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Inverse Scattering Problems with the
Potential Known on an Interior Subinterval

Yongxia Guo and Guangsheng Wei

The inverse scattering problem for one-dimensional Schrédinger opera-
tors on the line is considered when the potential is real valued and integrable
and has a finite first moment. It is shown that the potential on the line is
uniquely determined by the mixed scattering data consisting of the scatter-
ing matrix, known potential on a finite interval, and one nodal point on the
known interval for each eigenfunction.
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1. Introduction

In this paper we consider the inverse scattering problems for one-dimensional
Schrodinger operators on the real line and study the unique recovery of the po-
tential that is known a priori on a finite interval [a,b]. Let H be the self-adjoint
Schrodinger operator

d2
" da?
on L?(R), where the potential V is real valued and belongs to Li(R), the class
of measurable functions on the real axis R such that [* (1 + |z|) [V (x)|dz is
finite. It is known [14] that H has absolutely continuous spectrum [0, c0) and a
finite number of simple negative eigenvalues (bound-state energies), denoted by
{—FL? é\le, where x; > 0. Moreover, for each eigenvalue —/ijz, the corresponding

H := +V(x) (1.1)

eigenfunction has (j — 1) zeros (nodal points) on R denoted by {:L’; }f;ll .

The inverse scattering problem is about the construction of V' in terms of the
scattering data consisting of a reflection coefficient, the bound-state energies, and
the bound-state norming constants (see (2.4) below). There are various methods
to solve the inverse scattering problems, such as the Marchenko method [15], the
trace method [7], and so on. However, the bound-state norming constants have
no obvious physical meaning, which is not ideal from the physical point of view.

There are many results (see [1-3,5,9,17,20,21] and references cited therein)
related to inverse scattering problems for one-dimensional Schrédinger operators
defined on the real line R with incomplete scattering data. These results show
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that if the potential is known on a half-line, then the norming constants and
even the bound-state energies are not needed to recover the potential uniquely
(some of these papers are limited to the case where V' is assumed to vanish on
a half-line). In 1994, Weder (cf., [3, p. 222]) raised a question whether one can
uniquely reconstruct V' by the mixed scattering data consisting of the bound-
state energies, the reflection coefficient L(k) (or R(k)) for k € R and the known
potential on a finite interval [a,b], i.e., all the bound-state norming constants
are missing. Aktosun and Weder [4] studied this inverse problem when only one
norming constant is missing and proved that the missing norming constant in
the data can cause at most a double nonuniqueness in the recovery. They also
illustrated the nonuniqueness with some explicit examples. This enlighten us
that, when the potential is known a priori on a finite interval and some norming
constants are missing, we need an additional condition to obtain the uniqueness
for this type of inverse scattering problems.

The aim of this paper is to study the uniqueness problem of recovering V'
on the real line R under the condition that the potential is known a priori on a
finite interval [a, b]. More precisely, we prove that the potential, which further is
a constant on a subinterval of the known interval [a, b], is uniquely determined by
the mixed scattering data consisting of the scattering matrix and additional in-
formation related to the zeros of eigenfunctions, which are just as experimentally
observable as eigenvalues in some situations (see [6,10,11,16] and references cited
therein). Consequently, all the bound-state energies and bound-state norming
constants may be missing.

The strategy we use to prove our unique results is to establish a Vandermonde
matrix equation associated with the unknown bound-state energies and the un-
known bound-state norming constants. We find that if the known potential is
a constant on a subinterval [ag,by] C [a,b], then the scattering matrix can de-
termine the bound-state energies uniquely by a Vandermonde matrix equation
(see (3.25) and (3.28) below). Note here that when the bound-state energies
and either one of the reflection coefficients are given as the scattering data, the
knowledge of the potential on a finite interval can not give enough information
to determine the unspecified norming constants, which means the potential can
not be constructed uniquely in generally. Therefore, we need additional informa-
tion to deal with this uniqueness problem. We put forward nodal points {mé}
as additional spectral data, and suppose there is one nodal point known on [a, ]
for each eigenfunction with j = 2,..., N. Especially, because the eigenfunction
corresponding to the first eigenvalue —x? has no zeros on R, we will further as-
sume that the value [ V(¢)dt or [V (t)dt is known a priori. Together with
these data, we determine the norming constants uniquely, and finally obtain the
uniqueness theorem.

