Journal of Mathematical Physics, Analysis, Geometry
2018, Vol. 14, No. 3, pp. 336-361
doi: https://doi.org/10.15407/magl4.03.336

The Extended Leibniz Rule and Related
Equations in the Space of Rapidly
Decreasing Functions

Hermann Konig and Vitali Milman

Dedicated to the 95th birthday
of the great mathematician Vladimir Marchenko
and to the 80th birthday
of our friend and great mathematical physicist Leonid Pastur

We solve the extended Leibniz rule T(f - g) = T'f - Ag + Af - Tg for
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1. Motivation and results

Often important operations and transformations in Analysis are nearly char-
acterized by some simple properties like operator functional equations on classical
function spaces X. To give some examples, let us introduce the following function
spaces X.

For an open set I C R, k € Ny and K € {R,C}, let C*(I,K) denote the
space of k-times continuously differentiable K-valued functions on f : I — K,
C>®(I,K) := NpenC*(I,K) and C(I,K) denote the continuous functions f: I —
K. The space of rapidly decreasing functions is given by

S(R,K) := {f € C®(R,K) | sup(1 + |z|)|D* f(2)| =: cx; < oo for all k,1 € Ny}.
z€eR

(© Hermann Koénig and Vitali Milman, 2018


https://doi.org/10.15407/mag14.03.336

The Extended Leibniz Rule. . . 337

As a first example, let us consider the chain rule equation T'(fog) = T fog-Tg
for all f,g € C*(R,R), satisfied by an operator T : C*(R,R) — C(R,R) for some
fixed k € N: this nearly characterizes powers of derivatives, cf. Artstein-Avidan,
Konig, Milman [5]. Here the composition is mapped to some “compound” prod-
uct. Even simpler are product-preserving maps 7' : X — X, satisfying T'(f - g) =
Tf-Tg for all f,g € X. These have been studied for a while: for X = C(I,K)
this was done by Milgram [8], for X = C*(I,K) by Mréun, Semrl [9,10] and for
X = S(R,C) by Artstein-Avidan, Faifman, Milman [4], see also the earlier joint
paper with Alesker [2,3]:

Theorem 1.1. Let T : S(R,C) — S(R, C) be a bijective multiplicative trans-
formation, i.e.,

Then there exists a C*°-diffeomorphism u : R — R such that either T'f = fou
forall f € S(R,C) or Tf = fou forall f € S(R,C).

This leads directly to a characterization of the Fourier transform F
FF(z) = / F(t) exp(—2rizt) dt, F € S(R,C),
R

which satisfies the “product” formula
F(F«G)=F(F)-F(G), F.GeSR,C),

mapping convolutions to products (and vice-versa). Recall that F is a bijec-
tive map from S(R,C) to itself, and in this context it is natural to consider
complex-valued functions on R. As a consequence of Theorem 1.1, these prop-
erties characterize the Fourier transform and its complex conjugate up to C°-
diffeomorphisms, cf. [2—4]:

Theorem 1.2. Let S : S(R,C) — S(R,C) be a bijective map satisfying
S(FxG)=SF-SG, F,GeSR,CQC). (1.1)

Then there is a C™-diffeomorphism u : R — R such that either SF = (FF)ou

for all F € S(R,C) or SF = (FF)ou for all F € S(R,C).

In this paper we consider two related operator equations, the extended Leibniz
rule for the derivative in S(R, C)

and its convolution counter-part
R(F+G)=RF-SG+SF-RG, F,GeS[R,C). (1.3)

Interestingly, equation (1.3) provides a joint characterization of the Fourier trans-
form and the derivative, cf. Theorem 1.12 below, and its solutions are directly
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related to those of equation (1.2) by taking Fourier transforms. In fact, our main
task will be to determine the solutions of the extended Leibniz rule (1.2) and
then receive those of (1.3) as a consequence. Of course, the standard Leibniz rule

B(f-9)=B(f)-9+f Blg), [fgeSRC), (1.4)

is just equation (1.2) for B =T and A = Id. In Kénig, Milman [7], we determined
the solutions of this equation when B is an operator on the C*-spaces, B :
Ck(I,R) — C(I,R), I C R open. They have the form Bf = agfIn|f| 4+ a1 f/,
f € C¥(I,R), where ag,a; € C(I,R) are suitable continuous functions on I. In
general, for f € S(R,R), fIn|f| will not be in S(R,R). Thus a natural question
is whether equation (1.4) admits only the solution Bf = ajf’ when considered
in S, ie,, when B : S(R,K) — S(R,K). We investigate this question in this
paper. In fact, we will do so in a more general context, motivated by applying
B satisfying the Leibniz rule (1.4) to the Fourier transform functional equation
(1.1). We then find, putting R := BS : S(R,K) — S(R, K), the above mentioned
Leibniz type equation (1.3) for convolutions

R(F+G)=RF-SG+SF-RG, F,GeS(R,C).

After taking the inverse Fourier transform, it becomes a multiplicative Leibniz
type equation: Let f := FF and g := FG. Then F x G = F~!(f - g) and hence

RFY(f-g)=(RFI)f-(SF g+ (SF)f-(RF Y)g, f.g€SR,C).

Thus the operators T := RF !, A := SF1:SR,C) - S(R,C) satisfy the
operator equation

which is (1.2) and which we call the extended Leibniz rule operator equation
since it extends the ordinary Leibniz rule (1.4) where A = Id. We are interested
in finding all solutions of (1.2) in the space S(R, C) under some non-degeneration
condition and a weak continuity assumption on the operators 7' and A. As we
have already mentioned, finding all solutions of (1.2) is equivalent to finding all
solutions of (1.3) since taking the Fourier transform of a solution of (1.2) yields
one of (1.3) and vice-versa.

We will show that under some additional assumptions, e.g., initial or surjec-
tivity conditions, that the operators 7' and A satisfying (1.2) turn out to have
the form Tf = af’ and Af = f or Tf = af and Af = f or Tf = aIm f and
Af = Re f for some C*-function a. Then we conclude from the definition of T’
and A that SF = FF and RF = a(FF) or SF = FF and RF = a(FF)' or
SF = Re(FF) and RF = alm(FF), jointly characterizing the Fourier transform
and the derivative, up to complex conjugation or taking Re- and Im-parts.

In general, however, more solutions are to be expected for equation (1.2) than
just Tf =af, Af = forTf =af, Af = for Tf =alm(f), Af = Re(f), since
the operators T', A are arbitrary, just intertwined by the operator equation (1.2).
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Our method of investigation of the solutions of (1.2) rests on the localization
of the operators, i.e., that T'f(z) and Af(x) depend only on z, f(z) and the
derivative values of f at x. To assure this, we have to assume that T and A
are not homothetic on functions with small support, excluding a “resonance”
situation between T and A. We want to avoid examples like

Tf(z) = f(x) = flx+1), Af(ﬂf)Z%(f(fﬂ)+f(fv+1))a feSR,C), zeR,

where T and A satisfy (1.2) but are not localized. Here for functions f with
support in (—3, 3), we have that T'f(z) = 2Af(z) = f(z) for all z € (-1, 3). To
avoid examples of this form, we will make an assumption of non-degeneration,
which means that 7" and A should not be proportional on functions with small

support.

Definition 1.3. Let T, A : S(R,C) — S(R, C) be operators. The pair (T, A)
is C*-non-degenerate if, for every open interval J C R and any z € .J, there are
functions g1, g2 € S(R,C) with support in J such that z; := (Tg;(z), Agi(x)) €
C? are linearly independent vectors in C? for i = 1, 2.

We also consider the following weak continuity condition.

