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The study of the basicity of systems of functions, as a rule, is based on the
study of some properties of linear operators. The studying of the so-called class of
quasi-exponentials, which provoked special interest, was started by B.S. Pavlov [1]
and then developed and continued by S.V. Hrusééev, N.K. Nikolsky, B.S. Pavlov
[2]. An approach suggested by G.M. Gubreyev [3] is an important method of
studying problems of basicity in this realm of analysis. He succeeded in harmonic
combination of deep problems of spectral analysis of non-selfadjoint operators and
delicate analytical results of the theory of functions. This paper is a development
of the ideas of G.M. Gubreyev and V.N. Levchuk [4] by which the study of Dunkl
kernels is based on the analysis of a non-selfadjoint operator with two-dimensional
imaginary component. (The function dy(A) = 2°T (a+ 1)A™ (Jo(A) + iJas1(N))
is said to be a Dunkl kernel, where J,()) is a Bessel function.) In contrast
to [4], here the power dependence of the weight function is not supposed. The
paper is dedicated to the study of one class of Volterra non-dissipative operators
and to the construction of model representations for them. It turns out that
many statements from [4] are general and can be obtained for “arbitrary” weight
functions ¢(z). In Section 1, general properties of the operator B are studied ant
its characteristic function is calculated. Calculation of this characteristic function
is based on the solution of the equation of the second order which, depending on
the choice of the weight ¢(z), turns into a Bessel equation, a Mathieu equation,
or a Lamé equation. Similarity of the studied non-dissipative operator to the
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operator of integration in the space of quadratically summed functions on [—a, a]
is proved. In Section 2, a functional model of a non-dissipative operator in the L.
de Branges space is listed, and it is shown that in the special case, when p(x) =
z¥, the Dunkl kernels “coincide” with E(X).

1. Properties of the Operator B
I. Let ¢(z) be a real function on [—a,a] (0 < a < 0o0) such that
p(x) >0 (ze0,a]); w(-z)=(-1)"p(x) (veR); ¢eC'(0,a). (1)

Define the Hilbert space

L2(~a,a) € { f(2) : / £ (@) ()] do < 00 p . 2)

The decomposition
Li(—a, a)=L,y ®L_ (3)

is true where
L ¥ £20) = S U@ £ 1) [0 € (a0 | ()
Specify the linear operator
def i [

B) @) 9 [ 10t + p [ fettrettrar (5)

in L2(—a,a).

Lemma 1. If (1) takes place for ¢(x), then the functions

1
Fila SO(%)/ (6)

satisfy the relations

Fy(—z,0) = FFi(z,0). (7)
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The proof of the statement follows from (6) after the substitution ¢t — —t
under the integral sign

Fy(—2,0) = — / (1) p(t)dt = —F, (x,9)

in virtue of (1). For F_(z, ), the proof of (7) is similar. The statement of the
lemma is true for p(x) =1 (Va € (—a,a)) also.

Statement 1. Let ¢(x) have the properties (1) and

M/ /dz:<ooM/

then the operator B (5) is bounded.

/ o)t < oo, (8)
0

P roof. Relations (3), (7) imply

<Bf,9>=i< f-(t)dt, g+ (x) > < t)dt 9—($)>=A1+A2-
] o

0

Using the Cauchy—Bunyakovsky inequality, we obtain

x

Ar <2 / / () oty / A g (@) p@)de < VRIS
0 0 0

o(t)
/ 19+ (@) 2 o) dz / () / qj’;)dl« < -l g VAL
0 0 0

Analogously, |As| < || £+ | lg—||VM. And since ||f]| = || £, llgll = llgl, then

(Bf,9) < (VM+ VW) 1] - gl

which proves the statement.