The method we use is a generalization of that used by Wei and Xu [22], for
which the basic idea is to relate our data to the Marchenko integral equations
where both integral equations have generalized degeneracy (see [13,18]) in the
case that the part associated with the continuous spectrum being the same for
two systems.
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The paper is organized as follows. In Section 2, we state the main results of
this paper. Section 3 contains the proofs of our main results.

2. Main results

In this section, we will give the main results of this paper, which are associated
with the unique determination of the potential V' on R under the condition that
it is known a priori on a finite interval.

Consider the radial Schrodinger equation

— " (k,z) + V(2)y(k,z) = k:2y(k,a;), xR, (2.1)

where k? is the energy, = is the space coordinate, and the prime denotes the
derivative with respect to z. For the Li-class potentials there are two linearly
independent solutions of (2.1), fi(k,z) and f,(k,x), known as the Jost solutions
from the left and from the right, respectively, satisfying the boundary conditions:

e M fik,x) =1+0(1), e *f/(k,z)=ik+o(1), T — 400,
ek f (k,x) =14 o(1), ek f1(k, x) = —ik + o(1), T — —00.

From the spatial asymptotics

eikx L(k)

filk,x) = 0 + Ww”“ + o(1), T — —00, (2.2)
etk )
felk,z) = a0 + ?EZ;@’M +o(1), T — +00, (2.3)

we obtain the scattering coefficients, namely, T is the transmission coefficient,
and L and R are the reflection coefficients from the left and right, respectively.
The scattering matrix S(k) associated with V(x) is a 2 x 2 unitary matrix defined

- (T Rk
S“”‘(L(k) T<k>>'

It is known [8,14,15] that the potential V' on the whole line is uniquely determined
by the scattering data and consists of

(L(k),k € R}y U {Hj,m;};v_l or {R(k), k € R} U {nj,mj}j_l . (24)

where m;t are the bound-state norming constants corresponding to the bound-
state energy —Ii? defined as

my = ey, N2 i = [ iling, )72 (2.5)

We state the main results of this paper through two cases. We first treat
the case where all bound-state energies and bound-state norming constants are
missing (see Theorem 2.1 below). The case where only norming constants are
missing will be considered in Theorems 2.2 and 2.4.
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Theorem 2.1. Let V be a real-valued potential belonging to L1(R). Suppose
the following conditions are satisfied:

(i) the potential V is known on a finite interval [a,b] and is a constant C' on a

subinterval [ag, bo] C [a, b];

(ii) for each j withj =2,..., N, the eigenfunction fi(ik;j,x) has one known nodal
point ; satisfying =; € [a, b];

(iii) the value [*__V(t)dt or [V (t)dt is known a priori.

Then V' on the whole line is uniquely determined by the scattering matriz S(k)

for k e R.

For the case where two or more norming constants are missing, we have the
following result.

Theorem 2.2. Let V be a real-valued potential belonging to L1(R). Suppose
the following conditions are satisfied:
(i) the potential V is known on a finite interval [a,b] and is a constant C' on a

subinterval [ag, bo] C [a, b];

(ii) the norming constants {ml_s}’;:1 are known with 0 < 1, < N —2, and for each
J with j ¢ {ls}7— U {1}, the eigenfunction fi(ikj,x) has one known nodal
point ; satisfying x'; € [a, b];

(iii) the value [*__V(t)dt is known a priori.

Then V' on the whole line is uniquely determined by {Ii]’}évzl and the refection

coefficient L(k) for k € R.

Remark 2.3. In fact, the condition (iii) of Theorem 2.2 is not needed in the
case of [1 = 1.

For the case where only one norming constant is missing, we have the following
result.

Theorem 2.4. Let V be a real-valued potential belonging to L(R). Suppose
the following conditions are satisfied:

(i) the potential V' is known on a finite interval [a, b];

(ii) the norming constants {mj_}é\f:ljj#jo are known with 1 < jo < N;

(iii) the value [*__V(t)dt is known a priori.