Definition 1.4. An operator T : S(R,C) — S(R, C) is pointwise continuous
provided that, for any sequence (f,)nen of S(R,C)-functions and f € S(R,C)

such that fr(Lj ) fU) converge uniformly on all compact subsets of R for all j €
Ny, we have pointwise convergence lim,,_,o, T'f,(z) = T f(x) for every = € R.

We now state the main result for the extended Leibniz rule equation on
S(R,C).

Theorem 1.5. Suppose that T, A : S(R,C) — S(R,C) are operators satisfy-
ing the extended Leibniz rule equation

T(f-9)=Tf -Ag+Af-Tg, f.g€SR,C). (1.5)

Assume, in addition, that T and A are pointwise continuous and that the pair
(T, A) is non-degenerate. Then there are non-negative integers m,n, M, N € Ny
withm+mn>1, M+ N > 1 and functions ai,...,am,b1,...b, € C°(R,C) such
that either

m f/ (7-1) n f/ (3-1) _
ri= (Yo (h) +Xu(f) ) reswo
1

=1 =

Af = fmf, feSR,C), (1.6)
or

Tf = 5 (= M) f € S(R.C),
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1

Af == (f™f"+ MY, feSR,C). (1.7)

O |

Conwversely, the operators (T, A) given by formulas (1.6) or (1.7) satisfy equation
(1.5) if the functions aj and bj are bounded on R.

The real-valued analogue of Theorem 1.5 is:

Theorem 1.6. Suppose that T, A : S(R,R) — S(R,R) are operators satisfy-
mg
Assume, in addition, that T and A are pointwise continuous and that the pair

(T, A) is non-degenerate. Then there are integers m,n € N and functions
a,...,am € C®°(R,R) such that either

m

Tf= > aj(nlfh?) /™ Af=fm, f€SR,R),
=0
or
i =2, Af= ST+ Y, fESRER).
Remark 1.7.

(a) In Theorem 1.5, for (m,n) = (1,0) or (m,n) = (0,1) in (1.6), we get the
solutions Tf = a1 f', Af = f or Tf = by f', Af = f. Locally, if f #0, In f is
defined and one has (In f)" = fTI, so that (In f)0) = (fT/)(jfl). However, since
there is no continuous branch of In on all of C with In(f-g) =In f +1ng, we
have that the formulas Tf = ag(In f) - f™, Af = f™, m € N give no valid
solution of (1.5) from S(R,C) to itself. Therefore the sums in (1.6) start at
j =1 and not at j = 0. However, in the real-valued case of Theorem 1.6, the
sum starts at j = 0.

Note that (fTI)(j —1) has a singularity of order j as f — 0, which is cancelled
by the multiplication with f™ when j < m.

For (m,n) = (2,0) or (m,n) = (0,2), the solutions in (1.6) are given more
explicitly by Tf = a1 f' f +az(f"f = f?), Af = f2or Tf = b1 f'f +ba(f"f -
), Af = .

(b) Choose M =n and N = m in (1.7) and a = 1 to see that T'f = Im(f™f™)
and Af = Re(f™f™) are solutions of (1.5). In particular, Tf = Im f and
Af = Re f are solutions.

(c) In the situation that real-valued functions are considered, and that the im-
age is just required to comsist of continuous functions, i.e., when T, A :
S(R,R) = C(R,R) satisfy (1.5), there are additional solutions such as T'f =

sin(Z;?:O a;(In|f))D) - fr, Af = COS(Z?ZO a;(In|f[))) - f* for k € Nog,n €
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N. Note again that (In|f])¢) = (fT/)(j_l) for j € N. Further, f" in both for-
mulas may be replaced by |f|P or |f|P(sgn f) for any continuous function p :
R — R-, and this will still give a solution of (1.5). If f(z) = 0, the formulas
should be interpreted as T f(z) = 0 and Af(x) = 0. These solutions are not
surprising since (1.5) reminds of the addition theorem of the sine function,
although in a multiplicative setup, so that taking logarithms first is needed.

We now look for additional conditions guaranteeing that—up to complex
conjugation— A is the identity and 7" a multiple of the derivative in Theorem
1.5. For this, it is not sufficient that A is surjective or even bijective in S(R, C),
as the following example due to E. Shustin shows. In the real-valued case of
S(R,R), a corresponding example was given by M. Sodin.

Example 1.8 (E. Shustin [11]). Equation (1.7) may provide a bijective map
A:S(R,C) — S(R,C) without being linear or antilinear. Choose m =1, n =
Oand M =1+1, N =1,1¢€ Nin (1.7) so that Af = f(1+|f]*). For any
g € S(R,C), Af = g has a unique solution f € S(R,C). Indeed, let G := gg.
We first look for F' := ff such that F(1 + F')> = G. The left-hand side is a
strictly increasing real-analytic function K of F' vanishing at zero and having
derivative one at zero, namely K(z) = x(1 + 2!)2. Thus K is invertible on the
non-negative ray R>, i.e., F' = H(G), where the inverse H of K is real-analytic
on Rx>¢. Therefore,

9 g
=137 = v may CS®0

uniquely solves Af = g in S(R,C). Hence by (1.7),

Ti= TR~ P, Af= SO +IfA),  [eSR.C),

is a pointwise continuous, non-degenerate solution of the extended Leibniz rule
(1.5) in S(R,C) with A being non-linear and bijective. However, T does not
locally vanish on functions which are locally constant.

On the other hand, M. Sodin [12] proved that if P is a real polynomial with
P(0) = 0 and non-real critical points and if A : S(R,C) — S(R,C) given by
Af = P(f) is surjective, then P is linear. Note that in the above example Af =
P(f), P is not a polynomial of a real variable, but a polynomial in z and Z.

Definition 1.9. An operator 7' : S(R,C) — S(R,C) vanishes locally on
constants if there is a bounded open set I C R and a point x € I such that for
any c € C there is f € S(R,C) with f|; = cand T'f(z) = 0.

Note that any solution of (1.5) satisfies for every open interval I that f|; =
1 implies T'f|; =0 and Af|; = 1.

Theorem 1.10. Suppose that T and A satisfy the conditions of Theorem 1.5.
Assume, in addition, that A is surjective and that T vanishes locally on constants.
Then there is a € C*°(R, C) such that either

Tf=af, Af =1, /€ SR,C),
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or

Tf=af, Af =1, feSR,C).

An initial condition on A yields the following characterization of T' and A
without assuming that A is surjective.

Theorem 1.11. Suppose that T and A satisfy the conditions of Theorem 1.5.
Assume, in addition, that there are x,c € R with 1 # ¢ > 0 and that there is g €
S(R,C) with g(x) = ¢ and Ag(x) = c¢. Then there is a € C*®(R,C) such that

either

Tf=af, Af =1, feSR,C),
or

Tf=af, Af=F, f€SR,C),
or

Tf=almf, Af =TRef, f € S(R,C).

Theorem 1.10 yields the following joint characterization of the Fourier trans-
form and the derivative

Theorem 1.12. Suppose that R, S : S(R,C) — S(R,C) are pointwise con-
tinuous and satisfy

R(F+G)=RF-SG+SF-RG : F,GeS(R,C).

Assume, in addition, that S is surjective, that R o F~1 vanishes locally on con-
stants and that the pair (Ro F~1, S o F~1) is non-degenerate. Then there is a €
C*(R,C) such that either

RF = a(FF), SF = FF, F e 8(R,C),
or

RF = o(FF), SF = FF, FeS(R,C).

Although the operators R and S are intertwined by the convolution functional
equation, their actions are separated: the Fourier transform shows up in the
“tuning” operator S and the derivative in the operator R.

