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Introduction

Let $) be a complex Hilbert space with an inner product (-,-). We use the
symbols dom(T'), ran(T"), ker(T') for the domain, the range, and the null-subspace
of a linear operator T', respectively. The resolvent set of T is denoted by p(T).
The linear space of bounded operators acting between Hilbert spaces $1 and )9
is denoted by L($1,$2) and the Banach algebra L($), $)) by L($)).

A linear operator 1" in a complex Hilbert space $) is called accretive if its nu-
merical range W (T) e {(Tu,u),u € dom(T), ||u| = 1} is contained in the closed
right half-plane, i.e., Re(T'u,u) > 0 for all v € dom(T).

An accretive operator T is called maximal accretive or m-accretive if T is
closed and has no accretive extensions in ) [23,28,32,33].

Let a € [0,7/2). Denote by ©(«) the sector in the complex plane

O (a) déf{ze(C: larg z| < a}.
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A linear operator S is called sectorial with vertex at the origin and the semi-
angle o [23] if W(S) C © («) . In particular, if & = 0, then (Sz,2z) > 0 for all z €
dom(S), i.e., S is symmetric and nonnegative operator.

A linear operator S is called maximal sectorial (m-sectorial for short) if it is
sectorial in the sense given above and m-accretive. If T is m-a-sectorial operator
and if v € (o, 7/2), then

AeC\O() = (T - )| < (0.1)

A sin(y — @)’
and the one-parameter semigroup U (t) = exp(—tT'), t > 0, admits a holomorphic
contractive continuation into the interior of the sector ©(m/2 — «) [23].

In our recent paper [11], for the general case of an arbitrary closed densely
defined sectorial operator S, we proposed a new approach for solving the prob-
lem of parametrization of all m-accretive extensions. In particular, if {H,T'}
is a boundary pair of S, then there is a bijective correspondence between all
m-accretive extensions S of S and all pairs (Z, X), where Z is an m-accretive
linear relation in 4 and X : dom(Z) — ran(Sr) is a linear operator such that
| Xe||* < Re(Z(e),e)y Ve € dom(Z) (see Section 2 and Theorem 2.5, where the
domains, actions, regular points, resolvents, and eigenvalues of m-accretive ex-
tensions are described). Our method is applicable, in particular, to a sectorial
operator S having a unique m-sectorial extension (the Friedrichs extension Sg).
In the present paper, assuming that Sg is not a unique m-sectorial extension of
S, we apply our method for describing all its m-sectorial extensions, i.e., we find
necessary and sufficient conditions on a pair (Z, X) such that the corresponding
S is an m-sectorial extension of S (see Theorem 3.3 and Theorem 3.9). Let Sy
be the Krein—von Neumann extension of S [5,6] and let D[Sx] be the domain of a
closed sesquilinear form associated with Sy. For a sectorial operator S satisfying
the condition dom(S*) C D[SN]| a survey of results on the m-accretive and m-
sectorial extensions of S is given in [9]. The latter condition is valid iff dom(S}) +
dom(SY) = dom(S*); in particular, it holds for a coercive sectorial operator S.

Let A be a densely defined closed symmetric operator in §). The extensions A
of A possessing the property A C A C A* are called the quasi-selfadjoint (proper,
intermediate) extensions of A. The problem of the existence and the description of
all quasi-selfadjoint m-accretive extensions of a nonnegative symmetric operator
via linear-fractional transformation was solved in [12] and via abstract boundary
conditions in [4,16,17,24,30,36,37]. In Section 4, we use the approach proposed
in [11] for studying these extensions.

An interesting example of a densely defined closed nonnegative symmetric
operator is the following differential operator in the Hilbert space La(R?):

dom(A) = {f(z) € W5 (R*) : f(y1) =+ = f(ym) =0}, Af=-Af,
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where x = (21, 72) € R%, W2(R?) is the Sobolev space, and A = a R + 5 is the
2

Laplacian. The operator A is the base in a planar model of pomt 1nteractions
with a finite number of centers [2]. The model describes the motion of a particle
in a potential which is given by Schrodinger Hamiltonian supported on a discrete
finite set of points (“sources”). These models are widely used in solid state,
atomic and nuclear physics.

For the case of a single center (m = 1), the free Hamiltonian —A, dom(—A) =
W2(R?) is a unique nonnegative selfadjoint extension of A, which is also the
Friedrichs extension Ap of A [1,18]. Therefore A has neither quasi-selfadjoint non-
selfadjoint m-accretive extensions nor nonselfadjoint m-sectorial extensions [9].
In our paper [11] we described all m-accretive (non-quasi-selfadjoint) extensions
of A. If m > 2, the free Hamiltonian is still the Friedrichs extension of A, but
there are other nonnegative selfadjoint extensions [1] and, therefore, there exist
non-selfadjoint m-accretive quasi-selfadjoint extensions and m-sectorial exten-
sions. In this case, the Friedrichs and Krein—von Neumann extensions are not
disjoint (dom(Ar) N dom(Ax) D dom(A)) [19], i.e., the condition dom(A*) C
D[AN] does not hold [29]. In the last section, we apply the abstract results of this
paper to the parametrization of all m-sectorial and all nonnegative selfadjoint
extensions of A in the case of two-center point interactions (m = 2).

1. Preliminaries

1.1. Sectorial forms and operators. The basic definitions and results on
sesquilinear forms can be found in [23]. If 7 is a closed densely defined sectorial
form in the Hilbert space ), then by the First Representation Theorem [23,25],
there exists a unique m-sectorial operator 71" in ) associated with 7 in the following
sense: (T'u,v) = 7[u,v], for all u € dom(T") and for all v € dom(7). The adjoint
operator T™ is associated with the adjoint form 7*[u,v] := 7[v,u]. Denote by
Tr the nonnegative selfadjoint operator associated with the real part Tg[u,v] :=
(T[u, v] + 7*[u, v]) /2 of the form 7. The operator Ty is called the real part of T'.
Accordmg to the Second Representation Theorem [23] the equality dom(r) =

dom(TQ) holds. Moreover, 7[u,v] = (( + ZG)TZU T2 v), u,v € dom(7), where
G is a bounded selfadjoint operator in the subspace ran(T r) and ||G|| < tan« iff

T is a-sectorial.
In the sequel we will use the following notations for an m-sectorial operator 71"

1 1 ~ ~
D7) ¥ dom(T?), RIT) Y ran(TE), T =Than(T), Tk = Txlran(T).

Note that for an m-accretive operator 1" the equality ker(T') = ker(7™) holds; if

T' is m-sectorial, then ker(T") = ker(7™) = ker Tg, and this yields that ker(7') =
ker(T*) = ker(Tr) = {0}.
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1 1
Proposition 1.1 ([6]). If T = T3 (I +iG)Ty is an m-a-sectorial operator in
9 and v € (a,/2), then

R[T) = {f en: dm [((P-ADTAS)| < oo}, (1)
AEC\O()
Jim (T =AD" f.9) =T"'[f.g]
iy ~((1+i6) TP Tt) . faerl 2
lim TS (T — ) "'T2g =(I +iG)'g, g e DT] o ker(T) (1.3)
AEC\O(7)

1.2. The Friedrichs and Krein—von Neumann m-sectorial exten-
sions. Let S be an a-sectorial operator. It is well known [23] that the form
(Su,v), u,v € dom(S), is closable. We let S[u,v] denote the closure of it. The
domain of S[u,v] is denoted by D[S]. With the closed form S[u,v] is associated
the maximal a-sectorial operator Sg, which is called the Friedrichs extension of
S [23]. So, D[S] = D[Sy| and Sg[u,v| = S[u,v] for all u,v € D[S]. Let Spr be

1

the real part of Sp. Clearly, D[S] = dom(S2R)-

In the case of a nonnegative symmetric operator S (a = 0), M.G. Krein [25]
discovered that the set of all its nonnegative selfadjoint extensions has a minimal
element (in the sense of associated closed quadratic forms). This minimal element
S was defined in [25] by means of a linear-fractional transformation. If o # 0,
then the corresponding m-sectorial analog of the extremal extension also exists
and it can be defined in a similar way (see [5,6,9]). We preserve the same
notation Sy and the name Krein—von Neumann extension for the general case
of not necessarily symmetric sectorial operator S. We notice that interesting
applications of Krein—von Neumann extension of nonnegative symmetric operator
in the elasticity theory can be found in [13,21].