Remarkl1. Conditions (8) are also necessary for the boundedness of the
operator B (5). After the partial integration, (8) implies

a a

b:/go(x)d:c<oo, 5:/M<oo. 9)
0

0
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If one of the integrals in (8) converges and (9) takes place, then the second integral
in (8) converges also.
It is easy to see that

(B £) /f i+ — [ 1Oeat | o

H(if@ﬂﬁ /h» ﬁ)x()

where y(x) are characteristic functions of the sets [0, £a]. Therefore,

(52 (@) = ([ 10t + o [ 100 o 0)

0 0 (10)
—OfWH@MﬁWM@x@
Since
0 a 1 0 1 a
{&@W=—Jf@, ﬂ@[ﬁ@ﬂwhwkw/ﬁmﬂwm
then .
<B ; B > L2( a,a) = span{ej(z),ea(z)}, (11)
where (e, es) = 0k, s, and
def 1 def 1 fx4(@) x-(2) }
o)™ et ® o -2 12
Here b and b are given by (9). The matrix
~1 0 1
Vi { 0l }
corresponds to the operator B=B" in this basis. Thus the system
A= (B2 (-00), L@, = | o) (13)
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is an operator complex [5] including

B— B* 2
—f= > (frea) (Tp)a,ses,

where

gi(z) (bZ)i e1(z), ga(z) % (b’l?)‘l* es(z). (14)

Remark2 The operator @ can have rank more than two if the first
condition in (1) does not hold. So, in the case when the continuous function has

“I” changes of sign on [0, a], the rank of the operator B=B~ equals 2(1 + 1).

%

IT. Let us calculate the characteristic function [6],

Sa(A) =T —iJy [(RB(N)gk, 8s)] 5 (15)

of the complex A (13). Let f* = (B—AI) ' gx (k = 1,2), where {gx(z)}} are
given by (14). Then Bf¥ — \f* = g, (k = 1,2).
For k =1, we have

4/ b

@v (16)

i O/ Fd+ 0/ Fo(B)p(t)dt — A (fo () + - (x)) =

(index k = 1 by f(z) = f(=) is omitted). Setting equal to zero the odd and even
parts in this equality, we obtain

5 / f1 (Bt — Af-(z) =0,

= (17)
al b
i [ dt—pe@) = 2.
f :
This implies that f4(0) = —5 \ fb and
T t ~
1 dt 4l b
—Ao/wo/h(f)sa(f)dé—kh( )=/
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which, after differentiation, gives us

/f+ (€)dE + N2 (z) = 0, (18)

and thus (f} (z)e(z)) ‘x:O = 0. Differentiating (18) again, we obtain

§)dé + fr(z) + N fl(z) =0,

which, after using (18), gives us the equation
2¢'(2)
p(x)
As a result, we obtain the Cauchy problem
y'(@) + 28y (2) + fry(@) = 0;
y(0) = %/ & (0(@)y (2))],—p = 0.

Knowing f(z) as the solution of this problem, we find the function f_(z) from
the first equation in (17), and thus we define f(z) = fi(x) + f_(z) satisfying
equation (16).

To find Sa(A) (15), we calculate (', gx) (k = 1,2) where f!(z) is the solution
of (16). Taking into account (17), we have

(7o) \F / P @leld = {2 1 @pta)
92—2\/>/f \/E(Af;() fb)
Therefore,

() = —M\ﬁfl(a)w(a); (7' g2) = i ( -q/gbxfi(a) * 1) )

For k = 2, an analogue of equation (16) is given by

(@) + fr(x) + A f(2) = 0.

(19)

T

7,/ jt—l— /f —)\(f (aﬁ) f_(x)) _ 4 %{X—&—(%) X(_(Z))}’
0
(21)
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(index k = 2 by f2(x) = f(x) is omitted), which gives us the system of equations

T

i F-(dt = M) = 0

o (22)
) ({er(t)SD(t)dt —Af-(z) = ¢ %% (z €10,a]).
Hence it follows that (ap(@f-(@)b:o =—1 Wa and
x t
b 1
U =M = o @)

0
As a result of differentiation, we obtain

1@ [ N N XA
Ve 0/ O/ F(©deptydt - 5 0/ F-(&)de ~ AT () \/;b. .

which, in virtue of (23), gives us

7 () 1] A
ED @) -5 0/ FE)dE ~ AT ().

Taking into account the first equality in (22), we obtain that f (x) is the solution
of the Cauchy problem

{y"(x) + 28y (2) + fy(z) = 0;

(24)

After finding f4 (x) from (24) and then f_(x) = —i) f) (z) from the first equality
n (22), we obtain f(z) = fy(x) + f—(x) as the solution of equation (21).
Similarly to (20), we obtain

(f2q1)=—i (T/%Afz(x)wa)ﬂ); <f2,gz>=—z’§/€fvi(a>. (25)

(20) and (25) imply

“A e i (P @ 1)

Sa(A) =1-1 [ D ] ({1/4»)\]02 +1) —z’i‘/‘*%bkﬁ(a)
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| VER@ew YEs@ |
V2 @e@ {21

Theorem 1. The characteristic function Sa(X) (15) of the complex A (13)
equals

L1204
s =—van| o) i | .

