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Solutions of the Frobenius Coupled

KP Equation
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In this paper, we firstly construct the coupled Schur function solution of
the Frobenius coupled Kadomtsev–Petviashvili (KP) hierarchy as a general-
ization of the Schur function. The Frobenius coupled KP hierarchy contains
a Frobenius coupled KP equation which has a potential application in the
theory of two-layer shallow water waves. We further derive some regular
Wronskian solution and non-Wronskian solutions of the Frobenius coupled
KP equation.
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1. Introduction

The Kadomtsev–Petviashvili (KP) hierarchy [1] is one of the most impor-
tant integrable hierarchies and it arises in many different fields of mathemat-
ics and physics such as enumerative algebraic geometry, topological field and
string theory. In [2], a new hierarchy called the Frobenius-valued Kadomtsev-
Petviashvili hierarchy which takes values in a maximal commutative subalgebra
of gl(m,C) was constructed, meanwhile the relation between Frobenius manifold
and dispersionless reduced Frobenius-valued KP hierarchy was discussed. For
the same Frobenius version of Toda system, we consider the Hirota quadratic
equation of the commutative version of extended multi-component Toda hier-
archy in [3] which should be useful in Frobenius manifold theory. Because of
logarithm terms, some extended Vertex operators are constructed in generalized
Hirota bilinear equations which might be useful in topological field theory and
Gromov-Witten theory. Later we defined a new multi-component BKP hierarchy
which takes values in a Frobenius subalgebra of gl(N,C) and also we gave the
gauge transformations of this Frobenius BKP hierarchy [4]. Recently, in [5], we
constructed the Frobenius-valued Sine-Gordon systems which generate some new
coupled integrable equations. In [6], we constructed affine Weyl group symme-
tries of some newly-defined Frobenius Painlevé equations which can be derived
from the Frobenius modified KP hierarchy. Then a natural question appears,
“What about regular solutions, rational solutions and non-Wronskian solutions
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of the Frobenius KP equation?”. In this paper, we will answer this question by
considering a specific Frobenius KP equation called the Frobenius coupled KP
equation.

This paper is arranged as follows. In Section 2, we recall some basic facts
about the Frobenius coupled KP hierarchy. We further derive a regular Wron-
skian solution of the Frobenius coupled Kadomtsev–Petviashvili equation in Sec-
tion 3. In Section 4, we further derive a non-Wronskian solution of the Frobenius
coupled Kadomtsev–Petviashvili equation.

2. Frobenius coupled KP hierarchy

In this section, we will use the factorization problem to derive the Lax equa-
tions of Frobenius coupled KP hierarchy [2]. Here we will consider the linear
space of the complex 2 × 2 matrix-valued function g : R → M2(C) with the
derivative operator ∂. Then the set g of Laurent series in ∂ as an associative
algebra is a Lie algebra under the standard commutator. This Lie algebra has
the following important splitting:

g = g+ ⊕ g−, (2.1)

where

g+ =
{∑
j≥0

Cj(x)∂j , Cj(x) ∈M2(C)
}
, g− =

{∑
j<0

Cj(x)∂j , Cj(x) ∈M2(C)
}
.

The splitting (2.1) leads us to consider the factorization of g ∈ G:

g = g−1− ◦ g+, g± ∈ G±, (2.2)

whereG± have g± as their Lie algebras. G+ is the set of invertible linear operators
of the form

∑
j≥0 gj(x)∂j , while G− is the set of invertible linear operators of the

form 1 +
∑

j<0 gj(x)∂j . This algebra has a Frobenius subalgebra F2 = C[Γ]/(Γ2)
and Γ = (δi,j+1)ij ∈ gl(2,C). Denote F2(∂) := gF , then we have the splitting

gF = gF+ ⊕ gF−, (2.3)

where

gF+ =
{∑
j≥0

Xj(x)∂j , Xj(x) ∈ F2

}
, gF− =

{∑
j<0

Xj(x)∂j , Xj(x) ∈ F2

}
.

The Lax operator of the Frobenius coupled KP hierarchy is as

L = ∂ +
∑
i≥1

ui∂
−i, (2.4)

where ui takes values in the Frobenius subalgebra F2, u1 = uE2 + vΓ.
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The Frobenius coupled KP hierarchy is defined by the following Lax equations:

∂kL = [(Bk)+, L], Bk = Lk, k ≥ 1. (2.5)

One can write the operators L in a dressing form as

L = Φ ◦ ∂ ◦ Φ−1, (2.6)

where

Φ = E2 +
∑
i≥1

ai∂
−i =

(
1 +

∑
i≥1 ai0∂

−i 0∑
i≥1 ai1∂

−i 1 +
∑

i≥1 ai0∂
−i

)
. (2.7)

Here E2 means the 2× 2 unit matrix and

u = −a10x, v = −a11x.