Let

RO “ae ran(S — \I)

be the defect subspace of a linear operator S. If S is closed and densely defined,
then 9y = ker(S™ — AI).

For the operators S, Sy and for an arbitrary m-sectorial extension S of S )
the following relations are valid [5,6,9]:

D[S| N9y = {0}, DI[SN] NNy = R[Sr] NNy, (1.4)
D[Sx] = D[S]+ (9 ND[Sx]), A € p(SE). (1.5)
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Fix z € p(Sg) and define the linear manifold £:

X DIS]EN., zep(Sp). (1.6)
It is easy to see [11] that £ does not depend on the choice of z € p(Sy). We will
denote by P, r and P, the skew projectors in £ onto D[S] and N, corresponding
to the decomposition (1.6). When z = i, we denote these projectors by Pr and P;,
respectively. Since dom(S*) = dom(Sf)+M,, for A € p(Sf:), we have dom(S*) C
£. From (1.5), it follows that D[Sx] C £. Hence, the inclusion dom(S*) C D[S]
holds iff D[Sn] = £ (see [5,6]).
We will use the notations Spr and Syg for “real parts” of the Friedrichs and

Krein—von Neumann extensions, respectively. The next relation was established
in [6]:

_1
2

1 ~
Snlu,v] = ((I +iGy) (SFQRPZ,FU +2(I —iGr) ' Spg qu> ,
1 1
(SERPZ,FU +2(I - iGF)lsFﬁsz>), u,v € D[Sy]. (1.7)

The operator S has a unique m-sectorial extension iff, for some A € p(Sf)
(then for all X € p(S})):

|(fa %)

sup

=00, VfeN 0}.
redom(s) Re(Sz, ) A A\ {0}

Moreover, (see [5,6,9]),
Sx # Sk <= D[Sx] NN # {0} <= R[Sp] NI #{0}, A ep(Sp). (1.8)
Taking into account (1.1), (1.2), and (1.8), for € C\ ©(«) we have

ou €N, ND[SN] = /\liné |((Sg — M) 7o, Pu)| < oo. (1.9)
% )
AeC\O(w)

1.3. Boundary triplets and abstract boundary conditions for quasi-
selfadjoint extensions of nonnegative symmetric operator. Let A be a
closed densely defined symmetric operator in $. Recall the definition of a bound-
ary triplet (boundary value space) [20] for A*.

Definition 1.2. A triplet {H,T'1,T¢} is called a boundary triplet of A* if H
is a Hilbert space and I'g,I'; are bounded linear operators from the Hilbert space
H, = dom(S*) with the graph norm into A such that the map T' = (To,T1) is a
surjection from H, onto H? = H @ H, and the Green identity holds:

(A%f,9) — (f,A%q) = (T1f,Tog)y — (Lof,T19)y, Vf g€ Hy. (1.10)
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In the sequel we use linear relations to describe the extensions in terms of
abstract boundary conditions. One can find basic concepts and properties related
to these objects in, for instance, [3,9,16,20,34]. The formulae

dom(A) = {u € dom(A*) : Tu € T} , A=A*| dom(A) (1.11)

give a one-to-one correspondence between all quasi-selfadjoint extensions Aof A
(AC Ac A*) and all linear relations T in H. Moreover, A* corresponds to T*.
Therefore, an extension Ais selfadjoint iff the relation T is selfadjoint in H.

As it was shown in [15,16], the operators Ap, Aj, defined as follows: Ay =
A*[KerI'y, £k = 0,1, are mutually transversal selfadjoint extensions of A, i.e.,
dom(A*) = dom(Ap) + dom(A4;).

The operator-valued function To(A) := (To[9y) ' [15] is the ~-field corre-
sponding to Ag [26,27], that is, ran(I'o(A)) = 9N, and
)

Lo(A) =To(z) + (A —

Note that as a consequence of (1.10), one can obtain the equality

(AQ — ZI)flr()(Z).

To(N) = (T1(Ag — AD)7H)". (1.12)

V. Derkach and M. Malamud [15,16] defined the Weyl function My(\) by the
equality
My(A) =T1To(N). (1.13)

The function My is the Krein-Langer Q-function [26, 27|, i.e., belongs to the
Nevanlinna class operator-valued functions (Mj is holomorphic in the upper and
lower half-planes, My(A\)* = My(X) and (Mo(A\) — Mo(\)*)/(A — ) > 0 for all ),
Im A # 0), and the identity

Mo() — Mo(2) = (A — 2)To(2) To(A) (1.14)

holds. In terms of the boundary triplet, the connection between a quasi-
selfadjoint extension A defined by relations (1.11), and its resolvent for all A €

p(Ao) N p(g,i,) is given by the Krein resolvent formula

~ -1 _ ~ -1,
(AT - AI) = (Ag— AI) " +To(N) (T - MO(A)) To(N)", (1.15)
Theorem 1.3 ([14-16,29]). Let A be a closed nonnegative symmetric operator

and let {H,T'1,To} be a boundary triplet of A* such that Ay = Ap(= A*[ KerT)).
Then A has a non-unique nonnegative selfadjoint extension iff

Dy = {h € M+ lim (Mo(x)h, by, < oo} £ {0},
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and the quadratic form T[h] = li% (Mo(x)h,h)y, Di1] = Dg is bounded from be-

low. Denote by My(0) the selfadjoint linear relation in H associated with 7. Then
the Krein—von Neumann extension Ax can be defined by the boundary condition

dom(An) = {u € dom(A4") : (Tou,T'1u) € My(0)}.

The relation My(0) is also the strong resolvent limit of My(x) when x — —O0.
Moreover, Ay and Ax are disjoint iff Dy = H, and transversal iff Do = H.

Theorem 1.4 ([17]). There is a_one-to-one correspondence given by (1.11)
between the m-accretive extensions Az and the m-accretive linear relations T
satisfying the condition

dom(T) C Dy, Re(Tz,z)>7la], € dom(T). (1.16)

The extension ‘ZLI‘ is m-a-sectorial iff the form (Tx,y) — 7], y] is a-sectorial.

2. Abstract Boundary Conditions for m-Accretive Extensions of
Sectorial Operators

Next, we recall some definitions and results from [11]. Let the linear manifold
£ be defined by (1.6) and let the sesquilinear form 7 be given by

n[u,v] déf SFR[P—l,F%P—l,FU] + (P_lu,P_lv), u,v € L.

Then 7 is nonnegative and closed in $). Therefore £ is a Hilbert space w.r.t. the
inner product
(u,v)y = n(u,v) + (u,v)g, u,veL.
Definition 2.1 ([11]). A pair {#,I'} is called a boundary pair of S, if H is
a Hilbert space and I' € L(£, H) is such that ker(T') = D[S], ran(T") = H.
Let
YA = ()71, A€ p(SF)-

The following relations are valid:

YN = 7(2) + (A= 2)(SE = AD)y(2), (2.1)
Per(Ne = (A - i)(S5 — AD) (e, Pry(Ne = (i)e, e € M.

In particular, it follows that the norms | - ||g and || - ||, are equivalent on 9y.
Hence, v(\) € L(H, ) for all A € p(S};), and it is a holomorphic operator-valued
function. The operator-valued function ~y(A) is called a v-field of S associated
with the boundary pair {#,I'}. Clearly, 7(\) maps H onto 91x. Hence S*y(\) =
Ay()\) and ker(y*()\)) = ran(S — A).
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Define on £ one more sesquilinear form [[u, v]:
l[u,v] = Sp[Pru, Prv] — i(Piu, Prv) — i(Ppu, Piv) — i(Piu, Piv). (2.2)

1 2
Due to the equality Rel[u] = HSP%RPFUH , u € £, the form [[u, v] is accretive.

Moreover, inf epis) {Rel[u — ]} = 0 for all u € £ and I[p,v] = (¢, S*v) for all
¢ € D[S], v € dom(S*).
Relations (1.7) and (2.2) imply the following representation of the form Sx|[-, -|:

.

Sl o] = U[u, o] + [z (4(i)Tu, 7(§)Tw) + ((1 —iGp) '8 ()T, s;éy(i)ruﬂ

~_1 1
+2i ((1 —iGy) ' Spg v(i)Tu, s;RPFv> ., u,v € D[SN]. (2.3)

Definition 2.2 ([11]). The triplet {H,G,I'} is called a boundary triplet for
S* if {#,T'} is a boundary pair for S and G: dom(S*) — H is a linear operator
such that the relation

Flu,v] = (S*u,v) — (Gu,T'v)y, Yu € dom(S*), Yve L, (2.4)
is valid, where the form [ is given by (2.2).