1
where ¢ = (b/b)4 i f1(z) and f2(z) are the solutions of the Cauchy problems
(19) and (24), respectively, besides,

Py =-ix (fE@)| k=12 (27)

r=a

IT. If we choose ¢(x) = =¥ (v > —1), then the conditions (1) are met and the
main equation of the Cauchy problems (19), (24) is given by

(@) + 2y (@) + 55u(a) =0, (28)

the solution of which is expressed in terms of Bessel functions.
Let the equation from (19), (24) be written in the form

(p@)y/ () + 5z e(@y(a) =0, (29)
and let .
vo) =20, @)™ [ Tove (cem), (30)
0

Then equation (29) becomes

where
q(€) = * (2(€)) , (32)
and z(£) is the inverse function of {(z) (30).
Examplel. Let

o(x) =Va?—22 (z€]0,d]). (33)
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Therefore,
2

q(€) = a®> — a®sin? ¢ = %(1 + cos 2§).
And in this case we arrive (see (31)) at the well-known Mathieu equation [8],
1 a2
2"(€) + ﬁ(l + cos2£)z(€) = 0.

Example?2 Let

o(r) = 423 — gox — g3 (92,93 € R), (34)

where g3 > 0, the roots of the polynomial 423 — gox — g3 are different and simple,
and the number a is chosen so that this polynomial is positive on (0,a). Then

e = [ 2= 0le)

€r =
— g2t — g3

where (&) is the elliptic Weierstrass function [9]. Using the equation for p(¢),
(0'(€))? = 493(€) — g2p(€) — g3, we obtain that equation (31) becomes

2"(€) + 5 (#(©)” =0, (3)

This coincides with the well-known Lamé equation [8].

ITI. Consider the matrix-function

o [ eP@elr) Lf
S, 2) = —v2) [ of (x)p(x) Lfl

Since
(F@e@) = A@e@. @)y =A@ k=12

in virtue of (17) and (22), then

i [ ef?(z)o(x 2(z)d
dg(x7)\):_\/§)\)\[ ﬁg Je(z)  f2( )%}

dx cfi(z)p(z) fL(z)
J 0 =@ |1
= 5@ A) [ () 0 ] = 5@, A)b(@)dy,
where .
| &m0
b( ) [ % 0290(x) ] (37)
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Theorem 2. The function Sa(\) (26) is the monodromy function [5,6],
SA(A) = S(a, ), of the Cauchy problem

LS, ) = £z, \b(x)J,
{ 500, 0) = /\x € [0,a], (38)

where b(x) is given by (37).
Using b(z) (37), we specify [6] the Hilbert space

L, (b)) 2 { £ () = / F@b(@)f@)de <00y (39)

assuming that the factorization by the kernel of metric is done. Define in this
space the linear operator

(Bnf) (z) & / F(ObE) LT, (40)

Since
2

(B ;B* ) /f t)dty = Y (f,ea)(Ip)ases,

7ﬁ:1
where e; = [1,0], ea = [0,1], then the totality
A = (B, 3,0 (02)) , {eal ) (41)
is an operator complex.

It is easy to show that the characteristic function
Sa,(A) =T —iJp [(Rp,, (Mea; eg)]
of the complex A,, (41) coincides with S(a, A) (38),
Sa,(A) = S(a; A),

and thus, in view of the Theorem on unitary equivalence [6], the simple parts of
the complexes A (13) and A,, (41) are unitarily equivalent.