Given L, the dressing operators Φ are determined uniquely up to a multiplication
to the right by operators with constant coefficients. The dressing operator Φ takes
values in a Frobenius–Volterra group in G−. The Frobenius coupled KP hierarchy
(2.5) can be redefined as

∂Φ

∂tk
= −(Lk)− ◦ Φ,

with k ≥ 1. In the Frobenius coupled KP hierarchy, we can derive an equation

(4ut − 12uux − uxxx)x − 3uyy = 0, (4vt − 12uvx − 12uxv − vxxx)x − 3vyy = 0,

which is the Frobenius coupled KP equation [2]. As we know, Lax pair is equiva-
lent to the bilinear equation, for a tau function σ = σ(x), τ = τ(x). The symbol
[k] denotes (k, k2/2, k3/3, . . .). Now we give the definition of the tau functions
(τ, σ):

1 +
∑
i≥1

ai0k
−i =

τ(x− [k−1])

τ(x)
,

∑
i≥1

ai1k
−i =

τ(x)σ(x− [k−1])− τ(x− [k−1])σ(x)

τ2(x)
,

where

x := (x1, x2, · · · ).

We can further get

a10 = −∂xτ(x)

τ(x)
,

a11 =
∂xτ(x)σ(x)− τ(x)∂xσ(x)

τ2(x)
.
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The Frobenius coupled KP hierarchy can be redefined by the bilinear equation
∑

i+j=−2
Z−i τ ⊗ Z

+
j τ = 0,

∑
i+j=−2

Z−i τ ⊗ Z
+
j σ +

∑
i+j=−2

Z−i σ ⊗ Z
+
j τ = 0.

(2.8)

And the operator Z±i in (2.8) comes from the vertex operators

Z±(k) =
∑
n∈Z

Z±n k
n = e±ϕ(x,k)e∓ϕ(∂x,k

−1),

where

ϕ(x, k) =

∞∑
n=1

xnk
n, ∂x = (

∂

∂x1
,

∂

2∂x2
, · · · ).

3. Coupled Schur function solutions of Frobenius coupled KP
hierarchy

As we know, for a partition λ = (λ1, λ2, · · · , λl), as a sequence of non-negative
integers such that λ1 ≥ λ2 ≥ · · · ≥ 0. The number l = l(λ) = {i | λi 6= 0} is
called the length of λ, and the sum |λ| = λ1 + λ2 + · · · + λl is called the weight
of λ. As we know, the tau function of the KP hierarchy can be expressed by the
Schur function

Sλ(x) = det
(
pλi−i+j(x)

)
1≤i,j≤l,

where pn (n ∈ Z) is defined by the generating function∑
n∈Z

pn(x)kn = eϕ(x,k), (3.1)

i.e., pn = 0 (n < 0), p0 = 1, and

pn =
∑

k1+2k2+···+nkn=n

x1
k1x2

k2 · · ·xnkn
k1!k2! · · · kn!

.

If we count the degree of the variable xn as deg xn = n, then Sλ is a weighted
homogeneous polynomial of degree |λ|.

For the Frobenius coupled KP hierarchy, two tau functions are needed. The
two tau functions (τ, σ) correspond to a pair of partitions λ and λ̂. Note that the
coupled Schur function S[λ;λ̂] is a special case of the F2-valued universal character,

S[λ;λ̂](x) = det
(
pλi−i+j(x)E + pλ̂i−i+j(x)Γ

)
,

which can be the tau function τE2 +σΓ of the Frobenius KP hierarchy. It means
that the specific tau functions of the Frobenius KP hierarchy are:

τ = Sλ(x) = det
(
pλi−i+j(x)

)
1≤i,j≤l,
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σ =

l∑
k=1

S(λ1,··· ,λ̂k,··· ,λl)(x).

By means of these operators, the coupled Schur function solutions of the Frobe-
nius KP hierarchy can be expressed using the vertex operators

τ(x) = Z+
λ1
. . . Z+

λl
1, (3.2)

σ =
l∑

k=1

Z+
λ1
. . . Z+

λ̂k
. . . Z+

λl
1. (3.3)

4. Regular Wronskian solution of the Frobenius coupled KP
equation

The Frobenius coupled KP equation is the following partial differential equa-
tion in 2 + 1 dimensions:

(4ut − 12uux − uxxx)x − 3uyy = 0, (4.1)

(4vt − 12uvx − 12uxv − vxxx)x − 3vyy = 0. (4.2)

It is known that the solutions of the Frobenius coupled KP equation can be
expressed in terms of the τ -function:

u(x, y, t) =
∂2

∂x2
log τ(x, y, t),

v(x, y, t) =
∂2

∂x2

(
σ(x, y, t)

τ(x, y, t)

)
=

(
τ(x)∂xσ(x)− ∂xτ(x)σ(x)

τ2(x)

)
x

.