It is shown in [11] that there exists a unique operator G: dom(S*) — H such
that (2.4) holds and, moreover,

Gu = ~v(1)"(S* — il)u.

Next, we define the operator-valued functions Q(\) € L(H), G(\) € L(9,H),
®(N) € L($,9), ¢(A) € L(H,$), A € p(Sr) associated with the boundary triplet
for S*, see [11]:

Q(A) = GY(A) = (1) (S — il)y(A) = (A = i)y (1) "y (N), (2.5)

600 (siPean)

B(\) X (SER(S;: _ M)—1>* .

Observe that the function Q()\) is an analog of the Weyl function (1.13)
corresponding to a boundary triplet of the adjoint to a symmetric operator, while
q(A) is an analog of the function from (1.12).

Let L be a linear operator in £ defined as follows:

dom(L) = dom(Sy) + M,
L(uF + ul) = Spup —iu;, Uup € dom(SF), u; €Ny (2.6)
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Definition 2.3 ([11]). Let S be a closed densely defined sectorial operator
and let {#,T'} be a boundary pair for S. A triplet {#, G, T'} is called a boundary
triplet for L if G, : dom(L) — #H is a linear operator such that

lu,v] = (Lu,v) — (Gxu,T'v)g, Vu € dom(L), Yv € L.
The operator G, is uniquely defined [11] and, moreover, for each A € p(Sg),

Gif =~v(N)(Se = A f, f € dom(Sk),
G.q(N)e = Q(N\)e, ecH. (2.7)

Thus, given a boundary pair {#,I'} for an operator S, the boundary triplets
corresponding to it are {H,G,T'} for S* and {H, G, T'} for L, and we have the
abstract Green formula

(Lu,v) — (u, S*v) = (Gyu,Tv)y — (T'u,Gv)y, Vu € dom(L), Yv € dom(S™).

Theorem 2.4 ([11]). Let S be a densely defined closed sectorial operator.
Let {H,T'} be a boundary pair for S and {H,G,T'} be a corresponding boundary
triplet for S*. If S is an m-accretive extension of S, then there exist the linear
operators

Z :dom(S) = H and X : dom(X) = I'dom(S) — ran(Sr)

such that:
1) dom(S) C ker(Z);

~ 1
2) (Su,v) = lu,v] + (Zu,Tv)y + 2(XTu, SR Prv), Yu € dom(S), v € £;
3) Z=

4) || Xel|> < Re(Z(e),e)y for all e € dom(Z) = I'dom(S).

{(Tu, Zu),u € dom(S)} is an m-accretive linear relation in H;

Theorem 2.5 ([11]). There is a bijective correspondence between all m-

accretive extensions S of S and all pairs (Z, X), where Z is an m-accretive linear
relation in H and X : dom(Z) — ran(Sy) is a linear operator such that

[ Xel? < Re(Z(e),e)y Ve € dom(Z). (2.8)

This correspondence is given by the boundary conditions for the domain and the
action of S as follows: for all Re X < 0,

dom(S) ={ue £:1) u—(¢g(\) —2®(N\)X)I'u € dom(Sr);
2) Gi(u+2®(\)XTu) € (Z+2G(N\)X)Tu},
Su = Sp(u— (g(\) — 28(N) X)Tu) + A(g(\) — 28(N) X)Tu. (2.9)
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Set
W) :=Z -9\ +2G()\), )€ p(Sp). (2.10)
Then
1) a number \ € p(Sg) is a regular point of S iff W(X\) ™ € L(H), and
(S —AI)"'=(Sp — AI) "+ (g(\) — 20N X)W (A) 1y (A), (2.11)
dom(S) = (I + (g0 — 28N X)W (A (V) (SF — )\I)) dom(Sp), (2.12)
Su=(Sp — M) f + \u (2.13)

for

w=(T+(g0) = 2000 X)W (N (S = M) £, [ € dom(Sp); (2.14)

2) a number A € p(Sp) is an eigenvalue of S iff ker (W(X)) # {0}, and
ker(S — M) = (g(A) — 20(X\)X) ker (W (X))

Remark 2.6. Relations (2.9) remain valid for all A € p(S) N p(Sk). The resol-
vent formula (2.11) is an analog of (1.15).

Let S be a densely defined closed sectorial operator. Following [7, 8], we can
define the linear operator S, for all z € C, Rez < 0:

dom(S;) = dom(S)+9, and S,h = Sp — zp,, h =+ p, € dom(S,). (2.15)
Proposition 2.7 ([7,8]). The operator S, is an m-accretive extension of S.

Proof. Proposition was proved in [7,8] for Rez < 0. Let us prove the state-

ment for z =iz, r € R. Let g = ¢ + @iz, p € dom(S5), piz € Miz. Then

(Sizg, 9) = (S¢ — ixpiz, ¢ + piz) = (S, @) — il piz||? — 2 Tm(iz(piz, ¥))-
Hence Re(Sg, g) = Re(Sp,p) > 0 for all g € dom(S;;). Furthermore, it is easy
to verify that

dom(S},) = (Sf — ixI) ™ (S + izl)dom(S)+Niz,

St (St —ixD) NS +iz]) f+piz) = Sp(Sh — ixl) (S +izl) f+izpis,

f c dom(S), Vixz € mm,

Re(S5,h, h) = Re (Sp(Sp — ixI) 1 (S +izl) f, (Sp — ixD) "1 (S +ixl)f) >0
for h = (Sf —ixl) (S + izl)f + @iz, f € dom(S), iz € Mip. This means

that S, is accretive. Thus, S;; and S}, are accretive. It follows that S;; is
m-accretive. ]
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Note that in general from (2.15) it follows for Re z < 0 that
dom(S}) = {g € dom(S™) : (S* + zI)g € ran(S — zI)}, S; = S*|dom(S}).

In addition, for the boundary operators in the boundary triplets in Definitions
2.2 and 2.3, the following equalities hold:

ker(G) = dom(S;), ker(G,) = dom(S;).

Next we give expressions for the operators Z, and X, in the pair (Z,, X,)
corresponding to S,, Rez < 0, in accordance with Theorem 2.4.

Proposition 2.8. Z, is the graph of the operator Z, = —Q(z), dom(Z,) =
H, and X, = —G(2)". In addition, for u € dom(S;), v € £,

(S.u,v) = l[u,v] — (Q(Z)Fu, FU)H - 2(Q(Z)*Fu, SERPFU) (2.16)
Proof. Define for u € dom(S.),
Zou = v(1)" (S, + il)u,

1/~ 1 1
Mu := 5 (SFPf (S;u+iPu) — (I + Z'GF)S}%RPFU> : (2.17)

Observe that from here one obtains the inclusions dom(S) C ker(Z) and
dom(S) C ker(M,). In addition, due to definition of £ (1.6), Definition 2.1 of
a boundary pair, and (2.15), we have

I'dom(S,) = H.
According to the proof of Theorem 2.4 (see [11]), the relations
Z,={Tu,Z,u), u€dom(S,)} and X.,J'u= M,u

hold. Then, taking into account that v = (z)I'u and relations (2.4), (2.5), (2.15),
we have

Zu=v(1)* (S, +il)y(2)Tu = v(i)" (—27(2)Tu + iy(2)T'u) = —Q(2)Tu.
Let T'u = e, then u = ¢ + v(z)e, ¢ € dom(S), and
X.Tu = M,u= M,y(z)e

- % <§F_r%(5ﬂ(z)e +iPy(z)e) — (I + iGF)SéRPF’y(z)e>
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1=

)

e
T

N = N = N = N =

S~ N/ N -7 N - N
)
o]
& ol

(—zv(2)e +iv(i)e) — (I + iGF)SéRPF’Y(z)e)

(=8"(2)e + 8"2(0)e) — (1 +iGr)SfPer()e )

~_1 1
—Spg SEPry(2)e — (I + z’GF)SFQRPm(z)e>

—(I - iGF)SI?RPF’y(z)e - I+ zGF)> S}?RPF’Y(Z)G

= —SéRppv(z)e = —G(2)Tu.

Equality (2.16) follows from Theorem 2.4. O]

3. m-Sectorial Extensions

By Theorem 2.5, there is a bijective correspondence between all m-accretive
extensions S of S and all pairs (Z, X) satisfying condition (2.8). In the sequel
we will assume that a densely defined closed sectorial operator S admits more
than one m-sectorial extension, i.e., one of the equivalent conditions in (1.8) is
satisfied. Our main goal is to establish additional conditions for a pair (Z, X)
guaranteeing that the corresponding m-accretive extension S is sectorial.