As a consequence of Theorem 1.11, we get

Theorem 1.13. Suppose that R, S : S(R,C) — S(R,C) are pointwise con-
tinuous and satisfy

R(F+G)=RF-SG+SF-RG, F,G¢eSR,C).
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Assume, in addition, that the pair (Ro F~1,S o F~1) is non-degenerate and that
there ezists 0 # G € S(R,C) such that SG = FG € S(R,R). Then there is a €
C>(R,C) such that either

RF = a(FFY, SF = FF, F e S(R,C),
or

RF = a(FF), SF = FF, F € S(R,C),
or

RF = aIm(FF), SF = Re(FF), F e S(R,C).

Remark 1.14. If FG is not real-valued, but properly complex-valued, it may
be used to distinguish between the possible three solutions: In this case, if SG =
FG holds, SF = FF and RF = a(FF)’ holds for all FF € S(R,C). Similarly,
SG = FG implies SF = FF and RF = a(FF)' for all F € S(R,C), and
SG = Re(FG) yields SF = Re(FF) and RF = aIm(FF) for all F € S(R,C).
Therefore the image of one function determines the images of all functions.

Theorems 1.10 and 1.11 also yield the following two characterizations of the
Fourier transform.

Theorem 1.15. Suppose that S : S(R,C) — S(R, C) is surjective, pointwise
continuous and satisfies

S(fxg)=S5f-Sg. f.g€SR,C).

If the pair (D o S o F~1, S o F~1) is non-degenerate and D o S o F~1 locally
vanishes on constants, we have that either Sf = Ff, f € S(R,C) or Sf = Ff,
feSR,C), ie., S is the Fourier transform or its conjugate.

Theorem 1.16. Suppose that S : S(R,C) — S(R, C) is pointwise continuous
and satisfies

S(f+g)=Sf-Sg, f,g<€S(R,C).

If the pair (Do So F~1, SoF~1) is non-degenerate and there is 0 # g € S(R, C)
with Sg = Fg € S(R,R), we have that either Sf = Ff, or Sf = Ff, or Sf =
ReFf, f € S(R,C), i.e., S is the Fourier transform, its conjugate or the real
part of the Fourier transform.

A similar remark as the one after Theorem 1.13 applies here as well.

Comparing Theorems 1.15 and 1.16 with Theorem 1.2, we do not assume that
S is bijective, but only that S is surjective or satisfies some initial condition. On
the other hand, we have a non-degeneration condition which implies localization
so that the diffeomorphism u : R — R in Theorem 1.2 does not occur in Theorems
1.15 and 1.16.

As for the Leibniz rule itself, when A = Id, the only possibility in Theorem
1.5ism=1,n=01in (1.6) so that we get
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Theorem 1.17. Suppose that T : S(R,C) — S(R,C) satisfies

that T is pointwise continuous and that (T,1d) is non-degenerate. Then there is
a € C*(R,C) such that

Tf=af, feSR,QC).

Theorem 1.5 is reminiscent of the addition formula for the sine function if one
were to replace the multiplication f - ¢ by the sum f + g. A corresponding result
may be shown for the analogous cosine-type operator equation

T(f-g)=Tf -Tg—Af-Ag, f,9€SR,C).

Theorem 1.18. Suppose that T, A : S(R,C) — S(R,C) are operators satis-
fying the cosine-type operator equation

T(f-9)=Tf -Tg—Af-Ag, f,geSR,C). (1.8)

Assume, in addition, that T and A are pointwise continuous and that the pair
(T, A) is non-degenerate. Then there are non-negative integers m,n, M, N € Ny
withm+n>1, M+ N > 1, k ¢ {1,—1} and functions ay,...,am,b1,...b, €
C*®(R,C) such that

m (G-1) f (G-1) _
-3 (%) ( ) )me seswo,
j=1 /
m 7! f (3-1)
=+ (> q (> <) feSR,C), (1.9)
=Ny 7
or
Tf = (A =R+ 1+ kM), f € S(R,0),
Af:%\/kQ—l(fmf"—foN), f€SR,C). (1.10)

Conversely, the operators (T, A) given by formulas (1.9) and (1.10) satisfy equa-
tion (1.8) if the functions aj and b; are bounded on R.

The simplest solutions for (m,n) = (1,0) or (m,n) = (0,1) are given by

Tf=(f-af), Af=af and Tf=(f-bf), Af=b/f"

For M =n, N =m and k = 0, we find the solutions T'f = a; Re(f"f™), Af =
Im(f™f™). In particular, the pair of operators T'f = Re f and Af = Im f solves
(1.8).

There are, of course, consequences of Theorem 1.18 similar to those of Theo-
rem 1.5.
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2. Functional equations

We will later show that the operators 7" and A in equations (1.5) and (1.8) are
localized, i.e., that T f(z) and Af(z) depend only on z, f(z) and all derivatives
fY(z), j € N. The operator equations then turn into functional equations for
two unknown functions in many variables. We start by solving these functional
equations on C". They are of the sine and cosine type. To solve them, we first
need the form of the solutions of a standard functional equation for one function.

For e = (¢j)}_1,2 = (2)7- € C", let z:= (5;)}_; and < ¢,z >:= 371, ¢j2.

Proposition 2.1. Letn € N and suppose that F : C" — C~{0} is continuous
and satisfies
F(z+w) =F(2) - F(w), zweC". (2.1)

Then there are ¢, d € C" such that
F(z) =exp((c,z) + (d,z)), =z¢€C".
Conversely, functions of this form satisfy equation (2.1).

For n = 1, this is found in Aczél’s book [1] in Section 5.1.1, Theorem 3. The
generalization to the case n > 1 is straightforward and thus will not be done here.

Proposition 2.2. Let n € N and F,B : C* — C be continuous functions
satisfying

F(z4+w)=F(z)-B(w) + F(w) - B(2), z,w e C". (2.2)

Suppose that F' is not identically zero. Then there are vectors ci,co,d1,do € C"
and there are k € C\ {0} and €1,€e3 € {0,1}, with €1, €2 not both zero, such that
F and B have one of the following two forms:

(a) F(2) = ({c1, 2) + {2, 2)) exp((dy, 2) + (d2, Z)),
B(Z) - exp(<d1,z> + <d272>);

(b) F(2) = é%;(elexp(<cl,z>%—<02,2>)——egexp(<d1,z>%—(dg,i})),

1
B(z2) = 5(61 exp({(c1, z) + (o, 2)) + e2 exp((dy, 2) + <d2,2>)), zeC".
Conversely, these functions satisfy equation (2.2).

For n =1, this is in Aczél [1], Section 4.2.5, Theorem 2 and Corollary.

Proposition 2.3. Let n € N and F, B : C* — C be continuous functions
satisfying
F(z+w)=F(z)  F(w) — B(w) - B(z), zweC" (2.3)

Suppose that F' is not identically zero. Then there are vectors ci,co,d1,dy € C"
and there is k € C such that F and B have one of the following three forms:

(a) F(2) exp({d1, 2) + (da, 2)),

B(z) exp({d1, z) + (d2,2)), k#1;

1
1 — k2
k

1 _k2
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(b) F(z) = (14 (c1, 2) + (c2, 2)) exp({d1, z) + (d2, 2)),

B(z) = ({c1,2) + {e2, 7)) exp({dy, 2) + (d2, 2));
(€) F(z) = (1~ k) expllen, 2) + ez, 2)) + (14 K expl(d, 2) + (o, ),
B(z) = % k? —1(exp({c1,2) + (2, 2)) — exp({d, 2) + (da, 2))), 2z€C".

Conwversely, these functions satisfy equation (2.3).