Consider a class of solutions whose τ -function is given by the Wronskian deter-
minant

τ(x, y, t) = Wr(f1, . . . , fN ) = det


f1 f2 · · · fN
f ′1 f ′2 · · · f ′N
...

...
...

f
(N−1)
N f

(N−1)
2 · · · f

(N−1)
N

 , (4.3)

σ(x, y, t) =

N∑
i=1

Wr(f1, . . . , gi, . . . , fN ), (4.4)

with f (i) = ∂if/∂xi, and where the functions {fi, gi}Ni=1 are a set of linearly
independent solutions of the linear system:

∂fi
∂y

=
∂2fi
∂x2

,
∂fi
∂t

=
∂3fi
∂x3

,

∂gi
∂y

=
∂2gi
∂x2

,
∂gi
∂t

=
∂3gi
∂x3

.
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This Wronskian form includes the line-soliton solutions of the Frobenius cou-
pled KP equation, which are real non-singular solutions localized along certain
directions in the (x, y)-plane and decay exponentially everywhere else.

Let Gr(N,M) be the set of all N -dimensional subspace of RM . Let {Ej : j =
1, · · · ,M} be a basis of RM , i.e., SpanR{Ej : j = 1, . . . ,M} = RM . Let {fi : i =
1, . . . , N}, N ≤M be a basis of an N -dimensional subspace

fi =

M∑
j=1

aijEj , i = 1, . . . , N,

A = (aij) ∈MN×M (R) ={the set of N ×M matrices of rank N}. The matrix A
identifies a point on Gr(N,M) and has NM parameters

Gr(N,M) w GLN (R)\MN×M (R)

and dim Gr(N,M) = NM −N2 = N(M −N).
To see the Wroskian solutions clearly, we take some examples.

Example 4.1. Suppose a one-soliton solution is obtained by choosing N = 1
in equation (4.3), and τ(x, y, t) = eθ1 + eθ2 , where

θm(x, y, t) = kmx+ k2my + k3mt+ θm,0,

σ(x, y, t) = eϑ1 + eϑ2 , where

ϑm(x, y, t) = λmx+ λ2my + λ3mt+ ϑm,0

with θm,0, ϑm,0, km, λm for m = 1, 2 being constants, and k1 < k2. The above
choices yield the travelling-wave solution

u(x, y, t) =
1

2
(k2 − k1)2 sech2 1

2
(θ2 − θ1),

v(x, y, t) =

(
(eθ1 + eθ2)(λ1e

ϑ1 + λ2e
ϑ2)− (k1e

θ1 + k2e
θ2)(eϑ1 + eϑ2)

(eθ1 + eθ2)2

)
x

.

The graph of the one-soliton solution (u, v) can be seen in Fig. 4.1.
The solitary wave given by equation (4.7) is localized in the (x, y)-plane along

the line L : θ1 = θ2 whose normal has the slope c = k1 + k2. The one-soliton
solution is characterized by two physical parameters, namely, the soliton ampli-
tude a = k2 − k1 and the soliton direction c = k1 + k2 = tanα, where α is
the angle, measured counterclockwise, between the line and the positive y-axis.
When c = 0 (equivalently, k1 = −k2), the solution in equation (4.7) becomes
y-independent and reduces to the one-soliton solution of the following Frobenius
coupled Korteweg-de Vries (KdV) equation:

4ut − 12uux − uxxx = 0, (4.5)

4vt − 12uvx − 12uxv − vxxx = 0. (4.6)
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(a) The function u. (b) The function v.

Fig. 4.1: The one-soliton solution (u, v) for k1 = 1.5, k2 = 0.5, λ1 = 1.2, λ2 = 0.7
of the Frobenius coupled KP equation.

Example 4.2. Suppose a (1,2)-soliton solution is obtained by choosing N = 1
in equation (4.3) above, and τ(x, y, t) = eθ1 + eθ2 + eθ3 , where

θm(x, y, t) = kmx+ k2my + k3mt+ θm,0,

σ(x, y, t) = eϑ1 + eϑ2 + eϑ3 , where

ϑm(x, y, t) = λmx+ λ2my + λ3mt+ ϑm,0,

with θm,0, ϑm,0, km, λm for m = 1, 2, 3 being constants, and k1 < k2 < k3. The
above choices yield the travelling-wave solution

u(x, y, t) =

(
k1e

θ1 + k2e
θ2 + k3e

θ3

eθ1 + eθ2 + eθ3

)
x

,

v(x, y, t) =

(
(eθ1 + eθ2 + eθ3)(λ1e

ϑ1 + λ2e
ϑ2 + λ3e

ϑ3)

(eθ1 + eθ2 + eθ3)2

−(k1e
θ1 + k2e

θ2 + k3e
θ3)(eϑ1 + eϑ2 + eϑ3)

(eθ1 + eθ2 + eθ3)2

)
x

. (4.7)

The graph of the (1,2)-soliton solution (u, v) can be seen in Fig. 4.2.