Let us show the explicit form of the operator that realizes this equivalence.
For every function f(x) = f_(x)® fy(x) from L%(—a, a) (in view of decomposition

(3)).
e —2/|f )2 ol dw+2/|f+ )2 ol
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takes place. Therefore we can associate the function f(x) € L%(—a,a) with the

vector-function v/2 [f_(z), f+(z)] given on [0,a], whose components f_(z) and
f+(x) are continued on [—a, 0] in the odd and even ways, respectively. Define the
operator U : Li(—a, a) — L%a (b(x)) by the formula

(U) @) = V2 |ef-@)pte), 1 0)]. (42)

. 2 2
besides, [Uf 25 ) = 1132
It is easy to see that

* - x) + cfa(z
U1 @) = 75 (o) + o). (43)

assuming that the components fi(z) and fa(x) of the vector-function f(x) =
[f1(z), fa(x)] € L3, (b(x)) are continued on [—a,0] in the odd and even ways,
respectively.

The operator U (42) realizes the unitary equivalence between the simple parts
of the operators B (5) and B,, (40),
UB = B,,U.

IV. Consider the integration operator

x

(0f) () =i / F(t)dt (44)

0

in the space without weight L?(—a,a) (which coincides with L?(—a,a) (2) for
QO(IE) = 1737 € [—CL, a])
Theorem 3. Let for ¢(x) satisfying the relations (1), (8) the conditions

o(z) £0, @(1@7&0 (v € (0,a) (45)

be met instead of (9), then the operator B (5) is similar to the operator J (44).

P roof. Taking into account decomposition (2) (¢(z) = 1) and Lemma 1,
we can write the integration operator J (44) in the unitarily equivalent form

Tnf) (&) = i / F(t)dty, (46)
0
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where f = [f1, fo] € L3 ,(T) (39), (b(z) = 1); besides, fi(x) = V2f-(z), fa(z) =
V2f4(x). This operator differs from B,, (40) by the weight b(x).
Let a(z) > 0 be the matrix-function such that a(z) = {b($)}%,

a(z) = [C 1so(x) 0 ] (47)
0 Nyo()

Specify the isometric operator V' : L%a (b(z)) — Lg’a(l) by the formula

V() = f(x)alz). (48)

Then (V*f) (z) = f(z)a " (z). It is easy to see that the operator B, = VB, V*
acting now in the space L3 ,(I) equals

X o(z) 0
) =i / £(#) i / f(t) | VPO dtd,.  (49)
0 e(t)
0 o(x)

The boundedness of By, (49) in L3 ,(I) is guaranteed by the quadratic summa-

7

bility of the kernels K (z, f) = Sa(:: ( SD(( ;) in view of (9). Taking
<p ac

into account the form of J,, (46) and B (49), to conclude the proof we need to
ascertain the similarity of the operators

x x T

, dt , 1 ,
i 0/ o)LV | 0/ oV | 0/ (),

where ¢(t) € L%O 0) (which corresponds to the component-wise similarity of (46)

and (49)). But this is obvious since in the first case the similarity in L%O o) 18 given
by the operator (T1g)(x) = \;%, and in the second, by (T>2g)(x) = g(x)/p(x).

Moreover, it is obvious that T7 and 75 are bounded and boundedly invertible.
2. L. de Branges Transform

I. Let ©(2,A) = S (2, ). Then (38) implies
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and thus ©(z, A) is the solution of the integral equation

Oz, \) — M/@(t, A)b(t)dtJ, = 1. (51)
0
(50) implies
O(z,\)J,0" (z,w) — Jp, =i(A — w)/@(t, A)b(t)O* (t, w)dt; (52)
0

Vz € [0,a]. Consider the row-vector

def

L) 0,100, A) = [Blx, A), Az, V)] (53)
Then (51) implies
Lz, \) — i / L(t, \b(t)dtd, = [0, 1]. (54)
0
Therefore the kernel
Ko w) & LENBL @ w) / L(t, \)b(t) L* (¢, w)dt (55)
i\ —w)
0
is positive definite [6,7], and thus
>0, AeC_;
Lz VoL (5, 0) = { =0, A€ B (56)
<0, AeCy.