Then V' on the whole line is uniquely determined by {/ij}é-vzl and the refection
coefficient L(k) for k € R.
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3. The proofs

In order to prove our main results, we need the following lemmas.

Lemma 3.1. Let fi(k,x), fa(k,z) and f3(k,x) be three nontrivial solutions
of the equation

y' (k) = Ky(k,z), x€[0,1], (3.1)
where k% # 0 is fized.

(i) If the two solutions fa(k,x) and f3(k,z) are linearly independent, then there
exists at most one non-zero real constant ¢ and at most finitely many zeros,
denoted as xo € [0,1], such that

[f1(f2 + cf3)]'(k, z0) = 0.

(ii) If the two solutions fi(k,x) and fo(k,z) have a finite number of zeros on
[0, 1] respectively, then either

[f1fo] (k,z) =0,

or there exist at most finitely many zeros, denoted as xo € [0,1], such that
[f1fa] (K, 20) = 0.

Proof. 1t is easy to see that equation (3.1) has the system of basic solutions
e and e for the fixed k2 # 0. So, there exist constants a; and b; such that
filk,x) = aje’k‘” + bje_”“ for j =1,2,3.

(i) For the constant ¢ (¢ # 0), we have

[f1(fo +cf3)] (k,x) = 2ik A1 e?*T — 9ik Bye ke, (3.2)

where
A1 = ay(ag + caz), Bi = bi(by + cb3).

Obviously, the function [f1(f2 + ¢f3)]'(k, z) has a finite number of zeros on [0, 1]
provided that |A; |2 + | By |? # 0.

Basing on the fact that fo(k,z) and f3(k,z) are linearly independent, there
are three cases to consider. For the case |ai| = 0, |b1] # 0. Only if ¢ = —by/b3
for the cases of by # 0 and bz # 0, we will have |A;|? + |B1|> = 0. Otherwise we
all have |A;]? + |B1|?> # 0 for any real constant ¢ (¢ # 0). The other cases for
la1| # 0, |b1] # 0 and |ay| # 0, |b1] = 0 can be treated in a similar way. In all,
there exists at most one non-zero real constant ¢ and at most finitely many zeros,
denoted as zg € [0,1], such that [f1(f2 + ¢f3)]'(k, z¢) = 0.

(ii) It gives that

[fifo] (k, ) = 2ikApe® ™ — 2ik Bye= 2k (3.3)
where
AQ = ajaz, B2 = blbz.

Thus, if |A|? 4 |Bz|?> = 0, then we have [f; fo]'(k,z) = 0. Otherwise, if |As|? +
|Ba|? # 0, it is clear that the function [f)f2]'(k, ) has a finite number of zeros
on [0, 1]. The proof is completed. O
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For a finite number of different values k = ks with s = 1,...,n, Lemma 3.1
implies that there exist common constants ¢ and 2’ € [0, 1] such that [fi(f2 +
cfs)](ks,2") # 0 for all ks with s=1,....n

The following lemma can be derived from [22, Lemma 3.1].

Lemma 3.2. Let \1 < o < -+ < A\ andxl <X2 < - -<X~ with n >
n. Denote the m x n Vandermonde matriz associated with entries {\;}]_; by

Vinxen [N ]] 1> that is,
1 1 1
Vinsn N1y = )\:1 A:2 A" . (3.4)
AP A e
If there exists m' < satisfying A\, = le forj=1,...,m',andm :=n+n—m,

menp\ ] 1A meﬁ[xj]?:lgv

where A = [ay,...,a,]T € R" and A= [@1,...,a5)T € R" are such that aj #0
and a; # 0 for all 1 < 5 <n. Then \; :Xj, a; = aj; forall j =1,2,...,n and
aj =0 for j =n+1,...,n. In particular, in the case where m’ = 0, the result
still holds true.

For the purpose of this paper, together with the Schrodinger operator H
defined by (1.1), we consider another operator H of the same form but with
different coefficient V, i.e., we consider another Schrédinger equation

— 7'k, z) + V(2)j(k,z) = K*§(k,z), z€R. (3.5)

We agree that everywhere below if the symbol v denotes an object related to H,
then v denotes the analogous object related to H.
The following lemma is crucial for the proofs of our main results.