Next, we will need the following auxiliary result:

Lemma 3.1. The following assertions hold.
1. If T is m-accretive and B € (0,7/2), then

—h h € ker(T
lim (T —zI)th={ € ker(T) (3.1)
2—0, 0, h € ran(T')
w/2+6<|arg z|<m
2. If T is m-a-sectorial and § € (a,7/2), then
—h h € ker(T
lim 2T —z0)"'h={ " € ker(T) (3.2)
20, 0, h € ran(T)
zeC\O(B)

Proof. 1. Let h € ker(T). Then (T — zI)"'h = —2 for all 2 € p(T) \ {0}.
Therefore,
lim 2(T — 2I)"*h = —h.

z—0,
7 /2+B<]| arg 2| <m

Now let h € ran(T"). Then h = Ty, ¢ € dom(T) and

2T — 2I)Yh = 2(T — 2I)"'Ty
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= 2T — 2I) T — 2D 4 2I)p = 2 — 22(T — 2I) L.

Taking into account that

(T =071 <

, Rez <0,
| Re z| s

and |Rez| > |z|sinf for 7/2 4+ B < |arg z| < 7, we get for all ¢ € dom(T") that

lim 2(T — 2I)"'Tp = 0.
z—0,
w/2+p<|arg z|<m

Further, since ran(7’) is dense in ran(7") and

1
T—:2)7Y < — 2+ 8< <,
AT =20 < g W24 B < Jargs] <7
we have
lim 2T — 21" *h =0
z—0,
7/2+p<| arg 2|<m

for all h € ran(T"). Thus (3.1) is valid.
2. Relation (3.2) follows from (0.1). O

Proposition 3.2. Let S be a densely defined closed a-sectorial operator, y(2)
be its y-field corresponding to the boundary pair {H,T} of S. Suppose Sp # Sx.
Then for all e € H such that v(\)e € D[Sn],

lin(l) zy(z)e =0, where € (a,7/2).
2—0,
zcC\O(B)

Proof. Let v(A)e € D[Sx]. Since D[Sx] N9y = R[Sk] N My, then y(A)e €
R[Sr]. Since R[Sf] = ran(Sg) = ran(S};), from Lemma 3.1 and (2.1), we have

lim z27(z)e= lim (zv()\)e + (2= N)z(Sp — ZI)_I’Y()\)Q) = 0. ]
z—0, z—0,
2€C\O(B) 2€C\O(B)

Theorem 3.3. Let S be a densely defined closed sectorial operator, v(z) be
its y-field corresponding to the boundary pair {H,T'} of S. Define a set in H:

z—0,

Dy = {6 eH: lim |[(Q(z)e,e)y| < oo} (3.3)
2€C\O(a)

Then
Y(1)Do = M, N D[SN]
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forall p e C\ ©() and
Dy = I'D[Sx].

Moreover, for all e,g € Dy the following limits exist:

Qole, 9] == lim (Q(z)e, g) = i (v(i)e, 7 (0)g)
2€C\O(B)

+ (1= 1G0) Seiai)e. St (00
=i (y(i)e,v(i)g) + S5 [v(D)e,v(i)g],  (3.4)
-1

Xoe:=— lim  G(2)"e=i(I —iGr) Sy
2—>
2eC\0(p)

Proof. Let e € H. Using (2.1) and (2.5), we have

(Q2)e, el = (2 — D) (v()e + (= — D)((SE — 2I) "y (i)e, Y (i)e)
for z € C\ ©(«). Hence,

1
2

g(i)e, pe(a,m/2). (3.5)

(S5 — =D (i)e.r(i)e) = —— (i)e(i)e) + !

— —(Q0)e ).

z—1)
The latter equality and (1.1) yield

lim  [(Q()e,e)u| <00 <= lim [((S§ — =) y(i)e,A(i)e)] < oo
z O, z 07
ZECT@(a) ZECT®(0¢)

< ’}/(i)e S R[SF] NN,.

Let Dy be defined by (3.3). Then, using (1.4), (1.9) and Proposition 3.2, we
obtain
e €Dy <— y(i)ee‘ﬁiﬂD[SN].

Hence ~(u)Dy = 91, N D[Sn] for all 4 € C\ ©(a). Observe that Dy is a linear
manifold. Equality (1.5) yields that I'D[Sx] = Dy.

From the equality y(z) = (i) + (z — ) (Sg — 2I)~'7(i), taking account of the
inclusion y(i)Dy C ran(S}) and applying Proposition 3.2, we obtain

lin% zy(z)e =0, foree Dy, pe€ (am/2).
2—0,
zeC\O(B)

We will now prove the remaining equalities of the theorem.
Let e,g € H and z € C\ ©(p), € (o, 7/2). Using (1.2), we have

Qo [67 g] == llgl[l)(Q(Z)e, g)
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= —lim ((z —9)(y(D)e + (z = ) (S — 2I) "'y (i)e, (i)g))

z—0

o~ 1 o~ 1
— i (y(e,1(i)g) + ((I —iCe) S i)e ,sﬂw)g) .
Analogously, using (1.3), for Xy we have

1
Xoe = — lim G(2)"e = — lim Sz Pey(2
0e im G(z)e ZHHOSFR ry(Z)e

1 A,l

= —lim(z — z)SP%R(SF — 2I) T SER Spg v (i)e = i(I — iGr) ' Spgv(i)e. O

z—0

Clearly, the form Qqle, g] can also be rewritten as follows:

o~ 1

Qole, g] =i (v(i)e,v(i)g) — i (Xoe, Sppi'y(i)g> , e, g¢€Dy.

Using the expressions for g and Xy, by straightforward calculations, one can
deduce that

2
= || Xoel?, e € Dy. (3.6)

A~

Rego[e]ZH(IHGF) Sé (1)e

It follows that the sesquilinear form Qgle, g] is accretive and, moreover, the form
Re 2 is closed in the Hilbert space H. Observe that the form

tole, 9] - = Qole, g] —i(v(i)e,1(i)g) = Sp~ [Y(i)e,1(i)g], e,g € Do,

is closed and sectorial in H. Let the linear relation Ty be associated with tg by
the First Representation Theorem (see [34] for nondensely defined closed sectorial
forms). Then define Zg = Ty + iP5, v*(i)y(i), where Pp_ is the orthogonal
projection in H onto the subspace Dy. The linear relation Zg is m-accretive and
is associated with the form €2 in the sense

(Zoe, g)y = Qole,g] forall eedom(Zg) andall g€ Dy.

Theorem 3.4. Let {H,T'} be a boundary pair of S. Then the pair (Zy, Xo)
corresponds to the Krein—von Neumann extension Sx of the operator S in accor-
dance with Theorem 2.4.

Proof. 1t follows from (2.3) and Theorem 3.3 that

1
Sxlu, v] = l[u,v] + Qo[[u, Tv] + 2 <X0Fu, SPERPFU> , u,ve€D[SN].  (3.7)
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Let the pair (Zn, XN) corresponds to Sy in accordance with Theorem 2.4,
dom(Zy) = dom(Sy), dom(Xyn) = I'dom(Sy), that is,

(Sxu,v) = lu,v] + (Znu, T'v)y,

1
+2 <XNFu, SFQRPFU> ,  u € dom(Sn), v e L. (3.8)

1 1
Then (3.7) and (3.8) imply for v € D[S] that (XgFu, SF2RU> = (XNFU, SFQRU> :
Hence XN = Xo[T'dom(Sy). Further,

Qo[Tu, I'v] = (Znu, Tv)y, u € dom(Sy), v € D[SN].

Therefore, the m-accretive linear relation Zn = {{l'u, Znu}, u € dom(Sy)} is
associated with the form g. This proves the equality Zy = Zyo. O

Remark 3.5. If the set Dy in Theorem 3.3 is trivial, then the operator S
admits a unique m-sectorial extension, namely the Friedrichs extension Sg.

Let

1 1

Snu,v] = ((I + iGN) SR U, SﬁIRv> ,  u,v € D[Sn].