Proof of Proposition 2.2. (i) Suppose that F' and B satisfy equation (2.2).
Fix t € C"\ {0}. We claim that F', B and B(- + t) are linearly dependent
functions. For all =,y € C",

F(z+t)B(y)+B(z+t)F(y) = F(x+y+t) = F(z)B(y+t)+ B(z)F(y+t). (2.4)

Since F' is not identically zero, by (2.2), also B is not identically zero. Hence
there is y; € C™ such that B(y;) # 0. Choosing y = y1, equation (2.4) shows that
F(-+1) is a linear combination of F, B and B(- + t) with coefficients depending
on the values B(y1), F(y1), B(y1+t) and F(y; +t). Inserting this back into (2.4)
yields for all z,y € C",

F(x)(B(y)B(y1 + t) B(yl)B(y +1))
(2)(B(y)F(y1 +1) — B(y1)F(y +1))
+ B(z +t)(B(y1)F(y) — B(y)F(y1)) =0. (2.5)
Suppose B(y1)F(y) — B(y)F(y1) = 0 holds for all y € C*. Then F = 2833,
and already F' and B are linearly dependent. Also there is y3 € C™ such that
B(y1)F(y2) — B(y2)F(y1) # 0, and equation (2.5) shows that F', B and B(- +t)
are linearly dependent.

(ii) Assume that B = kF for some k € C. Then F(z +y) = 2kF(z)F(y),
with k # 0 since F is not identically zero. Hence F := 2kF satisfies F(z + y) =
F(z)F(y). Thus, by Proposition 2.1, there are d;,dy € C" such that F(z) =
2 exp((di, z) + (da, 2)), B(z) = % exp({dy, z) + (d2, Z)). This is a solution of type
(b) with e =1, e2 = 0.

(iii) We may now assume that B and F' are linearly independent. Then, by
(i), there are functions ay,a : C* — C such that

B(x +1t)=a1(t)F(x) + a2(t)B(z), z,teC". (2.6)

The left-hand side is symmetric in x and t. Applying it to = + y + ¢, we get the
equation

ar(z)F(y+t)+az(x)B(y+t) = B(z+y+t) = ar(y+1)F(x) +az(y+t) B(z) (2.7)

which is similar to (2.4). Choosing y2 € C" with F(y2 4+ t) # 0, we may express
ay as a linear combination of F';, B and as, with coefficients depending on a1 (y2 +
t), a2(y2 +1t), F(y2+t) and B(y2 +t). Inserting this back into (2.7) yields for all
r,y € C",
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(a1(y + ) F(y2 + 1) —ai(y2 + 1) F(y + 1)) F(x)
+ (a2(y + 1) F(y2 +1) — az(ys +t)F(y + t)) B(x)
+ (Bly2 +t)F(y +t) — By + t)F(y2 + t))az(z) = 0,

which means that ao, B and F' are linearly dependent functions. Therefore there
are b1, by € C such that

az(z) = b1 B(z) + bo F' ().
Inserting this back into (2.6) and using the symmetry in (z,t), we find
B(z +t) = ai1(t)F(z) + (b1B(t) + bo F(t)) B(z)
=a1(z)F(t) + (b1 B(z) + by F(x)) B(t),
=@ = 0B by g p)
for any fixed ¢ with F'(t) # 0. Hence a;(x) = baB(z) 4+ b3F(z), and again by

(2.6),
Bz +t) = (b2B(t) + b3F(t)) F(z) + (b1B(t) + bo F(t)) B().

Insert this and formula (2.2) for F'(z+t) into (2.4) to find, after some calculation,
(1= b1)B(t) — baF (1)) (P(2) B(y) — F(y)B(x)) = 0

for all z,y,t € C™. Since B and F are linearly independent, we first conclude
that (1 — b1)B(t) = baF(t) for all ¢, and then that by = 1, b = 0. Therefore,
a1 = b3F, ay = B and (2.6) yields

B(z +1t) =b3F(t)F(x) + B(t)B(z), x,teC".
Take k € C with k? = b3. Using this and (2.2) again, we find
(B(z +y) £ kF(x+vy)) = (B(x) £ kF(z)) (B(y) £ kF(y))

so that f := B £+ kF solves the equation f(x + y) = f(z)f(y). Since f # 0, by
Proposition 2.1, there are ¢y, ¢o,di, dy € C™ such that

B(z) + kF(z) = exp({(c1, 2) + (c2, 2)),
B(z) — kF(z) = exp((di, z) + (da, 2)),

which gives solution (b) with € = €2 =1if k # 0.

(iv) If £ = 0, again by Proposition 2.1, B(z) = exp((d1,z) + (d2, z)) for
suitable d,dy € C. Define G(z) := ggg Since B(z + w) = B(z)B(w), equation
(2.2) yields

G(z+w)=G(2) + G(w), =z weC"

Hence G satisfies the Cauchy equation, i.e., it is additive and continuous on
C™. This implies by Aczél [1] that there are c¢1,co € C" such that G(z) =
(c1,2) + (co, Z), which yields F(z) = G(z)B(z), i.e., the form of F' and B given
in part (a). O
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Proof of Proposition 2.3. (i) Suppose that F' and B satisfy equation (2.3).
Fix t € C"\ {0}. We again claim that F,B and B(- + t) are linearly dependent
functions. Since F' # 0, there is y; € C™ with F(y;) # 0. For all z,y € C",

F(z+t)F(y)— B(z+t)B(y) = F(x+y+t) = F(z)F(y+t)— B(z)B(y+1t). (2.8)

Choosing y = y1, equation (2.8) shows that F(-+t) is a linear combination of F'
B and B(- +t), with coefficients depending on the values B(y1), F(y1), B(y1 +
t) and F'(y; 4+ t). Inserting this back into (2.8) yields for all z,y € C",

(By1)F(y) — B(y)F(y1)) B(x + )
+(F(y + ) F(y) — Fly + ) F (1)) F(=)
+ (Bly+t)F(y1) = Blyr +)F(y)) B(z) = 0. (2.9)

If for all y € C", B(y1)F(y) — B(y)F(y1) = 0, already F' and B are linearly
dependent. Otherwise, equation (2.9) shows that F', B and B(- + t) are linearly
dependent.

(ii) Assume that B = kF for some k € C. Then F(z+w) = (1—k?)F(2)F(w)
for all z,w € C" by (2.3). For k =1, F = 0, which was excluded. Hence, k # 1.
Let F = (1 — k?)F. Then F(z +w) = F(z)F(w). By Proposition 2.1, there are
dy,dy € C" such that F(z) = exp((dy, z) + (dg, Z)), implying

F(z) = exp({d1, 2) + (da, %)), B(2) = exp({d1, 2) + (da, %)),

1—k2 1—k2

which is a solution of the first type (a).
(iii) By part (i), there are functions aj,as : C" — C such that

Bz +1) = a1(t)F(z) + ax(t)B(z), x,te C™. (2.10)

Exactly as in part (i) of the previous proof, this implies that as, B and F' are
linearly dependent. In view of (ii), we may assume that B and F' are linearly
independent. Then there are by, b € C such that

az(x) = b1 B(z) + boF(z), x € C".