5. Non-Wronskian solution of the Frobenius coupled KP equa-
tion

A transformation u = αx|x→−x
4
, v = βx|x→−x

4
can change the Frobenius

coupled KP equation (4.1) into the potential Frobenius coupled KP equation:

(αt + 6α2
x + αxxx)x + 3αyy = 0,

(βt + 12βxαx − βxxx)x + 3βyy = 0.
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(a) The function u. (b) The function v.

Fig. 4.2: The (1,2)-soliton solution (u, v) for k1 = 0.1, k2 = 0.5, k3 = 0.9, λ1 =
0.2, λ2 = 0.6, λ3 = 0.8 of the Frobenius coupled KP equation.

The above potential Frobenius coupled KP equation can have the following
Non-Wronskian solution in the theorem below.

Theorem 5.1. The potential Frobenius coupled KP equation can have the
solution

α = ∂x(logA),

β = ∂x

(
B

A

)
,

where

A = det(ars), B =
∑
j

det(ars)|a∗j→b∗j ,

ars = δrser1 +
1

ar + cs
, brs = δrser2 −

br + ds
(ar + cs)2

,

er1 = exp(−(ar + cr)x+ (a2r − c2r)y − (a3r + c3r)t),

er2 = [−(br + dr)x+ 2(arbr − crdr)y −
1

2
(a2rbr + c2rdr)t]er1.

Proof. The prove of the theorem is standard and similar to that from [7].
Just after doing the transformation

br → ar + brΓ, cr → cr + drΓ,

the whole proof of Theorem 6.16 in [7] will lead to the results of this theorem.

To see the above theorem clearly, we choose the values of ar, br, cr, dr to be
constants, i.e., ar = a, br = b, cr = c, dr = d; for r = 1, 2, · · · , n. The potential
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Frobenius coupled KP equation can have the solution

α =
n

eh1 + nγ
, β = −n(h2e

h1 + nη)

(eh1 + nγ)2
,

where

h1 = −(a+ c)x+ (a2 − c2)y + 4(a3 + c3)t,

h2 = −(b+ d)x+ 2(ab− cd)y + 2(a2b+ c2d)t,

γ =
1

a+ c
, η = − b+ d

(a+ c)2
.

Then the non-Wronskian solution (u, v) can be seen in Fig. 5.1.

(a) The function u. (b) The function v.

Fig. 5.1: The one-soliton solution (u, v) for a = 0.1, b = 0.2, c = 0.3, d = 0.4,
n = 5 of the Frobenius coupled KP equation.

Supports. Chuanzhong Li is supported by the National Natural Science
Foundation of China under Grant No. 11571192 and K.C. Wong Magna Fund in
Ningbo University.

References

[1] E. Date, M. Kashiwara, M. Jimbo, and T. Miwa, Transformation groups for soliton
equations, Nonlinear Integrable Systems — Classical Theory and Quantum Theory
(Kyoto, 1981), World Sci. Publishing, Singapore, 1983, 39–119.

[2] I.A.B. Strachan and D.F. Zuo, Integrability of the Frobenius algebra-valued
Kadomtsev–Petviashvili hierarchy, J. Math. Phys. 56 (2015), 113509.

[3] C.Z. Li and J.S. He, The extended ZN -Toda hierarchy, Theor. Math. Phys. 185
(2015), 1614–1635.



378 Chuanzhong Li and Huijuan Zhou

[4] C.Z. Li, Gauge transformation and symmetries of the commutative multi-component
BKP hierarchy, J. Phys. A 49 (2016), 015203.
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Розв’язки пов’язаного за Фробенiусом рiвняння КП
Chuanzhong Li and Huijuan Zhou

У цiй статтi ми спочатку конструюємо пов’язану функцiю Шу-
ра, що розв’язує алгеброзначну за Фробенiусом iєрархiю Кадомцева–
Петвiашвiлi (КП), i є узагальненням функцiї Шура. Пов’язана за Фро-
бенiусом iєрархiя КП мiстить у собi пов’язане за Фробенiусом рiвнян-
ня КП, що має можливi застосування у теорiї двошарових мiлководних
хвиль. Далi ми отримуємо деякий регулярний вронскiанний розв’язок,
а також невронскiаннi розв’язки пов’язаного рiвняння КП.

Ключовi слова: пов’язана за Фробенiусом iєрархiя КП, функцiя Шу-
ра, розв’язок типу пов’язаної функцiї Шура, вронскiанний розв’язок,
невронскiанний розв’язок.
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