Since Sx[u,v] = Sglu,v], for all u,v € D[S], there exists an isometry Ur mapping
ran(Sy) onto ran(Sx) such that (see [6]):

1 1
Sgru = UpSpru, u € D[S,
GnUr = UrGp,

1 ~

1 1
Seren = pUr(I —iGp) ' Spgou,  @u € My ND[SN].
It follows that

1 1
Sﬁmu = UFSFQ‘R,PF'UJ + UpXol'u, (3.9)

A description of all closed sesquilinear forms associated with m-sectorial ex-
tensions of the operator S in terms of the boundary pairs has been obtained by
the first author. For this purpose, the following notion of the boundary pair is
defined.

Definition 3.6 ([5,9]). The pair {H',I'} is called a boundary pair of the
operator S if H' is a Hilbert space, and I'' : D[Sx] — H' is a linear operator such
that ker(I'V) = D[S], ran(I”) = H'.
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Remark 3.7. Since D[S] is a subspace in D[Sx], the boundary pairs {H', T"}
for the operator S exist. As has been mentioned in Subsection 1.2, in general,
D[SNn] € £ and the equality D[Sx]| = £ holds true iff dom(S*) C D[Sx]. Thus, a
boundary pair in the sense of Definition 3.6 is not, in general, a boundary pair
in the sense of Definition 2.1.

Theorem 3.8 ([5,9]). Let {H',I'} be a boundary pair of S in the sense of
Definition 3.6. Then the formula

1
S[u,v] = Sx[u,v] + w’ [I"u,F’v] +2 (X'I"u, Sﬁmv) ,

u,v € D[S] =" 'D['] (3.10)
establishes a bijective correspondence between all closed forms associated with the

m-sectorial extensions S of S and all pairs (W', X'), where

1) W' is closed and sectorial sesquilinear in the Hilbert space H';

2) X' :dom(w') — ran(S) is a linear operator such that for some § € [0,1):

[X'e||? < 6°Rew'[e], Ve € dom(w').

Let {#,T'} be a boundary pair for S in the sense of Definition 2.1. Set

H' = Do (= dom(%)),
(679)7'1’ = (679)H + Re QO[evg] = (6,9)7-[ + (XoeaXOg)a
I = TID[Sx] = T (D[S] + 7(i)D). (3.11)

Then H' is a Hilbert space with respect to the inner product (-, )3, and {H', T}
is a boundary pair of S in the sense of Definition 3.6. Note that

1) the operators Xy and ~y(\) are continuous from H’ into §,
2) the sesquilinear form € is continuous in H'.

Further, using Theorem 2.4 and representation (3.7) for the form Sx[u, v], we
are going to establish additional conditions on the pair (Z, X) ensuring that the
corresponding (by Theorem 2.5) extension is m-sectorial.

Theorem 3.9. Let {#H,T'} be a boundary pair of S (Definition 2.1) and let
the linear manifold Dy, form Q and the linear operator Xy be given by (3.3),
(3.4), and (3.5), respectively. Then the pair (Z,X) determines an m-sectorial

extension S of S (see Theorem 2.5 and Remark 2.6) iff the following conditions
are fulfilled:

1) dom(Z) C Dy;
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2) the sesquilinear form
wle, g = (Ze, g)n — Qole, 9] — 2((X — Xo)e, Xog)
= (Ze, 93 + Qle, g] — 2(Xe, Xog), e, g € dom(Z) = Tdom(S) (3.12)

is sectorial and admits a closure in the Hilbert space H';
3) (X — Xo)e||?> < 8% Rewle], e € dom(Z) for some & € [0,1).
Moreover, the closed sesquilinear form associated with S is given by

Slu, v] = lu,v] + Z[T'u, Tv]

— 1 -
+2 (XFu, S}?RPFU) . u,v € D[S] =T 'dom(w), (3.13)

where X is a continuous extension of X on the domain dom(@) of the closure @
of w, and

Zle, g] :=wle, g] — Qple, g] +2 (Ye,Xog) , €,g,€ dom(w). (3.14)

Proof. Let S be an m-sectorial extension of S determined by (Z, X) in ac-
cordance with Theorem 2.4. Note that since S is an m-sectorial extension of S,

we have dom(S) C D[S] C D[Sx], and I'dom(S) is the core of the linear manifold
I'D[S]. Then,

- 1 -
(Su,v) = l[u,v] + (ZTl'u, T'v)py + 2 (XFU, SFQRPFU) ,  u,v € dom(95).
Using (3.7), one obtains

~ 1
(Su,v) = Sn[u, v] + (ZTu, T'v)y — Qo[Tu, T'v] + 2 <(X — Xo)T'u, SFQRPFU> .

From (3.9) SERPFU = U;Sl\%mv — XoI'v. Hence,
(§u, v) = Sxlu, v] + (ZTu, Tw)y — Qo[Tu, Tw]
—9((X = Xo)Tu, XoT'w) + 2 <UF(X — Xy)Tu, SI%RU>
= Sn[u,v] + w[lu, Tv] + 2 (UF(X — Xo)Tu, Sl\%Rv>

~ 1
= Sx[u, v] + w[lMu, o] + 2 (XI"u, SI%RU) ,  u,v € dom(S),
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where w is given by (3.12), and X = Up(X — X;). From Theorem 3.8, it follows
that w is a sectorial form, dom(w) = dom(Z) C Dy = H', and

H)?eHQ = (X — Xo)e||? < 6° Rewle]

for all e € dom(Z) where 6 € [0,1). Moreover, the form w admits the closure w

in the Hilbert space H’, and X has a continuous extension to dom (@) as a linear
operator from dom (w) with the inner product

(67 g)w = (67 Q)H’ + Rew[ev g]'

Since X is continuous from H’ into §), the operator X admits a continuation X
on dom (w). It follows that the form Z given by (3.14) is well defined and the
closed form S[u,v] associated with S is of the form (3.13).

Conversely, let conditions 1)-3) of the theorem be fulfilled. Denote by w
the closure in H’ of the sesquilinear form w given by (3.12), and by X’ the
continuation of the operator X = Up(X — X;) on dom(w), which exists due
condition 2). Then, by Theorem 3.8, the pair (w, X’) determines by (3.10) a closed
sectorial form S [u, v] associated with some m-sectorial extension S of S. O

Remark 3.10. We can rewrite condition 3) of Theorem 3.9 in a slightly dif-
ferent form. Let us find the real part of the form wle,e]. We have

wle,e] = (Ze,e)y — Qole, e] —2((X — Xop)e, Xope).
Using (3.6), we obtain
Rewle, e] = Re(Ze, e)y + ||(X — Xo)e|* — || Xe|?.
Then the inequalities
1(X = Xo)ell? < 82 Rewle] = 62 (Re(Ze, e}y + [|(X — Xoell? — || Xe]?
and 0 <6 < 1 imply

1— 62
52

M||(X — Xo)e||> < Re(Ze, e)y — || Xe||?, where M = > 0.

Thus, condition 3) can be rewritten as

Re(Ze, )y — || Xe|* > M||(X — Xo)e®, M >0.
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4. Nonnegative Symmetric Operator and its Quasi-Selfadjoint
m~Accretive Extensions

In this section, we will consider a densely defined closed nonnegative symmet-
ric operator A, and parameterize all its quasi-selfadjoint m-accretive extensions
in terms of abstract boundary conditions. We will use a boundary pair and the
boundary triplets defined in Definitions 2.1, 2.2, and 2.3. In this case, if {H,I'}
is a boundary pair for A in the sense of Definition 2.1, then the sesquilinear form
Qp and the linear operator X defined on the linear manifold Dy = I'D[An] (see
Theorem 3.3) are of the form

SIS

Qolesg] = i (v(i)e, 1(i)g) + (ﬁ;%(i)eﬁ; w)g) ,

1
Xoe =iAg*(i)e, e,g € Dy.

In addition, from (1.7), it follows that

1 1 1 1
Anlu,v] = ((AI%PZ,Fu + 2Ap 273zu> , (A}%PZ,FU + 2Ap 273zv>> , (4.1)

where u,v € D[Anx] = D[Ap]+ <‘)’Izﬁran<Aé)> = D[Ar]+7(2)Dy. It is es-
tablished in [10] that the following assertions are equivalent for an m-accretive
extension A of A:

1) A is a quasi-selfadjoint extension;

2) dom(A) C D[Ax] and Re(Af, f) > Ax][f] for all f € dom(A).

Observe that the operator L defined in (2.6) is of the form

dom(L) = dom(A*), Lu= A*u— 2iu,,

where u = up + u;, up € dom(Ap), u; € N;. If {H,T'} is a boundary pair for A
(see Definition 2.1), then

Lu = A"u — 2iy(i)Tu, u € dom(A").