Insert this into (2.10) to find, using the symmetry in x and ¢,

Bla+1) = a(®)F(x) + (b B(E) + (1)) B(x)
= ay(x)F(t) + (b1 B(z) + b2 F(x)) B(t)
or(x) — by B(z) = WD =8B by pa

for any fixed ¢ with F(t) # 0. Hence ai(z) = b2B(x) + b3F(x) and again by
(2.10),

Bz +t) = (boB(t) + b3F(t)) F(z) + (b1 B(t) + b2 F(t)) B(x).
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Insert this formula for B(x 4 t) and formula (2.3) for F(x + t) into (2.8) to find,
after some calculation,

((1 = ba)B(t) — bsF (1) (F(x) B(y) — F(y)B(x)) =0

for all z,y,t € C™. Since B and F' are linearly independent, this yields b, = 1
and bs = 0. Therefore,

F(z+t) = F(x)F(t)—B(x)B(t), B(z+t)= B(x)F(t)+F(x)B(t)+b1B(x)B(t).
Let o € C satisfy o? = ab; — 1. Then

F(x+1t)+aB(x+t) = F(x)F(t) + a(B(z)F(t) + F(x)B(t))
+ (ab1 —1 B([I})B(t)
)

)
= (F(z) + aB(z))(F(t) + aB(t)), (2.11)

_ b o7
Wherea—2j: 1+ — L

(iv) Let G(z) := F(z) + % B(x) , H(z) ==/ % — 1 B(z). Then by (2.11)
Glx+t) £ H(x+1t) = (G(z) £ H(z))(G(t) £ H(t)). (2.12)

Suppose first that b; ¢ {2,—2}. Then H # 0 and, by Proposition 2.1, there are
vectors ¢y, co, d1,ds € C™ such that for all z € C™,

G(z) + H(z) = exp({c1, 2) + (c2, 2)),
G(z) — H(z) = exp({d1, z) + (d2, Z)).

Hence,
G(2) = 5 (expller, ) + {e2, ) + exp({d, 2) + (da, 7)),
H(2) = 2 (expllen,2) + {e2,2) - expl(dn,2) + (o, 2)) = 4 2L — 1 B:).
Let k = % €C. Then VkZ— 1= m and, using 2vVkZ — 1 =k,
B(:) = Y (expllen, ) + (o2, 2) — exp((d, 2 + (o, 7)),
Fl2) = G(2) — % B(2)
= %((1 — k)exp({c1, 2) + (2, 2)) + (1 + k) exp({di, 2) + (d2, 2))),

which is the third solution (c).
(v) Now suppose that b = 2¢, € € {+1,—1}. By (2.12), G(z) = F(x) + eB(x)
satisfies G(z +t) = G(x)G(t). Hence, by Proposition 2.1, there are dj,dy € C"
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such that G(z) = exp((di, 2) + (do, z)) . Therefore F(z) = exp({d1, z) + (da, Z)) —
€B(z). Inserting this into the functional equation for F', we find
F(zx+t)=exp({d1,z+t)+ (do, T+ 1)) —eB(x + 1)
= F(2)F(t) — B(x)B(t)
= (exp((dl,a:) + (da, T)) — eB(:C))(exp(<d1,t> + (do, 1)) — eB(t))
— B(z)B(t)
=exp((d1,z +t) + (d2, T + 1))
—eB(x) exp({d1,t) + (da, 1)) — eB(t) exp({dy, z) + (da, T)).

Let H(z) := m. Then, by the last chain of equations, H satisfies

the Cauchy equation H(x +t) = H(x) + H(t). Since H is also continuous, there
are vectors ¢y, ca € C" such that H(z) = ((c1,2) + (2, 2)), i.€.,
B(z) = ({e1,2) + {c2,2)) exp((d1, 2) + (da, 2)),
F(z) =G(z) —eB(z)
= (1 - 6(<Cla Z> + <C27 Z>)) exp(<d1, Z> + <d27 Z>)7
which gives the second solution (b).

Calculation shows that, conversely, the formulas (a), (b) and (c) actually yield
solutions of the functional equation (2.3). O

If /B : R" — R are continuous functions satisfying the same functional
equations (2.2) or (2.3) on R, respectively, their extensions F,B: C" - R C C
given by F(z) := F(Re z), B(z) := B(Re z) satisfy the same equations on C",
Checking when the solutions given in Proposition 2.2 and 2.3, respectively, are
real-valued, we get the following corollaries

Corollary 2.4. Let F, B : R™ — R be continuous functions satisfying
F(z+y) = F(x)B(y) + F(y)B(z), =,y eR"

Suppose F' is not identically zero. Then there are vectors ¢,d € R™ and there is
a € R such that F' and B have one of the following four forms:

(a) F(z) = (c,z) exp({d, z)), B(x) = exp((d, z));
(b) F(z) = aexp((c, z)) sin({d, z)), B(z) = exp({c,z)) cos({d, z));
(¢) F(x) = aexp({c,z))sinh((d,z)), B(z) = exp({c, x)) cosh({d, x));

(d) F(z) = aexp((d,z)), B(z) = %exp((d, z)), xR
Conversely, these functions satisfy the above functional equation.
Corollary 2.5. Let F, B : R" — R be continuous functions satisfying
Flr+y) = F(x)F(y) — By)B(z), w,y€R"

Suppose F' is not identically zero. Then there are vectors c,d € R™ and there is
k € R such that F and B have one of the following four forms:
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(a) F(2) = 12 exp((d, z)), B(x) = 25 exp({d, x)) with [k # 1;
(b) F(z) = (1+ (¢, ) exp({d, x)), B(x) = (¢, z) exp({d, x));
(c) F(z) = exp({c,x)) ( cos((d, z)) + ksin((d, CL’))),
B(x) = Vk? + 1exp({c, z)) sin({d, x));
(d) F(z) = exp((c,z))(cosh({d, z)) + ksinh({d, z))),
B(x) = Vk? — 1exp({c, z)) sinh({d, z)) with |k| > 1

for all x € R™.
Conversely, these functions satisfy the above functional equation.

3. Proofs of the theorems and corollaries

We first prove that the operators T' and A satisfying the functional equations
(1.5) and (1.8) are localized.

Proposition 3.1. Suppose that T, A : S(R,C) — S(R,C) satisfy

and that the pair (T, A) is non-degenerate. Then T and A are localized, i.e., there
are functions F, B : R x C>* — C such that for all f € S(R,C) and all x € R,

Tf(z) = F(z, f(x),..., f9),...),

and '

Af(@) = Bz, f(@),.... D (@),...),
i.e., Tf(x) and Af(x) depend only on = and the jet of f at x. We also have
T(1) =0 and A(1) = 1.

Proof. (i) Choose f =1 in (1.5) to find for all g € S(R,C) and all z € R,

(1= A(L)(x)) - Tg(x) = T(1)(x) - Ag(x).

By non-degeneracy of (7, A), there are functions ¢1,92 € S(R,C) such that
(Tgi(x), Agi(xz)) € C? are linearly independent for i = 1,2. Thus, choosing
g = g1 and g = g2 in the previous equation yields A(1) =1, T'(1) = 0.

(ii) Let J C R be open and f1, fo € S(R,C) with fi1|; = fa|;. Take any g €
S(R,C) with support in J. Then f;-g = fo-g. By (1.5),

Th-Ag+Afi-Tg=T(f1-9)=T(f2-9)
=Tfa- Ag+ Afa-Ty,
(Tfi(x) = T fox)) - Ag(x) = (Afa(z) — Afi(2)) - Tg(z), zeR.

For a given = € J, choose g1,g2 € S(R,C) with supports in J such that
(Tgi(z), Agi(x)) € C? are linearly independent for i € {1,2}. The previous
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equation then yields for ¢ = g1 and g = go that T'f1(z) = T fa(z), Afi(z) =
Afa(z), ie. Thly=Tfals, Afrls = Afals.

(iii) We now claim that for any f € S(R,C) and = € R, T f(x) depends only
on z, f(x) and all derivative values at z, f¥)(z), j € N. Suppose g € S(R,C) is
another function with the same jet at z, i.e., f¥)(x) = g (z) for all j € Ny. Let
J_ :=(—o0,z) and Jy := (z,00) and define a function h : R — C by

W) = { f(z), zeJ_,
g(x), =e ;.