Lemma 3.3. Consider two Schrodinger operators H and H. Suppose V() =
C =V(x) for a.e. x € [ag,bo).

(i) If L(k) = L(k) for k € R, then

'MZz

N
Z SR Rgae) = SO Wy (o f) (Fyx) (3.6)

<
Il
—

for x € lag,bp] and 1 =0,1,...,2M — 1 with M = N + N.
(ii) If R(k) = R(k) for k € R, then

MZz

N
Z TR Ging,w) = @) ) (fufi) (1%, @) (3.7)

<.
Il
—

for x € [ag,bp] and 1 =0,1,...,2M — 1 with M = N + N.
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_ Proof. We only consider the case for L(k) = L(k), the other case for R(k) =
R(k) can be treated in a similar way. It is known [14, pp. 132-133] that the
Marchenko integral equation when used in inverse scattering problems associated
with the two operators H and H can be written as

B‘@;@—%@‘@;w—%/? B (a2, )®~ (1, y)dt = 0, (3.9)

where y < x and the function @~ (z,y) has the form

1

" (z,y) = o

/- L) - ZN x>ﬁ<k, y)dk

||M2

+Zm fr ZK/]? fr Zli],

7j=1

ZHJ: fr(ZK]7y) (3.9)

Here f,(k,z) is the Jost solution of (3.5) from the left and m; is the bound-state

norming constant defined by (2.5) corresponding to the bound-state energy —%5.

Furthermore, the function B~ (z,y) satisfies the differential equation

0?°B~ 9?°B~ -
—_ — B =—— — B~ 1
G V@B =0 V() (3.10)
and the condition e
B(u@:Q/ [V(t) — V(t)dt. (3.11)
As a transformation operator, we have
foke) = Foka) + [ B (@) (k. (3.12)

Since L(k) = L(k) for k € R, it follows from (3.9) that

N

E ZI{]? fr 1K, Y

=1

ZK]) fT‘(ZK‘]7y)’ (313)

uMz

which together with (3.8) and (3.12) yields

B (z,y) = - (z,y) — /fE B~ (z,t)® (t,y)dt

—00

N
Z ZR]: fr Zfi], +Zm fr “@]7 / Bi(ﬂi,t)ﬁn(i%j,t)dt

N
*Zm fT 7”{’]7 fT ’“{’]a Z “{’]a / B~ CE t)fr(“i]’ ) t

7j=1
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(iR, x m], Zm frlikj, @ (m],y) (3.14)

||M2

It can be checked from [12, Theorem 4.15(b)] that the solution B(z,y) of bound-
ary value problem (3.10), (3.11) is a continuous function on Q = {(z,y) € R? :
y <z}. By (3.11) and (3.14), we have for x € R that

S 5 565,00 Zm fuling ) o (imsa) =5 [ (o) - Vo,

j=1 -

which together with the condition V(z) = C' = V(z) for x € [ag, by] yields that
for all = € [ag, bo]

Zm fr(ikj, @ ) f( iRj, T Zm fr(ikg, )fr(m], x)

7j=1
_ 1 /m V(1) - V(£)dt = 1/% V() - VH)ldt = C'.  (3.15)

Differentiating the identity (3.15) with respect to x, we infer for = € [ag, by] that

Zm_ foT (iRj,x Zm frfr ) (ikj,z) = 0. (3.16)

Jj=1 Jj=1

Differentiating the identity (3.15) twice with respect to z, basing on the condition
V(z) =C =V (z) a.e. for z € [ap, bp] and the equation

(frf) (ke x) = 2(C — KD (frfr) (ks ) + 2(F1f) (k,2)  ae. on [ag, bo], (3.17)

we derive from (3.15) that

Zm frfr (fr{f ZHJ? frfr (f fr)](ZHJ’ )

||M2

- _C Zﬁ%—f/( frfr iKj, Zm frfr ifj, x)
=1

j=1
=—CC' ae. on [ag, bol.

