm(22))]; 1
22 = (fm(23))" " (fm(z4))
5= (22 (1) 2!
2= (fm(23)" .
Reduce (21) to the system
z2 = (fm(z?)))k_l : fm((fm(zfi))k) (22)
23 = (fn(2)" 7 fn((fn(22))F)

After introducing the notation

o(2) = () - finl (Fn(2))), (23)
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the system of equations (22) can by written as follows:

z2 = ¢(23)
{ z3 = p(22). (24

Note that the following hold:

1) (1) =1,

2) the function ¢(z) is defined on R,

3) ¢(z) is bounded and differentiable at z = 1.

Therefore, by Lemma 3, for ¢/(1) < —1, the system of equations (24) has three

solutions of the form (1,1), (23, 2%), (2%, z5). The inequality ¢'(1) < —1 is equiv-

alent to the inequality

(6 —1)
(0+q—1)?

(6 —-1)

HE VG

+1<0. (25)

Consequently ,
2]@‘(9 — 91)(9 — 92) < 0,
where 61,0 are defined in (12).
It is clear that if k < 5, then 61,60, are complex numbers, if & = 5, then
01 = 03 and inequality (25) has no solution.
We now assume that k > 6. We suppose that 01,05 are simultaneously nega-
tive. Then (25) has no solution. If ; < 0,0 < 03 < 1, i.e.,

4k 4k
<q< ;
E4+1+vVk?2—-6k+1 k+1—vVk?—6k+1

then inequality (25) has the solution 6 € (0, 62), which proves item 1 in Theorem
3. Let 0 <07 < 1,0 <63 <1, then the inequality

- 4k
q‘k+1+«ﬁ—ﬁk+1

is satisfied.

Inequality (25) has the solution 6; < 6 < 6. It is easy to see that 61,6,
are less or equal to 1. Thus, by Theorem 2, for every m and under conditions
of Theorem 4, we obtain two weakly periodic (non-periodic) Gibbs measures.
From (8), we note that m is the number of coordinates other than 1 of the
vectors from R?~!. It is obvious that the number of these vectors is equal to
Zgn;ll Clty = 2¢=1 — 1. Consequently, when the conditions of Theorem 4 are
satisfied, we obtain the 2(2971 — 1) = 29 — 2 weakly periodic (non-periodic) Gibbs
measures. Theorem 4 is proved.
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