Proposition 4.1. Let A be a closed densely defined nonnegative symmetric
operator in $) and let {H,T'} be its boundary pair (in the sense of Definition 2.1).
Assume Dy # {0}. Then a pair (Z, X) determines a quasi-selfadjoint m-accretive
extension A of A in accordance with Theorem 2.5 iff the following conditions hold
true:

1) dom(Z) C Dy,
2) X = Xo|dom(Z) = iﬁ;%fy(i) 'dom(Z).
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Proof. Let Abe a quasi-selfadjoint m-accretive extension of the operator A.

Then dom(A) C D[Ay]. By Theorem 2.4, this implies the inclusion dom(Z) C
I'D[AN] = Dy. Taking into account the decomposition dom(A*) = dom(Ar) +

N;, from (2.17) for dom(A) 3 u = up + u;, up € dom(Ar), u; € MN;, we have

o~

1 1 3
XTu = Mu = 5 (AFﬁ (Au + 1Pyu) — (I + iGF)AﬁRPFu)

1/ ~~1 1 1/ 1 1
= 5 <AF 2 (A*u -+ wl) — A§UF> = 5 <AF 2 (AFUF + 2iui) — A;“F)

~1
2

= iAp*v()'u = XoT'u.

Now consider a pair (Z, X), where Z is an m-accretive linear relation in H
such that (a) dom(Z) C Dy and (b) Re(Ze,e)y > || Xoel|? for all e € dom(Z).
This pair determines an m-accretive extension A. Let us prove that A C A*.
Note that for all u € £, v € §,

(@A) XoTu, v) = i (EF 5o(i)Tu, AZ(Ap — )\I)lv> — i ((Ap — M) ())Tu, v)

So,
PN Xolu = i(Ap — M)~ y(i)l'u C dom(Ap). (4.2)
Using (4.2), one gets
g(A) = 22(\)Xo = 7(i) + (A — ) (Ap — M) "Hy(1) = 7(N). (4.3)

From boundary conditions (2.9), for u € £, we have

u € dom(A) = u — (¢(\) —2®(\) Xo)l'u € dom(Ar) = v — y(A\)T'u € dom(Ar)
and, therefore, u € dom(Ap) + 91\ = dom(A*). Further, for u = Py pu + Pyu,

Au = Ap (u — (g(\) — 28(N) Xo)Tu) + A(g(\) — 28(\) Xo)Tu
= Ap (u — W(A)Fu) + AMy(MNTu = ApPy pu+ APy\u = A* (P ru + Pru).

So, A C A~ O

Theorem 4.2. Let {H,I'} and {H,G.,T'} be a boundary pair for A and
the corresponding boundary triplet for L (see Definition 2.3). Assume Dy #
{0}.  Then there is a_bijective correspondence between all m-accretive quasi-

selfadjoint extensions A of A and all m-accretive linear relations Z in H such
that dom(Z) C Dy, and

2

1
Re(Ze,e) > HAFQV(Z')e , Ve € dom(Z).
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This correspondence is given by

dom(A) = {u € dom(A*) : Gou € (Z — 2iy(i)4(i))Tu},  Au= A*u. (4.4)

Moreover,

1) a number \ € p(Ar) is a reqular point ofAv iff

(z _ ifzg(x)>_l € L(H)

and

(A=X)"' = (Ap = A +4(N) (z -

2) a number \ € p(Ar) is an eigenvalue of A iff

ker (z - ifig(x)) £ {0}

and .
ker(A — AI) = y(\) ker (z - i J_r ZQ(A)) .

Proof. We will use (2.9). Due to (4.3), the boundary condition 1) in (2.9) is
fulfilled. Let us transform boundary condition 2). Due to (2.7), we have for \ €

p(Ar),
Hence
Ga(u+ 28N XTu) = Gi(u+ (¢(A) = v(A)Tw)
= G (u+2i(Ap — M) '(i)Tu)
= Ghu+ 2iy(\) ()T
=v(N)"(Ar — AI)Py pu+ Q(\) Tu.

On the other hand,

W) =Z - QN +2G(N) Xo
=Z— (A +i)y(A) (@) + 20+ )v() " ®(N) Xo
=Z— (A +14) (v@)" + A+ )v(E) (Ar — M) 7Y 7(4)
= 2(A+d)iy (i) (Ar — AD)~'y(4)
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— A+ D7) (T + A+ )(Ar = A7 = 2i(Ap — A1) 7(i)

S ) =2 - 2 o).
Then At
Z+20(NXo=Z+ Q) - sz(A).

So, for the boundary condition 2) from (2.9), one has

Gau 4 2iy(N) (i) Tu € (Z + 9\ — itiQ(A)) Tu

)\—i-z

— G e |Z+ Q) -Q(\) — 21’7(5\)*7(’&)) T'u

1000 - 2y ()2 (0) ) T

o) A+
)\—iQ(/\)> Tu.

<— GuellZ+

(
<~ Gu € (z+ (A +3)y(N) (i) —
(243

Further, using that Q(\) = (A —i)vy(4)™y (i), we get

(Z+ A=)y (@) —(A+)7() () Tu
= (Z+ (A =0 (V" + A+ )7()" (Ar = M) 71) 2(3)
—(A+0)y(@)" (v(@) + (A = ) (Ar = AD)~19(9))) Tu
= (Z+7()" (A=) + (N +1)(Ap — A)71)
— (AN + )T+ (N + 1)(Ap — A1) v(8)I'u
= (Z — 2iv(1)"v(i)) Tu. O

_Remark 4.3. The boundary condition (4.4) can also be written for any A €
p(A) N p(Ar) as

dom(A) = {u € dom(A*) :

A (e = A= VFa) € (2= 3500 ) Tl

and B
Au = A*u = Ap(u — y(AN)Tu) + Ay(M)Tu

From Theorems 3.9 and 4.2, we obtain

Corollary 4.4. Let Z be an m-accretive linear relation corresponding to a
quasi-selfadjoint m-accretive extension A of A by Theorem 4.2. Then the exten-
sion A is sectorial (nonnegative) iff
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1) dOHl(Z) C H/(: dOHl(QO) = Do);
2) the form Wle,g] = (Ze, g)5 — Qole, g| is sectorial (nonnegative).

Remark 4.5. The form @ admits a closure in the Hilbert space H’ defined by
(3.11). Actually, since wle, g] = (Ze, g)n — Qole, g] is sectorial, the form

nle, f] = (Ze,g)y — i(v(i)e,v(0) f), e, f € H'(= Do)

is sectorial as well. If lim e, =0in H and lim &[e, — ;] = 0, then
n—00 m,n—o0

lim e, =0in #, lim ReQ[e,] = lim || Xpen||*> =0 and lim ~(i)e, = 0 in $.

Since the linear relation Z is m-accretive and Z — iv*(i)7y(4) is sectorial, we get
lim (Zey, e,)y = 0 (see [23]).

n—oo

Next we will find relationships between
e aboundary triplet {#,T';,T} for A* given by Definition 1.2 and the boundary
triplets {H,G,T'}, {H, G, '} from Definitions 2.2 and 2.3;
e the parameterizations of the quasi-selfadjoint m-accretive extensions given by
Theorems 1.3 and 4.2.
Let {H,I'1,T0} be a boundary triplet for A* (see Definition 1.2) such that
ker(I'g) = dom(Ap). Then
1) since dom(Ar) is the core of D[A] and ker(I'g) = dom(Ar), we can define a

boundary pair {H, ¢}, where I'g is a continuation of I'g onto £ = D[A] +N;
from dom(A*) = dom(Ar) + 9;

2) it follows that
Y(N) = (To19) " =To(N);

3) because relation (1.14) can be rewritten as
Mo(X) = Mo(z) = (A = 2)7(2)"v(N),

using (2.5), one gets

Q) = (A= (7 () = 35 (Mo(N) = Mo(—i);
Mo(3) — My(—5) = S o) (1.6
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4) equation (4.6) yields that the linear manifolds Dy in Theorems 1.3 and 3.3
coincide and

T[hag] = (M0<_Z)hvg)7'l + QO[hag]a hag € DO;

5) comparing resolvent formulae (1.15) and (4.5), we obtain that the linear
relation Z from Theorem 4.2 and the linear relation T from Theorem 1.3
(see (1.11), (1.16)) are connected by the equality

Z =T — M(—i). (4.7)

Proposition 4.6. Let {#H,T'} be a boundary pair for a nonnegative symmetric
operator A. Let A be a quasi-selfadjoint m-accretive extension of A and let Z be
the corresponding linear relation in H (see Theorem 4.2). Then

Z" + 2iv(i)"(q)
corresponds to the adjoint extension A*.