Differentiating again equality (3.15) with respect to x for the third time, using
the condition V(z) = C = V() a.e. for z € [ap, bp] and the fact that

(S fY (k,x) = (C = E)(fof,) (k,z), ae. on [ag, bol, (3.18)
we have from (3.16) that

HMZ

frfr “4‘-/]7 Zm K frfr) (ZK/jv )
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N
Z m; ; (fefe) (iRg, Zm (frfo) kg, z)| =0.  (3.19)

j=1

Proceeding by induction, differentiating (3.15) (2] + 1) times with respect to z,
by virtue of the condition V(z) = C' = V(z) a.e. for z € [ag, bg], and the fact
that (3.17), (3.18) are analogous to (3.16) and (3.19), we find that (3.6) holds.
The proof is completed. O

Basing on the above lemmas, we are now in a position to give the proof of
Theorem 2.1.

Proof of Theorem 2.1. According to the hypothesis of Theorem 2.1, for two
operators H and H, we have that L(k) = L(k), R(k) = R(k) for k € R, V(z) =
V(z) for z € [a,b], V(z) = C = V(z) for x € [ag,bo] C [a,b], T = %; € [a, ]
with 2 < j < N, and [*_V(t)dt = [*_V(t)dt (or [FV(t)dt = [ V(t)dt)
Moreover, from Lemma 3.3 we also have that (3.6) and (3.7) hold. Our purpose
here is to prove V = V a.e. on R.

Step 1. We show that N = N and Kj = kj for j =1,..., N by virtue of
V(z) = C = V(z) for z € [ag,bo], L(k) = L(k) and R(k) = R(k:) for k € R. We
assume, contrary to what we want to show, that N > N.

It follows from (3.6) and (3.7) that for any non-zero real constant ¢ and x €
[a07 bO])

N

Z(Ri)[ (frfr)+cm (flfl (ikj, @ Z frfr)+cm (flfl)] (ikj, ).

j=1 7j=1

2

Note that for each bound-state energy —Ii?, the Jost solutions fj(ir;,x) and
fr(ikj, z) become linearly dependent, i.e., there exists a nonzero real constant
d; such that fi(ikj,z) = d;fr(ikj,x). Analogous results are also valid for the
operator H. Thus the above equation deduces

N N
ST fr(my fo+ embdi ) (ing,x) = > ED e fr + cind d; )] (iF;, o).
j=1 Jj=1
(3.20)
Denote _ _
aj(x) = [fr(m] fr + emd; fi)) ik, x) (3.21)
and B B
aj(x) = [fr(m] fr + cm)d;f))] (iR, ). (3.22)

Here f,(ik;, x), f;(i/{j, x) and ﬁ(mj, x) are three nontrivial solutions of the equa-
tion y(ikj,z) = (C + H?)y(i/ﬁj,l') for x € [ag,bp]. Similar conclusions are
also valid for the functions ﬁ(iﬁj,x),fr(iﬁj,m) and fi(ikj,x). If k; # K;, then
ﬁ(iﬁj,.ﬁﬂ) and ﬁ(iﬁj,x) (resp. fr(ikj,x) and fi(ik;,x)) are linearly independent.
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We have from Lemma 3.1(i) that aj(xz) and a;(z) have at most finitely many
zeros on [ag, bo]. If k; = K, then ﬁ(iﬁj,x) and ﬁ(i/@j,x) (resp. fr(ikj,x) and
fi(ik;, z)) are linearly dependent, which means a;(x) and a;(z) defined by (3.21)
and (3.22) can be rewritten as

aj(z) = (mj +emfd;d;)[f, f;) (inj, ) and @ () = (W} +em ddy) [ frf) (inj, x).

We have from Lemma 3.1(ii) that either a;(x) = 0 = a;(x) for all x € [ag, bo], or
aj(z) and a;(x) have at most finitely many zeros on [ag, bg]. Hence there are two
cases to be considered.