Write the involution J, as J, = Py — P_, where P4 are orthoprojectors,

1 1 1 41
Then B
L(va)P+:E($¢>‘)Lja L(xv)‘)P* :E(l‘,)\)L(:’
where

Bz, \) ¥ A@@,\) + B(z,\); Bz, \) ¥ A@,\) - B(z,)), (57
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besides,

1
LE = LoPy = 5[jﬂ, 1].

Since

Lz, \)J,L* (z,w) = % {E(:c, NE(z,w) — Bz, )\)E(x,w)} :

then the kernel K, (\,w) (55) is given by

E(z,\)E(z,w) — E(z,\)E(z,w)

Ky(z,)\) = %0 o) , (58)
and
>0, AeC_;
|E(z, \)| — ‘E(m,)\)‘ —{=0, \eR;
<0, e Cy.
Theorem 4. Let L(z,\) = [B(z,\),A(xz,\)] be the nontrivial

(L(x,\) # [1,0]) solution of integral equation (54), then

1) L(x,)) € L, (b(x)) YL € [0,a] and YA € C;

2) the function E(x,\) (E(m,/\)) (57) has no zeroes in C4 (respectively in
C_), besides,

>0, AeC_;
|E(z, \)| — ‘E(az,/\)‘ ={=0, AR (59)
<0, e C+;

and E(z,0) = E(z,0) = 1 Vz € [0,d].

The proof of the theorem is similar to that of the corresponding statement
in [6].

Let us recall [11, 12] that F(z) is said to be a function of bounded type in
C4+(C_) if it is the quotient of two holomorphic functions in C4(C_).

The mean type [10, 11] for these functions is calculated by the formula

.
def . In|f(iy)|

yToo Y

h
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Let a pair of entire functions A(A) and B(A) be given such that E()\) =
A(AN)+B(A) and E(X) = A(X\) — B(A) have no zeroes in C_ and C,, respectively,
besides,

>0, Ae C_;
B - |EQ)| ={ =0, Ae R (60)
<0, AeCy.
With this pair of functions, A(\) and B()), it is customary [6, 11] to associate
the Hilbert space.

Definition. A linear variety of entire functions F(\) such that

1) F(N\)/E(XN) <F()\)/E(A)) is an entire function of bounded type in C_ (in
Cy);
2)

FOF, _ [FOF . _
R/!E(t)|2dt_R/’E(t)’2dt<

is said to be the Louis de Branges space B(A, B).

The Hilbert properties of this function space follow from the Phragmén—
Lindelof principle, and the inner product in B(A, B) is given by

It is easy to show that the kernel

K\ w) = (61)

is reproducing [6, 11], namely,
(F(t), K(t,w)) = F(w)
VF(X\) € B(A, B) and Yw € C.

The L. de Branges Theorem [11, 6]. Let L(z,\) = [B(z, A), A(z, \)] be
the solution of integral equation (54), where x € [0,a] (0 < a < 00) and b(x) > 0
With every row-vector f(z) € L3 , (b(x)) (39), we associate the function

-

l
der 1 y
zﬁo/f £)L* (¢, N)dt, (62)
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where 0 <1 < a. Then F(\) € B (A(l,\), B(l,\)), and the Parseval equality
T FN s a0.0,80,0) = Hf(x)H%%’l(b(z)) (63)

15 true.
For every function F(X) € B (A(l,\), B(

[,))), there is a function f(x) €
L%a (b(x)) with support on [0,1] such that for F(\)

representation (62) takes place.

It is easy to show that the shift operator [6],

= F(A) — F(0)
(BE)A) = ———— ([FA) €B(Ala,A), B(a,A))),
is the L. de Branges transform of the operator B,, (40), and the model complex
An (BB (A0, 1), Ba, V) {eaN} 3y ) (64)
is the L. de Branges transform of A,,, where
~ B*(a, A - 1— A*(a, A
ain = TN g 2 A

which is customary [6] regarded as a functional model of complex (13).

I1. Following the considerations of item II from Section 1, as an example, we
chose () of the form

o(z) =" (—l<v<l). (65)

Then the numbers b, b (9) are

. au+1 ,5_ a].—l/ _ 1+Va—21/
v+ 1] N

1-v 1-—v

The differential equation of the Cauchy problems (19), (24) coincides with the
Bessel equation

1" v, 1 o
/(@) + 24/ () + 550(@) =0,
the solution of which is expressed in terms of the Bessel functions

o= (2) T o () v (5)),

where C7 and Cs are constants, besides,

T (u+1)5 (95”3/,(3”)) ‘x:O = Clr\Q(12u2)'
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Hence we find