Then h € S(R, C) and f’]_ = h|J_, h’]+ = g‘J+. By part (11), Tf’]_ = Th|J_
and Th|;, =Tg|;,. Since T'f, Th and Tg are continuous functions and {z} =
J_ N J;, we find that T'f(z) = Th(z) = Tg(z). Hence T f(z) only depends on x
and all values f9)(z), j € Ny, i.e., there is a function F : I x C* — C such that

Tf(x) = F(z, f(z),..., f9(),...),
for all f € S(R,C), z € R. The proof for A is identical. O
Proposition 3.2. Suppose that T, A : S(R,C) — S(R, C) satisfy
T(f-9)=Tf -Tg—Af-Ag, f,9€SR,C),

and that the pair (T, A) is non-degenerate. Then there are functions F, B : R x
C*> — C such that for all f € S(R,C) and all x € R,

Tf(zx) = F(z, f(z),..., f9),...),

and ‘
Af(w) = B(a, f(z),.., fD(@),..).
We also have T'(1) =1 and A(1) = 0.

Proof. Basically the same proof as for the previous Proposition applies. Just
replace the central equations in parts (i) and (ii) of that proof by

(1 =T(W)(z)) - Tg(x) = —A(1)(x) - Ag(x)

and

(Thi(z) = Tfa(z)) - Tg(x) = (Afr(z) = Afa(x)) - Ag(z).
The non-degeneracy of (T, A) then yields T'(1) = 1 and A(1) = 0, and that fi|; =
fa|s implies T f1]; = T fa|s, Afils = Afa|s. Part (iii) then applies directly. [

Proof of Theorem 1.5. (i) By Proposition 3.1, there are functions F.B:Rx
C* — C such that for any f € S(R,C) and any z € R,

Tf(z) = F(z, f(z),..., f9),...),

and

Af(z) = Bz, f(x),..., fD(x),...).
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Since T'(1) = 0 and A(1) = 1, we have F(z,0,---) =0 and B(x,1,0,...) = 1.

Let I C R be a bounded open interval. Take any function h € C*(I,C),
i.e., h should be a C*°-function on I which together with all derivatives may be
extended by continuity to I. Then also exp(h) € C*°(I, C). Functions in S(R, C),
when restricted to I, are just C°°(I, C)-functions, and exp(h) may be extended
to a function f € S(R,C) on R such that f|; = exp(h)|7, just making sure that f
and its derivatives decay rapidly as |z| — oo. Define operators S, R : C*°(I,C) —
C>(1,C) by

Shix) == T(exp(h))(x), Rh(x) = Alexp(h))(x)

for any h € C*°(I,C) and x € I. More precisely, Sh(x) = T(f)(x), x € I, where
f € S(R,C) is such that f|; = exp(h)|;. Note that, by localization, this is well-
defined for any x € I, independently of the particular extension of exp(h) to a
function in S(R, C). Moreover, since T'f € S(R,C), we know that Sh = T f| is
a C*-function on I.

Since the derivatives of exp(h) of order j can be written as the functions of
h and its derivatives of order < j, the operators S and R are localized as well.
Thus there exist functions F, B : I x C* — C such that for any h € C*(I,C)
and any x € I,

Sh(z) = F(z,h(z),...,hY9(z),...), Rh(z)= Bz, h(z),...,h9(x),...),

with F(z,0) = 0 and B(z,
yields for any hy, ho € C

(I
T(exp(ha) exp(h))(z)
T(exp(h1))(x) - Alexp(hg))(x) + A(exp(h1))(x) - T (exp(ha))(x)
S(h)(x) - R(ha)(x) + R(h1)(z) - S(h2)(2). 3.1)

Let o = (o)jenys B = (Bj)jen, € C* and x € I be arbitrary. Then there
exist hy,he € C®(I,C) with h(]) = «; and h(])( ) = pBj for all j € Ny, cf.
Hormander [6], page 16. This may be shown by adding infinitely many small

bump functions. Therefore equation (3.1) is equivalent to the functional equation
for F' and B,

0) = 1. The extended Leibniz rule equation (1.5)
,C) and any x € I,

S(hl + hz)(x)

F(z,a+ p) = F(z,a) - B(z,B) + B(z,a) - F(x, ) (3.2)

for all x € I and o, 8 € C*°.
(ii) For k € Ny, define Fy, By : I x CF*! — C by

Fy(z,a9,...,ax) = F(z,a0,...,0,0,0,...),

Bi(z,aq,...,ak) := B(z,ap,...,ax,0,0,...),

r €I, a € CH1. We claim that for fixed € I, Fj(z,-) and By(z,-) are
continuous functions from CF*1 to C. To verify this, take any sequence o, =
(anj)h_o € CF and o € C*! such that a,, — a in C**!. Consider the
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functions hy,(t) := Z?:o a;!’j (t — )7, h(t) == Z?:o %(t — )7, Then hY) — p0)
converges uniformly on I for any j € Ny, and similarly exp(h,)?) — exp(h)U).
A corresponding statement holds for suitable extensions of exp(hy,,) and exp(h)
to functions in S(R,C). Therefore the assumption of pointwise continuity of 7'

and A implies that

Fl, amr - ) = T(exp(ha)) () = Tlexp()) (&) = Fi(a, ao, . ),
Bi(z,anp,...,0nk) = A(exp(hy))(xz) = A(exp(h))(z) = Bi(z, o, . .., o).

Hence, for any k € Ny and = € I, Fy(z,-) and Bg(z,-) are continuous functions
from CF*! to C. Clearly, by the definition of F}, and By,

Fipiq(z, 0, ..,0p,0) = Fi(z, ap, ..., ax),
Bpii(z, a0, ..., ap,0) = Bp(z, a0, ..., o).

(iii) Let Py, denote the complex valued polynomials on R of degree < k. Then
for any h € Py, any extension f of exp(h)|; to a function in S(R, C) and any x €
I, by definition of F' and B,

Tf(z) = S(h)(z) = F(x,h(z),...,h#")(2),0,0,...) = Fy(z, h(z),...,h" (z)),
Af(x) = By(z, h(z),...,h") (). (3.3)

Since by (3.2) for any k € Ny,
Fy(z,a+ B) = F(x,a)By(z, ) + Br(z,a)Fy(z,8), z€l, a,feCF (3.4)

Proposition 2.2 implies that there are functions ci, co,dy,ds : I — CFT and ~ :
I — C\ {0} and €1, €2 € {0,1} not both zero such that either

Fip(z, o) = ({e1(2), @) + (e2(x), @) exp({di(2), @) + (da(2), @)),

By (z, o) = exp({dy(x), a) + (d2(x), &)) (3.5)
Fi(z,a) = (Qx) (e1 exp({c1(x), )

+ <CQ(‘T)7 7>) — €2 eXp(<d1($)7O‘> + <d2($)75‘>))7
By (z,«a) = *(61 exp({c1(x), @)

+ {c2(2), @) + ez exp((di (), a) + (d2(2), @))) (3.6)

for all z € I and o € CF*!. Due to the definition of F}, and By, the functions
c1,¢o,di,do - I — CFH1 depend on k € N in a very simple “imbedded” way: Let,
e.g.,

dip =dy = (ao,...,ak—1,0ax), dojp=dz= (bo,...,br_1,bz)
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with coordinate functions ag,...,ax,bo,...,b; : I — C. Then djp_1 =
(ao,...,ax—1), dag—1 = (bo,...,bg—1): the transfer from dy_1 to djy is just
by adding the coordinate function ag. Moreover, v : I — C is independent of k.