Proof. The proof becomes easy if we recall that to the adjoint extension A*
there corresponds the adjoint linear relation T*. Since T = Z+ M (—i). Then we
have T* = Z*+M(—i)*. Again, taking the equality M (z)* = M(Z) into account,
from (4.7) and (1.14) one gets that the adjoint extension A* corresponds to

T* — M(—i) = Z* + M(—i)* — M(—i) = Z* + 2iv(i)*y(i). O
5. m-Sectorial Extensions of a Symmetric Operator in the Model
of Two-Point Interactions on a Plane

Let y1,y2 € R2. In the Hilbert space Ly(R?), consider the operator A given
by

dom(A) = {f(l‘) € WQQ(Rz) : f(yl) = f(y2) = Oa k= 172} ) Af = _Af’ (51)

where z = (71, 72) € R?, W2(R?) is the Sobolev space, and A = 8‘9—; + 66722 is the
Laplacian. 1 ’

The operator A is a densely defined closed nonnegative symmetric operator
with defect indices (2,2) [2]. Such operators are basic in the models of point
interactions [2]. In the case of one point, the corresponding operator

dom(4y) = {f(z) e W3(R?): f(y) =0}, A,f=-Af,
admits a unique nonnegative selfadjoint extension [1, 18], the free Hamiltonian,

dom(Ar) = W(R?), Apf=—Af,
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Thus, A, has no m-sectorial and quasi-selfadjoint m-accretive extensions. All m-
accretive extensions of A, were described in [11]. For interactions with two and
more centers the relation Ap # Ay holds [1]. In this section, we apply Theorems
2.5 and 3.9 to parametrize all m-sectorial extensions of the operator A. It is
convenient to use the Fourier transform and the momentum representation of A:

Af(p) = p[ f(p),
dom(A) = {ﬂp) € Lo(B%, dp): 1) [pPF(p) € Lo(B%, dp),

2 [ Fp)em dp= / Fw)em dpzo},
R2 R2

where
1

m-pd _
27_[_ f( ) x, p (plvp?))

Fp) = (Ff(z) =

is the Fourier transform of f(z) € L2(R2,dl'). For a one-center point interac-
tion this method was used in [11]. In this paper, we omit the details in the
momentum representation for brevity and give the final results in the coordinate
representation.

1
The Friedrichs extension of A is the free Hamiltonian Ap, and A} = (—A)
is a pseudodifferential operator of the form:

[N

dom(Aé)— AF W(R?),
A f@) =3 [, Wolexp ilo = ) )y

where W (R?), k = 1,2, are the Sobolev spaces. Note that (see [2, p. 162]) for
all A € C\ [0, +00), Imv/A > 0, the resolvent is of the form

(Ap — AI)"Lf () / HO Nz — ) fw) dy, [ € La(R),

where Hél)(~) denotes the Hankel function of the first kind and order zero [31,
p. 217]. It is well known [2, p. 160] that

.2
N, — {ZZHSU (mx—yk\) Chy C1,Ca ec}, A€ C\[0,+00), ImVA > 0,

k=1

is the defect subspace of A, corresponding to A.
Therefore, for the linear manifold £ defined by (1.6), we have

£ = W5 (R*)491,
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.2
T
{ SIS B — e, € WAGR?) cl,@ec},

k=1
where ) is a number from C \ [0, +00). Now, let H = C? and set

( giH (1) (\/X|l‘—yk|) Ck) =C= [2] € C? f(x) € W3 (R?).

k=1

Then from the equality H(()l) <ﬁ|x\> = HSQ) (ﬁm) [31, p. 226], it follows that

y(A)E = MZH(l) (\f\m—yk\)ck, = [CI}GCQ,

C2

(X)*h( ) m fR2 (z)H, 0 \ALT -yl dx
o z) =
2 ng x) 52) ﬁ]m —yol| ) dx

Set 7 = |y1 —y2| and H(\,7) = Hél)(ﬁr) - Hél)(e?’”/‘lr). From (2.5), using the
unitarity of the Fourier transform, one can derive that the matrix Q(\) in the
standard basis is of the form

A= | —In(\) wiH(A )
AN = Xti |:7TiH()\,T) —In(\i) |~
Hence,
- A
. A+ —In (2 —miH (A, 1)
o\ ="l ) ;
A=t | —miH(\r) —In (7)
Now we will find the subspace Dy and the sesquilinear form Qg[-, -] (see The-

orem 3.3). We have

aed =5 (5] [ i) [o
_ i;z (~(erds + cada) ()

+ (cady + c1do)mi (Ho (VAr) — ( 3’”/47’))) .

Taking into account the asymptotic behavior [31, p. 223]

.
Hél)(A) =1 +;Z <ln <;\> +7> +o(N), A—=0,
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where 7 is Euler’s constant, we see that

Dy := {eEH: lim ](Q(z)e,e)q{|<oo}:{[<<] GCQ:CEC}.
z—0 -
2€C\[0,4-00)

Set ¢y = [_11} . Then for the form €y given by (3.4), we have

Qo[¢co,nco] = —(n }\Z%(Q(M%,%)
A<0

= (i) lim (—2ln()\i) —2mi ( (fr> - ( i )))

A<0

= 27w(n lim (— In(\i) — i (1 + = ( (fr> 4 7)
X<0
_ Hél) (637ri/4,r_>>>

s . |
= 47 (i <ln; L %ZHSI) <e3“/4r)> = wo(1],

where wy = 47 (111% — % +v+ 7r{HSI)(637”/47“)>. From the latter equality one
can obtain that

Re Q0[¢2, 1] = Rew - ¢ = 4 (In &+ + ker(r) ) G,
where the functions ker(:) and kei(-) are the Kelvin functions [31, p. 268], i.e
the real and the imaginary parts of the function %Hél)(egm/ (%)), respectively:

ker(r) + ikei(r) = 7;Hél)(63’7”4/4?").

For the functions ®()\), G(\), Q(A\)*, and ¢()\) on Dy = dom(Qp) defined in
(2.5), we have

oo0x [ £ ] = 5 [ e it vt v

i |p|2—>\

gonx | €] = _TATDC fee @ x>Hé” (¥4 — ) dac
—C| 9 (2) ¢ 3mifa),. _ )
[~ Sz ®N)(f(z)Hy ' (e |z — yo|) dz

o | ¢ | =3t (- (3) +m<;,|yl_y2|>) Mk
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o] S| = 5 e (G VD (Vi - el - 8 (VAo - )
+2i (H (/e ) = H (/)2 = al) ) ).

1
Now we find the operator Xoe = iAp*7(i)e, e € Dy, from Theorem 3.3. As
we have mentioned above, it is convenient to use the momentum representation.

Let 7(A) = Fy(A). Then,

Hence,

%o 4] =[] im0 [¢] - Homa e

o) = i (efimn - efipyz)
SO T (o =)

(5.2)

Getting back to the coordinate representation, by using [35], [22, p.671], we obtain

R 1 i (etP(z—y1) _ gip(z—y2)
w(@) = F 5 = 5 [ )

Cor Pl (1pP> =)
_ Z./+°° Jo (plz — 1) — Jo (plz — y2|) dp
0 p? —i
-2 (0 (7 )~ ()
e (e ) 1oV

_ —ge3”i/4 (Mo (e””“\a: _ y1!> - M, (e*m'/4‘x - y2!>> )

where Ij(+) is the Bessel function and Lg(-), My(-) are the modified Struve func-
tions [31, p. 288]. So,

4
g €T s
¢ go(2)¢
where go(z) = —Ze™/4 (Mo (e ™/*|z — y1]) — Mo (e7™/*|z — ys])) . According
to (3.6), we have

x|

)
90l ey = Rewn = (n 5+ + ker(r))

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 3 233



Yury Arlinskii and Andrey Popov

Remark 5.1. Since ||go(x )HL2 R?) = [[go(p )||L2 Rz) (the unitarity of the Fourier

transform), expression (5.2) for go(p) gives ||go(p)||? To(r2) = 47 foo L=oro) g On

4+1
the other hand, due to (3.6), we have ||go(z) = Reuwy. ThlS leads to the

HL2 (R2) —

oo 1—Jo(rp)
value of the improper integral |, f :1‘)) dp:
1 —Jo(rp) 1 r
— O = —Rewy = (1) ker(r)) .
/0 1) p=-Rewo n2+’y+ er(r)

To describe all m-sectorial extensions of A, we have to define the pairs (Z, X)
satisfying conditions 3), 4) from Theorem 2.4 and conditions 1)-3) from Theo-
rem 3.9. Since Z is an m-accretive linear relation in C? and dom(Z) C Dy, there
are only two possible cases:

P I KA S

2. Z = (0,C?). As [11] says, this linear relation corresponds to the Friedrichs
extension A of A.

In the first case, the operator X, acting from dom(Z) into Ls(R?), takes the form

X [_ﬂ = (g(z), where a function g € Ly(IR?) satisfies the condition

91 a2y = | loPde < 2Rez. (53)
For the form wl-, -] defined by (3.12), we have
w¢eo, nco] = (Z¢co, nco) — o[¢ch, néo] — 2((X — Xo)¢ o, Xonco)
- (32w -2 / (9(2) - go<x>>go<:c>dx) .