Ao () 3 e () @

and thus

[SIN

1 Y 2 v+1 v (T - x
J-@) =375 1VF< 2 )“ (2)\> e (A) (67)
in virtue of f1(x) = —i\ (f}r(a:))/ Analogously,
2y _AT(EH) W fT-v v ra\5" x
@) === Vies® (2>\) i (A) (68)
Therefore f2(z) (= —Xi f_%(x)), equals
9 B 1F(1_7”)41—1/% x5 T
J=@) ==3 (2)\2)1’ Virs” (5) J =t (X) (69)

The characteristic function Sa(A) (26) of the complex A (13) for the case p(x) =
z¥ equals

SA(N)
T () T e () iva S () <;>]
— 1—v 1—v
B (42 () T 0 (5) T(%Y) ()70 (9)
CE @ Tran @ W/BEYEOT ()
= | AT a5 ey TS e (70)
WEAE 6T 9T

Therefore the functions A(a,\) and B(a, \) in (57) are given by

1+ (52 .
I )(a/\)lz Jusi ().

(71)

Afa, \) == (5) (aA)“T”J%l(aA); B(a,\) =i

1—v

272

1—v 9%%*
Hence, the function E(z,\) (57) equals
1+v
(5%

Bz, \) = —2 2 (z)) 2" [JH(XA)-i-i
272 2

JM(XA)] . (72)

1—-v

Expression (73) coincides per se with the well-known Dunkl kernel studied in [4],

particularly for v = 0, E(z, \) = ¢*.
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3. The Function e(z, \)

I. In [4], the basis property of the system of functions generated by the Dunkl
kernels dq (iAgt) is studied. The functions are given by the formula d(izt) = (1 —
2B)~ 1, where B is given by (5) and ¢(z) = 2. Consider the general case (not
supposing that ¢(z) has degree dependence).

Denote by e(z, A) (e(z, \) = d(iAz) as p(z) = z¥) the function

e(z,\) = (I — AB)"1, (73)
where B is given by (5), and I is identical to 1 on [—a, a]. Then

e(z,\) =1

Be(z,\) = 3 , (74)
moreover, e(x, \) satisfies the equation
e(z,\) — )\z/e(t, A)dt — /e+(t, Ne(t)dt = 1. (75)
p(x)
0 0
Using Lemma 1, we obtain the system of integral equations
er(z, ) — X [e_(t,\)dt =1;
® s (76)
e_(z,\) — % bfe+(t, N p(z)dt = 0.
Hence we obtain the integral equation for ey (x, \),
T t
o [ dt
e+, A) = (i) o) e+(s,A)p(s)ds = 1. (77)
0 4 0
By differentiating (77), we have
.A)2 z
e x,)\—(z /e s, \)p(s)ds = 0. 78
Y, A) () +(5, M) e(s) (78)
0
Therefore,
e (z,N) + #(x) (iM)? ! je+(s Np(s)ds — (iN)?eq (z,\) =0
T el @) )T ’ ’
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which results in the differential equation

&ﬂ%M+i$é@J%ﬁMV( A =0 ro)
e (0,\) =1, p(x)e (z, )] 0.
Realizing the transformation = — . in (79), we obtain
er(z,A) = f(zA), (80)
where f(§) is the solution of the Cauchy problem
{ﬂ@%+ﬁgﬂ@%+ﬂ®:0 1)
FO) =1, o) f'(Ele=o = 0.
The first equation in (76) yields e/ (z, \) = iXe_(x, \), therefore,
e_(z,\) = —if'(z\). (82)
Lemma 2. The function e(z, \) (73) is given by
e(z,\) = f(aX) —if (zN), (83)

where f(§) is the solution of the Cauchy problem (81).

Remark2. Ifp(x)=C, then the solution of the Cauchy problem is given
by f(&) = cos&, consequently,

e(z,\) =

IT. Remark 2 implies that the function e(x,\) (83) is an entire function of
exponential type for ¢(x) = const. Let us show that this fact also takes place in
the general case. The integral equation

ﬂ@=1jfit]f (4)
0

is equivalent to the Cauchy problem (81). We write (84) as

x)=1-— /K(aj,s)f(s)ds, (85)
0
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where
X

K(ws) = o) [

S

St
o(t)

The standard method of solution of integral equation (85), which uses iteration,
gives

(86)

x):1—/K(az,s)d8+/Kl(m,s)ds—..., (87)
where .
Kalws) = [ Ko OK(€9)ds (ne ) (59)

besides, Ky(z,s) = K(x,s) (86).
Lemma 3. For the kernels K, (z,s), the estimations