Case I: If there exists none j such that a(z) = 0 = a(x) for all = € [ag, bo],
then (3.20) deduces that

N N
> ay(2) = YO a). (3.23)

Here a;(x) and a;j(z) have at most finitely many zeros on [ag, bp], which means
there exists a common non-zero real constant ¢ and xg € [ag, bp] such that

aj(zo) #0, j=1,...,N, and @;(z0)#0, j=1,...,N. (3.24)

Notice that the Jost solution f,.(k,x) of (2.1) satisfies the reality condition
fr(k,x) = fr(=k,z) for Imk > 0 (see, for example, [7, p. 130]). This gives that
for all k = ix; and k = ik;, the functions f.(k,x), fi(k,z), fr(k,x) and fi(k,x)
are all real-valued. Denote the vector A by A = (a;(xo),...,an(z0))? € RY and

the Vandermonde matrix associated with {H?}évzl by Vin i 7y N[K,?];-V:l. Similar
notations can also be introduced for {7%]2 j-v;l corresponding to the Vandermonde
NHV)XN[?;?MVZI and the vector A with A = (@ (x), ... Jag(wo))T € RY.
Then, by (3.23) and M = N + N, we have

matrix V(

Virsn[620A =V, RN A (3.25)

Applying Lemma 3.2 to the above equation, we conclude that

kj = Rj, aj(zo) = a;j(zo) forj=1,...,N
and B
aj(xg) =0 forj=N+1,...,N. (3.26)

Thus the contradiction follows from (3.24) and (3.26), therefore N = N and
further k; = K; for j =1,...,N.

Case II: If there exists some j (for simplicity, we suppose there exists only
one, denoted as jo), such that aj,(z) = 0 = a;,(x) for all « € [ag, bo], then (3.20)

deduces that
o W al@) = Y (F)a(x). (3.27)

j:LN:j?ﬁjO ‘7:17&7‘]7&]0
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It should be noted that this would happen only if kj, = &;,. Here a;(x) and a;(x)
have at most finitely many zeros on [ag, by], which means there exists a common
non-zero real constant ¢ and g € [ag, bg] such that (3.24) also valid for each j
with j # jo. Similarly to (3.25), from (3.27) we have that

RN

J=Lj#jo XN

Applying Lemma 3.2 to the above equation, we will also have a contradiction.
Therefore, N = N and x; = kj for j =1,...,N.

Step 2. We show m; = ﬁz]_ for j = 1,..., N by virtue of L(k) = z(k)

for k € R, V(z) = V(z) for z € [a,b], 2 = 1) € [a,b] with 2 < j < N, and
[ Ve)de = [¢ V(t)dt. The case for m} = ml can be treated in a similar

J J
way.
Once N = N and kj =K for j =1,..., N, it follows from (3.6) that
N ~
> (&) my —my ) (frfr) (ikg, ) =0 (3:29)
j=1
for x € [ag,bp] and [ =0,1,..., N — 1, which implies that
(m; — ;) (frfr) (irj,2) =0, @ € lag,bo], j=1,...,N. (3.30)

In terms of V(z) = V(x) for a.e. x € [a,b], the functions fr(ikj, x) and ﬁ(inj,:c)
are both solutions of the equation —y"(k,z) + V(x)y(k,z) = —n?y(k,x) for z €
[a,b], further the condition z; = 7', € [a,b] with j = 2,..., N deduces that the
functions f,(ix;,x) and ﬁ(mj, x) satisfy the same initial condition y(ix;, a:;) =0.
Hence, f,(ikj,z) and ﬁ(i/ﬁj,l‘) are linearly dependent for x € [ag, bo], i.e., there
exists a non-zero real constant c; such that

ﬁ(inj,x) = ¢;fr(ikj, x), for x € [ag,bo], j=2,...,N.