Rewl[(cp] = <2Rez —|—/ lg(z o(z))? dx — /R2 ]g(a:)|2dx> 1|2
Thus, the form w[-, -] is determined by the number
Wiy g) = 22 — wo — 2/}1@ (9(x) — go(x))go(x) dz. (5.4)
Clearly, the form wl[-, -] is sectorial iff

Rew, 5 = 2Rez + /R2 lg(x) — go(ac)\2 dx

- /]12{2 lg(2)[Pdz >0 or wg =0. (5.5)

234 Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 3



On m-Sectorial Extensions of Sectorial Operators

Remark 5.2. Due to 2Re z— ng lg(x)|* dz > 0, the equality w, gy = 0 implies
that g(z) = go(z) almost everywhere and z=wp/2.

Further, condition 3) from Theorem 3.9 takes the form

M/ l9(z) — go(z)|* dz < 2Rez—/ lg(x)| dz,

where M > 0. The latter inequality can be simplified as follows:
2Rez — / lg(z)|* dz > 0. (5.6)
R2

So, conditions (5.3), (5.5) are satisfied. Note that in this case, the linear relation

W()), see (2.10), is of the form

W(\) = <[—CC] , <z — ijiﬂ' (—ln ( > + miH ()\ ly1 —y2|)>> [_CJ
fRQ D(N)(g(x) H(()2) (63m/4|$ — y1|) dz
fRQ D(N)(g(x) H(()Z) (e37ri/4|x — y2|) dz

= >

— mi(A+1)

for all A € p(Ap) = C\ [0,400). Then

wort= ([ e [0
where

Wiz gy (A) = 2 (z — :\\i_iﬂ (—ln (2\) +miH (X, |ly1 — y2|))>
—ri ) [ e gta)) (B (7 = nl) = B (7 e el ) da

Clearly, ker(W())) # {0} iff wi, oy(\) = 0 and

ker(W(X)) = dom(W()\)) = [ K } , nec.

Let an m-sectorial extensionNE of A be defined by a pair (z, g(x)) satisfying (5.6)
(see Theorem (3.9)). Since A is an m-sectorial extension, and
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it is suitable to take A = —i and apply Theorem 2.5, Remark 2.6, and equali-
ties (2.12), (2.13), (2.14). Then,

wowe-z- ([ ][]V ([ []).
w32 S50

dom(A) = (1 - (q(—i) — 20 (=) X)W (=) "y (—i)* (Ap + U)) dom(Ap).

By (2.12),

Further, let 6(x), © = (z1,22) be the Dirac delta-function. Then §(x) €
IA/VQ_Q(R2) [2]. Since F (6 ( ) = /27r then F~1(1) = 276(z). So, if F(h(x)) =
h(p) and h(z) € dom(Ap) = WZ(R?), then

[ (e = ) hp) dp = 2e(h(a) ~ hioe).
RQ
Using the latter equality and the Fourier transform, we obtain

m(h(y1) — h(yz)).

W (i) 'y (=i)"(Ap + il)h(z) =

If h € dom(Ap), then

dom() = {uli) = )+ TR (T (40 (i)

- 1 (e = ) ) — 200D )} )

Then, applying Theorems 2.5, 3.9, we arrive at the following statement.

Theorem 5.3. There is a bijective correspondence between all m-sectorial
extensions A (except Friedrichs and Krein—von Neumann extensions) of A given
by (5.1) and all pairs (z, g), where z € C and a function g € Ly(R?) are such that

||g||%2(R2) < 2Rez.

This correspondence is given by (5.7), where h € W(R?), and by the relation

Au(z) = — Ah(z) — (h(y1)2 h(y2))

X (7; (Hél)(e37ri/4|$ —y1|) — Hél)(e37rz‘/4];p — y2|)) — 2<I>(—i)(g(:1;))> .

Moreover,
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1) a number A € C\ [0,400) is a reqular point of A iff Wz g(2))(A) # 0, and

(A=A ) = § [ DA —ahs @y + =
z,9(x

x <7;ZZ _1 3 ((i + N HS (VN = 1)) = HY (VA2 = 1))

+2i (H? (€™ e = ya]) = HD €7z = ) ) = 2000 (9(2)))

< (=5 [ (H20 =)~ P /e = ) e

2) a number \ € p(Ar) is an eigenvalue of A iff Wes g(x)y(A) = 0, and

fen(A 1) = (55 (G4 VS Ve = ) = B3 = )

20 (H" (€ e = y)) = B €74z — o))
~20()(9() ) . € C.

Corollary 5.4. Let A be given by (5.1). Then there is a bijective corre-
spondence between all m-accretive quasi-selfadjoint extensions A of A (except
Friedrichs and Krein—von Neumann extensions) and all complex numbers z € C
such that

— ¥

Rez > 27 <1n 1 5 + v+ ker(Jy1 — y2|)> .

Moreover, an extension A is m-sectorial iff

ly1 — Yo

Rez > 2n <1n 5

+ 7+ ker(|y; — y2|)> )
and nonnegative selfadjoint iff

Imz =m (=37 +4kei(jy1 — y2])) .

The correspondence is given by the relations

dOIn(Av) _ {U(SU) _ h(fb) + 7T(h(yl)z_ h(yZ)) <7;Z (H(()l)(e37ri/4|x - y1|)

- o)) ) hie) € WRED) )L 69

AVU(ZE) _ Ah(:E) n 7T2(h(y1;Z— h(yQ)) <H(§1) (€3m/4‘l' _ y1|)

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 3 237



Yury Arlinskii and Andrey Popov

—H§) (7 — o)) ) (5.9)

Moreover,
1) a number A € C\ [0,+00) is a regular point of A iff

w(z,A) = 2 — wIn(\) — 72 (HY (VA1 — v2]) — HV (€4 )y1 — o)) #0,
and

(A=AD"hia) =1 [ 1A =) sy

2
+ 8w7(TZ )\) (H(gl)(\f)\bﬂ - y1|) - Hél)(\/XLT - y2|))

. /R (#? (VX2 = 1]) = HE (VA = o)) ) h(e) da

2) a number A € C\ [0, +00) is an eigenvalue of A iff w(z,\) =0, and

ker(A = M) = (H§"(V2a = yil) = B (VAlz = o)) . meC.

Remark 5.5. One can obtain a description of the Krein—von Neumann exten-
sion Ay of A from relations (5.8), (5.9) by substituting

_ i ] .
e wo = 47 (ln‘y12y2’ — % + Y + %Hél)(egﬂ'l/ﬂyl - y2|)> .

It follows from (4.1) that the form An[u,v], associated with the Krein—von Neu-
mann extension Ay, can be given by

D[Ax] = {u<x> = h) + 5 (H§" e = 1)) = H (e = gal) ) w,

h(z) € W3 (R?), w € (C} ,

u(@) = @) + 2 (HO @z - ) - B - ) wn,
v(@) = ha(a) + 5 (HSV (e z = ya]) = HV (742 = ya) ) ws,
where hi(z), ha(z) € WH(R?), wi,ws € C, then

An[u,v] = - Vhi(x)Vha(z)ds
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his

S R D L
R
w . ) -
=55 L, (@ =) = P e e ) ) Bl
R2

+ 47 (ln |y1;ygl + v+ ker |y; — yg|> w1ws.
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