Kala,s) < (e) [ ez (39)
are true where N 8
gp(lx) / o(t)dt < M (Vz € [0, a)). (90)

0
P roof. We prove inequalities (89) using induction. For n = 1, (86), (88),
after the integration by parts imply

1= [ 0 [ oot e [ [ s [ o
0
z & 9 x
=) /0/ P _w(lé) / wczl;) i w(lf) ! s;iff) “
Taking into account that ¢(x) > 0 (z € R, ), we obtain
5 0 5

T

< Mgo<s>/mdf/5 Jé‘;) = M(s) /(w ~0 G

S

which gives (89) for n = 1.
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Suppose that the estimation (89) for n is proved, show that it takes place for
n+ 1. (89) and (90) imply

M n dt dp Ny
njm$Z!@%w>ﬂﬂsgm0%Z¢<w
Mog(s) [ (w—o" | d 1 dt
— _ LS v)dy —x_ H T — N
— ZJ“>d O !ﬂm w@!k U (

£
Mrp(s) [ 1 o [
S /ﬂ@!”Wng)/wmd

S

Using (90) and changing the order of integration, we obtain

Mn+1 o M) [ (x - w)"
K (2,5) < //w— % " s lﬂ/‘ olw)

S

which concludes the proof.

Using Lemma 3, we obtain that series (87) for the solution f(z) of equation
(84) is dominated by the series

T T ) i ) m(;l?—t)?ﬂ .
|f(x)|<1+0/(p(8) MS/(:C t)so(t)+Ms/ 2 et !
=1+/g0(s)/(expM(m—t)—l)(;ét)ds

0 s

Using the obvious inequality e — 1 < xe®, which is valid Vx > 0, we obtain

Iﬂm<1+/ M/x—t M=) 1+M/ /MMM

<14 M?z2eMe,
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Thus the estimation

|f(2)] < 1+ M2z2eMe (91)

is true for f(x).

Theorem 5. If a function ¢(x) satisfying the conditions (1) is such that the

integrals (9) converge and (90) takes place, then estimation (91) is true for f(x),

the

[1]

2]

ESNCT

[10]
[11]

194

solution of the Cauchy problem (81).

Hence it follows that e(xz, \) (73) is an entire function of exponential type.

References

B.S. Pavlov, Basicity of an Exponential System and Muckenhoupt’s Condition. —
Doklady Akademii Nauk SSSR, 247 (1979), No. 1, 37-40. (Russian)

S.V. Hrus¢ev, N.K. Nikol’skii, and B. S. Pavlov, Unconditional Bases of Exponen-
tials and of Reproducing Kernels. — Complex Analysis and Spectral Theory. Lectures
Notes in Math. 864 (1981), 214-335.

G.M. Gubreev, Selected works. “Serednyak T. K.”, Dnepropetrovsk, 2014. (Russian)

G.M. Gubreev and V.N. Levchuk, Description of Unconditional Bases Formed by
Values of the Dunkl Kernels. — Functional Analysis and Its Application 49 (2015),
issue 1, 60-63.

R. Hatamleh and V.A. Zolotarev, On Model Representations of Non-Selfadjoint
Operator with Infinitely Dimensional Imaginary Component. — J. Math. Phys.,
Anal., Geom. 11 (2015), No. 2, 174-186.

V.A. Zolotarev, Analytical Methods of Spectral Representations of Non-Selfadjoint
and Non-Unitary Operators. Kharkiv National University Publishing House, Mag-
Press, Kharkiv, 2003. (Russian)

1.C. Gohberg and M.G. Krein, Theory and Applications of Volterra Operators in
Hilbert Space. Translations of Mathematical Monographs 24, 1970.

E. Coddington and N. Levinson, Theory of Ordinary Differential Equations,
McGraw-Hill Book Company, Inc., 1955.

N.I. Akhiezer, Elements of the Theory of Elliptic Functions. American Mathematical
Society, Providence, RI, 1990.

B.Yu. Levin, Lectures on Entire Functions. Transl. Math. Soc., Providence, RI, 1997.
L. de Branges, Hilbert Spaces of Entire Functions. Prentice Hall, London, 1968.

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 2