Since f,(ikj,x) is the eigenfunction of equation (2.1), which is not constant and
has at most one zero on [ag,bo], fr.(ikj,x) has at most finitely many zeros on

[ag, bo] by virtue of Rolle mean value theorem [19]. It gives that (f,f,.)’ (ikj,x) =
2¢;(frf1)(ikj, ) has only a finite number of zeros on [ag, bp], which means there
exists a common x, € [ag, by| such that

(frﬁ)/(i’ij»x‘{)) #0 forj=2,...,N,
which together with (3.30) gives that

m; =m; forj=2...,N. (3.31)

On the other hand, by means of L(k) = L(k) for k € R, [*__V(t)dt = [ _V(t)dt
and V(z) = V(x) for z € [a,b], we have from (3.15) and N = N, k; = Kj for j =
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., N that

N

m frfr)(m], x)=0, z€a,b, (3.32)
j:1

which together with (3.31) deduces that

(my —my)(frfr) ik, ) =0,

this means

Wy =my. (3.33)
In all, we have L(k) = L(k) for k € R, N = N and k; = &;,m; = f; for j =
1,...,N. Thus, by Marchenko’s uniqueness theorem [15], we get V = V a.e. on
R. The proof is completed. ]

Basing on the proof of Theorem 2.1, if all the bound-state energies and the
reflection coefficient L(k) for k € R are given, then the knowledge of the potential
on a finite interval will give NV algebraic equations associated with the unspecified
norming constants (see (3.29) and (3.30)). We have used the nodal points 2/ €
la,b] with j = 2,...,N and the value [* V(t)dt to determine uniquely the
norming constants m; with j = 1,..., N. Thus the proofs of Theorems 2.2 and
2.4 follow that of Step 2 of Theorem 2.1, and we will give the sketch.

In virtue of (3.29) and (3.32), we give the proof of Theorem 2.2.

Proof of Theorem 2.2. For the sake of simplicity, we shall consider the unique-
ness only for the left reflection coefficient L(k), the case for R(k) can be treated in
a similar way. According to the hypothesis of Theorem 2.2, for two operators H
and H, since L(k) = L(k) for k € R and V(z) = C = V() for a.c. x € [ag, b], it
follows from Lemma 3.3 that (3.6) holds, by virtue of the fact {K,j} < =1{kK; }] L
we have (3.29) and further (3.30) is valid. Then we derive from the condition
z; = € [a,b] with j ¢ {ls}5_; U {1} that

m; =m; for j ¢ {ls}s_; U{1l}.

We further get m; = m; for the same reason of (3.33). Thus, the proof is
completed. 0

In virtue of (3.32), we give the proof of Theorem 2.4.

Proof of Theorem 2.4. According to the hypothesis of Theorem 2.4, for two
operators H and H, since L(k) = L(k) for k € R and V() = V(x) for z € [a, b],
[ vide= [ V (t)dt, and {/ﬁj}f;l = {F;}}L,, we have that (3.32) holds. It
follows from the condition {m; }j 1jtio = {ﬁm}}j-v:u#jo that

(7"71]_0 - mj_o)(frﬁ“)(iﬁjmx) =0, z¢€ [a’v b]’

which means m; = m , and thus the proof is completed. ]

Jjo jo?
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O06epHeHi 3a71a4i po3citoBaHHSI 3 MOTEHIiAJIOM,
33JIJaHUM HA BHYTPIIIHBOMY MiJiiHTEpBaJIi

Yongxia Guo and Guangsheng Wei

PosristayTo obepreny 3amaqy ajis ogroBuMipHoro oneparopa [lpeminre-
pa Ha OpAMiil y BUIAAKY, KOJIU MOTEHIaI € JIHICHO 3HAYHIM, IHTETPOBAHUM
Ta Ma€ CKindenui mepruit MoMmeHT. [lokazano, 1o 11eit moTeHiar Ha TpsaMii
O/THO3HAYHO BU3HAYEHUH 3MIIIAHUMY JIAHUMHU PO3CIIOBAHHH, IKi MICTATH Ma-
TPUIIO PO3CIIOBaHHS, 33 /IAHUI HA CKIHYEHOMY 1HTEPBaJIl MOTEHIA Ta OJHY
BY3JIOBY TOUKY Ha 3aJaHOMY iHTepBaJI JjIst KOXKHOI ByracHO! (DyHKIIiI.

Krrouosi cioa: piBusinaa [peminrepa, obepHena 3aada po3CitoBaHHSI,
BiJIHOBJIEHHSI TIOTEHIATY 38 YACTKOBUMHU JAHUMI.
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