(iv) Let us first analyze the solution for (7', A) which originates from the first
solution (3.5) of the functional equation (3.4). In this case, for any h € Py, x € I,

A(f) = Bi(z, h(z),...,h¥) ()
k -

k
= exp Z aj(m)h(j)(a:) + Z bj(z)h9)(z) |, (3.7)
=0

Jj=0

where f is a suitable extension of exp(h) to S(R, C). Choosing h to be arbitrary
complex constants, the continuity of A(f) implies that ag and by are continuous
functions on I. Next, choosing linear polynomials s, we conclude that also a;
and b; are continuous on I. Continuing with polynomials of successively higher
degrees, we get that all coordinate functions ay,...,ax, bg, ..., b are continuous
functions on I. By the way, a continuity argument of this type also shows that
€1 and ez in solution (3.6) do not depend on x € 1.

We now claim that ap = b = 0 on [ for all k¥ € N, allowing only ag or bg
to be non-zero. For simplicity of notation, to prove ap(z) = bx(x) = 0, we will
assume that © = 0 € I and show ax(0) = b,(0) = 0 for £ € N. Choose ¢y > 0
with [—€g, €g] C I. The argument uses successively better approximations of the
zero function by functions exp(h,), where the h, are polynomials of fixed degree,
but only on successively smaller intervals around zero.

We first prove that a1(0) = b1(0) = 0. Suppose this were false and that,
e.g., |a1(0)| > 0, |a1(0)| > |bp(0)|. Choose 0 € C with 8a;(0) = |a1(0)|. For any

0 < € < €, define he(z) = —ﬁ + %x, z € R. Then h. € P; and exp(h)(z) =
exp(—ﬁ)exp(gx). For |z| < ¢, this is bounded in modulus by exp(1l — ﬁ),

quickly tending to zero for e — 0. As for the j-th derivative, we have

, j
exp(h) ) = 5 exp(~—) exp(La).
For |z| < ¢, this is bounded in modulus by ei] exp(l— ﬁ), tending to zero for € —
0 for all j € N. We may extend each function exp(h) : [—¢, €] — C to a function
fe € S(R,C) such that for any fixed j € Ny, also fe(j) — 0 as € — 0 uniformly on
any compact set. By the assumption of pointwise continuity of A, we know that
A(fe)(0) — A(0)(0) converges.
Since the operators A and R are localized, we know that for all |x| < €, using
A9 = 0 for all j > 2,

A(fe)(x) = Bi(@, he(x), he(2),0,0,...)
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— exp(—aig) - ‘alio)’ — boﬁ) - 0b1€(0)) — A(0)(0) .

Since exp(1) grows much faster than exp( \[) as € — 0, A(f¢)(0) converges only if

a1(0) = 0 and hence also b;(0) = 0 since |a1(0)] > [b1(0)]. Then also Re ap(0) >
0, Re bg(0) > 0 is required and A(0)(0) = 0 follows, i.e., A(0) =

If a;(0) =--- = a_1(0) = 0 and b1(0) = - -+ = bx_1(0) = 0 were shown and
lax(0)| > 0, |ax(0)| > |br(0)] would hold, choose § € C with #*ax(0) = |az(0)]
and define h(z) := \1[ + 2(%)k. Then h, € Py and we have for any |z| < € and
j € Ny that

| exp(he)? ()] < p; C) exp <_\2>

for a suitable real polynomial p; of degree j. Therefore p;(2) exp(—j) — 0 as
€ — 0 for all j € Ng. Again for suitable extensions f of exp(h¢)|_c to S(R,C),

for any fixed j € Np, fe(j ) S 0ase—0 uniformly on compacta. We find similarly
as before

A(f)(0) =B (0 i0 Oﬁ
€ = Dk ’ \E, 1Yk
ag(0) | |ar(0)]  bo(0) | 0%bk(0)
— _ — A(0)(0) =0
exp (- 20f2) ¢ 1O ) EBON) a0 =
which yields a(0) = b;(0) = 0.
Formula (3.7) therefore implies that for all complex-valued polynomials h €
P = UkenPr and all extensions f of exp(h)|; to S(R,C),

A(f)(@) = exp (ao(@)h(x) + bo()h(2)) . @ €L,

ie.,
bo(z)

A(f)(l') = f(w)aO(x) ’ m , vel, (3'8)
with Re ag(0) > 0, Re bg(0) > 0. Given any fixed function f € S(R,C) which
is never zero on I, we may define In f as a continuous function on I which then
actually is a C*°-function on I. Approximating this by polynomials on I, we
conclude that (3.8) holds for all f € S(R,C) which are nowhere zero on I, and
then by further approximation also for those f € S(R,C) which have zeros in I.

(v) Thus we know that Af = f% . f%. To assure that Af € C* for all f €
S(R,C), we need ag = m € Ny and by = n € Ny to be constant functions which
are non-negative integers since otherwise by differentiating sufficiently many times
we would get factors f =9 or f~9 of derivative terms for some § > 0, which would
yield singularities as f — 0. Therefore, by (3.8),

Af = fm™. " m,neNy, m+n>1.
The condition m +n > 1 is needed since for n =m =0, Af =1 ¢ S(R,C). The
formula for Fj, in (3.5) now yields for T,

k

k
Tf(x)=[> cj(@)ht(z +Zaj WD (@) | - (=) - (), (3.9)

J=0
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if f|r = exp(h), h € Py, where c;, ¢; are suitable functions on I which clearly are
continuous since 7' is pointwise continuous. Locally, h = In f and hl9) = (fTI)(j -1
has a singularity of order f=7 as f — 0 when f’ # 0 and j € N. Therefore in
the first sum £ < m and in the second sum k& < n are needed. Moreover, since
there are no continuous branches of In f satisfying In(fg) = In f + Ing for all
complex-valued functions f,¢g € S(R,C), which would be needed for (3.9) to be
a solution of (1.5) if ¢y # 0 or ¢y # 0, we also need that ¢y = ¢g = 0. We finally
get in the case of the solution (3.5)

m Vi G-y 7 (7-1) ~ B
Tr=1{> ¢ () +2.% () ST Af = 7P f € S(R,C),

=N =\
with continuous functions c;, ¢; which actually have to be in C* to guarantee
that the image of T' consists of C°°-functions.

(vi) The analysis of the solution (3.6) of equation (3.4) is similar. First of
all, we need €; = e = 1 since in the cases ¢ =1, =0 or € = 0,62 = 1, T and
A would be homothetic, which is excluded by the condition of non-degeneration
of (T, A). Also v(x) # 0 is required. Therefore,

iFk(az,a) + Bi(z, ) = exp({c1(x), a) + {ca(x), @)).

Then for all z € I and f € S(R, C) extending exp(h) from I to R, where h € P,
we have that

iT(f)(w) + A(f) (@) = exp ({er(), (B9 (@))fg) + (ea(@), (R (x))j—0))-

The same arguments as before then show that %T(f) + A(f) = f™- f* with
m,n € Ng, m+n > 1. Similarly, —%T(f) + A(f) = fM . fN for some M, N €
No, M + N > 1 so that

_ _ 1 _ _
Tf = J(mf = M) Af = SO+ PN,
This ends the proof of Theorem 1.5. ]

The Proof of Theorem 1.6 follows by similar arguments, just using Corollary
2.4 instead of Proposition 2.2.

Proof of Theorem 1.10. Suppose that T and A satisfy the conditions of The-
orem 1.5 and that A is surjective. Consider the first solution (1.6) of (1.5), when
Af = fmf" m,n € Ng with m+n > 1 for any f € S(R,C). Take any real-valued
function g € S(R,C) which has a zero of order 1 at 0, g(x) = x - k(z), k(0) #
0. Since A is surjective, there is fo € S(R,C) such that Afy = f"fo" = g.
Obviously, this requires that fyp also have a zero of order 1 at 0 so that fo(z) =

x - h(z) with h(z) # 0. But then for z € R, 2" . h(x)™ - h(x)® = z - k(z) so
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that m 4+ n = 1, which means that either m = 1,n =0 or m = 0,n = 1, yielding
Af =fand Tf =a1f or Af = fand Tf = by f for all f € S(R,C).

In the case of the second solution (1.7) of (1.5), we use the additional as-
sumption that 7" vanishes locally on constants. Thus, for any ¢ € C and f €
S(R,C) with f|; = ¢ and T f(x) = 0, where [ is open and x € I, we get that
0= #(I)Tf(a;) = ¢me" — cMeN | which implies that m = M and n = N so that
Af = f™f". This again is surjective only if either m = 1,n =0 or m = 0,n = 1.
But then 7' = 0 and the pair (7', A) is not non-degenerate so that only the first
solution is relevant. O

Proof of Theorem 1.11. In the case of the first solution (1.6) of (1.5), we have
¢ = Ag(z) = g(z)™g(z)" = ™™ so that either (m,n) = (1,0) or (m,n) = (0,1)
which means that either Af = f, Tf = a1 f’ or that Af = f, Tf = b1 f'. In the
case of the second solution (1.7) of (1.5), we have ¢ = 1(¢™*™ + ¢M*V) which
in view of ¢ > 0,¢ # 1 implies that m +n =1 and M + N = 1. For (m,n) =
(M,N) = (1,0) or = (0,1) we have T' = 0 which is a degenerate case. Only for
(m,n) = (1,0) and (M,N) = (0,1) we get a non-degenerate solution, namely
Af=Refand Tf = a1 Im f. O

Theorems 1.12 and 1.15 follow immediately from Theorem 1.10 and the re-
marks following formulas (1.2) and (1.3).

Proof of Theorems 1.13 and 1.16. In the case of Theorem 1.13, T := RF !
and A := SF ! satisfy (1.5) and the assumptions of Theorem 1.5. By assumption,
there is 0 # G € S(R,C) with SG = FG. Let g := FG € S(R,C), g # 0. Since
by Theorem 1.5, in the case of solution (1.6) Ag = ¢"™g" and in case of solution
(1.7) Ag = %(gmgj” + gMg"). Now Ag = g means that this holds for a smooth
continuum of values of g(z), which in the case of a real-valued ¢ = FG implies
that m+mn = 1 and in the case of (1.7) also M 4+ N = 1. This yields the solutions
stated in Theorem 1.13. If g is properly complex-valued, Ag = g implies that
m=1n=0and M =1,N =0,s0 Af = f for all f € S(R,C), SF = FF for
all FF € S(R,C). Similarly, in that situation Ag = g gives m =0,n =1 and M =
0,N =1, hence SF = FF. Thirdly, Ag = Re(g) yields the solution (1.7) with
m=1n=0and M =0,N =1, i.e., SF = Re(FF) for all F, which proves
the Remark after Theorem 1.13. The proof of Theorem 1.16 is similar, with R =
DS. O

Proof of Theorem 1.18. The proof is very similar to that of Theorem 1.5,
just using Proposition 2.3 instead of 2.2. We just give a sketch of the changes
which are required. If I is again a bounded open interval and f an extension of
exp(h) from I to a function on R in S(R, C), where h € P}, is a complex-valued
polynomial of degree < k, then

Tf(z) = Fy(x,h(x),....h"(2)),  Af(x) = By(z, h(z),....h" (2)),
where F}, and Bj satisfy the functional equation

Fy(z,a+ B) = Fy(z,«) - Fx(x,8) — Bi(x,a) - Bi(z, B). (3.10)



The Extended Leibniz Rule. . . 359

By Proposition 2.3, equation (3.10) has three types of solutions. The first one
is not applicable in our situation since it leads to 7" and A being proportional,
which is excluded by the condition of non-degeneration of (T, A). We are left
with the two possibilities:

=
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:_/
=
@
>
=
=
=
—~~
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:_/
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=
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—
8
:_/
QI
=

B(z,a) = £({c1(z), &) + (c2(x), @)) exp({di(z), o) + (da(z), @)), (3.11)

or for k ¢ {1,—1}

F(x,0) = 5 (1~ k) exp({ea(a) o)

+ (e2(2), @) + (1 + k) exp({di (@), @) + (da(2), ))),
B(z,0) = Vi~ 1(exp((ea(a). o)

+ (ca(z), @) — exp({di(z), @) + (da(z), @))). (3.12)

For extensions f of exp(h), h € Py, from C*(I,C) to S(R,C) in the case of
(3.11),

Tf(2) F Af(@) = exp ((di (@), (WD(@)f=p) + (da(a), (B @))}))
and in the second case,

k—1

Tf(w) + ) o Af@) = exp (i (@), (B9 @)o) + (da(a), (O (@))-))

Since T'f, Af € C*, these sums or differences also have C*-regularity. The
arguments in the proof of Theorem 1.5 then show that the functions dy,ds : I —
CF1 are continuous and that dy = (ag, 0, . ..,0) and ds = (b, 0, ...,0) only allow
for (possibly) non-zero coordinate functions ag and/or by with Re a9 > 0 and
Re by > 0. To guarantee that the image is in C*°, we again need that ag = m
and by = n are constant functions with non-negative integer values. Then in the

first case Tf = Af = f™f" and in the second case T'f + \/%Af = fmf" In

the second case we also have

TF() + 1) T AF() = exp ((ea(a), (WO @)oy) + (ea(a), BO)) )

implying T'f + /4 Af = fMfN, M, N € Ny with M + N > 1, yielding together
with Tf + (/=L Af = f™f" the formulas for Tf and Af given in Theorem 1.18

k+1
in the second case. In the first case, we use the same arguments as in part (v)
of the proof of Theorem 1.5 to finish the proof. O
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Y3aranabHeHe npaBuiio JleiiOuuis ta 1moB’s3aHi 3 HUM
PIBHSIHHSI y ITPOCTOPi MIBUJIKO CIIQTHUX (DYHKITIiM

Hermann Koénig and Vitali Milman
Mu posB’sizyemo y3arajibHeHe TpaBuiio JIeiOHuIs
T(f-9)=Tf Ag+Af-Tg

qutst orteparopiB T ta A y mpocTopi MBUJIKO CHaIHUX (DYHKIMH, K y BUIA/I-
Ky KOMILTEKCHO3HAYHUX (PYHKIIH, TaK i y BUMAAKY JIHCHOZHATHUX (DYHKITIi.
Mmu BcranoBioeMo, mo 1 Moxke OyTn JiiHIfHOIO KOMOiHaIi€ yorapudmiy-
HIX HOXigHHX f Ta i1 KOMIUIEKCHOTO CIIpsi?KeHHsI f /10 HOPsIKIB m i n Bij-
noBiHo 3 TagkuMm Koedimientamu Ta Af = f - f*. B inmmx Bumagkax
Tf ra Af MOXKyTb MiCTUTH OKPEMO JificHy Ta yaBHY dacTuny f. Y jeskomy
CEHCI 3 IbOT'0 PIBHAHHS BUILINBAE CYKYIIHA XapaKTepisallisd IMOXiIHUX Ta Iie-
perBopentst @yp’e f. Mu obroBoproemMo yMoBH, 3a sikux 1’ € moxijaHorw, a A
€ TOTOXKHICTIO. MU Tako)K pO3IIIsiIaeMo JndepeHIiioBH] po3B’s3kn hyHK-
IIOHAJIBHUX PIBHSIHD, sIKi HArAJYyIOTHh PIBHSHHS JJIsi CHHYCA Ta KOCHHYCA.

Key words: mBunko cuamni dyHKII, y3arajibHene npaBumio JledOuurs,
neperBopents Pyp’e.
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